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C o n cern in g  th e  effect o f  co m p re ss ib ility  on  la m in a r  b o u n d a ry

lay e rs  a n d  th e ir  s e p a ra tio n

By  L. H o w a r t h , S t  John 's  College, Cambridge 

{Communicated by S ir  Geoffrey Taylor, F .R .S .— Received 20 November 1947)

T he th eory  o f  com pressible flow  in  a  lam inar boun dary layer has been  d eveloped  for th e  
case w hen  th e  v isco s ity  is assu m ed  to  b e  proportional to  th e  abso lu te  tem perature and  th e  
P ran dtl num ber is  u n ity . (T hese assu m ptions m a y  be com pared w ith  th e  em pirical relations

/ 1  oc T® an d cr =  0*715 su ggested  b y  Cope.) I t  is show n th a t a  transform ation  o f  th e  ordinate  
norm al to  th e  layer can lead  to  a sim plified  form  o f  eq u atio n  o f  m otio n  v ery  sim ilar to  th e  
ordinary incom pressible eq u atio n  b u t m odified  b y  a  m u ltip lica tiv e  factor O  in  th e  pressure 
term . T h is factor is  greater th a n  u n ity  a t  th e  boun dary  and  ten d s to  one a t  th e  ou tside o f  
th e  layer.

Several particular so lu tio ns are considered inc luding  accelerated flow  w ith  a  linearly  
increasing v e lo c ity  an d retarded  flow  a long  a  fla t p la te  w ith  a  lin early  decreasing v e lo c ity .

T he general im plications o f  th e  th eory  are discussed and  q u a lita tiv e  conclusions are drawn  
w hen th e  m ainstream  v e lo c ity  starts from  a  sta g n a tio n  p o in t, rises to  a  m ax im um  and  
su b seq u en tly  fa lls. I t  is concluded th a t  for such  a v e lo c ity  d istrib ution  increasing com 

pressib ility  w ill reduce th e  sk in  friction , increase th e  boun dary la yer th ickness  and cause  
earlier separation  as com pared w ith  th e  incom pressible flow w ith  th e  sam e m ainstream  v e lo c ity  
distrib ution  an d th e  kinem atic  v isco s ity  corresponding to  cond itions a t  th e  stagn atio n  po in t.

1. I n t r o d u c t i o n

T he  recen t w ork o f Cope & H a rtre e  (194&) has m ade  i t  a b u n d a n tly  clear th a t  a  

com plete  s tu d y  o f com pressible flow in  b o u n d a ry  layers  w hen allow ance is m ade 

for th e  em pirical te m p e ra tu re  v a ria tio n  o f v iscosity  an d  c o n d u c tiv ity  is a  m a tte r  

fo r m o d em  electronic calcu la ting  m achines. These a u th o rs  have, in  fac t, in itia te d  

a  s tu d y  o f th e  flow along a  fla t p la te  in  th e  presence o f a  lin ear re ta rd in g  pressure  

g ra d ie n t b y  th is  m eans.

T he  em pirical re la tions  chosen b y  Cope (unpublished) for a ir  in  th e  te m p e ra tu re  

range  90° K  to  300° K  (the  ran g e  im p o r ta n t in  w ind  tu n n e l experim en ts) a re

/10c T$  a n d  cr =  0 '715, ( 1 )
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w here fi is th e  viscosity, T  is th e  absolu te  tem pera tu re  and  cr is th e  P ran d tl num ber 

defined as / zcp/kw here k  is th e  therm al conductiv ity  and  cp is th e  specific h ea t a t  

co n stan t pressure.

T he difficulty in  an y  num erical approach  to  a  problem  of th is  com plexity  lies in 

th e  num ber o f pa rticu la r solutions required  to  give a full understand ing  o f th e  

effects of com pressibility  on boundary  layers. I t  was therefore th o u g h t to  be 

w orthw hile to  develop th e  th eo ry  when th e  em pirical relations are  replaced by

y c c T ,  (2)

and  <r =  1, (3)

for i t  appears th a t  in  th is  case considerable sim plifications in  th e  th eo ry  can be 

achieved. I t  is th o u g h t th a t  these assum ptions are sufficiently close to  Cope’s 

em pirical re la tions to  m ake th e  resu lts a t  least of qualita tive  in terest.

T he assum ption  cr — 1 has been m ade by  m any  previous w riters and  le

in th e  case o f variab le  viscosity, to  s tagnation  tem pera tu re  a t  a  h ea t insu lating  

boundary  (Crocco 1946). The assum ption  /£ oc T  has effectively been m ade by  Crocco 

for th e  flow along a fla t p la te  in  th e  absence of a  pressure g rad ien t w hen he assum ed 

p y  constan t. The effects of these tw o assum ptions tak en  together appears, in  view 

o f th e  s tagnation  tem pera tu re  a t  the  boundary , to  lead to  an  overestim ate o f viscous 

effects in  th e  boundary  layer.

A ccepting these tw o basic assum ptions th e  theo ry  will be developed exac tly  and  

w ith  particu la r reference to  th e  effects of pressure gradients on boundary  layers 

along h ea t insu lating  boundaries.
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2 . T h e  e q u a t i o n s  o f  m o t i o n  a n d  c o n t i n u i t y  

The equations of m otion and  con tinu ity  are

du du_  1 d 1 0 /  0/A

U d x ^ V dy pd

l ( p u ) + l ( p v ) - 0 .

E quation  (6) im plies th a t  a stream  function exists such th a t

dir , dir
p u = p 8^ ,  0^ >

(4)

(5)

( 6 )

(7)

where the  suffix s is used to  denote some s tan d ard  condition o f the  gas, a t  some 

specified po in t of the  boundary  layer or m ain flow outside. The viscosity will also 

be defined in term s of the  tem peratu re  Ts a t  th is poin t by the  relation

T
V = ftsTp • ( 8 )

Vol. 194. A. 2
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18 L . H ow arth

L et us now change from independent variables to  where

a n d p , T  denote the  pressure and  tem peratu re  a t  any  po in t inside th e  boundary  layer. 

