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COMULTIPLICATION RULES FOR THE DOUBLE SCHUR

FUNCTIONS AND CAUCHY IDENTITIES
A. 1. MOLEV

ABSTRACT. The double Schur functions form a distinguished basis of the ring
A(z|a) which is a multiparameter generalization of the ring of symmetric func-
tions A(z). The canonical comultiplication on A(z) is extended to A(x|la) in a
natural way so that the double power sums symmetric functions are primitive el-
ements. We calculate the dual Littlewood—Richardson coefficients in two different
ways thus providing comultiplication rules for the double Schur functions. We also
prove multiparameter analogues of the Cauchy identity. A new family of Schur type
functions plays the role of a dual object in the identities. We describe some prop-
erties of these dual Schur functions including a combinatorial presentation and an
expansion formula in terms of the ordinary Schur functions. The dual Littlewood—
Richardson coefficients provide a multiplication rule for the dual Schur functions.
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2 A. 1. MOLEV

1. INTRODUCTION

The ring A = A(z) of symmetric functions in the set of variables x = (z1,xs,...)
admits a multiparameter generalization A(z||a), where a is a sequence of variables
a = (a;), i € Z. Let Q[a] denote the ring of polynomials in the variables a; with
rational coefficients. The ring A(z|a) is generated over Q[a] by the double power
sums symmetric functions
(1) pelalla) = (k).

i=1
Moreover, it possesses a distinguished basis over Q[a] formed by the double Schur
functions sy(x| a) parameterized by partitions A. The double Schur functions s, (z| a)
are closely related to the ‘factorial’ or ‘double’ Schur polynomials s, (z|a) which were
introduced by Goulden and Greene [6] and Macdonald [14] as a generalization of the
factorial Schur polynomials of Biedenharn and Louck [1, 2]. Moreover, the polyno-
mials s)(x|a) are also obtained a special case of the double Schubert polynomials of
Lascoux and Schiitzenberger; see [3], [13]. A formal definition of the ring A(x| a) and
its basis elements s)(x||a) can be found in a paper of Okounkov [21, Remark 2.11]
and reproduced below in Section 2. The ring A is obtained from A(z||a) in the spe-
cialization a; = 0 for all i € Z while the elements s, (x| a) turn into the classical Schur
functions sy(z) € A; see Macdonald [15] for a detailed account of the properties of A.

Another specialization a; = —i+ 1 for all ¢ € Z yields the ring of shifted symmetric
functions A*, introduced and studied by Okounkov and Olshanski [22]. Many combi-
natorial results of [22] can be reproduced for the ring A(z|a) in a rather straightfor-
ward way. The respective specializations of the double Schur functions in A*, known
as the shifted Schur functions were studied in [20], [22] in relation with the higher
Capelli identities and quantum immanants for the Lie algebra gl,,.

In a different kind of specialization, the double Schur functions become the equi-
variant Schubert classes on Grassmannians; see e.g. Knutson and Tao [9], Fulton [4]
and Mihalcea [16]. The structure coefficients ¢y, (a) of A(z | a) in the basis of s)(z | a),
defined by the expansion

(1.2) sx(zla)su(z]a) = et (a) s, (]| a),

were called the Littlewood—Richardson polynomials in [18]. Under the respective spe-
cializations they describe the multiplicative structure of the equivariant cohomology
ring on the Grassmannian and the center of the enveloping algebra U(gl,,). The poly-
nomials c)fu(a) possess the Graham positivity property: they are polynomials in the
differences a; — a;, i < j, with positive integer coefficients; see [7]. Explicit posi-
tive formulas for the polynomials ¢, (a) were found in [9], [10] and [18]; an earlier
formula found in [19] lacks the positivity property. The Graham positivity brings



COMULTIPLICATION RULES 3

natural combinatorics of polynomials into the structure theory of A(x||a). Namely,
the entries of some transition matrices between bases of A(z|a) such as analogues of
the Kostka numbers, turn out to be Graham positive.

The comultiplication on the ring A(x||a) is the Q[a]-linear ring homomorphism

A A(z|a) — Azlla) @ g Az ]a)
defined on the generators by

A(pk(mHa)) =pr(z)a) @1+ 1 pr(x]|a).

In the specialization a; = 0 this homomorphism turns into the comultiplication on
the ring of symmetric functions A; see [15, Chapter 1|. Define the dual Littlewood-
Richardson polynomials /C\/\VH(CL) as the coefficients in the expansion

A(s Z% sa(@]a) ®@ su(z]a).

The central problem we address in thls paper is calculation of the polynomials ¢y (a)
in an explicit form. Note that if [v| = [A] + [u[ then ¢y, (a) = ¢y, (a) = ¢y, is the
Littlewood—Richardson coefficient. Moreover,

c/\”u(a) =0 wunless [|v| <|A|+|u|, and /c\/\”u(a) =0 wunless |v| = |+ |ul.

We will show that the polynomials ¢y, (a) can be interpreted as the multiplication
coefficients for certain analogues of the Schur functions,

sx(zlla)su(z]a) Z e la),

where the S)(z|a) are symmetric functions in x which we call the dual Schur func-
tions. They can be given by the combinatorial formula

T ael
summed over the reverse \-tableaux T', where
ri(l—gmziq)...(1—gux)
Xi(g,h) =
Ly e Gy ey

and c(a) = j — i denotes the content of the box a = (4, j); see Section 3 below.

We calculate in an explicit form the coefficients of the expansion of §)(z|a) as a
series of the Schur functions s,(x) and vice versa. This makes it possible to express
¢y, (a) explicitly as polynomials in the a; with the use of the Littlewood-Richardson
coefficients ¢y, .

The combinatorial formula (1.3) can be used to define the skew dual Schur func-
tions, and we show that the following decomposition holds

V/,LL 33'“ ZC)\M S)\ l’” )
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where the cf, (a) are the Littlewood-Richardson polynomials.
The functions 5y (x|la) turn out to be dual to the double Schur functions via the
following analogue of the classical Cauchy identity:

(1.4) ] %% = 5™ sy (@) Sa(wla),

1 -2y,
ij>1 Y% ep

where P denotes the set of all partitions and y = (y1, 42, ... ) is a set of variables.

The dual Schur functions S)(z|a) are elements of the extended ring JA\(:EHa) of
formal series of elements of A(z) whose coefficients are polynomials in the a;. If
x = (r1,%s,...,2,) is a finite set of variables (i.e., z; = 0 for i > n + 1), then
Sx(x]la) can be defined as the ratio of alternants by analogy with the classical Schur
polynomials. With this definition of the dual Schur functions, the identity (1.4) can
be deduced from the ‘dual Cauchy formula’ obtained in [14, (6.17)] and which is a
particular case of the Cauchy identity for the double Schubert polynomials [12]. An
independent proof of a version of (1.4) for the shifted Schur functions (i.e., in the
specialization a; = —i + 1) was given by Olshanski [23]. In the specialization a; = 0
each 5)(x||a) becomes the Schur function sy(z), and (1.4) turns into the classical
Cauchy identity:.

We will also need a super version of the ring of symmetric functions. The elements
(1.5) p(a/y) = 3 (k4 (—1)F 1)

i=1

with £ = 1,2,... are generators of the ring of supersymmetric functions which we
will regard as a Q[a]-module and denote by A(z/y|a). A distinguished basis of
A(z/y|a) was introduced by Olshanski, Regev and Vershik [24]. In a certain spe-
cialization the basis elements become the Frobenius—Schur functions F's) associated
with the relative dimension function on partitions; see [24]. In order to indicate de-
pendence on the variables, we will denote the basis elements by s)(x/y||a) and call
them the (multiparameter) supersymmetric Schur functions. They are closely related
to the factorial supersymmetric Schur polynomials introduced in [17]; see Section 2
for precise formulas. Note that the evaluation map y; — —a; for all ¢ > 1 defines an
isomorphism

(1.6) Az/ylla) — Alz|a).

The images of the generators (1.5) under this isomorphism are the double power sums
symmetric functions (1.1). We will show that under the isomorphism (1.6) we have

(1.7) sx(z/ylla) = s\(x]a).

Due to [24], the supersymmetric Schur functions possess a remarkable combinatorial
presentation in terms of diagonal-strict or ‘shuffle’ tableaux. The isomorphism (1.6)
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implies the corresponding combinatorial presentation for sy (x||a) and allows us to in-
troduce the skew double Schur functions s,,(z| a). The dual Littlewood-Richardson
polynomials ¢y, (a) can then be found from the expansion

(1.8) suu(zla) =) el (a) iz ),

A

which leads to an alternative rule for the calculation of ¢y (a). This rule relies on the
combinatorial objects called ‘barred tableaux’ which were introduced in [19] for the
calculation of the polynomials ¢, (a); see also [10], [11] and [18].

The coefficients in the expansion of s,(z) in terms of the 5)(z|a) turn out to
coincide with those in the decomposition of sy(z/y||a) in terms of the ordinary su-
persymmetric Schur functions sy(z/y) thus providing another expression for these
coefficients; cf. [24].

The identity (1.4) allows us to introduce a pairing between the rings A(z|a) and
A(z|a) so that the respective families {sx(z]a)} and {S\(z]a)} are dual to each
other. This leads to a natural definition of the monomial and forgotten symmetric
functions in A(z|a) and /A\(:B||a) by analogy with [15] and provides a relationship
between the transition matrices relating different bases of these rings.

It is well known that the ring of symmetric functions A admits an involutive au-
tomorphism w : A — A which interchanges the elementary and complete symmetric
functions; see [15]. We show that there is an isomorphism w, : A(z|a) — A(x|d’),
and w, has the property w, ow, = id, where a’ denotes the sequence of parameters
with (a'); = —a_;+1. Moreover, the images of the natural bases elements of A(z | a)
with respect to w, can be explicitly described; see also [22] where such an involution
was constructed for the specialization a; = —i + 1, and [24] for its super version.
Furthermore, using a symmetry property of the supersymmetric Schur functions, we
derive the symmetry properties of the Littlewood—Richardson polynomials and their
dual counterparts

!

cf\’u(a) = cf\’,“/(a') and E/\Vu(a) = E/\l’,;, (a'),

where p’ denotes the conjugate partition to any partition p. In the context of equi-
variant cohomology, the first relation is a consequence of the Grassmann duality; see
e.g. [4, Lecture 8] and [9].

An essential role in the proof of (1.4) is played by interpolation formulas for
symmetric functions. The interpolation approach goes back to the work of Ok-
ounkov [20, 21], where the key wanishing theorem for the double Schur functions
sx(x||a) was proved; see also [22]. In a more general context, the Newton interpola-
tion for polynomials in several variables relies on the theory of Schubert polynomials
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of Lascoux and Schiitzenberger; see [13]. The interpolation approach leads to a re-
currence relation for the coefficients ¢y ,(a) in the expansion

(1.9) P(x) su(x|a) ZCPM su(zlla),  P(r) € Az]a),

as well as to an explicit formula for the cp ,(a) in terms of the values of P(z); see
[19]. Therefore, the (dual) Littlewood—Richardson polynomials and the entries of
the transition matrices between various bases of A(x|a) can be given as rational
functions in the variables a;. Under appropriate specializations, these formulas imply
some combinatorial identities involving Kostka numbers, irreducible characters of the
symmetric group and dimensions of skew diagrams; cf. [22].

