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YexocnoBaluknii MaTeMaTHICCEHH KYpHaAT, T. 5 (80) 1955

CONCERNING SPACES OF CONTINUOUS FUNCTIONS

VLASTIMIL PTAK, Praha.
(Received December 22, 1954.)

It 7' is. a completely regular topological space, we denote by C(T) the
linear space of all continuous functions defined on 7'. The space C(1')
is topologized by means of the family of pseudonorms |z, = max [2(t)],

tek

where K runs over all compact subsets of the space 7'. In this way, C(1")
becomes a convex topological linear space. Let us denote by M(T') the
space of all linear functionals defined on C(T'). Now every completely
regular topological space may be imbedded in & space AT (the Hewitt
closure of 7') so that 7' is dense in 21" and every z ¢ C(T') admits a con-
tinuous extension over h7'. If follows that, as far as the algebraic struc-
ture is concerned, the spaces C(T) and C(hT) are identical. If the topo-
logical structure is taken into account as well, these spaces are easily
distinguished, since, clearly, the space M (1) may be considered as
a subspace of M(AT'). Suppose now a space O(T) is given. Since C(T)
and C(hT') are algebraically isomorphie, every member of M (hT') repre-
sents a linear form on C(T"). This form will not be continuous on C(T')
in the goneral case. It is natural to ask, however, whether it does not
perhaps retain some weakened form of continuity which would enable
us to characterize the members of M(RT') in terms of C(7') only. On the
other hand, let M (hT') be equipped with an arbitrary topology such that
C(hT) and M (hT') are dual to each other. Then M(T') is dense in M (RT').
The question presents itself whether M(RT') cannot be considered in
some sense as a completion of M(7'). Both these questions are closely
connected together and are treated in the present paper, which is a con-
tinuation of the author’s discussion [5] of pseudocompact subsets of
convex topological linear spaces. Most of the results of the present paper
are generalizations of corresponding theorems of [5] and are intended as
a basis for further applications.

The present paper forms a continuation of the author’s discussion of pseudo-
compact subsets of convex topological linear spaces. It turns out that the met-
hods used in [5] and [6] for the case of a pseudocompact space may be adapted
to the proof of similar results concerning the Hewitt closure of an arbitrary
completely regular topological space 7'. The main question treated in the con-
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nection between the space M (T') of all linear functionals on C(7') and the analo-
gous space corresponding to the Hewitt closure AT

The first paragraph contains the essential points of the theory of the Hewitt
closure. The theorems of this section are not essentially new. Most of them have
been (explicitly or implicitly) proved already by Hewrrr. In the present paper
we intend to give a unified theory of the Hewitt closure based on a lemma that
we have established in [5]. It turns out that the proofs can be considerably
simplified if this lemma is consistently applied. It is only because of the short-
ness of the proofs that this paragraph has been included, as it seems to the
author that these ideas are not without interest even if they are used to prove
results which are more or less known. The second and third paragraphs are
devoted to the proof of the main result; the proof is divided into several lemmas,
the most important being a generalization of theorem (1,2} of [5]. In the fourth
paragraph we summarize the results obtained in theorems (4,1) and (4,2). These
results have interesting applications which will be published later.

In this paragraph we prove some simple propositions concerning the Hewitt
<closure of a given completely regular topological space.

Let T' be a completely regular topological space. We shall denote by C(7)
the linear space of all continuous real-valued functions defined on 7'. Now let
2 ¢ C(T) be bounded on 7. Then = admits a continuous extension over g7
Throughout this paper, the following convention will be adopted. The same
symbol will be used for a bounded continuous function defined on 7' and its
extension on 7. In this notation, the space of all bounded continnous functions
on T coincides with C(8T).

Let T be a completely regular topological space. A point s e fT will be called
a Hewitt point of the space T if every continuous function defined on T can be
continuously extended over the point s.

This, of course, is meant in the following sense. For every continuous function
x defined on 7' there exists a function z* defined and continuous on 7' u (s)
such that 2(t) = x*(t) for every t ¢ 7. Clearly every point f ¢ T is a Hewitt point
of the space 7'. The set of all Hewitt points of the space 7' will be denoted by
RT. We shall call it the Hewitt closure of 7'.

For our purpose it will be convenient to state the definition of a Hewitt
point in a slightly different form. The following lemma is a trivial modification
of a result which has been used by the author in [5].

(1,1) Let T be a completely regular topological space. Let s ¢ B7T'. Then the follow-
1ng three properties of s are mutually equivalent.

(1) s 18 a Hewitt point of the space T
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(2) for every x ¢ C(BT') there exists a point t € T such that

z(t) = x(s)
(3) for every countable subset S ¢ C(8T) there exists a point t ¢ T such that
z(t) = z(s)

for every xz € 8.
- Proof: Let s e AT and.let  be an arbitrary bounded continuous function
on 7. Suppose that the relation #(f) = x(s) is not fulfilled for any point ¢ ¢ 7'.
It follows that the function v defined on 7' by the relation v(f) = |z(f) — x(s)}
is positive for every ¢ e 7'. The function w defined on 7' by the relation w(t) v(f) =
== 1 ig clearly continuous on 7'. Now w can be continuously extended over the
point s, since s e A7'. For this point we obtain w(s) v(s) = 1 which is impossible
since v(s) = 0. The existence of a point ¢ ¢ 7' with the required property is thus
proved. o

Now let z,, be an arbitrary sequence of bounded continuous functions on 7.
There are positive numbers 8, such that [x,(¢)| < B, for every ¢t ¢ T. For t ¢ T
let us define

ww:%?ﬁmmy—%@L

We have »(s) = 0. Now if condition (2) is fulifilled, there exists a point ¢ € 7' for
which v(t) = 0. Clearly we have x,(f) = w,(s) for every n.