The pressure p  being independent o f y  by  v irtue  o f equation  (5) has been

outside th e  in tegral sign. F u rtherm ore  le t us m odify xjr b y  w riting

Then Ps

P

=  (jf)* x (* »  7 )* 

m  = P s (P \ i ( M

\ t y ) x  p \ p j

( 1 0 )

( i i )

where subscripts x, y, Y  are  used to  show w hich quan tities  rem ain  constan t in 

a  partia l differentiation. H ence

p  W  a rW
assum ing the  gas to  be perfect. N ex t

PPaTs dX  
P sp T d Y d Y

( 12 )

<■*>

_(M J i L \  g Z \  . J S - . a / W )
\ d x ) y \d x J 7  + \ d Y ) x \ d x J vd x d Y + d Y 2\ d x ) y '

td u \ ( d u \  ( d Y \  d2x ( d Y \

[d y )x - \ d Y ) x \ d y ) x - d Y * \ d y ) x - [ p j

H ence
du

ox
d2X . d2X

d Y d x d Y ^ d Y d Y 2{ - )
\ d x ) y

d2X
d x d Y d Y

d2X 
d Y 2dx

T d Y 2 '

1 P ,T ,
2 p sp T

VPsTsY^x d 2X  9 x  d 2X  
p sp T \_ d x d Y 2

1 dP „ d2X

© j

2 V 2  CU. X2 p d x A,d Y 2
(16)

again  m aking use o f the  perfect gas law. 

Now from  equation  (15)

so th a t

J t o \  = P s T ( d u \  _  d2X

r . - W / ,  A W  a r ”

i R M & - * ( 9 W 9

(17)

* i!x )
a r 2/

PsPTs g3x  _  93x
pps TdY 3 s 0 7 3

(18)

I f  now we use a suffix 1 on pand  T  to  denote general values in th

th e  edge of th e  boundary  layer
1 dp 

p x dx
- U

d U

d x *
(19)
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C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  la m in a r  b o u n d a r y  la y e r s  19

w here U  is th e  m ainstream  velocity. H ence

1 dp__ H p xj j d U  _  T  j j d U

p d x  p  dx  dx  *

since th e  pressure is co n stan t across a  section o f th e  boundary  layer. F ina lly

i ^  = _ e l v dU  = _ y_  i U

p d x  p  dx  a\ dx

w here ax denotes th e  local velocity  o f sound a t  th e  edge o f th e  boundary  layer. 

H ence equation  (4) tak es  on th e  form

dx d2x d x  f
d x d Y d Y  l

~T y  33y"l d3x

T ~ 2 a \ X d Y 2y V*dY z '
(21)

T he bo u n d ary  conditions are

u  = v = 0 a t  y =  0, u -> U  as y->oo,

and  these im ply

X =  g |  =  0 a t r  =  0, as F ^ o o .
01

(22)

E q u a tio n  (21) together w ith  its  boundary  conditions m ay  be com pared w ith  th e  

equation  for th e  stream  function  in  incom pressible flow for th e  sam e d istribu tion  

o f m ainstream  velocity

3 x j r d 2r/rdrjr _  j j d U  

dxdydy  dy2 dx dx dy3'

w hich has boundary  conditions

dr/r _  3i 

dx dy
0 a t  y 0,

d f  IT

u  as (24)

(The condition di/r/dx =  0 a t  y  =  0 could be replaced by  =  0 a t

loss.) This flow will be term ed  th e  associated incom pressible flow.

The effects o f com pressibility m ay  therefore be th o u g h t of as sum m arized in  the  

te rm  in  square brackets

O
T  y  d2X 
Tx 2a\ x d

(25)

which m ultiplies th e  effective pressure gradient, and  in  th e  a ltered  scale in  the  

d irection norm al to  th e  boundary.

E xcep t in  th e  case where dU /dx  =  0 ab o u t which some com m ents will be m ade 

la te r we cannot proceed fu rth er w ithou t a  knowledge o f the  tem peratu re  d istribu tion . 

This is provided b y  th e  energy equation  o f course.f

f  E v e n  w h e n  d U / d x  =  0 a  k n o w led g e  o f  th e  tem p era tu re  d is tr ib u tio n  is  e sse n tia l b efore  

th e  so lu tio n  ca n  b e  co m p le ted  a n d  y  d e term in ed  from  Y .
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20 L. H ow arth

3. T h e  e n e r g y  e q u a t i o n  

The energy equation  m ay  be w ritten

4 , ( * ! ) « © ’■

where k  is the  conductivity . In  term s of th e  P ran d tl num ber cr

p c p K
/icp

I f  now we m ultip ly  equation  (4) by  p u  and  add  to  (26) we find

p [ u 04 (i“!+ ^  T)+” I ; (i“2+Jc» T)] =
(2 7 )

assum ing cp  and  cr are constants. H ence, w hatever be th e  form o f th e  tem

varia tion  of [i,if cr =  1

Jcp T  +  \ u 2 =  const.

is a  particu lar in tegral of (26) (see Crocco 1946) and  is such th a t

a T
-r— =  0  w hen =  0 , 
dy

i.e. i t  corresponds to  a  boundary  which is therm ally  insulating. H ence we find

Jcp T + \ u 2 = Jcp T1 + \ U \  (28)

T  . 1

T x
so th a t 1 +

1 +

1 +

2 J  CpTj 

Rpi

2 Jcpp  

( y - i )
2a\

(C/2- w 2)

(U2- u 2) 

(U2 — u2). (29)

H ence th e  te rm  G which m ultiplies U(dU/dx)  in  equation  (21) takes th e  form

G =  1 + < ^ r p ._ (® 2£)r l _ X y
2a\ L \ 9 y / J

V x

a r 2’
(3 0 )

and  th a t  th e  full equation  of m otion is

d2x  dx

d x d Y d Y  d Y 2dx

( y - i )A t the  boundary  G =  14- 2 U2 w hilst as 00, -> 1 as is obviou

The effect of com pressibility is therefore to  exaggerate th e  effect o f th e  pressure 

g rad ien t in  th e  neighbourhood o f th e  boundary  as com pared w ith  th e  associated 

incom pressible flow. In  one or tw o exam ples which will be discussed la te r i t  appears 

th a t  a t  least for sm all M ach num bers G becomes less th a n  u n ity  in th e  ou ter p a r t  

o f th e  boundary  layer (i.e. G tends to  1 from  below) so th a t  there  is a  corresponding 

reduction  in  effect in  th e  ou te r p a rts  of th e  layer.
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I t  also appears th a t ,  as Illingw orth  (unpublished) found, no ‘s im ila r’ solutions 

o f equation  (31) o ther th a n  th e  one corresponding to  const, exist. A num ber o f 

solutions in  series will be considered below b u t since Poh lhausen’s m ethod  will 

also be used we shall now consider the  m om entum  in tegral equation  corresponding 

to  equation  (31).