I am grateful to Grigori Olshanski for valuable remarks and discussions.

2. DOUBLE AND SUPERSYMMETRIC SCHUR FUNCTIONS

2.1. Definitions and preliminaries. Recall the definition of the ring A(z|a) from
[21, Remark 2.11]; see also [18]. For each nonnegative integer n denote by A,, the ring
of symmetric polynomials in w1, ..., x, with coefficients in Q[a] and let A* denote
the Q[a]-submodule of A,, which consists of the polynomials P, (z1,...,x,) such that
the total degree of P, in the variables x; does not exceed k. Consider the evaluation
maps

(2.1) C AR AR

n—1»

Py(xy,...,xp) — Py(x1,...,2h_1,0a,)
and the corresponding inverse limit
AF = @Aﬁ, n — o00.
The elements of A* are sequences P = (P, Py, P,,...) with P, € A* such that
on(Py) = Py for n=1,2,....

Alz]a) = | A¥

k>0

Then the union

is a ring with the product

PQ:(POQO;P1Q17P2Q27--->> Q:(Q07Q17Q2,-~)-

The elements of A(z|a) may be regarded as formal series in the variables x; with
coefficients in Q[a]. For instance, the sequence of polynomials

n

Z(xf_af)7 7120,

i=1

determines the double power sums symmetric function (1.1).
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Note that if k£ is fixed, then the evaluation maps (2.1) are isomorphisms for all
sufficiently large values of n. This allows one to establish many properties of A(x| a)
by working with finite sets of variables z = (x1, ..., z,).

Now we recall the definition and some key properties of the double Schur functions.
We basically follow [14, 6th Variation| and [21], although our notation is slightly
different. A partition \ is a weakly decreasing sequence A = (Aq, ..., ;) of integers \;
such that Ay > --- > \; > 0. Sometimes this sequence is considered to be completed
by a finite or infinite sequence of zeros. We will identify A with its diagram represented
graphically as the array of left justified rows of unit boxes with A; boxes in the top
row, As boxes in the second row, etc. The total number of boxes in A will be denoted
by |A| and the number of nonzero rows will be called the length of A and denoted
£(A). The transposed diagram \" = (A},...,\}) is obtained from A by applying the
symmetry with respect to the main diagonal, so that A} is the number of boxes in
the j-th column of A. If p is a diagram contained in A, then the skew diagram \/p
is the set-theoretical difference of diagrams A\ and .

Suppose now that x = (x1,...,x,) is a finite set of variables. For any n-tuple of
nonnegative integers o = (a, ..., a,) set

Au(z]a) = det [(zi]a)¥];,_),

where (z;]a)? =1 and

WV
—

(zilla)” = (v — an)(@ — an_1) ... (T — An_ry1), r
For any partition A = (Ay,...,A,) of length not exceeding n set

AH&( la)
sxa(zlla) = A la)

where § = (n — 1,...,1,0). Note that As(z|a) coincides with the Vandermonde
determinant,

As(zlla) = [ (xi—=))

1<i<jsn
and so sy (x||a) belongs to the ring A,,. Moreover,
sx(z|a) = sx(x) + lower degree terms in x,

where s)(z) is the Schur polynomial; see e.g. [15, Chapter 1]. We also set s)(z||a) =
if (\) > n. Then under the evaluation map (2.1) we have

SA(IHCL) HS}\(I/HG)? .ZU/ - (Ih"wxn—l)a

so that the sequence (sy(z|a) | n > 0) defines an element of the ring A(z|la). We
will keep the notation sy (x| a) for this element of A(x||a), where z is now understood
as the infinite sequence of variables, and call it the double Schur function.
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By a reverse A-tableau T we will mean a tableau obtained by filling in the boxes
of A with the positive integers in such a way that the entries weakly decrease along
the rows and strictly decrease down the columns. If o = (i,7) is a box of A in row
i and column j, we let T'(a) = T'(4,j) denote the entry of T' in the box « and let
¢(a) = j — i denote the content of this box. The double Schur functions admit the
following tableau presentation
(2.2) sy(z|a) = Z H(wT(a) - aT(a)—c(a))?

T a€el
summed over all reverse A-tableaux 7.

When the entries of T are restricted to the set {1,...,n}, formula (2.2) provides
the respective tableau presentation of the polynomials s)(z | a) with x = (xq, ..., z,).
Moreover, in this case the formula can be extended to skew diagrams and we define
the corresponding polynomials by

(2.3) so(x]la) = Z H(ﬂfT(a) — Qr(a)—c(a))s
T «ach

summed over all reverse f-tableaux 7" with entries in {1,...,n}, where 0 is a skew
diagram. We suppose that sy(z|a) = 0 unless all columns of # contain at most n
boxes.

Remark 2.1. (i) Although the polynomials (2.3) belong to the ring A,, they are
generally not consistent with respect to the evaluation maps (2.1). We used different
notation in (2.2) and (2.3) in order to distinguish between the polynomials Sy(x| a)
and the skew double Schur functions sy(z||a) to be introduced in Definition 2.7 below.

(ii) In order to relate our notation to [14], note that for the polynomials sp(z|a)
with = (21, ...,z,) we have
so(xlla) = so(x|u),
where the sequences a = (a;) and u = (u;) are related by
(2.4) W= ap_iv1, €L

The polynomials sy(x|u) are often called the factorial Schur polynomials (functions)
in the literature. They can be given by the combinatorial formula
(2.5) so(w|u) = Z H(xT(a) = Up(a)te(a))s

T «a€b

summed over all semistandard f-tableaux T' with entries in {1,...,n}; the entries of
T weakly increase along the rows and strictly increase down the columns.

(iii) If we replace a; with c_; and index the variables x with nonnegative integers, the
double Schur functions sy (x| a) will become the corresponding symmetric functions
of [21]; cf. formula (3.7) in that paper. Moreover, under the specialization a; = —i+1
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for all ¢ € Z the double Schur functions become the shifted Schur functions of [22] in
the variables y; = x; +1 — 1. O

2.2. Analogues of classical bases. The double elementary and complete symmetric
functions are defined respectively by

er(z]a) = san(zla),  hu(zlla) = sw(z|a)

and hence, they can be given by the formulas

er(z]a) = Z (@i — i) - (Tip, — Qigrn—1),

11> >0
hi(zla) = D (wi —ai) .. (@, — G —gs1).
i > i

Their generating functions can be written by analogy with the classical case as in
[15] and they take the form

2.6 1

(2.6) +Z —|-a1 1—i—akt) Hl—i—ait’
a)tk 1 —agt

2.7 1 = ;

( ) +Z 1—CLO 1—CL k+1t> El-&?zt,

see e.g. [14], [22].

Given a partition A = (A1,..., A
pa(zlla) = pr(zlla)...px(z]a),
ex(zlla) = ex,(zlla) .. .ex(z]a),
ha(@|a) = hx (z]a) ... by (] a).

The following proposition is easy to deduce from the properties of the classical

1), set

symmetric functions; see [15].

Proposition 2.2. Fach of the families py(x|la), ex(z|a), ha(z|a) and s)(x]|a),
parameterized by all partitions A, forms a basis of A(x||a) over Qla]. O

In particular, each of the families pi(z | a), ex(z|a) and hg(z|a) with &£ > 1 is a set
of algebraically independent generators of A(z | a) over Q[a]. Under the specialization
a; = 0, the bases of Proposition 2.2 turn into the classical bases py(z), ex(x), ha(z)
and sy (z) of A. The ring of symmetric functions A possesses two more bases m(z)
and fy(x); see [15, Chapter 1]. The monomial symmetric functions my(x) are defined

ZZL’] .. Al,
C()C ()
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summed over permutations ¢ of the x; which give distinct monomials. The basis
elements f)(x) are called the forgotten symmetric functions, they are defined as the
images of the m,(x) under the involution w : A — A which takes ey(z) to hy(z);
see [15]. The corresponding basis elements my(x||a) and fy(z|a) in A(z|a) will be
defined in Section 5.

2.3. Duality isomorphism. Introduce the sequence of variables a’ which is related
to the sequence a by the rule

(a")i = —a_i1, LEL.

The operation a — a’ is clearly involutive so that (a’) = a. Note that any element
of the polynomial ring Q[a’] can be identified with the element of Qa] obtained by
replacing each (a’); by —a_;;;. Define the ring homomorphism

Alzlla) = Alz]a’)
as the Q[al-linear map such that
(2.8) w, : ex(x]la) — hi(z|ad), k=1,2,....

An arbitrary element of A(x|a) can be written as a unique linear combination of
the basis elements ey (x| a) with coefficients in Q[a]. The image of such a linear
combination under w, is then found by

W, Y exla)ex@]a) = D exla) ha(z]d),  exla) € Qla),
A A

and cy(a) is regarded as an element of Q[d’]. Clearly, w, is a ring isomorphism, since
the hy(x||a’) are algebraically independent generators of A(z|la’) over Q[a’]. In the
case of finite set of variables z = (x1, ..., x,) the respectlve isomorphism w, is defined
by the same rule (2.8) with the values k = 1,.

Proposition 2.3. We have w,, ow, = idy(, |4 and
(2.9) w, : sxa(z]a) — sy(x|d),
(2.10) ha(z|a) — ex(z]a’).
Proof. Relations (2.6) and (2.7) imply that

(=D er(]a)t* N he(x]|a) t” _
<Z (1—ayt)...(1 —akt)> (2; (1—apt)...(1— a_r+1t)> =L

k=0

Applying the isomorphism w,, we get

= (D et
(Z (T (@)ot) . (1+ <a’>k+1t>) (

K

Il
=)

r

(hy(x] ) L,
L+ (@)t)... (L + (@) 1) '
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Replacing here t by —t and comparing with the previous identity, we can conclude
that w, (h.(z|a)) = e,(z]a’). This proves (2.10) and the first part of the proposition,
because w,, (h,(z]|a')) = e.(z|a).

In order to prove (2.9), we will work with a finite set of variables x = (xy,...,z,).
By (2.6) we have

n

ex(z| 77 a)tk C ltant o ex(z|a)th
2 ( 2 (

L+apt)...(1+ap_1t) 1+ agt 1+agt)...(1+axt)’

k=0 k=0

where 7 denotes the shift operator on sequences,
(%a); = apes for keZ.

Hence, the image of ex(x||77'a) under w, can be found from the relation

" w,(ex(z| T a)) tk 14 ayt — hi(z|a’) t*
Z( (ex(z] 77" a)) 1+ Z( (z]a)

1+a0t)...(1+ak,1t)_1+a0t 1+a1t)(1+akt)

k=0 k=0

On the other hand, applying (2.7) to the sequence a’ instead of a, we get

S bt Tratss il
o (1 + aot) c (1 + ak_lt) 1+ CLot o (1 + Cth) N (1 + Cth).
Comparing the coefficients of ¢,t2,...,#" in the two series we conclude that

w, (ex(z]| 77 a)) = hi(z|Td’), kE=1,...,n.

