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Comsolic solution of an elliptic cylindrical compressible
fluid flow

Azad Hussain a ,1 Ali Hassana , Mubahar Arshad a

a Department of Mathematics, University of Gujrat , Gujrat, 50700 Pakistan

Abstract: In the present study, viscous compressible flow with heat transfer effects
in high permeable elliptical cylinder is investigated. Flow is kept laminar through
Reynolds number at about 100. The heat transfer in fluids physics has been chosen to
couple with laminar flow. The time dependent outcomes of surface velocity, pressure
distribution, temperature distribution, isothermal contour profiles and drag coefficient
are discussed in results. The mesh created through COMSOL has been described
statistically. This mathematical modeling of stated problem is done in COMSOL
Multi-physics. The results will help greatly to understand characterizations of
viscous fluids.

Article Highlights

 The mathematical modeling of the viscous compressible water based laminar
flow is done in COMSOL multi-physics.

 The time dependent outcomes are discussed, the heat transfer feature is
coupled with laminar flow.

 The results will help in understanding the compressible attributes of fluids as
well as the characterizations of viscous fluids.

Keywords: viscous compressible, elliptical cylinder, water based, nanofluid.

1. Introduction:

The boundary layer flow of Eyring Powell model fluid with variable viscosity over a
stretching cylinder has been discussed for incompressible fluid by M.Y.Malik,
A.Hussain and S.Nadeem [1]. Three dimensional stagnation point flow of hybrid
nanofluid over a circular cylinder has been studied by S. Nadeem, Nadeem Abbas and
A.U. Khan [2], the radii of cylinder was varying sinusoidally. The heat transfer with
boundary layer flow for second grade fluid over a cylinder has been discussed by S.
Nadeem, Abdul Rehman, Changhoon Lee and Jinho Lee [3]. Exponentially vertical
stretching cylinder for hyperbolic tangent flow has been discussed for boundary layer
flow by Muhammad Naseer, Muhammad Yousaf Malik, Sohail Nadeem and Abdul
Rehman [4]. The temperature dependent viscosity for boundary layer flow of Walter’s
B fluid for stretching cylinder has been studied by Azad Hussain and Anwar Ullah
[5]. The stagnation point MHD flow past a shrinking/stretching sheet for casson fluid
has been discussed for variable viscosity by Azad Hussain, Sana Afzal, Rizwana
Rizwana and M.Y.Malik[6]. The viscoelastic nanofluid under the effect of radiation
has been discussed for incompressible fluid by Azad Hussain, Lubna Sarwar and
Sohail Nadeem [7]. The heat transfer analysis for three dimensional stagnation point
flow over exponentially stretching sheet has been studied by Fiaz Ur Rehman , S.
Nadeem , R.U. Haq [8].
Viscous flow over a non-linearly stretching sheet has been studied by K. Vajravelu [9].
Three dimensional viscous supersonic flow over a cone at incidence has been studied
by A. Lin and S.G. Rubin [10]. E. R. VAN DRIEST [11] has studied stability of
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boundary layer of compressible fluid flow on a flat plate along with heat transfer
effects. Incompressible fluids have been studied by numerous researchers but there
are very few article available for compressible fluid flow study. M. R. Malik and R. E.
SPALL has discussed compressible fluid flow for axis-symmetric bodies for fluid
stability[12]. Heat and mass transfer for visco-elastic flow for flat plate and a cone
under MHD influence have been studied by B. Rushi Kumar and R. Sivaraj [13].
Brain J. Cantwell [14] has elaborated compressible flow in two dimensional flow in
his book “Fundamentals of compressible flow” in depth. A numerical investigation of
non-Newtonian fluid for laminar flow with heat transfer feature in porous medium for
microbial fuel cell array are recently published on laminar flow [15], [16]. There is a
urgent need to study mathematical modelling of viscous compressible flow to find out
its various applications. Through mathematical modelling the real life problems can
be modeled. COMSOL, enables us with its features to study fluid flow for low mac
numbers or for compressible fluids, multi-channel vacuum and complex urban flow
has been modeled and studied through COMSOL in[17], [18].
Numerical investigation of the lift and drag coefficient for marine riser at high
Reynolds number has been discussed by [19]. W Frohlingsdorf and H Unger [20]
has studied compressible flow and energy separation for Ranque-Hilsch vortex tube
numerically. Tim colonius [21] has thoroughly discussed modeling artificial boundary
conditions for compressible flow. The numerical investigation of compressible flow
through a chimney [22] has been done by Xinping zhou and Jiakuan yang. Another
monograph has been studied on magneto-viscous effects by Odenbach [23]. The
effect of magnetization force on the rotating disk in the ferrofluid flow is studied by
Anupam Bhandari [24]. The effects of stationary magnetic field on ferrofluid past
through a cylinder is studied by Anupum Bhandari [25]. Physiological flow of
biomedical compressible fluids inside a ciliated symmetric channel [26] has been
investigated by S. Nadeem and Aleesha Qaiser.
The purpose of this article is to investigate the laminar flow of viscous compressible
fluid that is dependent of time. The laminar flow is coupled with heat transfer feature.
The mathematical modeling of elliptic cylindrical flow is done in COMSOL. The
outcomes are discussed for velocity, pressure temperature and isothermal temperature
distribution. The mesh created through COMSOL has been described with comprised
constitutes. The thermophysical properties of water based fluid that has been utilized
are elaborated.