C o n c e rn in g  th e  e ffe c t o f  c o m p r e s s ib i l i t y  o n  la m in a r  b o u n d a r y  la y e r s  21

4. Mo m e n t u m  i n t e g r a l  e q u a t i o n

L et us denote by  d 'th e  boundary  layer th ickness m easured in  term s o f Y

(32)

(33)

Consider first o f all th e  te rm  ob tained  by  in teg ra ting  G

S ? d Y - s ' + ^ u f - S l P r } - U } dM + ^ ( ^ J

s f +
u f  r * 2

2af J i
U 2

:d Y  + % r -^ -U *8 '
2 a\

2 a\ 2a\
(34)

H ence th en  exac tly  as for incom pressible flow

<35>

i e - - v f x  W+K-D-  [ « ' + 5 « r - 1) < l - ^ ] - ^ ) t .

H ence P ’ f +  [ r ( 2 - g )  +  i ' j l  +
( y - l ) C T - l  td u

« !L l -® ) .
This equation  m ay  be com pared w ith  th e  associated incom pressible form

^ +£/f 1 = ■'(I).-

(36)

(3 7 )

|  T h is  eq u a tio n  m a y  b e o b ta in ed  from  fir st p r in c ip les  w h en  d u e  a llo w a n ce  is  m a d e  for th e  

a ltered  sca le  in  th e  y -d irec tio n , a n d  b e in g  d efin ed  as

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0

2
2
 



22

5. T h e  KAr m a n -P o h l h a u s e n  m e t h o d

L . H ow arth

The s tan d ard  K&rm&n-Pohlhausen m ethod for incom pressible flow is then  im 

m ediately  applicable to  equation  (36). L e t us for th e  m om ent w rite M1 = 

we notice th a t  if  a0 is the  velocity of sound corresponding to  rest conditions in th e  

m ain stream  then

-------- £7’ =  a t  (38)

so th a t

and

M \

1 +  M \

U2 M l

a l - U y - \ ) U 2 l - | ( r - l ) i f 2’ 

al 1

(39)

(40)

w here M0 = Ufa0.

The theory  will be developed w ith  th e  s tan d a rd  quartic  form  o f velocity dis- 

trib u tio n  p u ttin g  u jV  = f (  Y jS ’) =  +  \G {V),

where rj =  Y/8 ',  F{rj) =  2r/ — 

and  /(0 )  =  0, / " ( 0) =  - A , / #(1) = / " ( ! )  =  0.

(41)

(42)

(43)

Now r i 0)-  ^ 2( | ^ ) o=  ^ p ) #= - £ [ i + ^ ^ s ]  u
dU

H ence
^ ^ f i  +  ( y - i )  
v8 dx  L -wf], (44)

and differs from  the  corresponding q u an tity  for incom pressible flow by  th e  factor 

[(1 +  \ { y  — 1) i f f ] .  I t  still rem ains tru e  as for incom pressible flow th a t

# ' =  3 l5 ( 37- S - 3 -  *i =  !To<36 - A> and ( H ) 0= f ( 2+S -  <45>

Substitu ting  these values in  equation  (36) leads to  th e  following differential 

equation  for A:

S = ^ [ A+A2A(A« +^ f H +^ A+AaA<A» +^ ™ ] '  <46>

where g W

m

i(A)

15120— 2784A+ 79A2 +  $A3 

(12 —A) (37 +  f£A) — ’

_____ 8 +  fA _____

(12 —A) (37 +  f-§A)’

1 5 1 2 0 - 1008A +  63A2 

(12 —A) (37 +  ffA ) *

(47)

(48)

(49)

The functions g and  h are  th e  sam e as those occurring in  incom pressible flow and  

tab u la ted  in  Modern developments o f f lu id  1, 160. The function A) is

tab u la ted  in  tab le  1 together w ith

m  =  * 2 ^ % A )  +  r {A%(A) +  A}, (50)

w hen y  — 1*4.
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C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  la m in a r  b o u n d a r y  la y e r s  23

E q u a tio n  (46) m ay  also be p u t in  a  form  analogous to  th e  one found m ost useful in 

incom pressible flow problem s by  w riting

T h en  g  =  i ^ ( A )  +  r ^ }A % (A ) +  A} +  ^ - ) ^ j ( A ) J  +  ^ ^ A ( A ) .  (51)

N ear a s tag n a tio n  p o in t th e  equations reduce to  th e  s tan d a rd  incom pressible form  

an d  since M 2IU  -> 0 as U -> 0 we find

'  2
(52)A =

7'0 5 2 - 1  = - 5 .3 . 1 ™
d x2m

h e co n d itio n s  h o ld in g  a t  th e  s ta g n a tio n  p o in t.

Ta b l e  1

A m H  A) A i(A) H  A)

12-0 00 00 3-0 32-53 11-13
11-0 194-52 128-76 2-0 32-44 9-442
10-0 98-04 63-47 1-0 32-97 8-026

9-0 66-67 41-53 0-0 34-05 6-811
8-0 51-65 30-44 - 1 - 0 35-67 6-753
7-8 49-12 28-74 - 2 - 0 37-83 4-823
7-6 47-74 27-38 - 3 - 0 40-57 3-995
7-4 46-07 26-04 - 4 - 0 43-95 3-255
7*2 44-58 24-81 - 5 - 0 48-09 2-593
7-052 43-57 23-96 -6 - 0 53-14 2-002
6-8 42-02 22-63 -7 - 0 59-31 1-480
6-6 40-91 21-02 -8 - 0 66-92 1-011
6-4 39-91 20-74 -9 - 0 76-44 0-613
6-2 39-00 19-89 -1 0 -0 88-57 0-297
6-0 38-18 19-09 -1 1 -0 104-44 0-084
5-0
4-0

35-11
33-35

15-74
13-17

-1 2 -0 126-00 0-000

The condition A =  —12 is still, o f course, th e  condition w hich governs separation . 