Suppose now that the point s fulfills condition (3) and let  be an arbitrary
continuous function defined on 7'. For every natural m let us define

Zo(t) = () 4+ m| — @) — m] .
According to our assumption concerning the point s, there exists a point
w e T such that a,(w) = 2,(s) for every m. For any t ¢ T, let x*(¢) = z(¢) and
let 2*(s) == 2(w). Take a natural number m and a positive ¢ so that m > |x(w)| 4

-+ e. Let
G=EteT U (8), [@ult) — xa(s)] < €]

so that G is an open subset of the space 7 u (s). It is easy to see that, fort e G,
we have x*(t) = «,,(¢) so that 2* is continuous on the whole of 7' U (s).

Let T be a completely regular topological space. A set W c T will be called
relatively pseudocompact in T if every x € O(T') is bounded on W.
< (L,2) Let W c T be relatively pseudocompact. Let us denote by W the closure
of Win pT. Then W c bT. ‘

Proof: Let 2 be an arbitrary bounded continuous function on 7', let s be an
arbitrary point of W. We are going to show that there is a point ¢ 7' such that
x(t) = a(s). According to (1,1) this is sufficient to prove our theorem. For every
t e T let us put v(f) = |a(t) — «(s)|, so that v is a bounded continuous function
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on 7. We have v(t) = 0 for every t ¢ T and inf v(w) = 0. Suppose z(¢) > 0 for
wel

every t ¢ T. It follows that the function % defined on 7' by the relation 2(#) v(¢) =

= 1 is a continuous function on 7' which is not bounded on W. It follows that

v(t) == 0 for some ¢ ¢ T'; for such a point ¢ we have x(f) = x(s).

For the sake of brevity, we shall use the following notations. If 7" is a com-
pletely regular topological space, we shall denote by F(T') or simply by F the
family of all closed subsets of the space 7'. Similarly, F*(7') is taken to mean
the family of all sets of the form E [t ¢ T, x(f) = 0] where z is a member of
o). ¢

(1,3) Let T be a completely regular topological space. Then the following pro-
perties of T are equivalent.

(1) the space T coincides with hT

(2) ¢f A c F(T) has the finite intersection property and for every x ¢ C(T') a set
A e A can be found such that x is bounded on A, then the interseciion of A is
nonempty and compact.

(3) ¢f A c FX(T) has the finite intersection property and for every x « C(T') a set
A e A can be found such that x is bounded on A, then the intersection of A ts nonemp-
ty and compact, /

(4) ¢f Ac F(T) has the finite intersection property and if, for every x e C(T)
and every positive ¢, a set A ¢ A can be found such that the diameter of x(4) is
less than e, then the intersection of A is nonempty,

(8) ¢f A c F*(T) has the finite intersection property and if, for every x ¢ C(T')
and every positive ¢, a set A € A can be found such that the diameter of x(4) is
less than ¢, then the intersection of A is nonempty.

Proof: Let T = hT. Let A be a system of closed subsets of 7' which has the
finite intersection property. Suppose that, for every x ¢ C(T'), an A ¢ A can be
found such that x is bounded on 4. We are to show that the intersection of A
is nonvoid. Take an s e 7" which lies in the closure of every 4 « A. Suppose
there is a function v e C(87') such that v(s) = 0 and v(¢) > 0 for every t ¢ 7.
The function w defined on 7' by the relation w(t) v() = 1 is clearly continuous
on 7. According to our agsumption concerning A there exists a set 4 ¢ A such
that w is bounded on 4. Consequently there exists a positive x such that w(t) <

1
< aforte A. It follows that, forte 4, we have v(f) > —> 0, which is impos-
o

sible since s ¢ 4 and v(s) = 0. It follows that s ¢ A7". We have thus shown that
the intersection of all sets A, where 4 runs over A, is contained in A7'. Since
T = AT it follows that the intersection of A is compact.

It is easy to see that the proof of our theorem will be concluded if we show
that the inclusion 7' = AT is a consequence of property (5). Tv see that, let us
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take a space 7' which fulfills condition (5). Let s € AT. For every x ¢ C(T) let

us put
Ax) = Elt e T, a(t) = 2(s)]
t

so that A(x) e F¥(T'). The system A consisting of all A(x) has the finite inter-
section property. This in an immediate consequence of the fact that, for any
finite system z, ..., 2, of elements of C(7') the function X |z;(f) — 2,(s)| must
attain the value 0 in some point £ ¢ 7. If x « O(T), the diameter of x(A(x)) is
zero, so that the system A fulfills the condition mentioned in (5). It follows
that the intersection of A is nonempty. Let £ ¢ 7" be a point which lies in every
A(x). We have then x(t) = x(s) for every x ¢ C(T') so that s = ¢ ¢ T which con-
cludes the proof.

We use this opportunity to say a few words concerning another question
closely connected with the theory of the Hewitt closure.

It is a wellknown fact that spaces which coincide with their Hewitt closure
(such spaces are termed @-spaces by Hewitt) possess a lot of simple and impor-
tant properties and that most of the spaces occuring in applications belong
to this category of spaces. Anyhow, for the study of the Hewitt closure it is
important to know examples of completely regular spaces which are not @-spa-
ces. An obvious way of obtaining such spaces is to take a pseudocompact®)
space which is not compact. Clearly, if 7" is pseudocompact, we have hT = pT'
so that 7' cannot be a @-space unless 7' = 2T = T, in other words, unless
T is compact. Hewitt has shown that there exist pseudocompact spaces which
are not even countably compact. Other examples of such spaces have been
given recently by J. Novix [4] and S. Mréwka [3]. We intend to conclude
this section with another simple example of such a space.

