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Abstract

Weconsidertheproblem���������
	������������������������������ �!#"$�&%'�(���
where) �#* , �'�+� isasmallparameterand 	 isauniformlypositive,smoothpo-
tential.Let , beaclosedcurve,non-degenerategeodesicrelativeto theweighted
arclength-�. 	0/ , where 1 � �324"�$56" � "� . We prove theexistenceof a solution �87
concentratingalongthewholeof , , exponentiallysmallin � at any positivedis-
tancefrom it, provided that � is small andaway from certaincritical numbers.
In particularthisestablishesthevalidity of a conjectureraisedin [3] in thetwo-
dimensionalcase. c
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1 Intr oduction and statementof main result

Weconsiderstandingwavesfor anonlinearSchr̈odingerequationin :<; of the
form

(1.1) =?>A@ B6CB6DFE @(GIH C =FJLK�M6N CPORQ C�Q SUTWVXC
where Y[Z]\ , namelysolutionsof the form

C K D_^ M`N E exp K�>bac@ TWV D NedfK�M6N�g Assum-
ing that theamplituded�K�M`N is positive andvanishesat infinity, we seethat this

C
satisfies(1.1) if andonly if d solvesthenonlinearelliptic problem

(1.2) @(G$Hhd�=ji�K�M`Ned O d S Elk ^ dmZ k ^ dPn�o V K�: ; N ^
wherei�K�M6N E JLK�M6N O a . In therestof thispaperwewill assumethat i is asmooth
functionwith prq`st�u�v`w imK�M6NxZ k g
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Considerableattentionhasbeenpaid in recentyearsto the problemof construc-
tion of standingwavesin theso-calledsemi-classicallimit of (1.1) @{z k . In the
pioneeringwork [14], Floer andWeinsteinconstructedpositive solutionsto this
problemwhenY El| and } E \ with concentrationtakingplacenearagivenpointM8~ with i���K�M8~�N E�k , i#� ��K�M8~�N��ERk , beingexponentiallysmallin @ outsideany neigh-
borhoodof M8~ . Moreprecisely, they establishedtheexistenceof asolution dc� such
that dc�(K�M6N���iPK�M8~�N����� �I� K�i�K�M8~�N �w @ TWV K�M�=�M8~�N�N
where� is theuniquesolutionof

(1.3) � � � = � O � S Elk ^ dPZ k ^ � � K k N Elk ^ � K�����N E�k g
This resulthasbeensubsequentlyextendedto higherdimensionsto theconstruc-
tion of solutionsexhibiting highconcentrationaroundoneor morepointsof space
undervariousassumptionson thepotentialandthenonlinearityby many authors.
We refer the readerfor instanceto [2], [4], [7]-[13], [15, 16, 17, 18, 21, 31, 32,
34, 36, 37, 38]. An importantquestionis whethersolutionsexhibiting concentra-
tion on higherdimensionalsetsexist. In [3], Ambrosetti,Malchiodi andNi have
consideredthe caseof i E iPK Q M Q N , also treatedin [5, 6], andconstructedradial
solutionsd � K Q M Q N exhibiting concentrationonasphere

Q M Q ER� ~ in theformd � K � NW��imK � ~ N���_� � � K�iPK � ~ N �w @ TWV K � = � ~ NXN ^
undertheassumptionthat � ~�Z k is anon-degeneratecritical pointof

(1.4) ��K � N ER� ; TWV i#�'K � N
where

(1.5) � E Y O \Y�=�\ = \� ^
and � is againtheuniquesolutionof (1.3).Theconjectureis raisedin [3] thatthis
typeof phenomenontakesplace,at leastalonga sequence@ E @��#z k , whenever
thesphere

Q M Q ER� ~ is replacedby aclosedhypersurface � , which is stationaryand
non-degenerate for theweightedareafunctional -�� i � . In this paperweprove the
validity of thisconjecturein dimension} E � .

For } E � , thefunctionalabove,definedonclosedJordancurves � , hasasim-
ple geometricalmeaning:it correspondsto the arclengthof � measuredwith re-
spectto themetric i � K$�8M GV O �8M GG N in : G . Thuswewill establishtheconcentration
phenomenonon � , providedthatthiscurve is anon-degenerateclosedgeodesicfor
thismetricin : G .

We do not prove theresultfor all smallvalues@
Z k but only for thosewhich
lie away from certaincritical numbers.Moreprecisely, thereis anexplicit numbera'��Z k suchthatgiven  ¡Z k , if @ is sufficiently smallandsatisfiesthegapcondition

(1.6)
Q ¢ GI@�G�=ja'� Q¤£  $@ ^ for all

¢ nL¥ ^
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thena solution dc� with therequiredconcentrationpropertyindeedexists. In other
words,thiswill bethecasewhenever @ is smallandawayfrom thecritical numbers¦ §(¨© , in thesensethatfor fixedandarbitrarilysmall  «ª�¬ a'� ,@[�n® ¬ a �¢ =  ¢ G ^ ¬ a �¢ O  ¢ G ¯ ^ for all

¢ n�¥®g
To stateour mainresult,we needto make precisetheconceptof a curve � being
stationaryandnon-degeneratefor theweightedlengthfunctional - � i � .

Let � bea closedsmoothcurve in : G and ° E Q � Q its total length.We consider
naturalparameterization±�K�²³N of � with positive orientation,where ² denotesar-
clengthparametermeasuredfrom a fixed point of � . Let ´�K�²³N denoteouterunit
normalto � . Points M which are µ$~ -close � , for sufficiently small µ$~ canberepre-
sentedin theform

(1.7) M E ±�K�²³N OFD ´�K�²³N ^ Q DIQ ªRµ$~ ^ ²�nF k ^ °�N ^
wheremap M�¶z·K D_^ ²³N is a localdiffeomorphism.Any curve sufficiently closeto �
canbeparameterizedas ±¹¸ºK�²³N E ±¡K�²³N O�» K�²¹N¼´�K�²³N
where

»
is a smooth,½ -periodicfunctionwith small ¾«¿ -norm. Call � ¸ thecurve

definedthis way. By slight abuseof notationwe denoteiPK D�^ ²³N to actuallymeaniPK�M6N for M in (1.7). Thenweightedlengthof this curve is givenby thefunctional
of
» À K » N�Á�Â �UÃ i � E Â�Ä~ i � KÅ±¹¸³K�²³NXN Q ± �¸ K�²³N Q �º²E Â Ä~ i � K » K�²³N ^ ²³N Q ± � Oj» ´ � Oj» � ´ Q �³²`g

Since
Q ±'� Q E \ and ´`� E ¢ K�²³NA±'� where

¢ K�²³N denotescurvatureof � , we getthatthe
above quantitybecomes

(1.8)
À K » N E Â�Ä~ i � K » K�²³N ^ ²³N$XK¼\ O[¢³» N G O K » � N G ¯ �w �³²`g� is said to be stationaryfor the weightedlength - � i � if the first variation of

the functional(1.8) at
» EÆk is equalto zero. That is, for any smooth,° -periodic

function Ç�K�²³N kPE À � K k N$ÈÇ ¯ E ÂmÄ~ �K�i � NeÉAÇ O i � ¢ Ç ¯ �º² ^
which is equivalentto therelation

(1.9) ��i6É�K k ^ ²³N E = ¢ K�²³NXi�K k ^ ²¹N for all ²+nÊK k ^ °�N0g
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Weassumethevalidity of this relationat � . Let usconsidernow thesecondvaria-
tion quadraticformÀ � � K k N$ÈÇ ^ Ç ¯ E \� Â Ä~ �i � Q Ç � Q G O �K�i � NeÉ�É O � K�i � NeÉ ¢ ¯ Ç G ¯ �º²E \� Â Ä~ �i � Q Ç � Q G O �K�i � NeÉ�ÉË= � i � ¢ G ¯ Ç G ¯ �º²
We say that � is non-degenerate if so is this quadraticform in the spaceof all
functions Çmnxo V K k ^ °�N with Ç�K k N E Ç�KÅ°�N . This is equivalentto thestatementthat
thedifferentialequationK�i � Ç � N � =Ì�K�i � N É�É = � i � ¢ G ¯ Ç EÍk
hasonly the ° -periodic solution ÇjÁ k , or using (1.9), that the boundaryvalue
problem Ç � � O ��i TWV icÎIÇ � =Ï���i TWV i`É�É³=ÏK�� TWV O \�N ¢ G ¯ Ç EÍk ^Ç�K k N E Ç�KÅ°�N ^ Ç � K k N E Ç � KÅ°�N ^(1.10)

hasonly the trivial solution. As an example,let us considerthe radial casei EiPK � N . Thenwe seethat � EÑÐ��ÒEl� ~¤Ó is stationarypreciselyif �Ô��K � ~�N E�k where� is definedby (1.4). If in addition �]� ��K � ~IN�Z k , namelyif � ~ is anon-degenerate
localminimizer, wehavethat K�i � NeÉ�É O � K�i � NeÉ ¢ Z k . Thismakesautomaticallythe
quadraticform

À � ��K k N$ÈÇ ^ Ç ¯ positivedefinite,hencenon-singular. A non-degenerate
stationarycurvecloseto � will still bepresentif theradialpotentialis modifiedby
smallnon-radialperturbations.Thegeometricinterpretationallows theconstruc-
tion of otherexamples.If i � K�M6NÕ� VÖ Ve×�Ø t Ø wXÙÅw upto a largevalueof

Q M Q thenthemet-

ric i � �ºM G representsapproximatelythatof asphereembeddedin :<Ú . If eventuallyi increasessothat iPK�M`N4�®\ for verylarge
Q M Q , thewholemetricwill resemblethat

of a “globe attachedto a plane”, the presenceof at leasttwo geodesicsthusbe-
ing clear:oneon theglobe,theotheron theconnectingneck.Non-degeneracy of
thesegeodesicsis not truein general,but maybegenericallyexpectedin asuitably
strong Û�Ü -topology.

Weneedafurtherelementto describethegapcondition(1.6).Let � denotethe
uniquepositive solutionof problem(1.3). We considerthe associatedlinearized
eigenvalueproblem,

(1.11) Ç`Ý Ý�=jÇ O Y � SUTWV Ç E a'Ç ^ in : ^�^ Ç�K�����N Elk g
It is well known that this equationpossessesa uniquepositive eigenvalue ac~ ino V K�:�N , with associatedeigenfunctionevenandpositive Þ whichwenormalizeso
that - v Þ G E \ (thisfollowsfor instancefrom theanalysisin [30]). In fact,asimple
computationshows that

(1.12) ac~ E \ß�KàY�=á\�N$KàY O | N ^ Þ E \â - v � S�×�V � �Xã �w g
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Wedefinethenumbera'� as

(1.13) a'� E ac~ \ß8ä G�å Â Ä~ iPK k ^ ²³N �w �º²�æ G g
Now wecanstateourmainresult.