Therefore, (2.9) follows from the Jacobi-Trudi and Négelsbach-Kostka formulas; see
[14, (6.7)]. Namely, if X is a partition of length not exceeding n, then

(2.11) sx(z]la) = det [h,\i_i+j(x||7'j_1a)]

and

(2.12) sx(z]a) = det [ex i (x |7 a)],

where the determinants are taken over the respective sets of indices i, 7 = 1,..., ()
and 3,7 =1,...,0(X\). O

2.4. Skew double Schur functions. Consider now the ring of supersymmetric
functions A(z/y| @) defined in the Introduction. Taking two finite sets of variables

r = (x1,...,2,) and y = (y1,...,Yn), define the supersymmetric Schur polynomial
sy/u(x/y]la) associated with a skew diagram v/ by the formula
(2.13) sufyla) = > F(xla) s,y —a),

uCpCA

where the polynomials ,/,(z | a) and s,//,/(y|—a) are defined by the respective com-
binatorial formulas (2.3) and (2.5). The polynomials (2.13) coincide with the factorial
supersymmetric Schur polynomials s, /,(x/y|u) of [17] associated with the sequence
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u related to a by (2.4). It was observed in [24] that the sequence of polynomials
(su/u(z/ylla)|n = 1) is consistent with respect to the evaluations z, = y, = 0 and
hence, it defines the supersymmetric Schur function s,;,(x/y|a), where x and y are
infinite sequences of variables (in fact, Proposition 3.4 in [24] needs to be extended
to skew diagrams which is immediate). Moreover, in [24] these functions were given
by new combinatorial formulas. In order to write them down, consider the ordered
alphabet

A={I'<1<2'<2<...}.

Given a skew diagram 6, an A-tableau T of shape 6 is obtained by filling in the boxes
of # with the elements of A in such a way that the entries of T" weakly increase along
each row and down each column, and for each 7 = 1,2, ... there is at most one symbol
i’ in each row and at most one symbol 7 in each column of T'. The following formula
gives the supersymmetric Schur function sy(z/y| a) associated with 6:

(2.14)  so(z/y a) Z H (l’T(a)—a—c(a)H) H (yT(a)+a—C(a)+1)’

ach ach
T'(a) unprimed T (o) primed

summed over all A-tableaux T' of shape 6, where the subscripts of the variables y;
are identified with the primed indices. An alternative formula is obtained by using a
different ordering of the alphabet:

A={1<1<2<2' <...}.

The A’-tableaux T of shape 6 are defined in exactly the same way as the A-tableaux,
only taking into account the new ordering. Then

(2.15)  se(a/ylla) Z II Gro—cc) I Grw+ocw)

acl ach
T(a) unprimed T(«) primed

summed over all A’-tableaux T of shape 6.
The supersymmetric Schur functions have the following symmetry property

(2.16) so(z/ylla) = se:(y/z]a).
Moreover, if x; = y; = 0 for all © > n + 1, then only tableaux T with entries in
{1,1,...,n,n'} make nonzero contributions in either (2.14) or (2.15).

Remark 2.4. The supersymmetric Schur function sg(z/y|a) given in (2.14) coincides
with ¥g._. (2;y) as defined in [24, Proposition 4.4]. In order to derive (2.15), first use
(2.16), then apply the transposition of the tableaux with respect to the main diagonal
and swap 7 and ¢’ for each i. Note that [24] also contains an equivalent combinatorial
formula for ¥y.,(x;y) in terms of skew hooks. O
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Proposition 2.5. The image of the supersymmetric Schur function s,(x/y|a) as-
sociated with a (nonskew) diagram v under the isomorphism (1.6) coincides with the
double Schur function s,(x|a); that is,

sv(z/ylla)|,__, = su(za),
where y = —a denotes the evaluation y; = —a; for 1 > 1.
Proof. We may assume that the sets of variables x and y are finite, x = (z1,...,z,)
and ¥ = (Y1,...,Yn). The claim now follows from relation (2.13) with u = @, if we
observe that sp/(y|—a)|y:_a = 0 unless p = &. O
The symmetry property (2.16) implies the following dual version of Proposition 2.5.
Corollary 2.6. Under the isomorphism A(z/y|a) — A(y|a’) defined by the evalua-
tion x; = —(a'); for alli > 1 we have
so(a/ylla)|,__, = so(yla).
Proposition 2.5 leads to the following definition.
Definition 2.7. For any skew diagram 6 define the skew double Schur function

sg(x|la) € A(z|a) as the image of sy(x/y|a) € A(z/y|a) under the isomorphism
(1.6); that is,

so(xla) = so(z/ylla)]

y=—a’
Equivalently,
217)  so@la) =) I (o —aewn) ] (0w —arw),
g T(a) ﬁsgrimed T(a)aggmed

summed over all A-tableaux T of shape 0; and

(218)  so(zla) =D [ (o —tew) I (0@ = ar@):

ach agh
T(«) unprimed T(a) primed

summed over all A’-tableaux T' of shape #. Furthermore, by (2.13) the skew double
Schur function s,/,(x|a) can also be defined as the sequence of polynomials

(2.19) sup@la)= Y S@la)spu(—a™|=a),  n=12.,
nCSpCA
where z = (21,...,2,) and o™ = (a1, ..., ay). O

For any partition x4 introduce the sequence a, and the series |a,| by

a, = (a1—py, G2—pgs - - - ) and la,| = a1—p, +as—p, + ...
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We will write p — o if the diagram o is obtained from the diagram p by adding one
box. Given any element P(x) € A(x|a), the value P(a,) is a well-defined element of
QJa]. The vanishing theorem of Okounkov [20, 21] states that

sx(aylla) =0 unless A C p,

and
(2.20) sx(ax]a) = H (ai—Ai - a)\;.fjJrl)'

(4,9)eX
This theorem can be used to derive the interpolation formulas given in the next
proposition. In a slightly different situation this derivation was performed in [19,
Propositions 3.3 & 3.4] relying on the approach of [22], and an obvious modification

of those arguments works in the present context; see also [4], [9]. The expressions
like |a, | — [a,| used below are understood as the polynomials . (ai—, — @i, )-

Proposition 2.8. Given an element P(x) € A(z|a), define the polynomials cp, ,(a)
by the expansion

(2.21) P(z)su(zlla) =) cp,(a) s, (] a).

v

Then cp, ,(a) = 0 unless p C v, and cp (a) = P(a,). Moreover, if u C v, then

c;,um):m( R ROEE Y c;,;<a>>.

pwt, p—pt VT, vT =Y
The same coefficient can also be found by the formula

l

P(a (k))
2.22 cp (a) = P ,
( ) P"u( ) ZZ <|(lp(k)| — |6Lp(o)|) R AN (’a/p(k)| — |ap(z)’)

R k=0

summed over all sequences of partitions R of the form

Y

where the symbol N indicates that the zero factor should be skipped. ([l

3. CAUCHY IDENTITIES AND DUAL SCHUR FUNCTIONS

3.1. Definition of dual Schur functions and Cauchy identities. We let A(z | a)
denote the ring of formal series of the symmetric functions in the set of indeterminates
x = (21,2, ...) with coefficients in Qa]. More precisely,

(3.1) AMalla) = { 3 er(@) sxx) | exla) € Qal}.

The Schur functions sy (x) can certainly be replaced here by any other classical basis
of A parameterized by the set of partitions P. We will use the symbol A,, = A, (x| a)
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to indicate the ring defined as in (3.1) for the case of the finite set of variables
x = (21,...,2,). An element of A(z|a) can be viewed as a sequence of elements of
A, with n=0,1,..., consistent with respect to the evaluation maps

wn:Kn_)Kn—la Q(xla-"axn)HQ(gjlw'wxn—laO)-

For any n-tuple of nonnegative integers 5 = (1, ..., 3,) set

n

Ag(z,a) = det [(2;,a)% (1 — Qg1 %) (L= a,_p o). .. (1= al—ﬁjxiﬂi,j:p

where (z;,a)? = 1 and

x’

(3:2) (zs,0)" = (1 —aoxi)(l—a_l;i)...(l—al_rxi)’ r=1

Let A = (A1,...,A\,) be a partition of length not exceeding n. Denote by d the
number of boxes on the diagonal of A. That is, d is uniquely determined by the
condition that A\gy1 < d < Ag. The (7, 7) entry A;; of the determinant Ay s(z, a) can
be written more explicitly as

I
L for 7=1,....,d,
Ay = (I —apz)(1 —a_yz;)... (1 —a;_, x)
2T (1 = aya) (1= agm;) ... (1— @j_,—1Ti) for j=d+1,...,n.

Observe that the determinant As(z,a) corresponding to the empty partition equals
the Vandermonde determinant,

1<i<j<n
Hence, the formula
3.3 — Ao )
( ) S)\(Z’H(I) Ag(l’,a)

defines an element of the ring A,,. Furthermore, setting 3 (z | a) = 0 if the length of
A exceeds the number of the x variables, we obtain that the evaluation of the element
Sx(z|a) € Kn at x, = 0 yields the corresponding element of Kn,l associated with
A. Thus, the sequence 8y(z||a) € A, for n = 0,1,... defines an element 3)(z|a)
of A(z|la) which we call the dual Schur function. The lowest degree component of
Sxa(z]la) in = coincides with the Schur function sy(z). Moreover, if a is specialized to
the sequence of zeros, then s, (x||a) specializes to s)(z).

Now we prove an analogue of the Cauchy identity involving the double and dual
Schur functions. Consider one more set of variables y = (y1, ya, - . . ).
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Theorem 3.1. The following wdentity holds

(3.4) | e SPNCI NI )

—
i,j>1 Y ep

Proof. We use a modification of the argument applied in [15, Chapter 1] for the proof
of the classical Cauchy identity. It will be sufficient to prove the identity in the case

of finite sets of variables x = (xy,...,x,) and y = (y1, ... ,yn). We have

(3.5) As(z|a) As(y, a Z sx(z|a)sx(ya) ZA ,a),
AEP

summed over n-tuples v = (y1,...,79,) with vy > -+ >, > 0. Since

Ay, a) = Z Sgl o H(yi’ a)?7® (1 — an—wa(i>—1yi) (1= al—%(wyi)

ceS, i=1

and A, (z|a) is skew-symmetric under permutations of the components of v, we can
write (3.5) in the form

n

(3.6) > As(xlla) [T a) (1 = ayp 1) - (1= ay_s,0),
8 i=1
summed over n-tuples 5 = (01, ..., 3,) on nonnegative integers. Due to the Jacobi—

Trudi formula (2.11), we have
Ag(zl|la) = As(xzlla) Y sgno - hg, —wni(@la)... hy,, (2] 7" a).

ceG,

Hence, (3.6) becomes

(3.7) As(z|a) Z ho, (z]|@) ... ha, (x| 7" a)

X Z sgn o - H Yo (i) aﬁn_i (1- a’i—ai—lyU(i)) (1= ai—oai—n-&-lya(i))’

oe6,
summed over n-tuples @ = (a1,...,q,) on nonnegative integers. However, using
(2.7), for each i = 1,...,n we obtain

th<w”7—i_1a) (27 a)k'f'N—’i(]_ - ai—ai—lz> e (]' - ai—ai—n-‘rlz)

=" (1 —az) .. (1= ai12) Y (x| a) (2,7 a)"

n

i I i+r—
:z”_’(l—alz)...(l—ai_lz)HM,

l—xz,.2
r=1 r
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where we put z = y,(;y. Therefore, (3.7) simplifies to

aly n—i
As(za) H — Z sgn o - Hy — Upi1¥Yo(i) - - (1 = @i 1Yo )

ij= Lo
T 1—ay;
= As(z]a)As(y, a) H #7
i,5=1 Y
thus completing the proof. O

Let z = (21, 29, ... ) be another set of variables.