So far we have been concerned w ith  developing th e  general theory . I ts  applications 

to  pa rticu la r exam ples will now be considered.

6. F l a t  p l a t e  s o l u t i o n

The solution o f th e  fla t p la te  problem  has been given by  Crocco (1946) b u t it  

seems w orthw hile to  m ake a  few com m ents for th e  sake o f completeness.

I f  dUIdx  =  0 th en  equations (21) and  (31) reduce to

d2X dX d2X dX
0 7

an d  th e  b ou nd ary  con d ition s are

d 3X  

e r '<•
(53)

^  =  0 y
a y  ’ *

0 a t  y  =  0, ->U  as y  -> 00
01
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24 L . H ow arth

The solution is known (since i t  is the  same as the  associated incompressible solution)

to  be

x  = (54)

where ^  = Y  and  / " + / / '  =

w ith the  boundary  conditions

/  =  / '  =  0 a t  =  0, / '  =  2 a t  ?/ =  oo. 

The skin friction r  a t  the  p la te  is

ldu \ n 8T l d u \  T8 ld*X \

ss h  V '

4 (r ,x )‘/ ' ( 0 ). (55)

W e can take  the  s tan d ard  conditions to  refer to  th e  uniform  conditions in  the  m ain 

stream  and  so obtain , using suffix 1 for m ainstream  values,

w here a  — 1*32824. T he sk in  fric tio n  coefficien t

(56)

(57)

is therefore independent of Mach num ber in  th is case.

A lthough the  velocity d istribu tion  in  term s o f Y  is also independent of Mach 

num ber, th is is obviously no lodger so in  term s of th e  tru e  scale y. Thus we have u  

as function of y  only where

Jo r "  

( r [ i  + (v
Jo L 2a?

j", , ( r - 1 )

^ ( / 7 2^ w 2) J d y  

1)1 + w _ -  M q Y J y _ J l  M * j * £ 2d Y ,  

( y - i )
so th a t  V =  * [ ,  +  ^ M ' ! ’ - i J / H ] •

Now if we in teg ra te  the  equation  for / w e  find

JoY2*/=r-r<<>)+//'.

Hence y  =  \  [<) +  M \  { , -  i f  -  i f f  +  0-34206}],

(58)

(59)
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C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  25  

so th a t  if  we use y i to  denote th e  o rd ina te  o f the  incom pressible flow w ith  viscosity  vlt 

1 / C 7 W  , y - y .(y — 1) f ( / ' ' + / / ' )  

f e )  ’  and  = 5V M n i - i i i r ^ + — — }• (60)

W hen y0 th e  expression in  curly  b rackets tends to  1. W  en y  is large we find

=  0-5962 * . (61)
V i V

M=0/

/ /
/ m - i / M‘ 4 /M -5

/

0 1-5 3 0 4 5  6 0 7-5 9 0

F ig u r e  2

To see th e  significance of th is last resu lt i t  is convenient to  imagine a  finite boundary  

layer thickness 8 defined by the  condition u jU  =  0-999, say. This corres

a  value of 3 for rj. Hence
8 - 8 {  

8 ,
0-1987(y—1) M \

= 0-0795 (62)
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26 L . H ow arth

w hen y  =  1*4. Thus there  is an  8 % increase in boundary  layer thickness when =  1

and  a doubling in  thickness w hen Mx =  3*5.

The relation  defined by  equation  (60) is shown graphically  in  figure 1 when 

y  =  1-4. F igure 2 contains a  num ber of velocity d istribu tions a t  different Mach 

num bers.

The forms of the  velocity d istribu tions are  m uch th e  sam e as those ob ta ined  by  

K&rm&n & Tsien (1938) who assum ed /ioc jT0-76. T hey found as did  B rainerd  & 

Em m ons (1941, 1942) w ith  a v a rie ty  o f v iscosity-tem perature varia tions th a t  th e  

skin friction decreased slowly as th e  Mach num ber increased. The constan t value 

found in  th e  p resent investigation  is due, as suggested earlier, to  our assum ptions 

effectively overestim ating th e  effects o f viscosity.

7. F l o w  i n  w a k e s  a n d  j e t s

A lthough th e  problem  of viscous compressible flow in  wakes and  je ts  m ay no t be 

very  significant p ractically  since th e  flow is p robab ly  tu rb u len t i t  is nevertheless 

of some in te rest to  see th e  effects of com pressibility even in th is  case.

W ith  th e  usual approxim ations equation  (31) ad ap ted  to  flow in  a w ake becomes

< 6 3 >

w here vx is th e  kinem atic  viscosity  corresponding to  th e  und istu rbed  flow, th e  

d rag  D  being given by  th e  in tegral

D  = P lU* j
f’JM '- ih (64)

T hus D  = P lU* J

c » r -
(65)

P u ttin g  w = 1 — u /U  we th en  have

f 00
w dY

f — 00
(66)

approxim ately .

The solution in  term s of Y  is th en  given by  th e  s tan d a rd  incom pressible solution

w  =  w0e~il>2, (67)

The in tegral Jcp T  4- =  con st.
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of th e  energy equa tion  is applicable to  th is  problem  too  since i t  m akes vanish

w ith  du/dy. H ence  as in  th e  flat p la te  problem  we have  a  velocity  d is trib u tio n  d e te r

m ined by  rj, th e  tru e  scale y  being given by

C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  la m in a r  b o u n d a r y  l a y e r s  27

„ . r + f r z ! ) j n | ; r

=  Y  + ( y - l ) M l j ¥ w dY .  

H ence if  Y  is sufficiently large

y Y  +
( y — \ )M \D  

2 P lU

(69)

(70)

As for th e  flow a long a flat p la te  we can define a w id th  o f w ake by  w/w0 =  0-1 % , say, 

w hich gives a  value o f Y  o f approx im ately .