Theorem1.1. Let � bea non-degenerate, stationarycurvefor theweightedlength
functional - � i � , as describedabove. Thengiven  ÒZ k there exists @(~{Z k such
that for all @{ª�@(~ satisfyingthegapcondition

(1.14)
Q @ G ¢ G =�a'� Q'£  Ë@ ^èç�¢ n�¥ ^

where ac��Z k is the numberin (1.13), problem(1.2) has a positivesolution d4é
which near � , for M givenby(1.7),takestheform

(1.15) d é K�M6N E iPK k ^ ²³N ��_� �6�ëê iPK k ^ ²³N �w D@'ì KU\ O®í K¼\�N�N0g
For somenumber  ~ Z k , d � satisfiesglobally,d � K�M6NÒîÌï$ð¹ñfK¤={  ~ @ TWV�ò pró3ô K�M ^ �fNºN¡g

To explain in few wordsthedifficultiesencounteredin theconstructionof these
solutions,let usassumefor themomentthat iÑÁõ\ on � andthat ° E � ä . Thenin
termsof thestretchedcoordinatesK�ö ^�÷ N E @ TWV K D_^ ²³N theequationwould look near
thecurve approximatelylikeø�ù3ù O ø�úbú O ø S = ø E�k K�ö ^�÷ NfnL: G ^
where ø is

� ä @ TWV -periodicin the
÷

variable.Theeffect of curvatureandof varia-
tionsof i arehereneglected.Thelinearizationof this problemaroundtheprofile� K�ö¤N thusbecomesû ù�ù O û úeú O Y � S�TWV û = û ERk K�ö ^�÷ N�nL:¡G ^
with

û � ä @ TWV -periodicin
÷
. Functionsof theformû V E � ú K�ö¤N$ ü ó3prq ¢ @ ÷<O[ý¹þ$ÿ ó ¢ @ ÷ ¯ ^ û G E Þ K�öUN$ ü ó�prq ¢ @ ÷0OÊý¹þ$ÿ ó ¢ @ ÷ ¯ ^

are eigenfunctionsassociatedto eigenvaluesrespectively = ¢ G @ G and a6~0= ¢ G @ G .
Many of thesenumbersaresmall and“near non-invertibility” of the linear oper-
ator thusoccurs. Thereforethe useof a fixed point argumentafter inverting the
linear operatorin the actualnonlinearproblemis a very delicatematter. Worse
thanthis, thesetwo effectscombined,in principleorthogonalbecauseof the ¾ G -
orthogonalityof Þ and � ú , areactuallycoupledthroughthe smallerorderterms
neglected.In [1, 19, 20, 33] relatedsingularperturbationproblemsinvolving the
Allen-Cahnequationin phasetransitionsexhibiting only the translationeffect

û V
have beensuccessfullytreatedthroughsuccessive improvementsof the approxi-
mationandfinespectralanalysisof theactuallinearizedoperator. Theprincipleis
simple: thebettertheapproximation,higherthechancesof a correctinversionof
thelinearizedoperatorto obtainacontractionmappingformulationof theproblem.
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In [24, 25, 28, 35] resonancephenomenasimilar to the“

û G -effect” hasbeenfaced
in relatedproblems. In [24, 25] a Neumannprobleminvolving whole boundary
concentration,widely treatedfor point concentrationafter theworks [23, 29, 30].
Recentlyin [27, 26] this boundaryconcentrationon a geodesicof theboundaryin
the3d-casehasbeentreatedviaarbitrarilyhighorderapproximations.Ourmethod,
closerin spirit to that of Floer andWeinstein,providessubstantialsimplification
andflexibility to dealwith largernoiseandcouplingof thetwo effectsinherentto
this problem. The solutionto the full problemin theabove idealizedsituationis
roughlydecomposedin theformø K�ö ^�÷ N E � K�ö�= � K�@ ÷ NXN O @��ºK�@ ÷ NXÞ K�ö¡= � K�@ ÷ NXN O��û K�ö ^�÷ N
where

�
and � are

� ä
-periodicfunctionsleft asparameters,while

�û K�ö ^�÷ N is ¾ G K��³öUN -
orthogonalfor each

÷
bothto � ú K�ö�= � K�@ ÷ NXN andto Þ K�ö�= � K�@ ÷ NXN . Solvingfirst in�û

anaturalprojectedproblemwherethelinearoperatoris uniformly invertible,the
resolutionof the full problembecomesreducedto a nonlinear, nonlocalsecond
ordersystemof differentialequationsin K � ^ �(N which turnsto bedirectly solvable
thanksto the assumptionsmade. This approachis familiar whenthe parametersK � ^ �¤N lie in a finite-dimensionalspace,correspondingthis time to adjustingin-
finitely many parameters.To stressout the differencewith the radial case: the
parameter� is not present,and

�
is just a singlenumber. The analysiswe make

takesspecialadvantagethroughFourieranalysisof the fact that theobjectsto be
adjustedareone-variablefunctions,while westill believethatthecurrentapproach
maybemodifiedto thehigherdimensionalcase.Wealsobelieve thegapcondition
maybeimprovedto size ö(@�� , any �
ZÆ\ .

In therestof thepaperwecarryout theprogramoutlinedabove which leadsto
theproofof Theorem1.1.

2 The setup near the curve

Let � be thecurve in thestatementof the theorem.We shall usethenotation
introducedin theprevioussection.

Stretchingvariables,absorbing@ from Laplace’s operatorreplacing dfK�M6N byd�K�@�M6N , equation(1.2)becomes

(2.1) H�d�=FiLK�@�M6Ned O d S Elk ^ d�Z k ^ d�nPo V K�:<G³N<g
Let K�ö ^�÷ N E @ TWV K D_^ ²³N benaturalstretchedcoordinatesassociatedto thecurve � � E@ TWV � , now definedfor

(2.2)
÷ n[ k ^ @ TWV °�N ^ ö{n[Kb={@ TWV µ$~ ^ @ TWV µ$~�N�g

Equation(2.1) for d expressedin thesecoordinatesbecomes

(2.3) d ù3ù O d úeú O
	 V K�dWN`=FiPK�@(ö ^ @ ÷ Ned O d S Elk
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in theregion (2.2),where	 V K�dWN E d ù�ù  \�= \K¼\ O @ ¢ K�@ ÷ N¼öUN G ¯ O @ ¢ K�@ ÷ Ned ú\ O @ ¢ K�@ ÷ N¼ö O @ G ö ¢ � K�@ ÷ Ned ùK¼\ O @ ¢ K�@ ÷ N¼öUN Ú g
For furtherreference,it is convenientto expandthisoperatorin theform

(2.4)
	 V K�dÕN E K�@ ¢ K�@ ÷ N`=x@(G�ö ¢ G�K�@ ÷ NXNed ú O�	 ~8K�dÕN ^

where

(2.5)
	 ~8K�dÕN E @(G�ö�ü V K�@(ö ^ @ ÷ Ned ù O @¤ö�ü G K�@(ö ^ @ ÷ Ned ù3ù O @ Ú ö�G$ü Ú K�@(ö ^ @ ÷ Ned ú

for certainsmoothfunctionsü��8K D_^ ²³N ^� E \ ^ � ^ | . Observe thatall termsin theoper-
ator

	 V have @ asacommonfactor.
We considernow a furtherchangeof variablesin equation(2.3)with theprop-

erty thatreplacesat mainorderthepotential i by \ . Let

(2.6) �«K�²³N E i�K k ^ ²³N ���� � ^�� K�²³N E iPK k ^ ²³N �w
andfix a twice differentiable,° -periodicfunction

� K�²³N . We define ø K�� ^�÷ N by the
relation

(2.7) d�K�ö ^�÷ N E ��K�@ ÷ N ø K�� ^U÷ N ^ � E � K�@ ÷ N$K�ö�= � K�@ ÷ NXN0g
Wewantto expressequation(2.3)in termsof thesenew coordinates.Wecompute:

(2.8) d ú E � � ø�� ^ d úbú E � � G ø����
(2.9) d ù E @�� � ø O � ø�� K � K�ö�= � NXN ù O � ø�ùd ù�ù E @ G � � � ø O � @�� �  ø � K � K�ö�= � NXN ù O ø ù ¯O ��� ø���� Q K � K�ö¡= � NXN ù Q G O � ø���ù K � K�ö�= � NXN ùO ø�� K � K�ö¡= � NXN ù�ù O øUù�ù ¯ g(2.10)

WealsohaveK � K�ö�= � NXN ù E @¹ � � K�ö�= � N³= � � � ¯ ^ K � K�ö�= � NXN ù3ù E @�G8 � � � K�ö�= � N³= � � � � � = � � � � ¯ g
In orderto write down theequationit is convenientto alsoexpand

(2.11) iPK�@(ö ^ @ ÷ N E i�K k ^ @ ÷ N O i6É�K k ^ @ ÷ Nb@(ö O \� i`É�É�K k ^ @ ÷ Nb@ G ö G O ü��8K�@(ö ^ @ ÷ Nb@ Ú ö Ú
for asmoothfunction ü��ºK D�^ ²¹N . It turnsoutthat d solves(2.3)if andonly if ø defined
by (2.7)solves:

(2.12) ��K ø N�Á 	 Ú K ø N O��¡T G ø�ù3ù O ø���� O ø S = ø E�k ^
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where
	 Ú K ø N is a lineardifferentialoperatordefinedby

	 Ú K ø N E �¡TWV�� @ ¢ =x@�G ¢ G ê �� O � ì! ø �O"� T G$# @ G&%%%% � �� ��= � � � %%%% G ø���� O � @ ê � �� ��= � � � ì ø���ùO @ G ê � � �� ��= � � � � � = � � � � ì ø��  O @ G� � G � � � ø O � @����� � G � @ ê � �� ��= � � � ì ø�� O ø�ù  = # @ �<T G�i`É ê �� O � ì O @ G� �<T G�i`É�É ê �� O � ì G�' ø O
	 G K ø N
and

(2.13)
	 G K ø N E K(� � G N TWV 	 ~�K�dÕN O K(� � G N TWV ü��8K�@(ö ^ @ ÷ Nb@ Ú ö Ú	 ~�K�dÕN is theoperatorin (2.5)wherederivativesareexpressedin termsof formulas

(2.8)-(2.10),ü�� is givenby (2.11)and ö is replacedby
� TWV � O � .