Corollary 3.2. The following identity holds
1+ i Zj .
[T 22 =3 sa@/yla)satzlo)
0,521 Y71 Xep

Proof. The elements s)\(z|a) € /A\(z||a) are uniquely determined by the relation.
Hence, the claim follows by the application of Proposition 2.5 and Theorem 3.1. [J

Some other identities of this kind are immediate from the symmetry property (2.16)
and Corollary 3.2.

Corollary 3.3. We have the identities

H M_Z& (z/y|a)sy(z|a")

1—wy; 2
i1 Y5 e

14z y; ~
[T =3 sawla)suiyla).

ij>1 Y ep O

and

3.2. Combinatorial presentation. Given a skew diagram 6, introduce the corre-
sponding skew dual Schur function Sy(x||a) by the formula

(3.8) Sp Z H X1() (A (0) 11 V()

T «eb

summed over the reverse #-tableaux T, where

ri(l—gxiq)...(1—gux)
(1—hx;)...(1 = hax)

Theorem 3.4. For any partition i the following identity holds

(3.9) ] 2ol vla) = 3 sz ]a) Susplylla),

1 -2y,
i,j>1 i

summed over partitions v containing p. In particular, if @ = X is a normal diagram,
then the dual Schur function s)(x| a) admits the tableau presentation (3.8).
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Proof. 1t will be sufficient to consider the case where the set of variables y is finite,
y= (y1,---,Yn). We will argue by induction on n and suppose that n > 1. By the
induction hypothesis, the identity (3.9) holds for the set of variables y' = (ya, ..., yn).
Hence, we need to verify that

L= Qi Y1
£1 oy 2 EI0B 10 =3 s (zla)Syla).
However, due to (2.7),

o0

H I —a;—y, _ Z hi (x| a”) y’f
1—.Tz'y1 0 (1—a0y1)...(1—a_k+1y1)’

i>1

where a* denotes the sequence of parameters such that (a*); = a,_,, for i > 1 and
(a"); = a; for i < 0. Now define polynomials ¢ ;(a,a") € Qla] by the expansion

sa(zlla) hi(z]a”) = ZC)\ su(z]a).

Hence, the claim will follow if we show that
k

~ ~ )
3.10 S, a) = s n(a,at)s "la .
1) Slyla) = e ) Sl o) s
The definition (3.8) of the skew dual Schur functions implies that

Sou(ylla) §jamyu | (= Ty (R T

€N 1 A—c(e) Y1 BeEV/A A—c() Y1

summed over diagrams A such that 4 € A C v and v/\ is a horizontal strip (i.e.,
every column of this diagram contains at most one box). Therefore, (3.10) will follow
from the relation

;CKM)(G’ “) (1 —aoy1). yzl —a_p41Y1)
_ H I —a_c()+141 H (0
weru LT 0¥t o 1= et
which takes more convenient form after the substitution t = y;*:

1) Y e T - TT (-0

k ' (t - CL_k+1) €N 1 Bev/u

We will verify the latter by induction on |v| — |A|. Suppose first that ¥ = A. Then
ci(k)(a, a*) = hy(ay||a*) by Proposition 2.8, and relation (2.7) implies that

Z hi(ay||a*) _ H t—a;_,
(t —ag) .. ) izlt—ai_,\i'

A . (t — Ok
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This expression coincides with

H t— afc(a)Jrl’

aEN/p t= A=c(e)

thus verifying (3.11) in the case under consideration. Suppose now that |v| —|\| > 1.
By Proposition 2.8, we have

v 1 y .
CA,Uc)(“’“”):m( Z Cxe (@5 @) = Z CA,(k)(aaaM)>'

AT, A=At VT,V >

Hence, applying the induction hypothesis, we can write the left hand side of (3.11)

m (Z II (o) [T (t-0m)™

in the form

At aert/u Bev/u
ST o) TT (t—aew)™):
vT a€X/p BEVT /1

Since v/ is a horizontal strip, we have
D (=) = Y (t= aec) = lan] = laal,
a=AT/\ a=v/v=
so that the previous expression simplifies to
-1
I t—acwe) T (¢t a-cw)
a€N/p Bev/u

completing the proof of (3.11).
The second part of the proposition follows from Theorem 3.1 and the fact that the
elements ) (y||a) € A(y|a) are uniquely determined by the relation (3.4). O

Remark 3.5. Under the specialization a; = 0 the identity of Theorem 3.4 turns into
a particular case of the identity in [15, Examples, Ch. I]. O

Since the skew dual Schur functions are uniquely determined by the expansion
(3.9), the following corollary is immediate from Theorem 3.4.

Corollary 3.6. The skew dual Schur functions defined in (3.8) belong to the ring
A(z||a). In particular, they are symmetric in the variables x. O

Recall the Littlewood—Richardson polynomials defined by (1.2).

Proposition 3.7. For any skew diagram v/u we have the expansion

Sou(ylla) =Y ek, (a) Sy a).

A
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Proof. We use an argument similar to [15, Chapter 1]. Consider the set of variables
(y,y"), where y = (y1,y2,...) and y' = (y{,vs,...) and assume they are ordered in
the way that each y; precedes each y . By the tableau presentation (3.8) of the dual
Schur functions, we get

(3.12) sy 1a) =Y S uylla)Su(y' [a).

nCr

On the other hand, by Theorem 3.1,

. . — ./
S selonmylo = ] f?”HLZZZ’Z

ij>1 LiY; ik>1
= ZSA la)sx(ylla) su(xlla) 5u(y"lla) Z la) sx(ylla)5u(y’lla)
A,y v
which proves that
(3.13) S y'la) =Y (@ Bwla) 5.y a).
A i
The desired relation now follows by comparing (3.12) and (3.13). O

3.3. Jacobi—Trudi-type formulas. Introduce the dual elementary and complete
symmetric functions by

au(zla) =Suey(ela),  hu(z]a) =S (x| a).
By Theorem 3.4,

ex(z|a) = Z Xiy (a1, a0) Xy (az, ar) . .. Xy (ar, ag-1),
11> >0
Z X“ ag, Clo 12(%, a—l) . -Xik(a—k+27 a—k+1).

21>

Proposition 3.8. We have the following generating series formulas

1 ¢ t (tta) =]—2
+ X aulao) ¢+ ant-+ o). ¢+ o) = [T 7=

0 e 1 ay T

N — 1 T
1+th(x|’a)(t—a1)(t—ao)---(t_a*/ﬂ?):H 11—t
— i=1 !

Proof. The first relation follows from the second identity in Corollary 3.3 by taking
x = (t) and then replacing a by @’ and y; by x; for all 4. Similarly, the second relation
follows from Theorem 3.1 by taking = = (¢) and replacing y; by x;. 0J

We can now prove an analogue of the Jacobi-Trudi formula for the dual Schur
functions.
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Proposition 3.9. If A and p are partitions of length not exceeding n, then
(3.14) Syuela) = det [,y ey (79 0))]

ij=1"
Proof. Apply Theorem 3.4 for the finite set of variables x = (1, ..., z,) and multiply
both sides of (3.9) by As(x||a). This gives

n
11— Ai—p; Y
(3.15) [T Al Z Axis(zlla) Syulyla).
j>1i=1 i
For any o € G,, we have
[IIT s ~ [ et
j>1 =1 1=y j>1 =1 1 =6 vi
By the second formula of Proposition 3.8,
CLZ 7 y Tl
H T Z hi(y |77 a) (Zo) = @imp) - - (To) = Gimpy—krn).
i>1 a(d) k=0

Since

Aprs(@ Z sgno - (To(lla)* L (Tog @)

oc6,
the left hand side of (3.15) can be written in the form

Z Seho H Z Lo(i) — - (@o() = Gimp—ki+1) T, (Y, TR ),

O'EGTL

Hence, comparing the coefficients of (z[|a)* ™™~ ... (z,]a)** on both sides of (3.15),
we get

/S\A/u(y || CL) = Z sgn p H h)\i*up(,‘)fier(i) (y || T_Mp(i)+p(i)_1a)7
pEG, i=1
as required. O

Proposition 3.9 implies that the dual Schur functions may be regarded as a special-
ization of the generalized Schur functions described in [14, 9th Variation|. Namely,
in the notation of that paper, specialize the variables h,., by

(3.16) hes = ho(z|77%), r>1, seZ.

Then the Schur functions s/, of [14] become )/, (2 ||a). Hence the following corol-
laries are immediate from (9.6) and (9.7) in [14] and Proposition 3.9. The first of
them is an analogue of the Nagelsbach—Kostka formula.

Corollary 3.10. If A and p are partitions such that the lengths of X' and i’ do not
exceed m, then

(3.17) :S’\)\/“(:L’Ha) = det [é\kg—u;—i+j(x||7'“;_j+l a)]m

ij=1
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Suppose that A is a diagram with d boxes on the main diagonal. Write A in the
Frobenius notation

A= (aq,...,0q|01,...,04) = (| B),

where a; = \; — i and ; = A, —i. The following is an analogue of the Giambelli
formula.

Corollary 3.11. We have the identity

—~ . d
(3.18) Stalp) (@] @) = det [Sio, ) (zll@)]; ;-
3.4. Expansions in terms of Schur functions. We will now deduce expansions of
the dual Schur functions in terms of the Schur functions sy (z) whose coefficients are
elements of Q[a] written explicitly as certain determinants. In Theorem 3.17 below
we will give alternative tableau presentations for these coefficients. Suppose that pu
is a diagram containing d boxes on the main diagonal.

Proposition 3.12. The dual Schur function 5,(x|a) can be written as the series

~ n d
Su(flf”(l) = Z(_l) (M) det [h)\i_ﬂj_i'f‘j (a07 a—l’ te ’aj_ﬂj)]i,jzl
A
x det [ex,—p,—iti(ay, ag, . .. ’aj*#j*1>]2j=d+1 sx(x),

summed over diagrams A\ which contain p and such that \ has d boxes on the main
diagonal, where n(A/u) denotes the total number of bozes in the diagram \/u in rows
d+1,d+2,...,n=1L()\).