O f course D /p1 U2 is in  general an  unknow n function  of bo th  R eynolds an d  M ach 

num bers for a given obstacle so th a t  v aria tion  in  w ake size im plied by  (70) is also 

n o t know n. One can, how ever, in te rp re t (70) by  saying th a t  for a  g iven value o f 

D lpx U2 th e  o rd inary  incom pressible th eo ry  w ith  k inem atic  v iscosity  w ould under-

( y - 1 )  D
estim ate  th e  w ake th ickness by  a  constan t am o u n t -———-

In  th e  p a rticu la r case o f th e  w ake behind  a fla t p la te  of leng th  l

(71)

and
i — T & ~

(72)

w here

"
T
*h
r

lc*

II (73)

and y =  y  +  0 - 6 6 4 ( y - l ) J t f f l ( ^ ) _* e r f [ ^ ( ^ ) * ] , (74)

where erftf =  - 7-  f  e~lidt. 
V ^J 0

Defining th e  edge o f th e  w ake as in  th e  general case above th e  im plied to ta l w id th  

o f th e  w ake is

* ( ¥ ) '
+  l - 3 2 8 ( r -  1) M \ [ 8 V 2 ( |) * +  I-328(y — I ) l f | J

when y  =  1*4.

(75)

T he velocity d is tribu tion  in  th e  w ake when x =  10 for Mach num bers o f 0, 5 

an d  10 is shown graphically  in  figure 3.
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Consider n ex t a tw o-dim ensional je t. The flux of m om entum  F  across each section 

of th e  je t is ^

F  =  2 j  p u 2dy

= 2Po f  — u?dy =  f  (76)
Jo Po Jo

where the  suffix 0 refers t a  conditions in  th e  gas a t  rest outside th e  je t.

The equation of m otion derived from  (31) is

j 2x _ d x _ d 2x dx  _  v d*X

d x d Y d Y  a Y 2 1

28 L. H ow arth

The s tan d a rd  incom pressible solution can then  be used to  give

u  = %  = 0-4543 
o i

( f  y
\ P o W

sech2 £, (78)

( 5 1]XP̂ lx2)\'r. (79)

r l (80)

where £ =  0-2752

The ord inate y  is then  given by

y  = Y

w here a0 is the  velocity of sound corresponding to  res t conditions. F or sufficiently

(y —1 )F
large Y  we see th a t  y  — Y  — ——  ̂ ■ —, so th a t  for a  given value o f F/p0 the  je t w idth

4a0 p0

( y - l ) F
is less by an  am oun t — th a n  th a t  obtained  by  incom pressible theory  w ith

kinem atic viscosity v0.

2 a2 p0
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O f course th e  considerations set o u t in  th e  section on w akes and  je ts  do n o t hold 

in  th e  neighbourhood o f x  =  0 w here ne ither th e  assum ptions o f th e

nor th e  neglect o f pressure g rad ien t are  va lid .

C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  29

8. F l o w  w i t h  l i n e a r l y  i n c r e a s i n g  v e l o c i t y  i n  t h e  m a i n  s t r e a m

One o f th e  s tan d a rd  solutions o f incom pressible flow is g iven by  considering th e  

velocity  d is trib u tio n  U — fix

in  th e  m a instream . I t  corresponds to  flow in  th e  v ic in ity  o f a stag n a tio n  po in t. I t  

is obvious of course th a t  even w hen th e  flow is com pressible th e  velocity  d is tribu tion  

in  th e  b ounda ry  layer in  th e  im m ediate v ic in ity  o f th e  s tag n a tio n  po in t m ust be 

th e  sam e as th e  incom pressible one. If, how ever, th e  linear velocity  d is tribu tion  

U = fix  m ay  be supposed to  hold for some appreciable d istance dow nstream  th en  

com pressibility  will begin to  p lay  a  p a rt. To th is  ex ten t th e  problem  is m ore artificia l 

th a n  th e  corresponding incom pressible problem  b u t i t  is w o rth y  o f consideration  

since i t  m ay  be typ ica l o f accelerated flow problem s generally.

W ith  U — fix  equation  (31) takes th e  form

d2X dx d2x d x  F t , (7 -1 )  ( ^ 2  y d 2
d x d Y d Y  a Y 2dxL 2af \ d Y / f  2 a fx dY 2_

(81)

w here we use th e  suffix zero to  denote conditions a t  th e  stagna tion  po in t an d  tre a t  

these as our s tan d a rd .^  W e see th a t

=  < (82)

Â 1 I T  1 \2/?4#4 1

8 0 th a t  a r « s L 1 +  2 «  + ( r 2 )  «* +  ~ J • (83)

W e can ob ta in  a  series solution in  th e  form

X =  M v )  + ̂  4 f M  + —
L (lo ao ]•

(84)

where r/ — Y . (85)

The differential equations satisfied b y / 1}/ 3 a n d / 5 are

(86)

4/ l  r,-  3A'A - f j ;  = ( i - / ; * > ■ i f ;  + / r .(87)

« f'J i  -  s/x'A - h i s  = ( i - / i 2) - r

-  ( r  - 1  ) /; /a  - 1  ( A / ;  +AA") -  3(A2- f j l )  + / ” > (88)

f  T h e  su ffix  1 on  a  is  u sed  a s  b efore  to  d e n o te  gen era l m a in strea m  v a lu e s .
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30  L . H ow arth

an d  th e  b ou n d ary  con d ition s are

A  = f [  = fa = f z  =  / 6 =  /s  =  o a t  7]  = 0, f [  =  l , / 3'  =

A s rem arked  ab ove  / x is  th e  sam e fu n ction  th a t  appears in  th e  so lu tio n  o f  th e  

in com p ressib le  problem . T ak in g  y  =  1*4 w e h a v e

4 / ; / 3 - 3 / ; / 3- / i/ 3 =  o .2 (i - f ? ) -w m

O/i/s -  5 /r /5 - /1 /5  =  0-04(1 - / ;* )  -  0- 1 4 /j/r  -  0-4/;/a

-  0*7 ( / i / 3  +A/T) -  3(/32 - / a / a )  + / 6W. (9 0 )