Let � K��WN denotethe uniquepositive solutionof (1.3). Then, taking � K��ÕN as
a first approximation,the error producedis @ -timesa function with exponential
decay. Let usbemoreprecise.We needto identify both thetermsof order @ and
thoseof order @ G :

��K � N E 	 Ú K � N E � TWV � @ ¢ =x@ G ¢ G ê �� O � ì! � �O"� T G)# @ G %%%% � �� ��= � � � %%%% G � ��� O @ G ê � � �� ��= � � � � � = � � � � ì � � 'O @ G� � G � � � � O � @����� � G � @ ê � �� ��= � � � ì � �  = # � T G @¤i6É ê �� O � ì O @ G� � T G i6É�É ê �� O � ì G�' � O
	 G K � N



CONCENTRATION ON CURVES 9	 G K � N turnsout to beof size @�Ú . Gatheringtermsof order @ and @ G weget�?K � N E @ � TWV � ¢ � � = \� G i É K k ^ @ ÷ N*� �  =R@ � T G i É K k ^ @ ÷ N � �={@�G # ¢ G� � � � O � � �� � � O � � �� G � � � � O � � Ý� � � Ý � �O � � �� G � � � � ��� O i`É�É� Ú � � � 'O @�G �¡T G # = ¢ G�� � � O Q � � Q G� G �4G � ��� O+� G Q � � Q G � ��� O � � �� � � �O � � �� � O � � �� � � � � = \� � G i6É�É,� G � = \� i`É�É � G � 'O-	 G K � NE @�� V O @�� G O @ G � Ú O @ G �.� O+	 G K � N³g
Let us observe that groupedthis way, the quantities� V ^ � Ú areodd functionsof� while � G , �.� areeven. We wantnow to constructa furtherapproximationto a
solutionwhicheliminatesthetermsof order @ in theerror. Weseethat��K � O û N E �?K � N O ¾�~�K û N O
	 Ú K û N O } ~8K û N ^
where

(2.14) ¾ ~ K û N E �¡T G û ù3ù O û ��� O Y � SUTWV û = û
and

(2.15) } ~8K û N E K � O û N S = � S = Y � SUTWV û g
Wewrite ��K � O û N E �@³K/� V O � G N O û ��� O Y � SUTWV û = û ¯(2.16) O @ G � Ú O @ G �.� O�	 G K � N O+� T G û ù3ù O+	 Ú K û N O } ~8K û N�g
We choose

û E û V in order to eliminatethe term betweenbrackets in the above
expression.Namelyfor fixed

÷
, weneedasolutionof= û ��� O û = Y � SUTWV û E @³K/� V O � G N ^ û K�����N ERk g

As it is well known, thisproblemis solvableprovidedthat

(2.17) Â ¿T ¿ K/� V O � G N � � �0� Elk g
Furthermore,thesolutionis uniqueundertheconstraint

(2.18) Â ¿T ¿ û � � �1� Elk g
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WecomputeÂ ¿T ¿ K/� V O � G N � � �0� E Â ¿T ¿ � V � � �0� E � TWV � ¢ Â ¿T ¿ � G� =Fi TWV i6É(Â ¿T ¿ � �Ò� �  g
Theassumptionthat � is stationary(1.9)amountsto

¢ E ={��i TWV i6É where� is the
constantthatpreciselymakestheamountbetweenbracketsidentically k . In fact,
wehave thevalidity of theidentity - v � G �1� E � � - v � G� . Thesolutionhastheform

(2.19)

û V E û VXV O û V G ^
where

(2.20)

û VXV E @(ü VXV K�@ ÷ N � V K��WN ^ û V G E @ � K�@ ÷ Nbü V G K�@ ÷ N � G ^
with

(2.21) ü VXV E �<TWV3¢4^ ü V G E = �¡T G�i`É3K k ^ ²³N E � TWV�¢ g
Function� V theuniqueoddfunctionsatisfying

(2.22) = � V32 ��� O � V = Y � SUTWV � V E � � O \� � � ^ Â v � V � � �1� Elk ^
and � G is theuniqueevensolutionsatisfying

(2.23) = � G 2 ��� O � G = Y � SUTWV � G E � g
In fact,wecanwrite

(2.24) � G E = \Y+=�\ � = \� � � � g
Substituting

û E û V in (2.16),wecancomputethenew error ��K � O û V N ,
(2.25) ��K � O û V N E @ G � Ú O @ G �.� O
	 G K � N O�� T G K û V N ù3ù O
	 Ú K û V N O } ~�K û V N�g
Observethatsince

û V is of size 4LK�@UN all termsabovecarry @ G in front. Wecompute
for instance

(2.26)
	 Ú K û V N E @ �¡TWV � ¢ K û V N � = �¡T G�i6É�K k ^ @ ÷ N*� û V65 =l@ �¡T G�i6É3K k ^ @ ÷ N � û V O @ Ú ü87

Observe thatall functionsinvolvedareexpressedin K�� ^�÷ N variablesandthenatural
domainfor thosevariablesis theinfinite strip9 E Ð =
� ª:�PªR� ^ k ª ÷ ªá°�;¤@�Ó8g
We now want to measurethe sizeof the error in ¾ G K 9 N norm. A ratherdelicate
term in the cubic remainderis the onecarrying

� � � sincein reality we shall only
assumeauniformboundon < � � � <>= w Ö ~ 2 Ä Ù . Observe thatasimilaronearisesfrom the
computationof K û V N ù3ù . Both of thosetermshave similar form. For instancethe
onearisingfrom K û V N ù3ù canbewritten as ? E @ Ú � � � K�@ ÷ Nbü V G K�@ ÷ N � G 2 � K��ÕN ^ with ü V G
smooth.Observe thatÂ�@ Q ? Q G�îRÛ�@ 7 Â+AB~ Q � � � K�@ ÷ N Q G�� ÷ E @�C0< � � � < = w Ö ~ 2 Ä Ù g
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Hence <>?D<>= w Ö @ Ù îlÛ�@FEw < � � � <>= w Ö ~ 2 Ä Ù gWhile in total ¾ G -normwehave< 	 Ú K û V N�<>= w Ö @ Ù îRÛ�@FG w g
Let us considerthe term } ~�K û V N . Since

û V canbe boundedby Û�@ Q � Q G � K��ÕN for
large

Q � Q weobtainthatQ } ~8K û V N Q E Q K � O û V N S = � S = Y � S�TWV û V QE YfK � OFD û V N S�T G Q û V Q G�îRÛ�@�G�K¼\ ORQ � Q S N � K��WN S
hence <�} ~8K û V N�<>= w Ö @ Ù îlÛ�@HG w g
In summary, wehave

(2.27) <���K � O û V N�<>= w Ö @ Ù î�@ G w g
To improvetheapproximationfor asolutionstill keepingtermsof order @ G weneed
to introducea new parameter, additionalto

�
. We let Þ K��ÕN bethefirst eigenfunc-

tion of theproblem Þ � � O Y � SUTWV ÞÊ=FÞ E ac~IÞ ^ Þ K�����N Elk g
Then,as it is well known, ac~+Z k , Þ K��WN is one-signedandeven in � . We now
considerourbasicapproximationto a solutionto theproblemnearthecurve ��� to
be

(2.28) I E � O û V O @��ºK�@ ÷ NXÞõg
In all whatfollows,wewill assumethevalidity of thefollowing constraintson the
parameters

�
and � :

(2.29) < � <>J«ÁK< � < =ML Ö ~ 2 Ä Ù O < � � < =8L Ö ~ 2 Ä Ù O < � � � <>= w Ö ~ 2 Ä Ù îÔ@ �w ^
(2.30) <N�M<>O�Ál@ G <N� � � <>= w Ö ~ 2 Ä Ù O @P<N� � <>= w Ö ~ 2 Ä Ù O <N�Q< =8L Ö ~ 2 Ä Ù î @ �w g
In reality, aposteriori,theseparameterswill turnout to besmallerthanstatedhere.

Wesetupthefull problemin theform ��KRI O û N E�k , whichcanbeexpandedin
thefollowing way�?KRI O û N E � T G û ù�ù O û ��� = û O YPI SUTWV ûO ��KRIcN O
	 Ú K û N O KRI O û N S =DI S = YHI SUTWV û Elk
Thenew errorof approximationisS V E ��KRI6N E ��K � O û V N O @�¾�~UK,�¤Þ+NO @³ Y�KXK � O û V N SUTWV = � SUTWV N$K,�(Þ+N O�	 Ú K,�(Þ+N ¯O K � O û V O @��(Þ+N S =ÏK � O û V N S = YfK � O û V N SUTWV @��¤Þ ^
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where��K � O û V N is givenat (2.25).WedecomposeS V E S VXV O S V G
where

(2.31)
S VXV Ál@�¾�~8K,�(Þ+N E � T G @ Ú � � � Þ O a6~$@��'Þ ^

and

(2.32)
S V G E S V = S VXV

In summarytheproblemtakestheform nearthecurve,

(2.33) ¾ V K û N O
	 Ú K û N O S V O } V K û N ERk
where

S V wasjustdescribed,and

(2.34) ¾ V K û N E � T G û ù�ù O û ��� O YHI SUTWV û = û ^
(2.35) } V K û N E KRI O û N S =DI S = YPI S�TWV û g
We recall that the descriptionheremadeis only local. We will be ablehowever
to reducetheproblemto onequalitatively similar to thatof theabove form in the
infinite strip.