Proof. Tt will be sufficient to prove the formula for the case of finite set of variables
x = (x1,...,2,). We use the definition (3.3) of the dual Schur functions. The entries
A;; of the determinant A, s5(z,a) can be written as

pjtpjtn=j -
E hpj(ao,a_l,...,aj_“j)a:i for j=1,...,d,
p; 20

i = +pj+n—j
Dj HjTPjTI—] -
E (=1)" ep,(ay, ag, ... -, 1) T; for j=d+1,...,n
p; 20

Hence, (3.3) gives

d
§M(x||a): Z thj(a07a—l7"'7aj—uj) H (_1);0]- epj(alaa%"':aj—uj—l)

P1yeeey Pn J=1 j=d+1

x det[z27 P ) det[a ).
The ratio of the determinants in this formula is nonzero only if

o) tPoy +n—0(f) =Aj+n—Jj,  j=1....n,



COMULTIPLICATION RULES 23

for some diagram A containing g and some permutation o of the set {1,...,n}.

Moreover, since e, (a;, @, . . . ’ajfurl) = 0 for p; > j—p;—1, the number of diagonal

boxes in A equals d. The ratio can then be written as
det[z! P/ det[27 7] = sgn o - sx(x),
which gives the desired formula for the coefficients. O

Corollary 3.13. Using the Frobenius notation («|3) for the hook diagram (a+1,17),
we have

6)(55”@ = Z (=D hylag,a_y,...,a_,) he(ay, ay, . .. >a5+1) 3(a+p|ﬁ+q)(1')-

p,q=0

Proof. By Proposition 3.12, the coefficient of S(a-tp| B+a) (x) in the expansion of the
dual Schur function 5, |g)(z|a) equals

(3.19) (=1)? hy(ag,a_y, ... a_,) det [e;_it1(ay, ay, . .. ’aﬁH)]Z]’:l‘

Using the relations for the elementary symmetric polynomials

er(ay, Ay, ...y ag, ;) = ep(ay, ag, .. agy i ) +ep1(ag, ag, .o ag 5 1) ag.,

it is not difficult to bring the determinant which occurs in (3.19) to the form

det [ej_s11(ay, ay, . .. ,amj)}zj:l = det [ej_s11(ay, ay, . .. ’aﬁ'i‘l)];],j:l'

However, this coincides with hy(ay,as, ..., as,,) due to the Négelsbach-Kostka for-
mula (i.e., (3.17) with the zero sequence a). O

FExample 3.14. The dual Schur function corresponding to the single box diagram is
given by

Sw(ella) = Y (~1)7afaf s (@)-

p,q=0 O

Recall that the involution w : A — A on the ring of symmetric functions in z
takes s,(x) to sy (x); see [15, Chapter 1] or Section 2 above. Let us extend w to the
Q[a]-linear involution

(3.20) O:Aazla) = Ala), D @) siz) =D enla)sy(z
AEP AEP

where ¢y (a) € Q[a]. We will find the images of the dual Schur functions under &.
As before, by a’ we denote the sequence of variables such that (a'); = —a_;1; for all
1€ L.

Corollary 3.15. For any skew diagram \/p we have

(3.21) O Syulalla) = Sy (x| d).
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Proof. By Corollary 3.13, for any m € Z
@Sz TMa) = S@ja (x| Td).

In particular,

WV
o

G h(z)|m™a) = Sz T ma),  k
The statement now follows from (3.14) and (3.17). O

Note that (3.21) with u = @ also follows from Corollary 3.13 and the Giambelli
formula (3.18).

Remark 3.16. The involution @ does not coincide with the involution introduced
in [15, (9.6)]. The latter is defined on the ring generated by the elements h,.s and
takes the generalized Schur function s/, to sy//,s. Therefore, under the specialization
(3.16), the image of 5y/,(x | a) would be 5y/,/ (x| @) which is different from (3.21). O

We can now derive an alternative expansion of the dual Schur functions in terms
of the Schur functions sy(z); cf. Proposition 3.12. Suppose that A is a diagram which
contains p and such that ;4 and A have the same number of boxes d on the diagonal.
By a hook \/pu-tableau T we will mean a tableau obtained by filling in the boxes of
A/p with integers in the following way. The entries in the first d rows weakly increase
along the rows and strictly increase down the columns, and all entries in row ¢ belong
to the set {i —p;,...,—1,0} fori = 1,...,d; the entries in the first d columns weakly
decrease down the columns and strictly decrease along the rows, and all entries in
column j belong to the set {1,2,...,u7 —j+1} for j =1,...,d. Then we define the
corresponding flagged Schur function ¢/, (a) by the formula

oy =2 1] are.

T acl/p

summed over the hook \/u-tableaux T.

Theorem 3.17. We have the expansion of the dual Schur function s, (x| a)

Sulzla) =Y (1" gy (a) sa(2),
)
summed over diagrams A\ which contain p and such that X\ has d boxes on the main
diagonal, where n(A/u) denotes the total number of bozes in the diagram \/u in rows
d+1,d+2,....

Proof. Consider the expansions of 5,(z | @) and 5, (x| a") provided by Proposition 3.12.
By Corollary 3.15, 5,(z|a) is the image of 5,/(x|a’) under the involution &. Since
W sa(x) — sy(x), taking \; = p; for i = 1,...,d and comparing the coefficients of
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sx(z) in the expansions of §,(z|a) and & (5, (z|a)), we can conclude that

(_1)71()\//»1') det |:6)\i_“j_i+j(a1, CLQ, . ’aj_/»‘j_l)]i,j>d+l
d
= det [h)\;_%_iﬂ(alo, al_l, ce ,CL;-?M;)} ij=1
so that
d
det [ex,—p;—i+j(ay, ag, . .. ,(1j7uj71)}2.7j>dJrl = det [h,\g_u;__iﬂ(al, Ay, - . ’aug—j+1>]i,j:1'

On the other hand, if A is a diagram containing p and such that A has d boxes on
the main diagonal, both determinants

d d
det [Ax,—p;—ivj(ag, a_y, ... ,aj_uj)}i,jzl, det [h,\;_%_iﬂ(al, Ay, . . . ’aM;*j+1)L,j:1

coincide with the respective row-flagged Schur functions and they admit the required
tableau presentations; see [14, (8.2)], [25]. O

It is clear from the definition of the flagged Schur function ¢,,,(a) that it can be
written as the product of two polynomials. More precisely, suppose that the diagram
A contains p and both A and p have d boxes on their main diagonals. Let (A/pu)
denote the part of the skew diagram A\/p contained in the top d rows. With this
notation, the hook flagged Schur function ¢,/,(a) can be written as

(3.22) onu(@) = (1" 90, (@) @ (a)-

In addition to the tableau presentation of the polynomial ¢(x/.), (@) given above, we
can get an alternative presentation based on the column-flagged Schur functions; see
[14, (8.2')], [25]. Due to (3.22), this also gives alternative formulas for the coefficients
in the expansion of 5,(z| a).

Corollary 3.18. We have the tableau presentation

com @ = [ arw

T ae(M/p)+

summed over the (A/p)y-tableaux T whose entries in column j belong to the set
{0,—1,...,—j + 5+ 2} for j = d+1, and the entries weakly increase along the rows
and strictly increase down the columns. 0

Our next goal is to derive the inverse formulas expressing the Schur functions s,(x)
as a series of the dual Schur functions s)(z|a).

Proposition 3.19. We have the expansion

m d
su(r) = (=)™ det [ex, i, —irj(ag,a_y, ... Sy )]
A

X det |:h>\i_ﬂj_7;+j (alv Qg - - - 7ai—>\i)]i,j>d+1 /S\)\([L' ||CL),
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summed over diagrams A which contain p and such that X\ has d boxes on the main
diagonal, where m(\/p) denotes the total number of boxes in the diagram A/ in rows

1,....d

Proof. We will work with a finite set of variables © = (z1,...,z,). The one variable
specialization of (2.7) gives

1"‘2 (x —ay)(z — ap) . ..(a:—a,kﬁ)tk_l—alt
(1—agt)...(1 —a_j41t) Cl—at

This implies

(x—ag) ... (T —a_pyo)tF t
3.23 _ ,
(3:23) kz:; 1 —aot (1—a kr1t) 1—uat

Writing
k

(x —ag)...(x —a_pso) = Z(—l)k_iek_i(ao, A_1y. .., G fpo) T

=1

and comparing the coefficients of 27! on both sides of (3.23) we come to the relation

(=1 ey, iy, G T
(3'24) i Z ( ) €k (CL07G 1, , @ k+2) : r>1
o (1 — CL(ﬂf) Ce (1 — a_k+1t)

Similarly, writing

1
(1 —aot)... (1 —a_pit)

Zhj ap, A—1, . .. 7afk+1)tj
7=0
and comparing the coefficients of "t on both sides of (3.23) we come to

(3.25) 2" = Z he—r(ag,a_q,...;a_g)(x —aog)(x —a_y)...(r — a_gs1), r > 0.
k=0

Assuming that the length of u does not exceed n, represent s,(x) as the ratio of
determinants

_ Ausle)
S/ﬁ(x) - TESJ;)7
where
Au(z) = det [z L] r a=(ag,...,0p).

By (3.24), for any j = 1,...,d we have

> (_1)p—ug‘+j—1

i1
xﬁ” I = E

p=p;—j+1

Cp—pij+j—1(00, A1, - Qpi2) T
(]_ - CL(].Ti) e (1 - a—p+1xi>




COMULTIPLICATION RULES 27

Similarly, for j = d+1,...,n we find from (3.25) applied for = z; ' and r = J—pi—1
that

J—pi—1
Mj_ﬁl Z hj—ps—p-1(a, az, ..o apr) 27 (1= arz;) (1 — agz;) ... (1 — apay).

-1

Multlplymg both sides of these relations by z;"" we get the respective expansions of

pyjtn—

x; 7 which allow us to write
—itj—1
Apys(z Z H /BJ o eﬁj—uj+j—1(a()>a_1a e >a_gj+2)
B,y B J=1
n
X H hj—p;—p,—1(ay, aq, . .. »%j+1) Ag(z, a).
Jj=d+1

Nonzero summands here correspond to the n-tuples (3 of the form
ﬁj:)\a(j)_o—(j>+17 jzla"'ada
and
Bi==Xp+70) -1  j=d+1,....n

where o is a permutation of {1,...,d} and 7 is a permutation of {d+ 1,...,n}, and
A is a diagram containing p such that A has d boxes on the main diagonal. Dividing
both sides of the above relation by the Vandermonde determinant, we get the desired
expansion formula. O

Now we obtain a tableau presentation of the coefficients in the expansion of s,(x);
cf. Theorem 3.17. By a dual hook \/pu-tableau T we will mean a tableau obtained
by filling in the boxes of \/u with integers in the following way. The entries in the
first d rows strictly decrease along the rows and weakly decrease down the columns,
and all entries in row ¢ belong to the set {0, —1,...,i — X\; + 1} for i = 1,...,d; the
entries in the first d columns strictly increase down the columns and weakly increase
along the rows, and all entries in column j belong to the set {1,2,...,\; — j} for
= 1,...,d. Then we define the corresponding dual flagged Schur function 1, (a)

Ya/ula —Z H a7 (a)

T ael/p

by the formula

summed over the dual hook \/pu-tableaux 7.