2. Mathematical Formulation

The sketch of flow region is given below. First of all, a rectangular geometry is drawn
in the COMSOL with specifics as 2.0 m in width and 0.4 m in height with
coordinates position as (r,z) (0,0). An ellipse is drawn at coordinates position (0.3,0.2),
with (0.15,0.05) being major and minor axis. The difference of both geometrical
shapes is taken through boolean and partition section and then through building all
command final geometry is obtained. The physics of heat transfer in fluids is added in
COMSOL, in the initial values the temperature is taken 200 K, temperature 1 (taken
298 K on the upper boundary) and temperature 2 (taken 300.5 K on lower boundary)
are added under heat transfer segment. The fluid properties of thermal conductivity,
fluid density, specific heat at constant pressure and specific heat ratio are added.



Fig. 1 The sketch of two dimensional elliptic cylindrical flow.

Fig. 2 The sketch of thermal isolated boundary of two dimensional elliptic
cylindrical flow.

In the next step, properties of fluid have been added from material properties.
The model governing equations are as fellow :
The momentum equation is given asρ∂u∂t + ρ(u. ∇)u =− ∇(pI) + ∇K + Fb , (1)
the equation of continuity is∂ρ∂t + ∇. (ρu) = 0, (2)
as the model is coupled with the heat transfer, the governing equation for heat transfer
is given as:



dzρcp( ∂T∂t ) + dzρcp(u∇T) + ∇q = dzQ+ q0 + dzQp + dzQvd , (4)
where the relation consist of following expressions:

Q = 0, q0 = qAs∆T , Qp = αpT( ∂P∂t + u∇P), and Qvd = τ. ∇u , (5)
where, q =− k∇T, αp = −1ρ ∂P∂T and also τ =− pI + μA1, τrace(τ. ∇u) = τ. ∇u
and �1 = ((��) + (���)), ∆T = T1 − T2 , As = 0.8m2 , dz = 1m (thickness) .
The body forces are neglected the momentum, continuity and heat transfer
equations will reduces to∂ρ∂t + ρ( ∂ur∂r + urr + ∂uz∂z ) = 0, (6)
[ ∂ur∂t + ur ∂ur∂r + uz ∂ur∂z − uθ2r ] =− −1ρ ∂P∂r + ν[2 ∂2ur∂r2 + ∂2ur∂r∂z + 13 ∂2ur∂z2 ], (7)
[ ����� + �� ����� + �� ����� + ����� ] = �[ 13 ∂2uθ∂r2 − 1r ∂uθ∂r ) + 13 ∂2uθ∂z2 ], (8)
[ ∂uz∂t + ur ∂uz∂r + vz ∂uz∂z ] =− −1ρ ∂P∂z + ν[ 13 ∂2uz∂r2 + ∂2ur∂z∂r + 2 ∂2uz∂z2 ], (9)
at variable pressure:

ρcp( ∂T∂t + T∇u) − k∇2T = qAs∆T − 1ρ ∂p∂t ∂t∂T ( ∂p∂t − p∇u) + ( − pI + μA1)∇u, (10)
at constant pressure:

ρcp( ∂T∂t + T∇u) − k∇2T = qAs∆T + μA1(∇u), (11)
��(�'') = �( 12�'� + 2��)− �� ���(�� − �∞) �0��∆�+ � �3��3 ( 43 �� + �� + ��) + 13 � �2��2 ( ��� + ����� ) − ����� (� − 43 � − 13����� ����� )− ����� ( 13 ����� − ��� ) − ��� (� − 43 ���� ) − ���� ( 13 ����� − ��� )− ������ . (12)