3 The gluing procedure

Let I�K�M6N denotethefirst approximationconstructednearthecurve in thecoor-
dinate M in : G . Let µ�ªÆµ$~�;¹\ k�k , be a fixednumber. We considersmoothcut-off
function T1UUK D N where

D n : suchthat T1U¤K D N E \ if
D ª�µ and EÏk if

D Z � µ . Denoteas
well T �U K�ö¤N E T1UUK�@ Q ö Q N , where ö is thenormalcoordinateto ��� . We defineour first
globalapproximationto besimply

w K�M6N E T �Ú U K�öUNVI ^
extendedgloballyas k beyondthe W�µ�;¤@ -neighborhood of ��� . Denote��K�dÕN E Hhd{=iPK�@�M6Ned O d S for d E w

O+�û
, now

�û
globallydefinedin : G . Then ��K w OX�û N E�k if

andonly if

(3.1)
�¾
K �û N E �S O �}RK �û N ^

where �S E �?K w N ^ �¾
K �û N E H �û O Y w
S�TWV��û =Fi �û ^

and �}�K �û N E K w O �û N S = w
S = Y w

SUTWV��û g
Wefurtherseparate

�û
in thefollowing form:�û E T �Ú U û OjC

where,in coordinatesK�� ^�÷ N , we assumethat

û
is definedin thewholestrip

9
so

thatwewant �¾
K�T �U û N O �¾{K C N E �S O �}�K�T �U û N�g
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Weachieve this if thepair K C{^ û N satisfiesthefollowing nonlinearcoupledsystem:�¾ÒK û N E T �U �}lK û OFC N O T �U �S O T �U Y w
SUTWV C{^

(3.2) H C =�i CRO K¼\
=YT �U N Y w
SUTWV C E K¼\�=ZT �U N �S O � @�[\T �Ú U [ ûO � @ G K�H]T �Ú U N û O K¼\�=ZT �U N �}RK�T �Ú U û O�C N³g(3.3)

Noticethattheoperator
�¾ in thestrip

9
maybetakenasany compatibleextension

outsidethe W�µ�;¤@ -neighborhood of thecurve.
Whatwewantto donext is to reducetheproblemto onein thestrip. To dothis,

we solve, given a small

û
, Problem(3.3) for

C
. This canbe donein elementary

way: Let usobserve first thatsince i is uniformly positive andw is exponentially
smallfor

Q ö Q Z�µ�@ TWV , whereö is thenormalcoordinateto ��� , thentheproblem

(3.4) H C =ÏK�iR=ÏK¼\�=ZT �U N Y w
S�TWV N C E Ç ^

hasauniqueboundedsolution
C

whenever <�Ç&< ¿ ª O � . Moreover,< C < ¿ îlÛD<�Ç&< ¿ g
Assumenow that

û
satisfiesthefollowing decaycondition

(3.5)
Q [ û K�M6N QeOlQ û K�M`N Q îY� T_^ B for

Q ö Q Z µ @ ^
for certainconstant±mZ k . Since

�} hasa power-like behavior with power greater
thanone,adirectapplicationof contractionmappingprincipleyieldsthatProblem
(3.3)hasa unique(small)solution

C E C K û N with< C K û N�< ¿ îlÛ�@³N< û < =ML Ö Ø ú Ø ` U � � � Ù O <N[ û < =ML Ö Ø ú Ø ` U � � � Ù ¯ ^
wherewith someabuseof notationby Ð Q ö Q Zlµ�;¤@�Ó we denotethecomplementofµ�;¤@ -neighborhoodof ��� . Thenonlinearoperator

C
satisfiesa Lipschitzcondition

of theform< C K û V N`=a< C K û G N�< ¿ îRÛ�@¹N< û V = û G <>=ML Ö Ø ú Ø ` U � � � Ù O <N[jK û V = û G N�<>=ML Ö Ø ú Ø ` U � � � Ù ¯ g
Thefull problemhasbeenreducedto solvingthe(nonlocal)problemin theinfinite
strip

9
(3.6) ¾ G K û N E T �U �}RK û OFC K û NXN O T �U �S O T �U YPI SUTWV C K û N
for a

û n�o G K 9 N satisfyingcondition(3.5). Here ¾ G denotesa linearoperatorthat
coincideswith

�¾ on theregion
Q ö Q ªÆ\ k U � .

We shall definethis operatornext. The operator
�¾ for

Q ö Q ªÔ\ k U� is given in
coordinatesK�� ^�÷ N by formula (2.34). We extendit for functions

û
definedin the

entirestrip
9

, in termsof K�� ^�÷ N , asfollows:

(3.7) ¾ G K û N E ¾ V K û N O�b K�@ Q � Q N 	 Ú K û N
where

b K � N is a smoothcut-off functionwhich equals1 for � ªÑ\ k µ an vanishes
identicallyfor for � Z � k µ and ¾ V is theoperatordefinedin (2.34).
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Ratherthansolvingproblem(3.1)directly, weshalldo it in steps.Weconsider
thefollowing projectedproblemin o G K 9 N : given

�
and � satisfyingbounds(2.29)-

(2.30),find functions

û n�o G K 9 N ,   ^ � n�¾ G K k ^ °�N suchthat¾ G K û N E b S V O } G K û N O  �K�@ ÷ N b � � O �'K�@ ÷ N b Þ in
9 ^

(3.8) û K�� ^ k N E û K�� ^ °�;¤@¤N ^ û ù K�� ^ k N E û ù K�� ^ °�;¤@¤N ^ =
�Íª:�Pª O � ^(3.9) Â ¿T ¿ û K�� ^�÷ N � � K��ÕN¤�0� E Â ¿T ¿ û K�� ^�÷ N�Þ K��ÕN¤�0� Elk ^ k ª ÷ ª °@ g(3.10)

Here } G K û N E T �U �}lK û OFC K û NXN O T �U YHI SUTWV C K û N .
Wewill prove thatthisproblemhasauniquesolutionwhosenormis controlled

by the ¾ G norm,notof whole
S V but ratherthatof

S V G .
After this hasbeendone,our taskis to adjustthe parameters

�
and � in such

a way that   and � areidenticallyzero.As we will see,this turnsout to beequiv-
alentto solvinga nonlocal,nonlinearcoupledsecondordersystemof differential
equationsfor the pair K,� ^ �¹N underperiodicboundaryconditions. As we will see
thissystemis solvablein a regionwherethebounds(2.29)and(2.30)hold.

We will carry out this programin the next sections.To solve (3.8)-(3.10)we
needto investigateinvertibility of ¾ G in ¾ G - o G settingunderperiodicboundary
conditionsandorthogonalityconditions.

4 Invertibility of ced
Let ¾ G betheoperatordefinedin o G K 9 N by (3.7). In this sectionwe studythe

linearproblem¾ G K û N E Ç O  �K�@ ÷ N b � � O �4K�@ ÷ N b Þ in
9 ^

(4.1) û K�� ^ k N E û K�� ^ °f;¤@UN ^ û ù K�� ^ k N E û ù K�� ^ °f;¤@UN ^ =
�·ªg��ª O � ^(4.2) Â ¿T ¿ û K�� ^�÷ N � � K��WN¤�1� E Â ¿T ¿ û K�� ^�÷ N�Þ K��WN¤�1� ERk ^ k ª ÷ ª °@ ^(4.3)

for given Ç�nP¾ G K 9 N�g Here
b K�@ Q � Q N is thecut-off introducedin thedefinitionof ¾ G

in (3.7).Ourmainresultin thissectionis thefollowing.

Proposition 4.1. If µ in thedefinitionof ¾ G is chosensufficientlysmallthenthere
existsa constantÛõZ k , independentof @ such that for all small @ Problem(4.1)-
(4.3)hasa uniquesolution

û EYh K�Ç'N , which satisfiestheestimate< û <Ni w Ö @ Ù îRÛZ<�Ç&<>= w Ö @ Ù g
For theproof of this resultwe needthevalidity of thecorrespondingassertion

for asimpleroperatorwhichdoesnotdependof µ . Let usconsidertheproblemj K û N E =ÒH û O û = Y � SUTWV û E Ç in
9 ^

(4.4) û K�� ^ k N E û K�� ^ °�;¤@¤N ^ û ù K�� ^ k N E û ù K�� ^ °f;¤@UN ^ =+� ª:��ª O � ^
(4.5) Â ¿T ¿ û K�� ^�÷ N � � K��ÕN¤�1� E Â ¿T ¿ û K�� ^�÷ N�Þ K��ÕN¤�1� E�k ^ k ª ÷ ª °@ g(4.6)
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Lemma 4.2. There existsa constantÛÌZ k , independentof @ such that solutions
of (4.4)-(4.6)satisfythea priori estimate< û < i w Ö @ Ù îRÛZ<�Ç&< = w Ö @ Ù g
Proof. Let usconsiderFourierseriesdecompositionsfor Ç and

û
of theformû K�� ^�÷ N E ¿k©�l ~  û V © K��WN þ$ÿ ó ê � ä ¢° @ ÷ ì O û G © K��WN ó3prq ê � ä ¢° @ ÷ ì ¯ ^Ç�K�� ^�÷ N E ¿k©�l ~ �Ç V © K��ÕN þ$ÿ ó ê � ä ¢° @ ÷ ì O Ç G © K��ÕN ó3prq ê � ä ¢° @ ÷ ì ¯ g

Thenwehave thevalidity of theequations

(4.7)
¢ G @ G û.m © O j ~UK û.m © N E Ç m © ^ ��n�:

with orthogonalityconditions

(4.8) Â ¿T ¿ ûFm © � � �1� E Â ¿T ¿ û.m © ÞP�1� Elk g
Wehave denotedherej ~�K û.m © N E = ûFm © 2 ��� O û.m © = Y � SUTWV û.m © g
Let usconsiderthebilinearform in o V K�:�N associatedto theoperator

j ~ , namely	 K CÒ^�C N E Â ¿T ¿  Q C � Q G O K¼\�= Y � SUTWV N Q C+Q G ¯ �0�jg
Since(4.8)holdsweconcludethat

(4.9) Û�R< ûFm © < G= w Ö v6Ù O <(K û.m © N � < G= w Ö v6Ù ¯ î 	 K ûFm © ^ û.m © N
for a constantÛ Z k independentof ½ ^A¢ . Using this fact andequation(4.7) we
concludetheestimateK¼\ O[¢ � @ � N�< ûFm © < G= w Ö v6Ù O < û.m © 2 � < G= w Ö v6Ù î ÛD<�Ç m © < G= w Ö v6Ù g
In particular, weseefrom (4.7) that

ûFm © satisfiesanequationof theform= û.m © 2 ��� O û.m © E �Ç m © ^ ��nL:�g
where < �Ç m © <>= w Ö v`Ù î�ÛD<�Ç m © <>= w Ö v6Ù . Henceit follows thatadditionallywe have the
estimate

(4.10) <(K û.m © 2 ��� < G= w Ö v`Ù î ÛZ<�Ç m © < G= w Ö v`Ù g
Addingupestimates(4.9),(4.10)in

¢
and ½ weconcludethat<>n G û < G= w Ö @ Ù O <>n û < G= w Ö @ Ù O < û < G= w Ö @ Ù î ÛZ<�Ç&< G= w Ö @ Ù ^

whichendstheproof. o
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We considernow thefollowing problem:given ÇPnP¾ G K 9 N , find functions

û no G K 9 N ,   ^ � n�¾ G K k ^ °�N suchthatj K û N E Ç O  �K�@ ÷ N � � O �4K�@ ÷ NXÞ in
9 ^