(1,4) Let us denote by 7T the space consisting of all functions ¢ defined on the

1 o< tp) <1
2) for every s the set E[t(p) + s]isinfinite.

k4
Let, P be the set of all real numbers p contained in the interval 0 < p < 1.
Lett, ¢ T be given. If p,, ..., p, is a finite set of points of the interval P, ¢ a posi-

tive number, let

Ulty; Dy coos Pz &) = Bt € T, 1(p)) — to(ps)| < e, =1,2,...,n].
12

Clearly the sets U define a topology on 7" so that 7' becomes a completely regular
space. To see that, it is sufficient to note that T is a subspace of a cartesian
product of line segments.

~ *) A completely regular space T' is said to be pseudocompact if every continuous
function defined on 7' is bounded on 7".
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Let us denote by S the set consisting of all points ¢, of the form

tn(p) = p"
where n runs over all natural numbers.

We are going to show that the set S is closed in 7. Let us take for that pur-
pose an arbitrary point £, ¢ 7' which does not lie in S. There exists a point py < 1
so that £,(p,) > 0. Now there are two cases possible.

(1) for every natural n, we have #,(p,) + p;. Then there exists a positive e
so that the inclusion

to(po) — & < Do < to(po) + &
is not fulfilled for any natural #. It follows that the neighbourhood of the point
t, defined by the set U(t,; p,; #) is disjoint with .

(2) there exists a natural n such that fo(p,) = pg. It follows that p, > 0 since,
in the contrary case, we should have 0 = pg = £,(p,). Since ¢, non ¢ S, there
exists a point p, € P such that fy(p,) + p7. Hence p; + p,. Now there exists
a positive number ¢ such that the interval (£,(p,) — &, l4(po) + €) does not con-
tain any point of the form pj’ for m =+ n. Clearly ¢ may be chosen so small that
Phnon e (Ly(py) — & ty(py) + €). It follows that the neighbourhood Ufty; e, py; £}
is disjoint with S.

The topology of S being discrete, we see at once that is not countably com-
pact. Now let x be an arbitrary continuous function defined on 7'. Suppose
there exist points /,, ¢ T' such that |z(t,,)| > m. For every natural m and every

. . 1
natural n there exists a finite set P,, ¢ P and a number 0 < g, = - such

that the following implication holds
te Ut Pops Omy) = [2(8) — 2(t,)| < ;{ .
Let P, = u P,,, let Q = u P,
Now if ¢ e T is a point such that

Up) = tu(p)

for every p e P, we see at once that z(f) = z(¢,). By means of the diagonal
process it is possible to define a subsequence v,, of the sequence ¢,, such that for
every ¢ « ¢} the sequence v,,(¢) converges to a limit «x(g), where 0 < «(g) = 1.

Now let R be an infinite countable subset of P disjoint with @. Let us order
the elements of the set R into a sequence r,. For every natural m let us define

wm(q) = vm(q) for every q € Qa
W’”(T”) = % for every natural n,
Wy (p) = 0 forevery p e P — (Q v R).
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Similazrly, let

wl(g) = () for every g < @,
1
w(r,) = . for every natural n,
w(p) = 0 forevery pe P — (Q U R).

It is easy to see that (i) the functions w and w,, are elements of the space 7',
(i) for every natural 2 we have x(w,,) = #(v,,), (iii) we have lim w,(p) = w(p)
m
for every p € P. The sequence v,, being a subsequence of £,,, we have
2] = o(o,)] > m
which is a contradition.
It would be interesting to know the solution of the following

problem: Does there exist a pseudocompact space 7' such that every com-
pact subset of 7' is necessarily finite?

3]

We have thus far considered the algebraic structure of the spaces C(7') only.
1t turns out that every completely regular topological space 7' may be imbedded
as a dense subset in a certain space AT such that C(T') and C(AT') are algebrai-
cally isomorphic. In the present paragraph we are going to study the connec-

tion between the spaces C(T') and C(AT") when they are equipped with a topolo-
gical structure as well. The most natural topology for spaces C(7") seems to be
the following.

If McT and e is an arbitrary positive number, let U(M, ¢) = B[z <« C(T)

lx(M)| = ¢]. The topology of O(T') shall be defined by the postulate that the
system of all sets U(K, ¢) be a complete system of neighbourhoods of zero,

- K being an arbitrary compact subset of 7', ¢ an arbitrary positive number.
From now on, the symbol C(7') will include both the algebraic and the topolo-
gical structure of the space considered. Clearly, C(7") becomes thus a convex
topological linear space. The space of all linear functionals on C(T') will be de-
noted by M(T). Clearly every point ¢ € 7' can be considered as a linear functional
on C(T). We shall not distinguish between points of 7' and the corresponding
members of M (7). The subspace of M(T') consisting of all linear combinations
of points of T will be denoted by P(T'). The weak topology on C(T") correspon-
ding to P(T') will be called the point topology of C(T'). It amounts to the same
as considering C(T') as a subspace of a cartesian product of real lines, one coor-
dinate for each point of 7.

(2,1) Let T be a completely regular topological space, K a compact subset of h7T'.
Let B be a pointcompact subset of C(T). Let x,, be an arbitrary sequence of points
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of B. Let x be a limit point of the sequence x, in the point topology. Then there
exisis a subsequence x,, such that
lim @, (w) = a(w)
for every w « K.
Proof: For the sake of clarity, the proof will be divided into several
Pparts.
1. Let m be a given natural number. For every s ¢ K let us take

K(m, s) = E[weK, [z (w — )| <7717—/, 1< -m] .

The sets K(m, s) form a covering of the compact space XK. It follows that this
covering contains a finite subcovering consisting of sets K(m, z) where z runs
over a suitable finite set Z,, c K.