The velocity d is tribu tion  is given by

9%
a r

where 

and  y

£ * [ / i fo )  +  ̂ r / s f o )  +  -  • ] ’

H £ > ‘ r

(91)

( ? ) T r - W . w ]

( ? ) *  6 ) ‘ \ ^ J 1 w ^ \ l K d v ~ ( y - i)fi- % l l f X d v + ■•■] • <92)

The skin friction r  a t  th e  wall is given by

( f a \  _M’WTq

A“w « ,  t „ w  w ) w’

where th e  suffix w  refers to  conditions a t  th e  wall. H ence

T -  * * K ) W * ( 0 ) + ? * < 0 )+ ^ * ( 0 ) + ■

The pressure ra tio  p /pQ which appears in  equations (92) and  (94) is give

P_

Po

r  ( y - l ) / ? 2a:2~]r/(r-i)

L 2 a 2 J
and  m ay be expanded in  powers of to  give

(93)

(94)

(95)

+

and

j > h * 4

7 = p A f > ' ° \ n < s > ) + ^ [ n ( o ) - | ^ ( o ) )

(96)

-t- /T(o)J + ...]. (97)
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T he in teg ra tio n  o f equation  (89) for / 3 has been carried  o u t an d  th e  resu lts  are 

shown in  tab le  2; / 3 is shown graphica lly  in  figure 4. This function  is in  fac t qu ite  

sm all com pared w i th /^ /g  (0) is positive  an d  o f th e  o rder o f 5 %  o f/i(0 ) . T he velocity  

correction  im plied b y / 3 is positive in  th e  inner qu a rte r, say, o f th e  b o u n d a ry  layer 

w ith  a  m axim um  of ju s t less th a n  1 %  o f th e  m axim um  va lue, u n ity , o f and  is 

negative  in  th e  rem a inder w ith  a  m axim um  num erica l va lue o f ju s t over 1 %  of 

th e  m axim um  va lue o i f ' x.

T a b l e  2

C o n c e rn in g  th e  e ffe c t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  31

V f z f z f z V f z S'z f z

o-o 0-000 0-000 0-056 1-6 -  0-003 -0 -0 1 2 0-002
0-1 0-000 0-005 0-036 1-7 -0 -0 0 4 -0 -0 1 1 0-005
0-2 0-001 0-007 0-018 1-8 -  0-005 -0 -0 1 1 0-007
0-3 0-002 0-008 0-003 1-9 -0 -0 0 6 -0 -0 1 0 0-009
0-4 0-003 0-008 -  0-010 2-0 -0 -0 0 7 -0 -0 0 9 0-010
0-5 0-003 0-007 -0 -0 1 8 2-1 -0 -0 0 8 -0 -0 0 8 0-010
0-6 0-004 0-004 -0 -0 2 4 2-2 -0 -0 0 8 -0 -0 0 7 0-010
0-7 0-004 0-002 -0 -0 2 7 2-3 -  0-009 -0 -0 0 6 0-010
0-8 0-004 -0 -001 -0 -0 2 7 2-4 -0 -0 0 9 -0 -0 0 5 0-009
0-9 0-004 -0 -0 0 4 -0 -0 2 5 2-5 -0 -0 1 0 -  0-004 0-008
1 0 0-003 -0 -0 0 6 -  0-022 2-6 -0 -0 1 0 -0 -0 0 3 0-007
11 0-003 -0 -0 0 8 -0 -0 1 8 2-7 -0 -011 -  0-003 0-007
1-2 0-002 -0 -0 1 0 -0 -0 1 4 2-8 -0 -011 -0 -0 0 2 0006
1-3 0-001 -0-011 -  0-009 2-9 -0 -011 -0 -0 0 2 0-005
1-4 0-000 - 0 0 1 1 -0 -0 0 5 3-0 - 0 0 1 1 -0 -001 0-004
1-5 -0 -001 -0 -0 1 2 -0-001

0 10 20 3 0

V

F ig u r e  4

The in teg ra tion  of equation  (90) has n o t been carried ou t b u t a  crude exam ination  

indicates t h a t / 5 should have m uch th e  sam e form  a s / 3 b u t considerably sm aller in  

m agnitude possibly of th e  order o f 20 % o f / 3.

I t  appears therefore th a t  even w hen /3xJaQ has reached u n ity  the  difference in  u  

a t  a given value of Y  (or y )from its corresponding incom pressible

and  of th e  order of 1 % . This does n o t o f course im ply th a t  the  change in  a t  a given 

value of the  tru e  o rd inate  y  is small. In  fac t th e  change in  scale is m uch th e  m ost
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32 L. H ow arth

im p o rtan t effect here. Bearing in  m ind the  rem arks on order o f m agnitude m ade 

above we can w rite equation (92) as

y

approxim ately . Thus

( r - i )

2 a*

y + / ; + f j i  o , } ] . (9 8 )

Velocity d istributions corresponding to  /?a;/a0 =  0, 0-5 and]l-0  (beyond which stage 

i t  seems inadv isable to  proceed w ithou t ca lcu la tin g /5) are shown in figure 5.

Fig u r e  5

The skin friction a t  th e  wall r  given by  equation  (94) is shown graphically  in 

figure 6 for values of fix/a0 betw een 0 and  1. A lthough v$fi-ix~1(du/dY)0 increases 

w ith  Mach num ber from  1-23 a t  /fa /a0 =  0 to  1*29 a t  fix/a0 1 th e  actual skin 

friction coefficient Tlp0v$fi*x falls from  1-23 to  0*87 as a  consequence of the  changing 

scale. As one would indeed expect in  th e  ligh t of the  velocity d istribu tions the  factor 

(p/Po)* representing th e  effect o f change o f scale predom inates and  leads to  th is  

substan tia l decrease in  skin friction coefficient w ith Mach num ber. A good approx i

m ation to  th e  skin friction is, in  fact, provided by  reducing th e  incom pressible value 

by the  factor ( pipo)* in  th is  range o f varia tion  of ftx/aQ.

A problem  ra th e r sim ilar to  th e  one discussed here is provided by  th e  boundary  

layer along th e  wall o f a  converging channel. H ere th e  effects o f com pressibility on 

the  m ain flow are know n and  to  th is  e x ten t th e  problem  is less artificial th a n  th a t  o f 

the  p resent paragraph .