The similarity transformation for heat transfer equation is

T(t, r, z) − T∞ = (�� − �∞)�, �� − �∞ = (�0 − �∞) �� (1 − ��∗)−2, �∗ = (�����∗)�, (13)
where η = z (Ωsinα∗)0.5v0.5(1−stΩsinα∗)0.5 , G = (Ωsinα∗)−1(1 − stΩsinα∗), and Pr = KρCp . (14)
Where, ρ is density of fluid, u is velocity of fluid , p denotes pressure, t represents
time, μ is viscosity of fluid, ν is the kinematic viscosity, ��, ��, �� are the velocity
components. In equation 4, �� represent the specific heat at constant pressure, q
denotes heat flux vector, ∇T represents temperature gradient, k denotes thermal
conductivity, dz is thickness of the geometry,η is the non-dimensional parameter, T is
absolute temperature in kelvin, Q is heat source other then the viscous dissipation, Qvd
is the heat source via viscous dissipation, τ represents stress tensor, As represents area
of heat transfer,�� denotes wall temperature, T∞ represents free stream velocity and∆T denotes temperature difference. In other words the R.H.S of equation 4, actually
represents the work done by pressure change, is result of heat under adiabatic
compression as well as some thermo-acoustic effects, it is generally low for low
number or for compressible fluid flow. See, the table 1,2,3 for thermophysical
properties, mesh statistics and mesh quality respectively. Fig. 1 shows the boundary
wall at which the velocity component is zero. The boundary conditions are considered
and an inlet (entrance, outlet (exit) are selected in COMSOL. The physics of heat
transfer is added through add-physics feature in the COMSOL, to solve Navier-stokes
equations, the boundary conditions are as fellow:
Region “Domain”
Start “Outer”
the mirror conditions on the bottom boundary are:�� = �� = �� = 0 ��� � = 0 ��� ������� ���� �� (0.4,0)
no Slip condition is considered (i.e, velocity=0)�� = �� = �� = 0 ��� � = 0 ��� ������� ���� �� (0.4,2.0)�� = �� = �� = 0 ��� � = 0 ��� ������� ���� �� (0,2.0)�� = �� = �� = 0 ��� � = 0 ��� ������� ���� �� ����� (15)
�� = �� = �� = 0 ��� � = 0 �� � = 0�� � = 0.4, � = 2.0 , � =− �0�. (16)

In equation (16), the �0 represent the normal inflow velocity and n is the unit vector,
the negative sign describes that flow is moving from higher concentration area to
lower concentration area.



Fig. 3 The velocity distribution in two dimensional elliptic cylindrical flow at
t=4s

Fig . 4 The velocity distribution in two dimensional elliptic cylindrical flow at
t=2s



Fig. 5 Pressure distribution in two dimensional elliptic cylindrical flow at t=4s

Fig. 6 The pressure distribution in two dimensional elliptic cylindrical flow at
t=2s



Fig. 7 Temperature distribution at t=3s

Fig. 8 Temperature distribution at t=1s



Table 1: The following parameters have been utilized in calculations:

Properties Numeric Value Description

Density 997 kg/m3 Density of fluid
Temperature 200C Temperature of fluid
Dynamic Viscosity 8.90× 10−4 m2/s Dynamic Viscosity of ferrofluid
Specific Heat Ratio 1.330 Specific Heat Ratio of fluid
Thermal
Conductivity 0.613 K(W/m.K) Thermal Conductivity of fluid

Temperature 1 298 (Kelvin) Temperature of upper boundary
Temperature 2 300.5 (Kelvin) Temperature of lower boundary
Size of particle 9 nanometer (nm) Size of the particles in fluid

3. Solution of Problem:
The mesh is created through physics controlled finer option, the total number of
triangular entities are 23858, Quadrilateral entities are 1804, edge entities are 986 and
the vertex entities are 8. The maximum entity size taken is 0.014 and minimum entity
size taken is 4E-4. Corner refinement in domain 1 is selected COMSOL and minimum
angle between the boundaries is 240 degrees, sharp corners are handled through the
trimming option in the COMSOL. This particular model is studied under the laminar
category heat transfer feature. Finally, the model is simulated in COMSOL and the
results are obtained.
Table 2: Mesh statistics description:
Property Value
Minimum entity quality 0.3727
Average entity quality 0.8484
Triangular entities 23858
Quadrilateral entities 1804
Edge entities 986
Vertex entities 8

Table 3: Mesh size description:

Geometric Entity level boundary
Calibrate for Fluid dynamics
Selection Boundaries 2-3, 5-8
Maximum entity size 0.014
Minimum entity size 4E-4
Curvature factor 0.3
The maximum entity growth 1.13



Fig. 9 Isothermal contour temperature distribution at t=3s

Fig. 10 The velocity distribution in two dimensional elliptic cylindrical flow at
t=1s

The thermophysical properties that has been utilized for laminar flow and couples
heat transfer are presented in table 1. The mesh constructed with help of COMSOL
has number of geometric entities. Table 2, presents all those entities which have been
created along with their quality and total number of different entities. The mesh is
created for a particular section, applicable boundaries has been given, the maximum
and minimum size of entities are presented in table 3.