Now, let W denote the set of all points w e AT such that a point s ¢ K can
be found which fulfills z;(w) = z,(s) for all 1. For every z ¢ Z,, it is possible to
find a h e T such that x,(h) = x,(z) for all <. Clearly we shall have 2 ¢ W. In this
manner we obtain a finite set H,, ¢ W n 7. The union of all H,, is a countable
subset of W n 7' and will be denoted by H.

2. Let us denote by S the closure (in the point topology) of the set consisting
of all #,,. In this section, we shall prove the following assertion.

Let u ¢ AT, v ¢ AT and suppose that
T = 20

for every ¢. Then zu = zv for all x ¢ 8. To prove this, let us take an arbitrary
z, € 8. Then there exist two points %, ¢ T, v, ¢ 7' such that

Ty = T ,
Ty = T
fori=0,1,2,.... Let ¢ be an arbitrary positive number. Since z, lies in the

point closure of the set consisting of all points «,, a natural number j can be
found so that
(o — @) — v,)] < &

Now

leou — 2gv| = [2o(u — )| = |(2, — ;) (4 — )] = (T, — 2;)(%g — Vg)| < €.
Since ¢ is arbitrary, our assertion is thus proved.

3. This section is devoted to the proof of the following result.

Let w, ¢ W, z ¢ AT and suppose that, for every ¢,

lim zw,, = %z .

m
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Then z ¢ W and the relation

lim 2w,, = xz
holds for every x « S.

To see that, let us take first points #,, ¢ K such that
Tlm = B W,
for every ¢. Let « be an afbitrary member of 8. It follows from the above con-

siderations that «f,, = zw,, for every m. Since all {,, lie in the compact set K,
the sequence xw,, = xt,, is bounded. Sup_pose now that the relation lim zw,, =

= xz is not fulfilled. It follows that a subsequence t,, can be defined such that

Climat, = 2 + xz.

"
The set K being compact, the sequence t,, has at least one limit point s ¢ K.
Now if a natural ¢ is given, z,s is a limit point of the sequence z,,. Since x.t,, =
= X0, the number z,s is also a limit point of the sequence x,0,,; this sequence,
however, has a unique limit point, viz. 2,z. Hence

;8 = lim zw,, = x;2

m

for all <. Since s ¢ K we have thus proved that z ¢ W. According to our prece-
ding result we have also xs = zz. This, however, is a contradiction, since

‘ xs = limat,, = A + xz .
This completes the proof. :

4. Now we are able to prove our theorem. Let 2 be an arbitrary limit point
of the sequence @, in the point topology. In the first section of the proof we

have constructed a countable set H ¢ W n 7. By means of the diagonal pro-
cess, it is possible to form a subsequence z, such that

lim z, (k) = z(h)

for every h ¢ H. We are going to show that
lim a,(s) == x(s)
for every s ¢ K.

Let s be a fixed point of K. If a natural m is given, let z,, be an element of
7., for which s € K(m, z,,). For every z,, let us take the corresponding b, € H,,.
We have thus constructed a sequence 4,, ¢ H such that

lim x;h,, = x;8
for all 7.
Now a point ¢ € 7' can be found so that

xf = X8
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and at the same time
it = x;8
for all 2. It follows that t ¢ W n T and that
limzh, =t
for all <. Since both %, and ¢ are contained in W, the result of the preceding
section can be applied. We conclude that

lim bk, = bt

for all b e S.

Now let ¢ > 0 be given. Then there exists a natural m, such that m = m,
implies |zh,, — «t| < e. For every natural m we have lim z,h,, = xh,,. It follows

that a number n(m) can be found that such n = n(m) implies
[, — @hy,| < e .
For every m = m, let
8(m, &) = E[b e S, |bh,, — bt] < €] .
b

The sets S(m, ) are open subsets of S (in the point topology). Since lim bh,, =

= bt for every b e S, the system of all S(m, &) forms a covering of S. It follows
that there exist natural numbers m,, m,, ..., m, so that

' S(imy, &) u ... v Sm,, &) = 8.
We shall not forget that all m; are = m,. Now let n = max n(m,). We are

1<2<r

going to show that |a, ¢ — zt| < 3e. o

First of all, let us take an m, such that z, € S(m;, £). Now

et — at] < [(@n — @) hn| + |@n(t — )| + [0 — B )] -

Since n = n(m,), we have |(z, — z) hy,| < e Since x, € 8(m,, ), we have
[z, (b, — )] < e. Since m; = m, we have |#(h,, — t)] < e This concludes
the-proof. :

(2,2) Let T be a completely reqular topological space. Let B be a pointcompact
subset of C(T). Let B be equibounded on every compact K ¢ kT. Then B is coun-
tably compact in the weak iopology corresponding to M(hT). ‘

Proof: This is an immediate consequence of the preceding theorem if we
take into account the welknown fact that functionals belonging to M(RT)
may be represented as integrals over compact subsets K c 27'.

In the general case, equiboundedness of a B ¢ C(T) does not follow from its
compactness in the point topology, not even when 7 is compact. We have shown
in [5] for the case of a pseudocompact space 7' that this implication is true,
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however, if B is convex. This result, together with its proof, may be extended
without esgential modifications to the more general case considered here.

(2,3) Let T' be a compleiely reqular topological space. Let B be a symmetrical
convex and pointcompact subset of C(T'). Let K c BT be compact. Then there
exists a positive number o such that

‘ ) b)) <o
for every b ¢ B and every { ¢ K.

Proof: The proof relies on the fact that the set B is countably compact
in the weak topology of C(T') corresponding to the space P(AT). For the sake
of brevity, this topology will be called the A-point topology.