9. S e r i e s  e x p a n s i o n s  f o r  t h e  g e n e r a l  m a i n s t r e a m  v e l o c i t y  d i s t r i b u t i o n

The considerations of th e  previous section m ake i t  ev iden t th a t  if  the  velocity 

d is tribu tion  in  th e  m ain stream  is given as a  series of ascending powers of x

U = {t1x  + fi2x 2 + fi3x? +(9 9 )
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C o n c e r n in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  33

a solution could be ob ta ined  in  th e  form

X = K A i ) * *[Fi(v) + +•••]»

w here

•J
S II O
s •a

n

B y  w ritin g F , = h ,  F 2  =  M ? / , ,

FZ -  9̂ z +  ^ 2  h z + a 2 k 3 ’
►

]? — , 5/?2/^3^ . 5/?2 ]„ .
e t C -

a o

( 1 0 0 )

( 1 0 1 )

( 1 0 2 )

th e  equations for th e  functions F  can be sp lit up in to  equations independent o f 

bo th  R eynolds and  M ach num bers, ju s t as in th e  corresponding problem  for incom 

pressible flow.

The functions f v  f 2, g3, h3, g4, h4, k4 are  in  fac t th e  functions d

pressible flow (H ow arth  1934). The new functions k3, q4 in troduced  by  com- 

pressib ih ty  are given by  th e  equations

i * ; - V l h - f i K  =  (103)

and  5/1^4— t f i Q i ~ f \ 9 i  — ~~ 3 ( 5 / 2k 3 

+ ( r -  i ) I ( i  -  3/ 1/ ; > + 3 ( i - / ! > ) ]  -  ̂  ( f j i  + / y ,  + / , / ; > ,  ( io 4 )

for w hich th e  boundary  conditions are

k3 =  k 3 = q4 = q4 = 0 a t  =  0, k3 = q4 = 0 a t  ^ =

As m ight be expected equation  (103) is identical w ith  (87) of which the  solution is 

given in  tab le  2 (where i t  is c a lled /3) when y  =  1*4. The functions / 1}/ 2, g3, h3 and  k4 

are tab u la ted  by  H ow arth  (1934).

In  view of th e  generally slow convergence o f th e  series involved and  the  con

sequently  lim ited applicability  of the  results i t  has n o t been considered w orthw hile 

to  calculate the  com pressibility effects beyond th e  function k3 a lready calculated. 

The skin friction a t  the  wall is

{du\ l d u \  / p \ l

M s i L ~ * l w wf c j

= a > ̂ t ( f j  * [ / K ° ) + + [ j f  s4(0)+ H  K(0)  A  15(0)}

+  »J(0) + r 4( 0) + i j ( 0 ) Sl' (0)} + . . . ] .  (105)

A sim ilar m ethod applies to  velocity d istribu tion

U ...

corresponding to  a sym m etrical obstacle.

(106)
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34 L. H ow arth

The stream  function x  is given by  a series of the  form

X =  (VoPi)i x lFi(V) + x2F3(V) + x**\{y)+  •••]> (107)

where

*!= /.

% +
A

A

2a§ 03>

6^1,
9z + ~p£h5 + 2a*

he +
2a*4 ’

(108)

(109)

H ere again the  functions f v f 3, g5, h5 are the  ones occurring in  incom pressible 

flow (H ow arth  1934, where they  are tabu la ted). The equations determ ining g3, Jc5 

and q5 are , _  . .

W . - s / l f o - / ,  g l  =  (1 

V [ K - V l h - A K  =  A " -1 2 ( 2 /3 ? 3 - / ;  s/a- / , » ; ]

+  (r  - 1) {1 -  V ; / 3  -  2y(A n  + / ’i/s ) . ( i l l )

0 /i  ?5 -  5/1 q5 - h  q l  =  q's~ 3

- 1  (/;»3  + A A ) + y (1 -/;■) -  r  ( 112)

w ith  the  bounda ry  conditions

g% ~  g% =  ^5 =  ^5 =  =  9b = 0 a t  

E qua tion  (110) is identical w ith (103) and  (87) th e  solution being given in table  2 

(where it is c a lled /3). E qua tion  (112) is identica l w ith  (88).

Beyond th is stage the  num ber of new functions in troduced by  com pressibility 

effects begins to  increase rapid ly  and  the  va lue of the  m ethod except a t  sm all M ach 

num bers is doubtful. F o r th is reason the  in tegration  has no t been carried beyond g3.

10. T h e  f l a t  p l a t e  w i t h  a  r e t a r d i n g  l i n e a r  v e l o c i t y  g r a d i e n t

A problem  which has been thoroughly investigated  in incompressible flow is 

th a t  which occurs when
• U =  U0— (113)

This velocity d istribu tion  has been shown to  lead to  separation  of the  layer when

Uxx

U0
0 1 2 0 .

We can app ly  series m ethods sim ilar to  the  ones developed above to  determ ine 

the  effects of com pressibility. W e tak e  conditions a t  the  leading edge as our s tandard  

and  denote them  by a  suffix 0. Then we can find a solution of equation  (31) in  the  form

X = Ui0x h i0{F0{7j)-8x*F1(ij) + (8x*)*F2{7 i)- .. .} ,  (114)
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v 1 YUl , * Uxx
where v  = —" and  x* = . (115)

C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  la m in a r  b o u n d a r y  la y e r s  35

7 "  2 4 x*  ~ U0

I f  we p u t F0 = f Q,

F =  +  

-̂ 2 =  “t" -^0^2 “l" -^0^2>

(116)

where ilf0 is th e  M ach num ber a t  th e  leading edge we find t h a t / 0, f 2, are  th e

functions occurring in  th e  incom pressible solution and  given by  H ow arth  (1938). 