Theorem 3.20. We have the expansion of the Schur function s, (x)

su(x) = (=1 (a) S (x| a),

A
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summed over diagrams A which contain p and such that X\ has d boxes on the main
diagonal, where m(\/p) denotes the total number of boxes in the diagram A/ in rows

1,....d

Proof. This is deduced from Proposition 3.19 and the formulas for the flagged Schur
functions in [14, 8th Variation] exactly as in the proof of Theorem 3.17. U

Corollary 3.21. For the expansion of the hook Schur function we have

3(a|/3)(ZL‘) = Z (_1)1? 6p(a07 (1_1, s 7a—a—p+1) eq(alv a27 s 7a’ﬁ+q) cx+p|,6’+q ( || )
P, q20

FExample 3.22. We have
5(1)(x> = Z(_l)paoa’—l"'a—p+lala2‘ p|q ( la).

p,q=0

As with the flagged Schur functions ¢,,,(a), we have the following factorization

formula

(3.26) Uaul@) = (1) 90 (@) g - (a),

where (A/u)_ denotes the part of the skew diagram \/u whose boxes lie in the rows
d+1,d+2,.... An alternative tableau presentation for the polynomials 1/,)_(a) is

implied by the formulas [14, (8.2)], [25]. By (3.26), this also gives alternative formulas
for the coefficients in the expansion of s,(z).

Corollary 3.23. We have the tableau presentation
Yosm-(@) =>" ]
T ac(\/p)-

where the sum is taken over the (\/p)_-tableauz T whose entries in row i belong to
the set {1,2,...;i— N} fori=d+1,d+2,..., and the entries weakly increase along
the rows and strictly increase down the columns.

Completing this section we note that the canonical comultiplication on the ring A
is naturally extended to the comultiplication

Az[a) = Az|la) @ g Az a)
defined on the generators by
A(pk(:v)) = pk(I) ®K1+1 ®pk(:17)

Hence, Proposition 3.7 can be interpreted in terms of A as the following decomposi-
tion of the image of the dual Schur function

Z 31///,L ” ® S/L H Z c/\,u ) ® SM( ” a)'
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4. DUAL LITTLEWOOD—RICHARDSON POLYNOMIALS

It was pointed out in [24, Remark 3.3] that the ring of supersymmetric functions
A(z/ylla) is equipped with the comultiplication A such that

Alpi(z/y)) = pe(z/y) @ 1+ 1@ pp(2/y);

cf. [15, Chapter 1]. The isomorphism (1.6) allows us to transfer the comultiplication
to the ring of double symmetric functions A(x||a) so that A is a QJa]-linear ring
homomorphism
Az A(zlla) = Alzlla) @ g Alx]a)
such that
Ape(z|a)) = pe(z|a) @ 1+ 1 @ pp(z|a).

Definition 4.1. The dual Littlewood-Richardson polynomials ¢y (a) are defined as
the coefficients in the expansion

Afsy(z]a)) = ev(a) si(z]a) @ su(z]a).
A
Equivalently, these polynomials can be found from the decomposition

(4.1) su(zlla) =Y e (a) sa(x]a).

R O

In order to verify the equivalence of the definitions, note that by [24, Remark 3.3],

A(s(a/yla) = 3 suule/ylla) @ su(z/yla).
o
The claim now follows by the application of Proposition 2.5.

It is clear from the definition that the polynomial ¢y (a) is nonzero only if the
inequality |v| > |A\| + |p] holds. In this case it is a homogeneous polynomial in the
variables a; of degree |v| — |A\| — |u|. Moreover, in the particular case |v| = || + ||
the constant ¢y (a) equals cf,, the Littlewood-Richardson coefficient.

Recall that the Littlewood-Richardson polynomials cj,(a) are defined by the ex-
pansion (1.2); see [18].

Corollary 4.2. We have the following symmetry properties

/

cxu(a) = CK,H,(a') and Cy,(a) = /c\/\”,u,(a').
Proof. By Proposition 2.5 and Definition 2.7, we have

sx(@/ylla) su(w/ylla) =) ek, (a)su(z/ylla)

and
sun(e/yla) = S5 (0) sr(w/y o)
A
The desired relations now follow from the symmetry property (2.16). O
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We can now prove that the dual Littlewood-Richardson polynomials ¢y (a) intro-
duced in Definition 4.1 describe the multiplication rule for the dual Schur functions.

Theorem 4.3. We have the expansion
Sx]a)su(z]a) = Y el (a) 5, (x]a).

Proof. We argue as in the proof of the classical analogue of this result; see [15,
Chapter 1]. Applying Corollary 3.2 for the families of variables z = 2’ U 2" and
y=1y" Uy" we get

N 14y, 2 1+y/ 2
> stafula)szlo = [T 42 ] {42
veP i,j2>1 4 i,5=>1 ¢

= Y @y la) 8= 0) s, fy" @) Bulz ] a).

A, HEP

On the other hand, an alternative expansion of the sum on the left hand side is
obtained by using the relation

su(@/ylla) = sx(@ [y’ a) sun(@”fy" | a) ZSA 1y ) e (a) su(2”/y" | a),
ACv
implied by the combinatorial formula (2.15). Therefore, the required relation follows

by comparing the two expansions. 0

An explicit formula for the polynomials @"#(a) is provided by the following corollary,
where the c(zﬁ denote the classical Littlewood-Richardson coefficients defined by the
decomposition of the product of the Schur functions

sa(2) s5(x) = ) cls54(2).

.
Corollary 4.4. We have

ey (a) = Z (— 1)@/ N n(B/p)+m(v/7) ¢ s Parn(@) 937u(a) Yoy (a),
07

summed over diagrams «, 3, . In particular, E/\”M(a) =0 unless A\ C v and u C v.

Proof. The formula follows from Theorems 3.17, 3.20 and 4.3. The second statement
is implied by the same property of the Littlewood—Richardson coefficients. 0

Example 4.5. If K <l and k + [ < m then

em@= 3“1 helag, act, . asp) esasi s A ys).
r4+s=m—k—I

In particular,
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Applying Corollary 4.2, we also get

ciln@ =" 3" (=1 hi(aran, ) st as, - Gny)
rs=m—k—l
and
(@) = (a1 — an)(arys — @) .. (a1 — @),
These relations provide explicit formulas for the images of the double elementary and
complete symmetric functions h,,(x||a) and e,, (x| a) with respect to the comultipli-
cation A. 0

Another formula for the dual Littlewood-Richardson polynomials ¢y (a) can be
obtained with the use of the decomposition (4.1). We will consider the skew double
Schur function as the sequence of polynomials s,/,(z[la) defined in (2.19). For a
given skew diagram v/p consider the finite set of variables z = (z1,...,x,), where
Vi — p; < n for all j; that is, the number of boxes in each column of v/u does not
exceed n. Since the skew double Schur functions are consistent with the evaluation
homomorphisms (2.1), the polynomials ¢y’ (a) are determined by the decomposition
(4.1), where z is understood as the above finite set of variables.

In order to formulate the result, introduce v/ u-supertableaux T which are obtained
by filling in the boxes of v/u with the symbols 1,1’ ..., n,n’ in such a way that in each
row (resp. column) each primed index is to the left (resp. above) of each unprimed
index; unprimed indices weakly decrease along the rows and strictly decrease down
the columns; primed indices strictly increase along the rows and weakly increase down
the columns.

Introduce the ordering on the set of boxes of a skew diagram by reading them by
columns from left to right and from bottom to top in each column. We call this the
column order. We shall write & < (3 if « (strictly) precedes ( with respect to the
column order.

Suppose that A is a diagram. Given a sequence of diagrams R of the form

(42) g = p(o) — p(l) — e e — p(lil) — p(l) — )\’

we let 7; denote the row number of the box added to the diagram p(~1). The sequence

r17ry ... 1 is called the Yamanouchi symbol of R. Construct the set 7 (v/p, R) of barred
v/p-supertableaux 7' such that 7' contains boxes aq,. .., o with

ap < - < and T(Oéi):’f’i, 1<Z<l7

where all entries r; are unprimed and the boxes are listed in the column order which
is restricted to the subtableau of T" formed by the unprimed indices.

We will distinguish the entries in ay, . .., a; by barring each of them. So, an element
of T(v/u, R) is a pair consisting of a v/u-supertableau and a chosen sequence of
barred entries compatible with R. We shall keep the notation T for such a pair.
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For each box o with a; < a < «;41, 0 < ¢ < [, which is occupied by an unprimed
index, set p(a) = p@.

Theorem 4.6. The dual Littlewood—Richardson polynomials can be given by

@)= > I1 (@ 7(@)-p(@)p ey ~ T (@) —c(@))
R T

acv/p
T(a) unprimed, unbarred

X H (@7 (0)=c(@) — A7)

acv/p
T(a) primed

summed over sequences R of the form (4.2) and barred supertableauz T € T (v/p, R).

Proof. Due to (2.19), we have

/C\)\Vu(a) = Z 5)\Vp(a) SP//MI(_a(n) | —(Z),

rCpCA

where the polynomials ¢y (a) are defined by the decomposition

Suplala) = e (a) sa(z]|a).
A
The desired formula is now implied by [18, Lemma 2.4] which gives the combinatorial
expression for the coefficients EA”p(a) and thus takes care of the unprimed part of T
the expression for the primed part is implied by (2.5). O

Remark 4.7. Both the formulas for ¢y, (a) provided by Corollary 4.4 and Theorem 4.6
involve some terms which cancel pairwise. It would be interesting to find a combi-
natorial presentation of the polynomials ¢y, (a) analogous to [9], [10] or [18] and to
understand their positivity properties. A possible way to find such a presentation
could rely on the vanishing theorem of the supersymmetric Schur functions obtained
in [24, Theorems 5.1 & 5.2]; see also [17, Theorem 4.4] for a similar result. O

Example 4.8. In order to calculate the polynomial 5(32)2()2)(@, take A = (1), p = (2),
v = (2%) and n = 1. The barred supertableaux compatible with the sequence @ — (1)
are

so that
8(1)(2)(60 =agp— a1+ a1 —as+ ax — az = ag — ay.

Alternatively, we can take A\ = (2), u = (1), v = (2?) and n = 2. The barred
supertableaux compatible with the sequence @ — (1) — (2) are



COMULTIPLICATION RULES 33

=° = =2
1 1 1

1

|
|

so that
~ 2
C((lz) ()2)(a) =ay—a;+ay—a;+ay —ay =ag— a.

This agrees with the previous calculation and the formula implied by Corollary 4.4.

Ezample 4.9. Theorem 4.6 gives formulas for the polynomials /c\((,:;l()l)( ) and c(llk?()ll)(a)
in a different form as compared to Example 4.5. If kK + [ < m then

E((kr)n()l)(a) = Z(ao —a—)(ap —a——1) - (ap — a—-i;41)
X (a1 —a_4-1) (a1 —a__i11)
X o (Qks1 = Qogmig_y—1) * (Aokg1 — Aopy2)

summed over the sets of indices 0 < 41 < -+ < ip_1 < m—1—2. A similar expression
for c(llk) (10) (a) follows by the application of Corollary 4.2.

5. TRANSITION MATRICES

5.1. Pairing between the double and dual symmetric functions. We now
prove alternative expansion formulas for the infinite product which occurs in the
Cauchy formula (3.4). These formulas turn into the well known identities when a is
specialized to the sequence of zeros; see [15, Chapter 1].