If x ¢ O(T), let |x|, = max x(t). To prove our theorem, it is sufficient to
tell .

show that
sup [b], <

beB

suppose that sup |b], = co. Then there exists a b, ¢ B and a ¢, ¢ K such that
PP P o+ 1

beB

bit; > 1. We shall denote by B, the set

By = E[be B, bt, > 1]
b

so that B, £ 0. Suppose now that the points #,, ..., {, ¢ K have been already
constructed so that the set

B,=E[beB,bt,>i,1<i=n]
b

contains at least one point b,,.

The set B being countably compact in the h-point topology, there are non-
negative numbers f; such that f, = max b(¢,).
beB

Suppose now that [B,|, < n + 1. Choose a real number A so that

i 4 fs

bnti + ﬁz '

1 > 4 > max

Take an arbitrary b ¢ B. We have then

. Ab, + (1 —AbeB
and, at the same time,

Ibots 4 (L — ) bty = Abyt; — (L — ) B >4
8o that b, + (1 — 1) b ¢ B,. It follows that
Wb, + (1 — )b, <n+1.



On the other hand, we have

1 . .
b = T3 ((4b, + (1 — 4) b) — 1b,)

whence

bl = '1‘“ (n

This is a contradition, since b was an arbitrary point of B. We have thus shown
that the inequality |B,|, <= -+ 1 is impossible. This assures the existence
of a point b, ., ¢ B, and a point ¢,,, « K such that b, f,,, > » + 1. We have
then

bpoyeBuyy = EbeB,bt;>d,1 =i <n4 1]
b

which completes the induction.
Let us put
C’,,—E[beB bt; =1, 1 <1 <nl.

The sets O, are closed in the #-point topology and form a decreasing sequence.
They are not empty since C, D B,. The set B being countably compact in the
h-point topology, there exists a point b ¢ B which lies in every C,. We have
then b, = ¢ for every ¢, which is a contradition, since all #; are contained in
the compact set K.

This completes the proof.

In [6], we have introduced the following definition.

Let T be a completely regular topological space. Let | be a function defined on T'.
The function | is said to be countably continuous on T, @f the following condition
s fulfilled.

Let tg € T be a limit point of the sequence i, ¢ T. Then f(t,) 1s a limit point of the
sequence f(t,)

(2,4) Let B be a symmetrical convex and pointcompact subset of C(T'). Let r
be an arbitrary member of M(hT). Then r is countably continuous on B.

Proof: Let by be a limit point of the sequence b, ¢ B in the point topology.
There exists a compact K ¢ AT and a number A > 0 such that we have lar| < 4
for every x ¢ C(T) which fulfills |2(K)| < 1. According to (2,1), a subsequence
b, can be found such that b,(f) — by(t) for every f< K. According to (2,3),
the sequence b, is equibounded on K. It follows that b,r — by which completes
the proof.

(2,5) Let B be a symmetrical convex and pointcompact subset of C(T'). Let b,
be a sequence of points of B. Let b« B. Then the following properties of b, are
equivalent:

(1) the point b is a limit point of the sequence b,, in the point topology,
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(2) the point b is o limit point of the sequence b, tn the weak topology correspon-
ding to M(rT).

Proof: Let b be a limit point of the sequence b, in the point topology. Let
1y ..., Tp be given elements of M(AT'), let ¢ be a given positive number. There
exist compact K, c AT and a number A > 0 such that we have |wr;| < 1 for
every x ¢ C(T') which fulfills |#(K;)| < 1. Put K = u K;. According to (2,1), -
a subsequence b, can be found such that b,(¢) — b(¢) for every ¢ ¢ K. According
to (2,3), the sequence b, is equibounded on K. It follows that b,r, — br, for
¢=1,2,...,p, so that there exists a natural n, with the following property

nzng, 1 S0=p B b —br| <e.

We see thus that condition (2) is a consequence of (1). The other implication
being trivial, the proof is complete.

We shall need further a trivial remark concerning convex topological linear
spaces. Let X and Y be two dual convex topological linear spaces. Let 4 ¢ X
be symmetrical convex and closed. We shall say that A is generated by a set
Mc X if

A = M*,
If M is countable, let us form the set W consisting of all linear combinations
Ay 4 ..o+ A,

where m; ¢ M, X[4,] = 1. If A, are restricted to rational numbers only, we obtain
a countable set . It is easy to show that H is dense in 4. First of all clearly H
is dense in W. Since W is symmetrical and convex, the closure of W (and there-
fore of H) is equal to W™*. We have, however M ¢ W ¢ A, so that

A=M*cW*¥cA™=4.

It follows that the propositions ,,4 is generated by a countable” set ,,and 4 con-
tains a countable dense subset’’ are equivalent.

(2,6) Let B be a symmetrical convex and pointcompact subset of C(T). Let B
generated by o countable subset of C(T). Let r e M(RT). Then r s conlinuous
on B, taken in the point topology.

Proof: According to our assumption and the preceding remark, there exists
a countable set W such that B coincides with the point closure of W. Let
be a sequence of points of W which contains all points of W.

Since r ¢ M(hT'), there exists a number 4 > 0 and a compact K c 27 such
that

e O), W(E)| =1 = |or| < 4.

Especially, we have
xeC(T), (K)=0 = ar=0,.
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Let m be a given natural number. For every s ¢ K let us take

Kim,s) = Elwe K, xi(w~s)l<fl~, I<i<sm).
w : m

The sets K(m, s) form a covering of the compact set K. This covering contains
a finite subcovering consisting of sets K(m, z), where z runs over a suitable
finite set Z,, c K. Let us denote by Z the union of all sets Z,,. Let « be a point
of B such that #(Z) = 0. We are going to show that x(K) = 0.