(4.11) û Ö � ^ k N E û K�� ^ °�;¤@¤N ^ û ù K�� ^ k N E û ù K�� ^ °f;¤@UN ^ =
� ª:��ª O � ^(4.12) Â ¿T ¿ û K�� ^�÷ N � � K��WN¤�1� E Â ¿T ¿ û K�� ^�÷ N�Þ K��WN¤�1� ERk ^ k ª ÷ ª °@ g(4.13)

Lemma 4.3. Problem(4.11)-(4.13)possessesa uniquesolution.Moreover,< û <Ni w Ö @ Ù îRÛZ<�Ç&<>= w Ö @ Ù g
Proof. To establishexistence,weassumethatÇ�K�� ^�÷ N E ¿k©�l ~ �Ç V © K��WN þ$ÿ ó ê � ä ¢° @ ÷ ì O Ç G © K��ÕN ó3p q ê � ä ¢° @ ÷ ì ¯ ^
andconsidertheproblemof finding

û.m © nLo V K�:�N , andconstants  m © , � m © suchthat¢ G @ G û.m © O ¾0~�K û.m © N E Ç m © O   m © � � O � m © Þ �Pnh:�g
and Â ¿T ¿ ûFm © � � �1� E Â ¿T ¿ û.m © ÞP�1� Elk g
Fredholm’s alternative yieldsthatthisproblemis solvablewith thechoices  m © E = - ¿T ¿ Ç m © � � �0�- ¿T ¿ � G� �1� ^ � m © E = - ¿T ¿ Ç m © ÞÒ�0�- ¿T ¿ Þ G �0� g
Observe in particularthat

(4.14)
¿k©�l ~ Q   m © Q G OlQ � m © Q G îRÛ�@P<�Ç&< G= w Ö @ Ù

Finally defineû K�� ^�÷ N E ¿k©�l ~  û V © K��ÕN þ$ÿ ó ê � ä ¢° @ ÷ ì O û G © K��ÕN ó3prq ê � ä ¢° @ ÷ ì ¯ ^
andcorrespondingly �K ÷ N E ¿k©�l ~ �  V © þ$ÿ ó ê � ä ¢° ÷ ì O   G © ó3p q ê � ä ¢° ÷ ì ¯ ^�'K ÷ N E ¿k©�l ~ �� V © þ$ÿ ó ê � ä ¢° ÷ ì O � G © ó�prq ê � ä ¢° ÷ ì ¯ g
Estimate(4.14)givesthat  �K�@ ÷ N � � and �'K�@ ÷ NXÞ have their ¾ G K 9 N normscontrolled
by thatof Ç . Theapriori estimatesof thepreviouslemmatell usthattheseriesforû

is convergent in o G K 9 N anddefinesa uniquesolutionfor theproblemwith the
desiredbounds. o
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Proofof Proposition4.1. We will reduceProblem(4.1)-(4.3)to a smallperturba-
tion of a problemof the form (4.4)-(4.6)in which Lemma4.2 is applicable.We
will achieve this by introducinga changeof variablesthat eliminatesthe weight� T G in front of

û ù3ù . We letû K�� ^�÷ N E-p K�� ^ üÕK ÷ NXN ^ üÕK ÷ N E @ TWV Â � ù~ � K � Nb� � g
Themap ürq� k ^ Ä� N�z  k ^1sm� N is a diffeomorphism,wheret ½ E - Ä~ � K � Nb� � . We denote
then û ù E � p ù Ý ^ û ù�ù E � G K�@ ÷ N p ù Ý ù Ý O @ � � K�@ ÷ N p ù Ý
while differentiationin � doesnotchange.Theequationin termsof p now readsH p = Y � S�TWV p O p O�b t	 Ú K p N O YfKRI SUTWV = � SUTWV N p O @ � � p ù Ý E tÇO t �K�@ ÷ � N � � O t�4K�@ ÷ � NXÞ ^ in t9p K�� ^ k N EXp K�� ^ t ½V;¤@�N ^ p ù Ý K�� ^ k N EXp ù Ý K�� ^ t ½V;¤@¤N ^ =
�·ª:��ª O � ^Â ¿T ¿ p K�� ^�÷ � N � � K��ÕN¤�0� E Â ¿T ¿ p K�� ^�÷ � N�Þ K��ÕN¤�0� Elk ^ k ª ÷ � ª t ½@ g
Here tÇ�K�� ^�÷ �rN E Ç�K�� ^ ü TWV K ÷ � NXN andthe operator t	 Ú is definedby usingthe above
formulasto replacethe

÷
derivativesby

÷ � derivativesandthevariable
÷

by ü TWV K ÷ � N
in theoperator

	 Ú . Thekey point is thefollowing: theoperator	 �ºK p N E b t	 Ú K p N O @ � � p ù Ý O YfKRI SUTWV = � SUTWV N p
is smallin thesensethat < 	 �ºK p N�< = w Ö s@ Ù îlÛ�µP< p < i w Ö s@ Ù g
This last estimateis a ratherstraightforward consequenceof the fact that

Q @(ö Q ª� k µ(@ TWV wherevertheoperator t	 Ú is supported,andtheothertermsareevensmaller
when @ is small. Thusby reducingµ if necessary, we applytheinvertibility result
of Lemma4.2. The result thus follows by transformingthe estimatefor p into
similaronefor

û
via changeof variables.Thisconcludestheproof. o

5 Solving the nonlinear intermediate problem

In thissectionwewill solve problem(3.8)-(3.10)¾ G K û N O�	 Ú K û N E b S V O } G K û N O  �K�@ ÷ N b � � O �'K�@ ÷ N b Þ ^
underperiodicboundaryconditions,andorthogonalityconditionsin

9
. Here} G K û N Eb } V K û OáC K û NXN whenever this operatoris well defined,namelyfor

û
satisfying

(3.5).A first elementary, but crucialobservationis thatthetermS VXV E  @ Ú �¡T G�� � � O @Ua6~�� ¯ Þ
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in thedecompositionof
S V , (2.31)-(2.32),haspreciselytheform �4K�@ ÷ NXÞ andcan

thereforebeabsorbedfor now in that term. Thus,theequivalentproblemwe will
look at is ¾ G K û N O
	 Ú K û N E b S V G O } G K û N O  UK�@ ÷ N b � � O �'K�@ ÷ N b Þõg
Thebig differencebetweentheterms

S VXV and
S V G is their sizes.Noticethat< S V G <>= w Ö @ Ù îRÛ�@ G w ^

while
S VXV is apriori only of size 4LK�@ �w N . Wecall

S G Á b S V G .
For further reference,it is usefulto point out theLipschitzdependenceof the

termof error
S G on theparameters

�
and � for thenormsdefinedin (2.29)-(2.30).

Wehave thevalidity of theestimate

(5.1) < S V G K � V ^ � V N6= S V G K � G ^ � G N�<>= w Ö @ Ù îRÛ�@ G w R< � V = � G < J O <N� V =u� G <>O ¯
Let h betheoperatordefinedby Proposition4.1. Thentheequationis equiva-

lent to thefixedpointproblem

(5.2)

û EYh K S G O } G K û NXN�ÁavxK û N�g
Theoperatorh hasa usefulproperty:AssumeÇ hassupportcontainedin

Q � Q îG ~ U� . Then

û EYh K�Ç'N satisfiestheestimate

(5.3)
Q û K�� ^�÷ N QbORQ [ û K�� ^�÷ N Q îw< û < ¿ � T w�xB for

Q � Q Z ß k µ@ g
In fact,since

	 Ú is supportedon
Q � Q ª G ~ U� andsodo thetermsinvolving   and � ,

then

û
satisfiesfor

Q � Q¤£ G ~ U� anequationof theform�¡T G û ù3ù O û ��� =ÏK¼\ OFí K¼\�NXN û Elk
with

í K¼\�Nfz k uniformly as @?z k . For
Q � QU£ G ~ U� we canthenusea barrierof the

form p K�� ^�÷ N E < û < ¿ � T �w Ö � T w(y(xB Ù to concludethatfor
Q � Q Z �3~ U� wehaveû K�� ^�÷ Nfîw< û < ¿ � T � y(xB g

The remaininginequalitiesfor

û
arefound in the sameway. The boundfor [ û

follows simply by local elliptic estimates.Now we recall that the operator
C K û N

satisfies,asseendirectly from its definition,

(5.4) < C K û N�< = L î Û�N< Q [ û QeOlQ û Q < =8L Ö Ø � Ø ` w(y(xB Ù O � T x B ¯ ^
andalsotheLipschitzcondition

(5.5) < C K û V N6= C K û G N�< =8L î ÛLN< Q [jK û V = û G N Q¤O]Q û V = û G Q < =ML Ö Ø � Ø ` w(yB Ù ¯ g
Thesefactswill allow usto constructaregionwherecontractionmappingprinciple
applies.As wehave said, < S G <>= w Ö @ Ù îRÛ��_@FG w g
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for certainconstantÛ���Z k . We considerthefollowing closed,boundedsubsetofo G K 9 N : z E|{} ~ û n�o G K 9 N %%%%%% <
û <Ni w Ö @ Ù îgnm@ G w ^Q û QeOlQ [ û Q < =ML Ö Ø � Ø `�� y(xB Ù�îw< û < i w Ö @ Ù � T x B�� ��

we claim that if theconstantn is fixedsufficiently large thenthemap v defined
in (5) is acontractionfrom

	
into itself.