Let A = (Aq,...,\) be a partition and suppose that the length of A does not
exceed [. Using the notation (3.2), introduce the dual monomial symmetric function

ix(z|a) € A(z|a) by the formula
mx(z|a) = Z(%(l), M (Zg(2), ) .. (T, @),

g
summed over permutations ¢ of the z; which give distinct monomials.
For a partition A = (1™12™2...) set 2y = [[;5, 9™ my!.

Proposition 5.1. We have the expansions

(5.1) H U9 N hy(a)a) iyl a)

i,j>1 LilYj \EP
and
1—a;y; _
(5.2) H # = Zz/\lp,\(xﬂa)p,\(y).
i,j>1 i Y5 \eP

Proof. Let us set

ad 1—a;t
Hl—xl

=1
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Then using (2.7) and arguing as in [15, Chapter 1], we can write

[T 2% =TT H) =TT ttolla) (.0 = 3 (el a) syl o),

i,j>1 TilYj =1 =1 k=0 \EP

which proves (5.1). For the proof of (5.2) note that

mHE) = <ln(1 ~a;it) —In(1 — xit))

i>1
_Zz<xftk aftk) _Zpk(xHa)tk
I k k) k '
i>1 k>1 E>1

Hence,
H(t) = 2 palal )
AEP

Now apply this relation to the sets of variables x and a respectively replaced with the
sets {z;y;} and {a;y;}. Then pi(z| a) is replaced by px(z|a)pa(y), and (5.2) follows
by putting ¢t = 1. OJ

Now define the Qla]-bilinear pairing between the rings A(z ] a) and A(y||a),

(5-3) () (Mzlla), Ayl a)) — Qlal,
by setting
(5.4) (Pa(z @), mu(ylla)) = 6y,

Clearly, (u,v) is a well-defined polynomial in a for any elements v € A(z|a) and
€ A(y| @) which is determined from (5.4) by linearity.

The following is an analogue of the duality properties of the classical bases of the
ring of symmetric functions; see [15, Chapter 1].

Proposition 5.2. Let {uy(z|a)} and {v\(y||a)} be families of elements of rings
A(z|a) and /AX(yHa), respectively, which are parameterized by all partitions. Suppose
that for any m > 0 the highest degree components in x (resp., the lowest degree
components in y) of the elements uy(z|a) (resp., Va(y||a)) with |\| = n form a basis
of the space of homogeneous symmetric functions in x (resp., y) of degree n. Then
the following conditions are equivalent:

(5.5) (ur(zlla), Dulylla)) = by, forall A p;

(5.6) Y wlzla)iayla) =[] 1_&

-z
\eP i,j>1 iYi
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Proof. We only need to slightly modify the respective argument of [15, Chapter 1].

Write
a) =Y Ay(a) hy(z]a),  Bulylla) ZBW a) mq(ylla),

where the first sum is taken over partitions p with |p| < |\|, while the second is taken
over partitions o with |o| > |u|. Then

(ur(z]|a), 0u(y @) ZAA,,
Hence, condition (5.5) is equivalent to

(5.7) Z Ay, (a) =0y,

On the other hand, due to (5.1), (5.6) can be written as

Zu,\(xﬂa Ux(ylla) Zh a) m,(ylla),

AeP pEP

ZAAP By,(a) =6,

This condition is easily verified to be equivalent to (5.7). O

which is equivalent to

Applying Theorem 3.1 and Proposition 5.1 we get the following corollary.
Corollary 5.3. Under the pairing (5.3) we have

(sa(zlla),5uylla)) =0y, and  (pa(zla), pu(y)) = 3y, 2. O

Thus, the symmetric functions §)(y||a) are dual to the double Schur functions
sx(z | a) in sense of the pairing (5.3).

Using the isomorphism (1.6) and the pairing (5.3), we get another Q|a]-bilinear
pairing
(5.8) (. ) (Aa/yla), A(z]a)) — Q[d]

such that

(5.9) (sa(z/ylla), 5u(zlla)) = oy,

Note that Proposition 5.2 can be easily reformulated for the pairing (5.8). In partic-
ular, the condition (5.6) is now replaced by

R 149y 25
(5.10) > uz/yla)ia(zla) = ] —
AEP i,j=1 o
This implies that

(5.11) (5x(x/y), 5u(2)) = Oy,
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where s, (z/y) denoted the ordinary supersymmetric Schur function which is obtained
from sy(x/y|la) by the specialization a; = 0. Together with Theorems 3.17 and 3.20,
the relations (5.9) and (5.11) imply the following expansions for the supersymmetric
Schur functions.

Corollary 5.4. We have the decompositions

sx(@/ylla) =Y (=1)" Ny (a) s, (2 /y).

m

summed over diagrams . contained in A and such that X and p have the same number
of boxes on the main diagonal; and

sul@/y) =Y (=1)" M gy u(a) sa(w/y]a),
A

summed over diagrams A which contain p and such that A and p have the same
number of boxes on the main diagonal. 0

Note that expressions for 1/, (a) and ¢, ,,(a) in terms of determinants as in Propo-
sitions 3.12 and 3.19 were given in [24]. Corollary 5.4 gives new tableau formulas for
these coefficients. Moreover, under the specialization a; = —i + 1/2 the supersym-
metric Schur functions sy(x/y|la) turn into the Frobenius-Schur functions F's,; see
[24]. Hence, the transition coefficients between the F's, and the Schur functions can
be found as follows; cf. [24, Theorem 2.6].

Corollary 5.5. We have the decompositions
Fsy=> (=1)"™W 4y, 5.(x/y)

I

and

sulw/y) =Y _(=1)" VW gy, Fsy,
A

where 1y, and py,,, are the respective values of the polynomials 1y, (a) and @x/.(a)
ata;=—i+1/2,1€Z. O

Using the notation of Corollary 5.4 and applying the isomorphism (1.6) we get the
respective expansion formulas involving the double Schur functions.

Corollary 5.6. We have the decompositions
sa@lla) = (=)™ gy (a) su(x)
I

and

sul@) =Y (=11 0y, (a) sx (]| a). -
A
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Some other expressions for the coefficients in the expansions relating the double
and ordinary Schur functions or polynomials can be found in [10], [11], [14], [18] and
[19].

Let us now recall the isomorphism w, : A(z|a) — A(z[|a’) and the involution

A(z|la) — A(z|la); see (2.8) and (3.20). Since every polynomial c(a) € Q[a]
can be regarded as an element of Q[a’], the ring /A\(x||a' ) can be naturally identified
with A(z]|a) via the map c(a) — ¢’(a’), where ¢(a) = c(a) as polynomials in the a;,
1€ L.

Proposition 5.7. For any elements u € A(z|a) and v € /AX(yHa) we have

<wau, CJ@/ = <u,@>,
where {, Y denotes the pairing (5.3) between A(z|a’) and A(y|la) ~ A(y|a’).
Proof. 1t suffices to take u = s)(z|a) and v = 5,(y[|a). Using (2.9) and (3.20), we
get
o~ / ~ !/
(wasa(z]a), B3u(ylla)) = (sx(zla’), Su(ylla)).
By Corollary 5.3 this equals 6,,, and hence coincides with (s)(z|a), S,(y|a)). O

Ap?

Introduce the dual forgotten symmetric functions f,\(yHa) € /AX(yHa) as the images
of the dual monomial symmetric functions under the involution @, that is,

Aylla) =3 maly]a), A€ P.

Furthermore, for any partition A define the double monomial symmetric functions
my(x|la) € A(z|a) and the double forgotten symmetric functions fi(z|a) € Alx|a)
by the relations

(5.12) I1 ; _aly’ > ma(z|la) halyl a)

i,j>1 LilYj \EP
and
—a;Y;
(5.13) H — =" hx|a)ay]a).
G 1T Y 5

Hence, by Proposition 5.2, under the pairing (5.3) we have

(.14)  (mela).hyl0) =5, and  (Azla)eyla) = by,
Moreover, Proposition 2.3 and Corollary 5.7 imply

mx(z|a) = ha(z]d),  fa(zla) = ex(z]a),  pa(z]a) — expa(z]d’),

where g5 = (—1)A=™N_ To check the latter relation we need to recall that under the
involution w of the ring of symmetric functions we have w : py(y) — ex pa(y); see [15,
Chapter 1].
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We can now obtain analogues of the decomposition of Corollary 3.3 for other fam-
ilies of symmetric functions.

Corollary 5.8. We have the decompositions

1+ 2y, ~ /
— 7 = ex(z|a)m a'),
I 122 = S estoll (o)

i, 5>1 \eP
1 + ZT; y] Z 1
H =Y oz mela)py),
=1 14 aiy; AeP
1+ z; ~
H I NNy (e ]a) @lyla’).
izl “%Yi  Nep

Proof. The relations follow by the application of w, to the expansions (5.1), (5.2) and
by the application of & to (5.12). O

Note that relations of this kind involving the forgotten symmetric functions can be
obtained in a similar way.

5.2. Kostka-type and character polynomials. The entries of the transition ma-
trices between the classical bases of the ring of symmetric functions can be expressed
in terms of the Kostka numbers K, and the values X,f\L of the irreducible characters
of the symmetric groups; see [15, Chapter 1]. By analogy with the classical case,
introduce the Kostka-type polynomials Ky, (a) and the character polynomials Xﬁ(a)

as well as their dual counterparts K w(a) and X (a) by the respective expansions
ZKM (la),  Sa(yla) ZKM )iy la),

and
= xpla) sa(z]a), Z )sx(ya).

If |A| = ||, then
(5.15) Ky.(a) = Ky(a) =Ky, and  xh(a) = X)(a) = x).

Moreover, Ky,(a) and X(a) are zero unless |[A| > |u|, while IA(,\#(a) and x,(a) are
zero unless |A| < |pul.

Using the duality properties of the double and dual symmetric functions, we can
get all other transition matrices in the same way as this is done in [15, Chapter 1].
In particular, we have the relations

|a) ZKAu sa(ylla).

a) =Y Ky(a)sa(zlla),  hu(y
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The Littlewood-Richardson polynomials ¢, (a) defined in (1.2) are Graham pos-
itive as they can be written as polynomials in the differences a; — a;, © < j, with
positive integer coefficients; see [7]. Explicit positive formulas for ¢, (a) were found
n [9], [10] and [18]. Using the fact that hi(z||a) coincides with su (x| a), we come
to the following expression for the polynomials K awla):

= A &Y (1-3) (1-2)
Ky(o)= ) Cla) o (@) €y (@) - €l sa (@) €6y (@),

summed over partitions p), where p = (p1, ... ). In particular, each dual Kostka-
type polynomial K, (a) is Graham positive. For an explicit tableau presentation of
the polynomials K, (a) see [5].