Let ¢ be an arbitrary point of K. For every natural m, let {,, be a point of
Z,, such that ¢ ¢ K(m, t,). It follows that, for m = ¢, the following inequality
holds

. 1
la. —_ .
{xz(tm t)] < m’

so that we have
limat, = xt
for every ¢. Qur point z lies in the point closure of the sequence z;. We have
shown during the proof of theorem (2,1) that these facts imply the relation
lim xt,, = «f .
Now we have xt,, = 0 for every m, the points ¢,, being contained in Z. It follows
that ot = 0. Here, however, ¢t was an arbitrary point of K. This proves that
z(K) = 0.
Let v; be a sequence which contains all points of Z. We are going to show
that, for every ¢ > 0, a natural number » can be found such that

beB, |by, g-:; for ¢=1,2,...,n imples [br] <e.

This, clearly, is sufficient to prove our theorem.
Suppose that, for every natural », a point &, ¢ B can be found such that

«

]bnv,jg% for 1=1,2...,n

and, at the same time, |b,r| = z. The sequence b, has at least one limit point
by € B in the point topology. The functional r being countably continuous‘on B,
we have |byr| = . Now let ¢ be a fixed natural number, ¢ an arbitrary positive
number. The point b, being a limit of the sequence b,, a natural n = max (i, _;.)
can be found such that

!(bn —— bo) ’Uil < o.

1 e . .
It follows that |byv,| < o + |boy < o+ — < 2¢. Since both ¢ and ¢ were
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arbitrary, we have by, = 0 for every »;, so that by,(X) = 0. This is a contra-
diction, since |byr| > . This completes the proof.

(2,7) Let B be a symmetrical convex and pointcompact subset of C(T) which
contains a countable dense subset. In such a case, the point topology on B coincides
with the wealk topology corresponding to M (RT).

Proof: Let M c B be closed in the weak topology corresponding to the
space M(AT). Let by € B, bynon € M. Then there exist », e M(RT), i =1, 2, ...
..., n and a positive ¢ such that

beB, |b—by)r|<e = bnonelM.

According to (2,6) all r, are continuous functions on B taken in the point topo-
logy. It follows that the point b, cannot belong to the point closure of the set M.
The set M is therefore closed in the point topology which completes the
proof. . .

In this section we are going to prove the converse result.

(3,1) Let T be a completely regular topological space. Let r be a linear function
on C(T') such that r is countably continuous in the point topology on every symmetri-
cal convex and pointcompact B ¢ C(T) which is generated by a countable subset
of C(T). Then r ¢ M(RT).

Proof: Let us denote by A the system of all sets 4 « F*(AT') such that

xeCT), 2(4)=0 = ar=20.

We may limit ourselves to the case r # 0, so that all sets 4 ¢ A are nonempty.
The family A itself is nonempty, since clearly A7 ¢ A. First of all, let us show
that the intersection of an arbitrary finite subfamily of A is nonvoid. In fact,
let A, ..., 4, be a system of sets 4, ¢ A with intersection void. Let ¢, ¢ C(T') be
such that
T 0=g(t) =1, A;=E[tehT, g;(t)=0].

i

It is easy to see that the function g defined by the relation g(t) = Zg,(t) is con-
tinuous on A7 and positive for every t e RT. Let us take

ei(zt):iqg"T(;)2 fOI,. 1=1,2,...,n.
Let « be an arbitrary member of C(7'). Put x,(t) = x(t) e,(t). It follows that
X = 2y ... + x, and x,(4;) = 0 so that x,r = 0. Hence xr = 0 which is
a contradiction since x was arbitrary and ¢ == 0.

Let  be an arbitrary member of C(T"). We are going to show that there
exists an 4 ¢ A such that x(4) is bounded. Suppose this were not true. Let us
put

P, = E[t < hT, |z(t)] < n]
4
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so that the sets P, form an ascending sequence of open sets the union of which
is the whole space T'. There exist functions z, ¢ C(T') such that z,(P,) = 0 and
2,r = n. Let us denote by Z the subset of C(T') consisting of all z,. Let M =
== Z""°" We are going to show that the set M is pointcompact. Let us denote
by § the cartesian product of real lines, one coordinate for each point ¢ ¢ 7',
It follows that the set Z”"* is compact and that M == O(T) n Z""*. Our
assertion will be proved if we show that Z""* ¢ O(T').

For that purpose, it is sufficient to show that every function pe Z™"" is
continuous on every P,. This, however, is clear since on every P, almost all
functions z, are zero. The set M is therefore compact in the point topology,
so that r is point continuous on M. This is impossible since z, ¢ M and z,r = .
According to (1,3) the intersection of the family A is a compact subset K c AT

First of all, we are going to show that there is a number « > 0 such that
|2(T)] £ 1 implies Jar] < «. Suppose that such a number does not exist.
Then there are w, < C(T) such that |z,| < 1 and |27 > n. The functions

1 : . . .
=, (extended to fT') form a sequence which converges to zero in the normed
7

space C(BT). Let us denote by B the closed symmetrical convex envelope of
these functions in C(T). This set is compact in the norm topology of C(8T)
and therefore compact in the point topology corresponding to 7'. It follows -
that there exists a positive f§ such that
1
—x,r

< B
Vn ’

whence
n < || < np

which is a contradition. The existence of a number ~ with the required property
is thus established.

We are going to show now that we have ar = 0 for every x ¢ C(T') which
fulfills 2(K) = 0. To see that, suppose there is a function z ¢ C(T') such that
2(K) =0, 2r + 0.

Let

1
w ? [t ehT, |x(t) = W ]x?‘]] .

We are going to show that W has a nonvoid intersection with every 4 « A.
In fact, suppose there is an A4 ¢ A such that W n 4 = 0. It follows that

[#(A)] < 5 lar] = 6.