Let usanalyzetheLipschitzcharacterof thenonlinearoperatorinvolved in v
for functionsin

z
: } G K û N E b } V K û OjC K û NXN

where } V K û N E Y
XKRI OFD û N SUTWV =DI S�TWV ¯ û G ^
for

D n[K k ^ \�N . Fromhereit follows thatQ } V K û N Q î ÛÏ Q û Q S O Q û Q G ¯ ^
sothatdenoting

9 U E 9�� Ð Q � Q ªÆ\ k µ�;¤@�Ó , wehave thatfor

û n z ,<�} G K û N�<>= w Ö @ Ù î ÛÏN< û < S = w � Ö @ Ù O < û < G= � Ö @ Ù O N< C K û N�< S = w � Ö @ x Ù O < C K û N�< G= � Ö @ x Ù ¯ g
UsingSobolev’s embeddingweget< û < S = w � Ö @ Ù O < û < G= � Ö @ Ù î Û�N< û < S i w Ö @ Ù O < û < G i w Ö @ Ù ¯ ^
while usingestimate(5.4),thefactsthat

û n z , (5.3),thattheareaof
9 U is of order4�K�µ�;¤@UN andSobolev’s embedding,weget< C K û N�< S = w � Ö @ x Ù O < C K û N�<�G= � Ö @ x Ù î Ûu� T x� B ¼\ O < û < S i w Ö @ Ù O < û <�G i w Ö @ Ù ¯ g

It thusfollows that

(5.6) <�} G K û N�< = w Ö @ Ù î ÛÏK$@ G �w O @ Ú N�g
Besides,asfor Lipschitzcondition,wefind afteradirectestimate,<�} V K û V N6=x} V K û G N�<>= w Ö @ Ù îÍN< û V < SUTWV= w � Ö @ Ù O < û V <>= � Ö @ ÙO < û G <>= � Ö @ Ù O < û G < SUTWV= w � Ö @ Ù ¯� N< û G = û V <>= w � Ö @ Ù O < û G = û V <>= � Ö @ Ù ¯ ^
with constantsÛ independentof the bounda priori assumedon < � <Ni w Ö ~ 2 Ä Ù . We
thenconcludefor } G ,<�} G K û V N6=�} G K û G N�<>= w Ö @ Ù î�<�} V K û V OFC K û V NXN`=x} V K û G OFC K û V NXN�<>= w Ö @ x ÙO <�} V K û G OFC K û V NXN`=x} V K û G OFC K û G NXN�< = w Ö @ x Ùî��ÊN< û V = û G <>= � Ö @ x Ù O < û V = û G <>= w � Ö @ x Ù ¯O �áN< C K û V N6= C K û G N�<>= � Ö @ x ÙO < C K û V N`= C K û G N�<>= w � Ö @ x Ù ¯
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where � E � V O � G
with� m E < û.m < SUTWV= w � Ö @ x Ù O < C K û.m N�< SUTWV= w � Ö @ x Ù O < ûFm < SUTWV= w � Ö @ x Ù O < C K ûFm N�<>= � Ö @ x Ù ^ ½ E \ ^ � g
Arguingasbefore,theconclusionof theseestimatesis

(5.7) <�} G K û V N`=x} G K û G N�< = w Ö @ Ù î ÛLK�@HG w Ö SUTWV Ù O @HG w N�< û V = û G < i w Ö @ Ù g
Now, let

û n 	 then pjE vxK û N satisfiesthanksto (5.6),< p <Ni w Ö @ Ù î�< h < Ð Û��I@ G w O Û�n S @ G w S Ó8g
Choosingany numbern ZRÛ � < h < wegetthatfor small @< p <Ni w Ö @ Ù îgnP@ G w g
Ontheotherhandwehave < p < = L Ö @ Ù îRÛZ< p <Ni w Ö @ Ù g
But p satisfiesan equationof the form ¾ G K p N E Ç with Ç compactlysupported.
Hencep belongsto

z
thanksto the discussionabove. v is clearlya contraction

mappingthanksto (5.7).Weconcludethat(5) hasa uniquefixedpoint in

z
.

We recall that theerror
S G andtheoperatorh itself carry thefunctions

�
and� asparameters.A tediousbut straightforward analysisof all termsinvolved in

thedifferentialoperatorandin theerroryield thatthis dependenceis indeedLips-
chitz with respectto the o G -norm(for eachfixed @ ). In theoperator, considerfor
instancethefollowing only terminvolving

� � � :	�� K û N E @(G � � � K�@ ÷ N û � g
Thenwehave< 	�� K û N�< G= w Ö @ Ù î�@ Ú ÂmÄ~ Q � � � K�²³N Q G �³² ê ó6� ñù Â ¿T ¿ Q û � K�� ^�÷ N Q G �0� ì
Let p K ÷ N E - ¿T ¿ Q û � K�� ^�÷ N Q G �1� . Thenó>� ñù p K ÷ N+îÔ@ÕÂ�� Q û � Q G O � Â�� Q û � Q�Q û ��ù Qî \� ó>� ñù p K ÷ N O ß @ TWV Â � Q û ��ù Q G g
Hence

(5.8) p K ÷ NfîlÛ�@ TWV < û < G i w Ö @ Ù ^
sothatfinally < 	�� K û N�<>= w Ö @ Ù î�@Q< � < J g
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For theothertermstheanalysisfollows in simplerway. Emphasizingthedepen-
denceon

�
whatwefind for theLinearoperatorh is theLipschitzdependence< h � � = h � w <0îlÛ�@Q< � V = � G < J g

We recall thatwe have theLipschitzdependence(5.1). Moreover, theoperator}
alsohasLipschitz dependenceon K � ^ �(N . It is easilychecked that for

û n z we
have,with obviousnotation,<�} Ö � � 2 � � Ù K û N6=x} Ö � w 2 � w Ù K û N�< = w Ö @ Ù îRÛ�@FEw R< � V = � G < J O <N� V =�� G <>O ¯ g
Hencefrom thefixedpoint characterizationwe thenseethat

(5.9) < û Ö � � 2 � � Ù = û Ö � w 2 � w Ù <Ni w Ö @ Ù îRÛ�@FG w R< � V = � G < J O <N� V =�� G <>O ¯ g
Wesummarizetheresultwehave obtainedin thefollowing:

Proposition 5.1. There is a number n Z k such that for all sufficiently small @
and all K � ^ �(N satisfying(2.29)-(2.30),problem(3.8)-(3.9)hasa uniquesolutionû E û K � ^ �¤N which satisfies < û < i w Ö @ Ù î�nm@HG w ^< Q û QbORQ [ û Q < =ML Ö Ø � Ø `�� y(xB Ù î�< û <Ni w Ö @ Ù � T x B
Besides

û
dependsLipschitz-continuously on

�
and � in thesenseof estimate(5.9).

Next we carryout thesecondpartof theprogramwhich is to setup equations
for

�
and � which areequivalentto making   ^ � identicallyzero. Theseequations

areobtainedby simply integratingtheequation(only in � ) againstrespectively � �
and Þ . It is thereforeof crucialimportanceto carryout computationsof theterms- v S V � � �1� and - v S V ÞL�0� . Wedo thatin thenext section

6 Estimatesfor projectionsof the error

In thissectionwecarryoutsomeestimatesfor theterms- v S V � � �0� and- v S V ÞP�1� ,
where

S V , werecall,wasdefinedin (2.31)-(2.32),and � � is anoddfunction.Inte-
grationagainstall eventermsin

S V thereforejustvanish.WehaveÂ v S V � � E Â v S V G � � E Â v �?K � O û V N � �O Â v � � # @3Yf�K � O û V N S�TWV = � SUTWV ¯ K,�¤Þ
N O @ 	 Ú K,�(Þ+N 'O Â v � � # K � O û V O @��(Þ+N S =ÏK � O û V N S = YfK � O û V N S�TWV @��(Þ ' g
Werecall
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��K � O û V N E @ G � Ú O @ G �.� O�	 G K � N O�	 Ú K û V NO �K � O û V N S = � S = Y � S�TWV û V ¯ O��<T GUK û V N ù3ù
where� G is anoddfunction, ��� is anevenfunctionand

	 G K � N is of order @ Ú . Thus
weseethatÂ v �?K � O û V N � � E ={@ GM� � TWV>� � � Â v � G�O � � � �¡T G � � Â v K � G� O � � ��� � � NO � � TWV6�¡TWV ��Ý � Ý�Â v � G�O � ê � TWV ¢ G Â v � G� OX� T Ú i6É�É¤Â v � �Ò� � ì��O Â v � � �K � O û V N S = � S = Y � SUTWV û V ¯O Â v � � 	 Ú K û V N O @ Ú ý V � � � � O @ Ú ý G �cg(6.1)

Hereandbelow wedenoteby
ý m � , ½ E \ ^ � , generic,uniformly boundedcontinuous

functionsof theformý m � E ý m � K ÷`^ � K�@ ÷ N ^ �ºK�@ ÷ N ^ � � K�@ ÷ N ^ @�� � K�@ ÷ NXN
whereadditionally

ý V � is uniformly Lipschitzin its four lastarguments.
Thecoefficient in front of

� K�@ ÷ N in (6.1)canbecomputedas� ê �<TWV�¢ G`Â v � G� O+�¡T Ú i É�É Â v � �{� � ì E � ê �¡TWV�¢ G6Â v � G� =x� �¡T Ú i É�É Â v � G� ì
wherewehave usedthefactthat - v � �{� � E = VG - v � G E ={� - v � G� .

We seethattheterm �K � O û V N S = � S = Y � SUTWV û V ¯ is to mainorderof theformS Ö SUTWV ÙG � SUT G û G V andit is thereforeof theorder4�K�@ G N . Wehave

û V E û VXV O û V G where
werecall

û VXV is odd,

û V G is even,andwith theirsizesrespectively proportionalto @
andto @ � . Thusin theexpansionof thesquareterm

S Ö SUTWV ÙG � SUT G û G V asymptotically
only themixedproductbetween

û VXV and

û V G givesriseto a nonzerotermafterthe
integrationagainst� � . WehaveÂ v � � �K � O û V N S = � S = Y � SUTWV û V ¯ �0�E Y�KàY+=�\�N� Â v � � � SUT G û G V �1� O @ Ú ý G �(6.2) E @(GIü VXV K�@ ÷ Nbü V G K�@ ÷ N � K�@ ÷ N YfKàY�=�\�N�Â v � � � SUT G � V � G �1� O @ Ú ý G ��g
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Now, let usconsider p K�@ ÷ N E Â v 	 Ú K û V N � � g
All termsin this expressioncarryin ¾ G -normasfunctionsof ² E @ ÷ powersthree
or higherwith theexceptionof thetermsof size @ in

	 Ú . Thuswefindp K�@ ÷ N E @ �<TWV Â v � ¢ K û V N � = �¡T G�i6É�K k ^ @ ÷ N*� û V 5 � �={@ �¡T G�i É K k ^ @ ÷ N � Â v û V � � O 4LK�@ Ú N�g
Since û V E @(ü VXV K�@ ÷ N � V K��WN O @ � K�@ ÷ Nbü V G K�@ ÷ N � G K��WN
with � V K��WN oddand � G K��ÕN evenweobtainp K�@ ÷ N E @ G � K�@ ÷ Nbü V G K�@ ÷ N�� � TWV Â v � ¢ K � G N � = � T G i6ÉXK k ^ @ ÷ N*� � G 5 � ���=Ò@�G � K�@ ÷ N �<T GIü VXV K�@ ÷ NXi`É_K k ^ @ ÷ N�Â v � V � � O 4�K�@ Ú N(6.3) E @ G ü VXV K�@ ÷ Nbü V G K�@ ÷ N � K�@ ÷ N�Â v # � G 2 � � � O \� � � � � G O � V � � ' g
Notethatby differentiatingtheequation(2.23)andusingequation(2.22),we ob-
tain