Example 5.9. We have

o NG9 _ 62 ) O (32) (21)
Kanean(a) =Y e, (@) ey 0)(0) = ey (a) ¢y 1) (@) + 3y (@) ¢(5) 1y (0):
o

2

o) (a) = 32 )()1) = 1, while applying [18, Theo-
) =

(
Now, ) () )2 = = 1 and c ()(a) = ¢

2
rem 2.1] we get c((22))(1)(a) =a_1 —ap and c((3)2)21 (a) = a_s — as. Hence,

[?(32)(321)((1) =a_2+a-1 — ay — a. -

The polynomials Ky,(a) can be calculated by the following procedure. Given a
partition g = (u1, ..., 1), write each dual complete symmetric function Em (y|a) as
a series of the hook Schur functions with coefficients in Q|a] using Corollary 3.13.
Then multiply the Schur functions using the classical Littlewood—Richardson rule.
Finally, use Theorem 3.20 to represent each Schur function as a series of the dual
Schur functions.

Example 5.10. By Example 3.14, /le(yHa)? equals

2
(8(1)(9) + a08(2)(y) —a 8(12)(9) + @3 5(3)(9) — Qpa15(2 1)(y) + 033(13)(34) + .. ) .

Hence, multiplying the Schur functions, we find that

hi(ylla)® = s@)(y) + sa2)(y) + 2a05@)(y) +2(a0 — ar1) s21)(y) — 2a15013)(y)
+3ags(y) + (3ag — 4aoar) s (y) + (ag + af — 2a0a1) s (y)
+ (34} — 4agar) 5212 (y) + 3aTsan(y) + - -
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Expanding now each Schur function with the use of Theorem 3.20 or Corollary 3.21,
we come to

h(ylla)® = 5@ (ylla) + 5ax) (ylla) + (a0 — a-1) 3 (ylla) + (a0 — a1) ey (v a)
+ (a2 — a1)501 (y|| a) + (a0 — a—2)(ap — a-1)5(4)(y [ a)
+ (ag — a1) (a0 — a—1) 31y (ylla) + (a0 — a1)*S(22) (y| @)
+ (a1 — ao) (a1 — a2)S212)(y[| @) + (a1 — a2) (a1 — az) 5y (y[a) + -+ -,
thus calculating the first few polynomials K 12)(a). O

FExample 5.11. Using Example 5.10, we can calculate the first few double monomial
symmetric functions:

m(zla) =sw(zla),  maz(z]a) = saz(z|a)
m(z)(xlla) = s)(z]a) — saz)(z|a)
masy(z]a) = sas)(z]a) + (a1 — a2) sz (z]|a)
me1(z]a) = seuy(zlla) — 2sas (zlla) + (2a2 — a1 — ao) saz)(z | a)
me)(zla) = s@)(zlla) — sei(z]a) + sas(za) + (a-1 — ao) suz) (z]a). O

The following formula for the dual character polynomials is implied by Corol-
lary 5.6.

Corollary 5.12. We have

Xi(a) =D (=1 xf i, a),
summed over diagrams p with |p| = |p|. O

6. INTERPOLATION FORMULAS

6.1. Rational expressions for the transition coefficients. Applying Proposi-
tion 2.8, we can get expressions for the polynomials Ky, (a), x,(a), €y,(a) and cf,(a)
as rational functions in the variables a;.

Proposition 6.1. We have the expressions

l
hu(a <k>\|a)
(6.1) Rl % ,
ul g,; (lagw| = laol) ... A (lam| = la,nl)
(62) -y Z Pultyn |)
— — (la,m| — |a, <0)D - (lapm| = la,ol)’

l
., Su/u(@pm || @)
(6.3) cva)=>" A
R k

— <|(Ip(k)| — |6Lp(0)|) AN (|6Lp(k)| — |ap(z)|)’
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summed over all sequences of partitions R of the form
o =p0 - p) oo pD Ly = )

Moreover,

(6.4) cxu(@ ZZZ a Sk(apf).na)

k)’ — \ap(m\) . ..(‘ap(k)| — ’apu)‘)’

summed over all sequences of partitions R of the form

=) 0y,

n=p® 1 0 0 L, -

The last formula was given in [19] for polynomials closely related to c}, (a). Due
to (5.15), the Kostka numbers K, and the values of the irreducible characters Xﬁ of
the symmetric group can be found from (6.1) and (6.2).

Ezxample 6.2. If |\| = n, then

X(ln Z Z |ap(k)| —/ld.p(o) |)n71 _ Z .

— — (la,m| — la,w]) - (lam] = la,ml)  F

which coincides with the number of standard A-tableaux. O

6.2. Identities with dimensions of skew diagrams. Specializing the variables by
setting a; = —i+ 1 for all © € Z in the expressions of Proposition 6.1, we obtain some
identities for the Kostka numbers, the values of the irreducible characters and the
Littlewood—Richardson coefficients involving dimensions of skew diagrams. Under
this specialization, the double symmetric functions become the shifted symmetric
functions of [22], so that some of the combinatorial results concerning the ring A(z || a)
discussed above in the paper reduce to the respective results of [22] for the ring A* of
shifted symmetric functions; see also [8] for an alternative description of the ring A*.

For any skew diagram 6 denote by dim 6 the number of standard #-tableaux (i.e.,
row and column strict) with entries in {1,2,...,]0|} and set

16!
dim 6§
If 6 is normal (non-skew), then Hy coincides with the product of the hooks of 6 due

Hy

to the hook formula. Under the specialization a; = —i + 1, for any partition u we
have

a, = (p1, 2 —1,...).
The following formula for the values of the double Schur functions was proved in [22]:
if 4 C v, then
H,

sula @) = 7
v/u
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This formula can be deduced from Proposition 2.8 with the use of (2.20) which
takes the form sy(ay|a) = Hy. Then (6.4) implies the identity for the Littlewood—
Richardson coefficients ¢}, which was proved in [19]:

& = (_1)IV/p\ 7
g ; Hyjp Hon Hyjp,

H

p

summed over diagrams p which contain both A and u, and are contained in v.
We also have the respective consequences of (6.1) and (6.2). For partitions p =
(1™2m2 ™) and p = (p1,...,p) set

T

W“(p):H<(1_P1)k+"'+(l—pl)k—1k_..,_lk)mk

k=1
and
r e
%u(P):H< pil(mz—l)---(mk—kJrl)) :
k=1 i12--2ip21
The the following formulas are obtained by specializing a; = ¢ and a; = —i + 1,

respectively, in (6.2) and (6.1).
Corollary 6.3. Let A and p be partitions of n. Then

A (_1)‘1)‘ m.(p)
Hﬂ HA/p

and

(_1)\)\/ﬂ| %/t(p)'

K, =
Au Hp HA//)

PCA
Ezample 6.4. Let A = (32) and p = (21%). Then

Tu(p) = —(pr + p2)° (07 + p3 —2py — 4 py),
and

Hz9)/1) = 24/5, Hz9)/02) = 2, H32)/012) = 3, Hz9)/3) = 2,
Hz9)/21) = 1, H39)/22) = 1, Hz9)/32) = 1.

Hence,
(32) 5 32 81 81 256 125

Xe) ™ "1 "6 T2 3 T 12 T



[1]

COMULTIPLICATION RULES 43

REFERENCES

L. C. Biedenharn and J. D. Louck, A new class of symmetric polynomials defined in terms of
tableaur, Advances in Appl. Math. 10 (1989), 396-438.

L. C. Biedenharn and J. D. Louck, Inhomogeneous basis set of symmetric polynomials defined
by tableauz, Proc. Nat. Acad. Sci. U.S.A. 87 (1990), 1441-1445.

W. Y. C. Chen, B. Li and J. D. Louck, The flagged double Schur function, J. Alg. Comb. 15
(2002), 7-26.

W. Fulton, Equivariant cohomology in algebraic geometry, Eilenberg lectures, Columbia Uni-
versity, Spring 2007. Available at http://www.math.lsa.umich.edu/~dandersn/eilenberg
A. Fun, Transition matrices between double symmetric functions, in preparation.

I. Goulden and C. Greene, A new tableau representation for supersymmetric Schur functions,
J. Algebra. 170 (1994), 687-703.

W. Graham, Positivity in equivariant Schubert calculus, Duke Math. J. 109 (2001), 599-614.
V. Ivanov and G. Olshanski, Kerov’s central limit theorem for the Plancherel measure on Young
diagrams, Symmetric functions 2001: surveys of developments and perspectives, 93-151, NATO
Sci. Ser. IT Math. Phys. Chem., 74, Kluwer Acad. Publ., Dordrecht, 2002.

A. Knutson and T. Tao, Puzzles and (equivariant) cohomology of Grassmannians, Duke Math.
J. 119 (2003), 221-260.

V. Kreiman, FEquivariant Littlewood-Richardson skew tableauz, preprint arXiv:0706.3738.

V. Kreiman, Products of factorial Schur functions, preprint arXiv:0801.0233.

A. Lascoux, Classes de Chern des variétés de drapeaux, Comptes Rendus Acad. Sci. Paris, Sér.
I 295 (1982), 393-398.

A. Lascoux, Symmetric functions and combinatorial operators on polynomials, CBMS Regional
Conference Series in Mathematics, 99, AMS, Providence, RI, 2003.

I. G. Macdonald, Schur functions: theme and variations, in “Actes 28-e Séminaire Lotharin-
gien”, pp. 5-39. Publ. LR.M.A. Strasbourg, 1992, 498/S-27.

I. G. Macdonald, Symmetric Functions and Hall Polynomials, Oxford University Press, Oxford,
1995.

L. C. Mihalcea, Giambelli formulae for the equivariant quantum cohomology of the Grassman-
nian, Trans. Amer. Math. Soc, 360 (2008), 2285-2301.

A. Molev, Factorial supersymmetric Schur functions and super Capelli identities, in: “Kirillov’s
Seminar on Representation Theory” (G. I. Olshanski, Ed.), Amer. Math. Soc. Transl. 181,
AMS, Providence, RI, 1998, pp. 109-137.

A. 1. Molev, Littlewood-Richardson polynomials, J. Algebra, to appear; arXiv:0704.0065.

A. 1. Molev and B. E. Sagan, A Littlewood-Richardson rule for factorial Schur functions, Trans.
Amer. Math. Soc, 351 (1999), 4429-4443.

A. Okounkov, Quantum immanants and higher Capelli identities, Transform. Groups 1 (1996),
99-126.

A. Okounkov, On Newton interpolation of symmetric functions: a characterization of interpo-
lation Macdonald polynomials, Adv. Appl. Math. 20 (1998), 395-428.

A. Okounkov and G. Olshanski, Shifted Schur functions, St.Petersburg Math. J. 9 (1998),
239-300.

G. Olshanski, Unpublished notes, 2000.

G. Olshanski, A. Regev and A. Vershik, Frobenius-Schur functions, With an appendix by
V. Ivanov. Progr. Math., 210, Studies in memory of Issai Schur (Chevaleret/Rehovot, 2000),
pp- 251-299, Birkh&user Boston, Boston, MA, 2003.



44 A. 1. MOLEV

[25] M. Wachs, Flagged Schur functions, Schubert polynomials and symmetrizing operators, J. Comb.
Theory Ser. A, 40 (1985), 276-289.

SCHOOL OF MATHEMATICS AND STATISTICS, UNIVERSITY OF SYDNEY, NSW 2006, AUSTRALIA
E-mail address: alexm@maths.usyd.edu.au