Let us take now the function z defined by

2t) = Fa(t) + B — a(®) — B .
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Ift e A, we have — § <C 2(t) < B, so that (f) + g > 0, 2(t) — p < 0. It follows
that z(t) = x(f), so that 2r = zr. Now [2(T")] =< B so that we obtain the following
estimate

|or| = |zr] < « sup |2(T)] < o] .
This contradiction shows that W 0 A + 0 for every A ¢ A. It follows from
lemma (1,3) that the system A n W has a nonvoid intersection. This is impos-
sible, however, the set W being disjoint with K.

Now it is easy to show that x « O(7'), |«(K)| < 1 implies |x7| < o. In fact,

ifx e C(T), [2(K)| = 1, the function z defined by

2(t) = Fl=(r) + 1| — $[a() — 1]
coincides on K with z, so that xr = zr. Since [z(T)]‘ =1, we have
It follows that r e M (A7) and the proof is concluded.

2] < o

4.
The results of the preceding sections may be resumed in the following manner.

(4,1) Let T be a completely regular topological space. Let r be a linear form defi-
ned on C(T'). Then the following conditions are equivalent -

(1) r is a functional belonging to M (hT)

(2) r is pointcontinuous on every symmetrical convex and pointcompact subset
of C(T'y which contains a dense countable subset

(3) r is weakly continuous on every symmelrical convex and poinfcompact
subset of C(T') which contains a dense countable subset

(4) r s pointcontinuous on every symmetrical convex and weakly compact
subset of C(T) which contains a dense countable subset

(5) » 18 weakly continuous on every symmetrical convexr and weakly compact
subset of C(T') which contains a dense countable subset.

Proof: The fact that condition (2) is a consequence of (1) forms the contents
of theorem (2,6). The implications (2) = (3) = (5) and (2) = (4) = (5) being
trivial it is sufficient to show that (1) follows from (5).

Suppose that r fulfills condition (5). Using lemma (2,7) it is easy to see that
r fulfills (2) as well. The implication (2) = (1) is contained in theorem (3,1).
This completes the proof.

- In a similar manner, we obtain the following series of implications.

(4,2) Let T be a completely regular topological space. Let r be a linear form
defined on C(T). Then the following conditions are equivalent.

(1) r belongs to M(hT)
(2) 7 is countably continuous in the point topology on every symmetrical convex

and pointcompact subset of C(T')
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(8) 7 is weakly countably continuous on every symmetrical conver and poini-
compact subset of C(T') .

(4) r is countably continuous in the point topology on every symmetrical convex
and weakly compact subset of C(T')

(5) 7 is weakly countably continuous on every symmetrical convex and weakly
compact subset of C(T).

. Proof: The fact that condition (2) is a consequence of (1) forms the contents
of theorem (2,4). The implications (2) = (3) = (5) and (2) =- (4) = (5) being
trivial, it is sufficient to show that (1) follows from (5). Suppose that » fulfills
condition (5). Using lemma (2,5) it is easy to see that r fulfills condition (2)
as well. The implication (2) = (1) is contained in theorem (3,1). This comple-
tes the proof.

It is easy to see that the essential point of the proof of our result is the theo-
rem (2,1). It is thus natural to ask whether the assumptions made are really
necessary. A simple example which we exhibit below shows that the assump-
tion that K be compact cannot be omitted. When the manuscript of the pre-
sent paper was nearly complete, the author has perceived that the proof of
(2,1) may be considerably shortened. The connection between these two me-
thods of proof is, however, not quite clear, so that the present proof does not
seem to lose its interest. Anyhow, though much longer, it is much more geo-
metrically intuitive. Besides, the simplified method mentioned may be used
to prove further results, which we intend to treat summarily in another
paper.

(4,3) Let T consist of all continuous functions defined on the interval ¢ <
Sp=LIft, eT, t,¢T, let us define

o(ty, &) = max itl(p) - tz(P)I .
0p<l

In this way, the space 7' becomes a metric space, so that 7' is completely regu-
lar.

Let r, be a sequence of rational numbers 0 < r, < 1 and such that r, is
dense in the whole interval 0 < p < 1.

For every natural 4, let us define a function b, on 7' by means of the following
relation

bilt) = 1(r.) .
It is easy to see that all b, ¢ C(T). Let us denote by B the subset of C(T') con-
sisting of all functions of the form

x(t) = t(p)
where p is an arbitrary point 0 < p < 1. Clearly, the sequence b, is dense in B,
taken in the point topology. At the same time, the set B is compact in the point
topology.
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For every natural m, let t,, be defined by

. CE(p) = pm.
The point ¢, will be defined by
tp) =10 for 0=p <1,
Clearly we have ’
lim b,(t,,) == lim r]" = 0 = by(t,)

for every ¢. The function b’¢ C(T') defined by b(f) = t(1) clearly belongs to the
point closure of the sequence b;. We have, however
()(t’llb) = 1

hm b(tm> = b(t())

is therefore not filfilled.
Applications of the present results will be collected in another paper.
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Pesowme

O NMPOCTPAHCTBAX HEOPEPBIBHBLIX GVHKIUNA

BJACTHUMIIL TITAKR (Vlastimil Ptak), IIpara.
(Iocrymno B pegaxnmio 22/X1I 1954 r.)