(6.4) Â v YfKàY�=�\�N � SUT G � � � V � G E =mÂ v � � � V O Â v K � � O \� � � N � G 2 � g
Adding(6.2)and(6.3)andusing(6.4),wehaveÂ v � � �K � O û V N S = � S = Y � SUTWV û V ¯ O Â v � � 	 Ú K û V NE @ G ü VXV K�@ ÷ Nbü V G K�@ ÷ N � K�@ ÷ N�Â v # YfKàY�=á\�N � SUT G � � � V � GO � G 2 � � � O \� � � � � G O � V � � ' O @ Ú  ý V � � � � OÊý G � ¯E @(G �¡TWV � TWV�¢ G � Â v  � � G 2 � � � O � TWV �fK � G � N � ¯ O @ Ú  ý V � � � � OÊý G � ¯E =Ò@ G � TWV � TWV ¢ G � Â v � G� O @ Ú  ý V � � � � OÊý G � ¯(6.5)

wherewehave used(1.9)andthefollowing integral identitiesÂ v � G 2 � � � E = K �Y�=á\ O \� N�Â v � G� ^ � TWV Â v � G � E K \� = �Y�=�\ N�Â v � G� g
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In summary, wehave establishedthat

(6.6) Â v ��K � O û V N � � �0� E @ G  � � � K�@ ÷ N O ± V K�@ ÷ N � � O ± G K�@ ÷ N � ¯ O @ Ú  ý V � � � � OÊý G � ¯
where± V is givenby

(6.7) ± V K�²³N E � K � T G � Ý O � � TWV � TWV ��Ý�N E ��i TWV icÎ ^
and ± G is givenby

(6.8) ± G K�²³N E ={��i TWV i`É�É O K�� TWV`O \�N ¢ GUg
Let usestimatenow thetermÂ v � � # @3Yf�K � O û V N SUTWV = � SUTWV ¯ K,�(Þ+N O @ 	 Ú K,�(Þ+N 'Â v � � # K � O û V O @��¤Þ+N S =ÏK � O û V N S = YfK � O û V N SUTWV @��(Þ ' g
Wefind now thatÂ v � � Ð @XY��K � O û V N SUTWV = � SUTWV ¯ Ó³K,�(Þ+N(6.9) O Â v � � Ð K � O û V O @��(Þ+N S =ÏK � O û V N S = YfK � O û V N S�TWV @��(Þ ¯ ÓE @XY�KàY+=�\�N�Â v � SUT G û V �(Þ � � O @ G YfKàY�=á\�N�Â v � S�T G � G Þ G � � O @ Ú ý G � g
Thesecondintegral vanishes,while in thefirst only thetermcarryingtheoddpart
of

û V is non-zero.Thuswefind thatthis termsequals@ G ü VXV K�@ ÷ N��4Â v Þ � V � � �0� O @ Ú ý G ��g
Let uscomputenow @ - v � � 	 Ú K,�¤Þ
N¤�0�jg In this term,wehave to considercompo-
nentsof order 4LK�@UN in thecoefficientsof

	 Ú whichareoddfunctions.Weobtain@4Â v � � 	 Ú K,�¤Þ
N¤�0� E @ G � ¢ K�@ ÷ N�Â v � �  Þ � O   V �ÕÞ ¯O � @ � � � � ¢ K�@ ÷ N�Â v � � � ÞO @ Ú  ý VV � � � � O[ý G V � � � � OÊý G � ¯ g
Summarizing,wehave proventhatÂ v S V � � �0� E @(G� � � � O ± V � � O ± G K�@ ÷ N � ¯ O @(GU ± Ú K�@ ÷ N�� O @(G$±��f� � � ¯O @ Ú  ý�VV � � � � OÊý G V � � � � OÊý G � ¯ g(6.10)
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Thenext computations,ratheranalogous,correspondto theprojectiononto Þ of
the error. We computenow - v S V Þ . The main componentin this expressionis
givenby @¹ @ G � T G � � � O a6~�� ¯ Â v Þ G
Wealsohave a termlikep K�@ ÷ N E @ �¡TWV Â v � ¢ K û V N � = �<T GIi6É�K k ^ @ ÷ N*� û V>5 Þ O @ �<T G�i`É3K k ^ @ ÷ N � Â v û V ÞE @(G ¢8�¡TWV ü VXV K�@ ÷ N�Â v �K � V N � O   V � � V ¯ ÞO @�G ¢8�¡T G�i É K k ^ @ ÷ N � G�ü V G K�@ ÷ N�Â v � G ÞE @ G ¢8� TWV ü VXV K�@ ÷ N�Â v �K � V N � O   V � � V ¯ Þ O @ Ú ý G �
becauseof theassumptionon

�
.

Therearealsotermsof order @ G comingfrom the secondorderexpansionof�?K � N . Werecall,from thedecomposition(2.31)-(2.32)thattheerrorcarrieseither
termsaccompaniedby @ G asa factoror by @ Ú . Thetermswith @ Ú producefunctions
of ² E @ ÷ with ¾ G K k ^ °�N -normsof order @ Ú . Thetermsof order @ G in thedecompo-
sition of

S V areeitherevenor odd in thevariable � . Thosewhich areodddo not
contributeto theintegralsincethefunction Þ is even.Takingalsointo accountthat�

and
� � areuniformly controlledby @ �w wejustneedto consider� � K�@ ÷ N E @ �<T Gci É K k ^ @ ÷ N � K�@ ÷ N�Â v û V Þ��1�� C K�@ ÷ N E @ G ü G VXV K�@ ÷ N Y�KàY+=�\�N�Â v  � SUT G � G V ¯ ÞP�1���78K�@ ÷ N E @ G Â v � = � T G ¢ G � � � O�� T � Q � � Q G � G � ��� OOD� TWV � � � � � � O � TWV � T G � � � � O � � TWV � T Ú � � � � �= \� � T � i`É�É,� G �  ÞP�1�xg

It is easyto seethat also �0� E 4LK�@�Ú�N , The commonpatternof � C and �07 is that
eventhoughthey havesize @ G in ¾ G norm,they definesmoothfunctionsof ² E @ ÷ ,
which is avery importantfactto obtainthedesiredresult.

For thetermparallelto (6.9)weget@3YfKàY�=�\�N�Â v � SUT G û V �(Þ�ÞP�1� O @ G YfKàY�=�\�N�Â v � SUT G � G Þ Ú �1� O @ Ú ý V � E @ Ú ý V ��g
Weconsidernow anothercomponent:@4Â v 	 Ú K,�(Þ+NXÞ E ={@�GP�³K�@ ÷ N � K�@ ÷ N �¡T GUi`É�Â v ÞÒG O @ Ú E 4�K�@ Ú N<g
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Additionally, we alsoneedto considersomehigherorder termsin � . The ones
involving first derivative are@ Ú � � � ���� � G Â v ÞÒG O � @ Ú ��Ý � Ý� Ú Â v �ÕÞ � Þ�g
Only one term (in

	 G K,�(Þ+N ) involving � � � carriesalso @ Ú . But this term is also
accompaniedby - v Þ K��ÕN G �'�0� Elk . Therealsois a termof theform@ Ú  @ � � T G ± C K�@ ÷ N O 4�K�@ G N ¯ � � � K�@ ÷ N
with 4�K�@ G N uniform in @ .

In summary, wehave establishedthat,asa functionof ² E @ ÷ ,Â v S V ÞP�1� E @ Ú  \ O @ � ± C O 4LK�@ G N ¯ � T G � � �(6.11) O @ Ú ±M7�� � O @Ua6~��
=x@ G ±M��K�@ ÷ N O 4�K�@ Ú N³g
where±�� ^ > E+� ^ gXgXg ^*� aresmoothfunctionsof their argument.Explicit expression
for thecoefficient ±87 , whichwewill needlater, is

(6.12) ±M7 E � ���� � G = � Ý� Ú g
7 Projectionsof terms involving  

Wewill estimatenext thetermsthatinvolve

û
in (3.8)-(3.10)integratedagainst� � and Þ . Concerning� � , we call thesumof them p K û N , which canbedecom-

posedas pjEX¡ Ú� l V p � below.
Let p V K�@ ÷ N E - v 	 Ú K û N � � . We make the following observation: all termsin	 K û N carry @ andinvolve powersof � timesderivativesof k ^ \ or two ordersof

û
.

Theconclusionis thatsince� � hasexponentialdecaythenÂ�Ä~ Q p K�²³N Q G �³²�îRÛ�@ Ú < û < G i w Ö � Ù g
Hence < p V <>= w Ö ~ 2 Ä Ù îRÛ�@ Ú gIn
	 Ú K û N wesingleout two lessregularterms.Theonewhosecoefficient depends

on
� � � explicitly hastheformp V � E @ G � � � Â v û � Þ K¼\ OÊ¢ @ � K���= � NXN T GE ={@�G � � � Â v û Ð Þ K¼\ O[¢ @ � K���= � NXN T G¤Ó � g

Since

û
hasLipschitz dependenceon K � ^ �¤N in the form (5.9), we seethat this is

transmittedfrom Sobolev’s embeddinginto< û Ö � � 2 � � Ù = û Ö � w 2 � w Ù < =ML Ö @ Ù î�Û�@HG w R< � V = � G < J O <N� V =�� G <>O ¯ ^
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from whereit follows< p V �8K � V ^ � V N6= p V ��K � G ^ � G N�<>= w Ö ~ 2 Ä Ù îRÛ�@ Ú × �w R< � V = � G < J O <N� V =u� G <>O ¯ g
Theonearisingfrom secondderivative in

÷
for

û
isp V �X� E Â v û ù3ù Þ  \�=ÏK¼\ O[¢ @ � K���= � NXN T G ¯ �0��g

Wereadilyseethat< p V �X�8K � V ^ � V N6= p V �X��K � G ^ � G N�<>= w Ö ~ 2 Ä Ù î�Û�@ Ú R< � V = � G < J O <N� V =�� G <>O ¯ g
Theremainderp V = p V ��= p V �X� actuallydefinesfor fixed @ a compactoperatorof
thepair K � ^ �(N into ¾ G K k ^ °�N . Thisisaconsequenceof thefactthatweakconvergence
in o G K 9 N implieslocal strongconvergencein o V K 9 N , andthesameis thecaseforo G K k ^ °�N and Û V  k ^ ° ¯ . If

� � and �>� areweaklyconvergentsequencesin o G K k ^ °�N
then clearly the functions

û Ö ��¢ 2 � ¢ Ù constitutea boundedsequencein o V K 9 N . In
theabove remainderonecanintegrateby partsif necessaryoncein � . Averaging
against� � which decaysexponentiallylocalizesthesituationandthedesiredfact
follows.