4. Outcomes and discussion
Present outcome discusses laminar flow of viscous compressible fluid in elliptic
cylindrical geometry (see) Fig. 1. The 2-dimensional model for laminar flow has been
designed in the presence of heat transfer feature in COMSOL. In obtained two
dimensional plots, vertical axis has been considered the diameter of ellipse and
horizontal axis represents z-direction. The laminar flow is compressible and time
dependent. Fig.1 describes the sketch of the drawn geometry for two dimensional
elliptic cylindrical flow. Fig. 2 shows the isothermal boundary of geometry for heat
transfer feature. Fig. 3 shows the velocity distribution at time 4 seconds, as we move
away from our designed geometry the velocity profile stays constant at 1.5m/s and as
we can see in center part the velocity is at 0.5m/s. The maximum value of velocity is
at 4s is 2.23 m/s as shown in the figure. Fig. 4 describes the velocity distribution at
time 2 seconds, it shows a distinct pattern, in this case the maximum value of velocity
is 2.29 m/s if we vary the time parameter we can even get more distinct patterns, in
the region around the elliptic cylinder the velocity is maximum while it is observed
minimum at boundaries. Fig. 5 illustrates pressure distribution around elliptic cylinder
a very distinct pattern can be seen at time 4s. Fig. 6 shows pressure contours for time
2s the pattern are even more clear near the boundary of cylinder. Fig.7 shows the
temperature profile for the heat transfer through viscous dissipation at time 3s, it is
clear from figure that value of temperature starts increasing as we move away from
upper boundary towards the lower boundary. The maximum value of the temperature
profile is this case is 301 kelvin that can been seen is the figure. Fig. 8 describes
temperature distribution at time 1s as the result near the boundary of elliptic cylinder
value of temperature is low while at upper and lower boundary the temperature has
maximum value. Fig. 9 the isothermal contours of temperature are presented at time
3s, a unique pattern is obtained at this stage value of temperature profile has slightly
decreased as observed from the figure. In this case maximum value of the temperature
shift is 299 kelvin. Fig. 10 shows the isothermal contours at time 1s, the pattern is
moving away from the cylinder as shown in the figure, in this case maximum
temperature value is 298 kelvin.

Fig. 11 Drag coefficient for laminar flow



Fig. 12 Surface table of Drag coefficient for laminar flow

Fig. 11 shows drag coefficient behaviour for present problem, the drag force shows
sudden decrease when the time scale reaches 0.5s, afterwards the drag force show
constant linear behaviour. Fig. 12 describes the surface change drag coefficient, the
drag force is maximum at time 0s as seen from table. The maximum value for drag is
1. 36.
5. Conclusions
Present results are discussed under the heat transfer influence, the model is time
dependent. The model for present study has been modeled in COMSOL, the viscous
compressible flow has shown distinct pattern for relevant parameters.

 The velocity distribution with heat transfer show varying distinctively for time
dependent laminar flow

 Pressure distribution profile has also shown clear pattern but as we move away
elliptic cylinder the pattern disappear because of varying time.

 The isothermal contours are very clear and distinct for each step of time.
 Drag coefficient has shown linear behaviour after very slight change of time.
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Figures

Figure 1

The sketch of two dimensional elliptic cylindrical �ow.

Figure 2

The sketch of thermal isolated boundary of two dimensional elliptic cylindrical �ow.



Figure 3

The velocity distribution in two dimensional elliptic cylindrical �ow at t=4s



Figure 4

The velocity distribution in two dimensional elliptic cylindrical �ow at t=2s

Figure 5

Pressure distribution in two dimensional elliptic cylindrical �ow at t=4s



Figure 6

The pressure distribution in two dimensional elliptic cylindrical �ow at t=2s



Figure 7

Temperature distribution at t=3s

Figure 8

Temperature distribution at t=1s



Figure 9

Isothermal contour temperature distribution at t=3s



Figure 10

The velocity distribution in two dimensional elliptic cylindrical �ow at t=1s

Figure 11

Drag coe�cient for laminar �ow

Figure 12



Surface table of Drag coe�cient for laminar �ow
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