Hacrosumasa pabora ABIAETCA TPONOJIKEHNEM HCCHefoBaHmit asropa B 00-
 JACTH HCeBOKOMIIAKTHHEIX ITOJMHOKECTB BEITYRJILIX TOIOJIOTMYECKNX JIMHe-
HHIX TTpoeTpameTs. Jeno B TOM, 4TO, Kak BRISCHSIOTCS, MeTOJIB, HCIOJb30BAHIHE
B paborax [5] u [6] nanA cayuas ICEBIOKOMIIAKTHOTO IPOCTPAHCTBA, MOMKHO
NPUMENHTh (HECKOJbKO MX BHIOMBMEHUB) IIPH JIOKABATETBCTBE AHATOTMIHBIX
pesyibraToR, kacalomuxca ofogdouryn Xeiourra (Hewitta) mpoussosabmoro
BIOJHE DPeryAApHOT0 TONOJIOIMYeCKOr0 IpocTpaHeTsa. BodbImHETBO 91UX
pesynbTaToB HpefcTasider oGo0IIeHHe COOTBETCTBYWOIUX pesyabraton [5].
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Ecnp 7' — BuoJsise peryapHOoe TONOJOTHILCKOE NPOSTPAHCTRO, Mbl 0003Ha-
ynm gepes C(T') nuseiinoe npocTpaHeTBO BeeX HenpepMBRHX Gymrimi, onpe-
merenunix ua 7. Iipocrpamcrso C(T) TomoiaorusupoBane NI HOMOUH cemeii-

CTBA ICeBJOHOPM IZ"K = Il'laXE.’lf(t)iﬂ rjae K X’IPOG(’E‘L\L’T BCE KOMITAKTHLIC HOAMHO-
tek
secrsa pocrpancrsa T Taxum ofpasom, C{7') craHoBMTCS BBHIVKIBIM TOI0-

JOrUYecKuM svHeitnsmv npocrpancrsoM. OGosuauny yepea H(7T) ipocrpauerso
BeeX JuHeRusIx yHrnuonanon onpegeteunnix na (7). Uapeerno, uro ramjoe
BIOJTHE PErYJTAPHOE TONONMOFHISCKOe POCTPAHCTRO MOzKeT GBITH HOPDYVHeno
srupocrpaneTso AT (06oiouka Xeiomrra npocrpanersa 1), ras, aro T waorso s A4
u kanpoe x ¢ O(7') monycraer HerpepHBIIoe TPOJOEHNIE [Ta BCO MPOCTPAHCTBO
AT. Orcoga elXefgyer, 4To ¢ TOUKY SPelis anreGpaudeckoil CrpyRTypPE Npo-
crpancrea O(T) u C(AT) rompectrenuni. Bl ae NPUHUMACTCH BO BHHMAHUC
I VX TOIIOJOTIHMYeCHKaAA CprlcTypa, TO 9T IpocTpaHcTBA HC'I’py}[HO 1)218.,‘]1’1‘]}’{’!‘!:7
TaK Kaw, 04eBUAHO, mpocrpaictso M(7') Momuo pacemarpuBarh Kak HOANDO-
crpaucrso npocrpancrsa M(AT). Mpesmosomum teneps, 4ro Aano Kakoe-;1mbo
npocrpanereo C(T). Tax war C(T) u C(RT) asreGpauuecrn psoMopQiel, 10
Kamppit smement wpoerpancrsa M(RT) mpegerapgacr nmmeinyio gopmy Ha
C(T). B ofmem cayuae sra gopma me Gyjer nenpepnrsioit va C(7). Hanpanm-
BAETCH, OJHAKO, BOIPOC, Lie COXPANACT JM OHA Bee e HEROTOPYIO Helpepnin-
HOCTH, XOTH OBl 1 B ocmabnennoil opMe, Koropas 10380114 Gb HAM 0XapaKte-
pusosars wiewsl M(AT) Torsro upu momommu C{1'). C apyroit cropons upen-
nososmuM, aro 8 M(AT) Bpegena Iipon3BoJbRAA TOHOJOrHS Taras, uro C(AT)
u M (AT peoitcremnnst npyr ipyry. Torpa M(T) nnorao 8 M(RT). Bosauraer
BOIpOC, HelbssA i pacemarpuBate M(AT) B HOKOTPOM CMBICTE KAK II0NI0/IHE-
e M(T). 9tu gBa BompoCa TECHO CRABAMLI OIMH ¢ JPYIUM 1 HX ofcympaenme
COCTABIIALT IIpefMer HacroAme paforsr.

Iepsuit maparpad copepsmur Bampelumie TeopeMbl TeopUH 0GOMOURH
Xpiourra. PesysapraTel »Tor0 paspesa He SBASIOTCA 1O CYIECTBY HOBBIMIU.
Boapmas yacrs ux Onia forasaua (B sBHON My HeABHOH fopume) yae XpiouT-
TOM; OJIHAKO B HACTOAINEH 3aMeTie MBI J{aeM efIUHYI0 Te0pU0 06010481 XbIONT-
Ta, ONUPAIOHIYIOCS HA BecbMa IIPOCTYIO JeMMY, AOKA3aHHYIO B LpeAbIgylleii
pabore. OrassiBaerca, YT0 IPH HCHOJB30BAHIN BTOH JEMMEl JOKaBATEIbCTBA
BeChMa YIIPOIIAIOTCA, YTO U MOCIIYHUIO HOBOJOM AJAA BKJIOUCHNA HTOIC mapa-
rpada B HacroAmyo padory.

Bropoit w Tperwit naparpadil IOCBAIAIOTCA  JIOKA3ATENLCTBY 1J1aB-
HOrO pesyibrara. CaMo JoKasaTelbcTBO MORPABAETIACTCA HA HECKOJIBKO dac-
Tel, 13 KOTOPHIX CaMadA Ba;KHAA SBIAETCH HEIOCpeicTBeHHBIM 0Go0nieHneM
Teopemsl (1,2) paborer [5]. Ilosryuennsie peaynpratsl chopMyIUpPOBAHEL B T€0-
pemax (4,1) u (4,2).

OTH pesyJbTATH JOIYCKAIOT HHTEpECHBe NPHMEHEHUs, KOTOpHe OyAyT
ony0JIUKOBAHE II03JHEE,

431