We observe alsothat p G K�@ ÷ N E - v �}RK û N � � canbeestimatedsimilarly. Using
thedefinitionof

�}lK û N andtheexponentialdecayof � � weobtain< p G <>= w Ö ~ 2 Ä Ù îRÛ�@ �w < û < G i w Ö @ Ù î Û�@ Ú g
Let usconsidernow p Ú K�@ ÷ N E Â v Yf I SUTWV = � S�TWV ¯ û � �
SinceI E � O û V O @��¤Þ and

û V canbeestimatedas@ Q �(Þ K��ÕN QbOlQ û V K�� ^�÷ N Q îlÛ�@³K Q � Q G O \�N�� T�Ø � Ø
weeasilyseethatfor some�xZ k wehave theuniformboundQ I SUTWV = � SUTWV(QXQ � � Q î Û�@�� T � Ø � Ø g
Fromherewereadilyfind that< p Ú < = w Ö ~ 2 Ä Ù îRÛ�@FG w < û < i w Ö @ Ù î Û�@ Ú g
This termsdefinecompactoperatorssimilarly asbefore.We observe thatexactly
thesameestimatescanbecarriedoutin thetermsobtainedfrom integrationagainstÞ .
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8 The systemfor £¥¤§¦¥¨1© : proof of the theorem

In this sectionwe setup equationsrelating
�

end � suchthat for the solutionû
of (3.8)-(3.9)predictedby Proposition5.1 onehasthat the coefficient  �K�@ ÷ N is

identically zero. To achieve this we multiply first the equationagainst� � and
integrateonly in � , Theequation  Elk is thenequivalentto therelationÂ v S V � � �1� O Â v K�} G K û N O
	 Ú K û N O Yf I SUTWV = � S�TWV ¯ û N � � �0� Elk g
Similarly � Elk if andonly ifÂ v S V ÞÒ�1� O Â v K�} G K û N O
	 Ú K û N O Yf I SUTWV = � S�TWV ¯ û NXÞÒ�1� Elk g
Using the estimatesin the previous sectionswe thenfind that theserelationsare
equivalentto thefollowing nonlinear, nonlocalsystemof differentialequationsfor
thepair K � ^ �(N«ª V K � NWÁ � � � O ± V � � O ± G � E ± Ú � O @(G�± � � � � O @�� V � ^(8.1)

ª
G K,�(N�Ál@ G K � T G � � � O ±M7¬� � N O ac~¬� E @ Ú � ± C � � � O @I±Q� O @ G � G ��g(8.2)

Theoperators� m � E � m � K � ^ �¤N canbedecomposedin thefollowing form:� m � K � ^ �(N E � m � K � ^ �(N O
 m � K � ^ �(N
where

 m � is uniformly boundedin ¾ G K k ^ °�N for K � ^ @UN satisfyingconstraints(2.29)-
(2.30)andis alsocompact.Theoperator� m � is Lipschitzin this region,<>� m � K � V ^ � V N6=Z� m � K � G ^ � G N�< = w Ö ~ 2 Ä Ù î�Û�@³R< � V = � G < J O <N� V =u� G <>O ¯ g
Thefunctions±8� ^ > E \ ^ g�g�g ^*� aresmooth.

We will solve now system(8.1)-(8.2). The first observation is that theopera-
tor

ª V is invertible under ° -periodicboundaryconditions. This follows from the
assumednon-degeneracy condition(1.10): if

» nF¾ G K k ^ °�N thenthereis a unique
solution

� nPo G K k ^ °�N of

ª V K � N E » which is ° -periodicandsatisfies< � � � < = w Ö ~ 2 Ä Ù O < � � < =8L Ö ~ 2 Ä Ù O < � < =ML Ö ~ 2 Ä Ù îRÛZ< » < = w Ö ~ 2 Ä Ù g
Weusenow assumption(1.14)to dealwith invertibility of

ª
G . Wehave:

Lemma 8.1. Assumethat condition(1.14)holds. If �Lnj¾ G K k ^ °�N thenthere is a
uniquesolution ��n�o G K k ^ °�N of

ª
G K,�¤N E � which is ° -periodicandsatisfies@ G <N� � � <>= w Ö ~ 2 Ä Ù O @P<N� � <>= w Ö ~ 2 Ä Ù O <N�M< =ML Ö ~ 2 Ä Ù îRÛ�@ TWV <��®<>= w Ö ~ 2 Ä Ù g

Moreover, if � is in o G K k ^ °�N , then@(G8<N� � � <>= w Ö ~ 2 Ä Ù O <N� � <>= w Ö ~ 2 Ä Ù O <N�M< = L Ö ~ 2 Ä Ù î ÛLR<�� � � <>= w Ö ~ 2 Ä Ù O <�� � <>= w Ö ~ 2 Ä Ù ¯O ÛZ<��®< = w Ö ~ 2 Ä Ù g
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Let usacceptfor themomentthevalidity of this resultandlet usconcludethe
proofof thetheorem.

Wesolvefirst

ª
G K,��~�N E @�±M��K�²³N andreplace� E ��~ O �� . Observe thatby Lemma

8.1wehave @ G <N� � �~ <>= w Ö ~ 2 Ä Ù O <N� ~ < = L Ö ~ 2 Ä Ù îRÛ�@8gThesystemresultingon K � ^ ��UN hasthesameform as(8.1)-(8.2)exceptthatnow the
term @�±M� disappears.Let usobserve now thatthelinearoperator

ª
K � ^ �(N E K

ª V K � N6=P± Ú �
=R@ G ±���� � � ^ ª G K,�¤NXN ^
is invertiblewith boundsfor

ª
K � ^ �(N E K »c^ �ËN givenby< � < J O <N�Q<>O�îRÛD< » < G O @ TWV <��¯< G g

It thenfollows from contractionmappingprinciplethattheproblem
ª O K�@�� V � ^ @ G � G �$N ¯ K � ^ �¤N E K »c^ �ËN

is uniquely solvable for K � ^ �(N satisfying(2.29)-(2.30)if < » < G ªõ@ �w ×.° , <��®< G ª@ G w ×.° ^ for some ±mZ k . The desiredresult for the full problem(8.1)-(8.2)then
follows directly from Schauder’s fixed point theorem. In fact, refining the fixed
point region,wecanactuallyget <N�M<>O O < � < J E 4�K�@¤N for thesolution. o
Proofof Lemma8.1. Weconsiderthentheboundaryvalueproblem

(8.3)

ª
G K,�(N E � ^ �ºK k N E �ºKÅ°�N ^ � � K k N E � � KÅ°�N ^

Wemake thefollowing Liouville transformationc.f. [22]:°I~ E Â Ä~ � K�²¹Nb�º² ^LD E - Î~ � K�²³Nb�³²°I~ ä ^²�ac~ E ° G~ä G a6~³ K�²³N E �¡T �w exp Kb= \� Â Î~ � G�±878K�²³Nb�³²³N ^MWK D N E ³ TWV K�²³N��ºK�²¹N ^ �`K D N E ° G~ä G ³ Ý Ý� G ³[g
Observethat

³
is ° -periodicthanksto theexplicit formula(6.12)for thecoefficient±M7 . Then(8.3)getstransformedinto

(8.4)
�ª G K�M`N E @ G K�M � � O �`K D NeM`N O-�a6~�M E �� ^ MÕK k N E MÕK ä N ^ M � K k N E M � K ä N ^

andit thensufficesto establishtheestimatesin Lemma8.1 for thesolutionof this
problemin termsof correspondingnormsof

�� . It is standardthat the eigenvalue
problem

(8.5) M � � O �ËK D NeM O a`M Elk ^ MWK k N E MWK ä N ^ M � K k N E M � K ä N ^
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hasan infinite sequenceof eigenvalues a © , ¢x£ k , with associatedorthonormal
basisin ¾ G K k ^ ä N , Ð M © Ó , constitutedby eigenfunctions.A resultin [22] providesas-
ymptoticexpressionsas

¢ z O � for theseeigenvaluesandeigenfunctions,which
turnout to correspondto thosefor �?Á k . Wehave:

(8.6) ´ a © E � ¢�O 4�µ \¢ ÚQ¶ g
Problem(8.4)is thensolvableif andonly if a © @ G �E �ac~ for all

¢
. In suchacase,the

solutionto (8.3) thencanbewrittenasMWK D N E ¿k©�l ~ �� ©�a6~�=ja © @ G M © K D N
with thisseriesconvergentin ¾ G . Hence<3M·< G= w Ö ~ 2 ¸ Ù'E ¿k©�l ~ Q �� © Q GK �a6~�=Fa © @ G N G g
Wethenchoose@ suchthat

(8.7)
Q ß ¢ G @ G = �ac~ QÕ£  Ë@

for all
¢
, where  is small.Thiscorrespondspreciselyto thecondition(1.14)in the

statementof thetheorem.From(8.6)wethenfind that
Q��a6~�=�a © @ G Q�£K¹G @ if @ is also

sufficiently small. It follows that <3M·< = w Ö ~ 2 ¸ Ù îRÛ�@ TWV < ��§< = w Ö ~ 2 ¸ Ù . Observe alsothat<3M � < G= w Ö ~ 2 ¸ Ù îRÛ ¿k©�l ~ Q �� © Q G \ OlQ a © QK �ac~�=Fa © @ G N G î�Û ¿k©�l ~ K¼\ OÊ¢ � N Q �� © Q G g
Hence @P<3M � < = w Ö ~ 2 ¸ Ù O <3M·< =8L Ö ~ 2 ¸ Ù îRÛ�@ TWV < ��¯< = w Ö ~ 2 ¸ Ù g
Besides,if � is in o G K k ^ ä N with �'K k N E �4K ä N , � � K k N E � � K ä N , thenthesum ¡ © ¢ � � G©
is finite andboundedby the o G -normof � . Thisautomaticallyimplies@�G�<3M � � <>= w Ö ~ 2 ¸ Ù O <3M � <>= w Ö ~ 2 ¸ Ù O <3M·< = L Ö ~ 2 ¸ Ù îRÛD< ��¯<Ni w Ö ~ 2 ¸ Ù ^
andtheproof is complete. o
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