The equations to  determ ine gv  g2, h2 are

VM+3 /5 y , =  (117

9 ? + f o  g l- * f 'o 9 't + V l g t  = -^ 2̂ ( 4 - / «  + ̂ /„ /'o - ^ ^ ( 1 - 2 / ^ ; )

+ 1  u i h  + / ’J o ) + v ; ? ;  -  3/ ^ ;  -  3/ ^ x .  ( 11»)

K + f , K - i f » K + 5 f i h 2 =  - !3^ ‘ < 4 - / ; !1) + y * ^ / . / ;

+  +  l  (/Ssri + /„ !©  +  2£?i2 -  3ylSr;. (119)

The boundary  conditions are

9i =  9i = = 9z = K  =  K  = 0 a t  y  =  0, 

The velocity d is tribu tion  is given by

w =  ^  [f'M~ 8**{fi(V) + M lg 'M )  +  +  J f fo  2fo) +  + . . . ] .  (1

The ord inate  y  is determ ined by

H f ) 7 . r £ a r

^  =  [ l + ^ ^ ^ U 8 x * - A ( 8 * » ) 2} ] r,<,_1>.and

( 1 2 1 )

( 122 )

The skin friction is given by

+  (8x*)2 {/5(d) +  Mlgi(0) + i f j ^ ( 0 ) }  +  ...]. (123)
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36 L. H ow arth

The new functions in troduced by  com pressibility effects again  m ultip ly  rapidly . 

I t  is to  be noted th a t  each o f th e  functions F  a fte r F0 contains a term  in M% so th a t  

th e  com pressibility correction a t  sm all Mach num bers is correspondingly more 

difficult to  assess th an  in  the  accelerated flow problem  discussed above.

T a b l e  3

V 9i 9\ g'i V 9 i 9i 9\
0*0 0*000 0*000 0*088 1*6 0*013 - 0*010 - 0*010

0*1 0*000 0*008 0*068 1*7 0*012 - 0*010 -  0*003

0*2 0*002 0*014 0*049 1*8 0*011 -  0*010 0*002

0*3 0*003 0*018 0*030 1*9 0*010 - 0*010 0*006

0*4 0*005 0*020 0*013 2*0 0*009 - 0*009 0*009

0*5 0*007 0*020 - 0*002 2*1 0*008 - 0*008 0*011

0*6 0*009 0*019 - 0*015 2*2 0*007 - 0*007 0*012

0*7 0 0 1 1 0*017 - 0*025 2*3 0*007 - 0*006 0*011

0*8 0*012 0*014 - 0*033 2*4 0*006 - 0*005 0*011

0*9 0*014 0*011 -  0*037 2*5 0*006 - 0*004 0*009

1*0 0*015 0*007 - 0*039 2*6 0*005 - 0*003 0*008
1*1 0*015 0*003 - 0*038 2*7 0*005 - 0*002 0*007

1*2 0*015 - 0*001 -  0*035 2*8 0*005 - 0*002 0*005

1*3 0*015 - 0*004 - 0*030 2*9 0*005 - 0*001 0*004

1*4 0*014 - 0*006 - 0*023 3*0 0*005 - 0*001 0*003

1*5 0*014 - 0*008 - 0*017

F i g u r e  7

The function gl has been calculated and  is tab u la ted  in  tab le  3; g'x is shown 

graphically  in figure 7 together w ith  f [  (on a  different scale) for com parison; <7i(0) 

is equal to  0*0878. I t  will b$  seen th a t  when =  1 th e  effect o f com pressibility is 

to  increase num erically th e  coefficient of 8x* in  th e  velocity  series in, say, th e  inner 

th ird  o f the  boundary  layer and  to  decrease i t  in  the  rem ainder. The m axim um  

percentage increase is 6 a t  rj =  0*5 and  th e  m axim um  percentage d

7j =  1*8. This then  corresponds to  a  ^ crease of to ta l velocity in th e  inner th ird  and
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an  increase in  th e  rem a inder. F u rth erm o re  w hen =  1, we have from  equation  

(123) i

[1*3284 —(&£*)(1*1083)+  0(& r*)a], (124)

so th a t  w hen 8x* =  0*1 w hich is as fa r as we can safely proceed w ith o u t fu rth e r term s

^ j  =  1 '2 2 8 - ,1 2 5 )

This va lue is sub stan tia lly  th e  sam e as th a t  (1*226) ob ta ined  a t  th e  sam e po in t in 

th e  incom pressible solution. T he decrease in  skin  friction  associated w ith  the  

velocity  corrections in  th e  x, Y  p lane is in  fac t in  th is  case ju s t offset by th e  scale 

correction fac to r {p/Po)* in passing from  th e  (x, Y )  to  th e  ( , y) p lane.

The m ain  in te rest o f th is  problem  presum ably  lies in  ob ta in ing  th e  po in t o f 

separa tion  and  th is  is o f course determ ined  com pletely by  conditions in  the  x, Y  

p lane since du /dY  an d  du/dy vanish  together. Separation  is therefore given by

fo(0) -  8z*{/!(0) +  M JflftO)} +  (8a:*)2 { f '(0 )  + MW '(0)  + M th ''(0 )}+ . ..  = 0. (126)

The s tru c tu re  o f the  equations (118) and  (119) in troduced  by  com pressibility  

considerations suggests th a t  g’̂ (0) and  hl(0) will be apprec

th a n  (?i(0) and  of th e  sam e sign as ^ (0 ) . Thus th e  effect of com pressibility  in  th e  

coefficient o f 8#* tends to  m ove separation  forw ard w hilst th e  corresponding effect 

in  th e  coefficient of (8a;*)2 is to  m ove i t  backw ards. To see th e  order of th e  effects 

involved le t us assum e th a t  all the  com pressibility  term s save (^(O) m ay be neglected 

w hen M0 —  1 . W e th en  find, following ou t th e  sam e procedure as the  incom pressible 

w ork (H ow arth  1938), th a t  for separation  x*  lies betw een 0*115 and  0*123 as com 

pared  w ith  th e  in te rva l 0*119 to  0*129 found for incom pressible flow. I t  would appear 

th en  th a t  w hen M0 =  1 th e  separation  po in t should no t move forw ard by  m ore th a n  

4 % of the  d istance from  the  leading edge to  the  po in t of separation  in  incom pressible 

flow.

I t  appears, in  fact, to  be im practicable  to  use th is series m ethod  to determ ine 

th e  influence o f com pressibility on separation  in  view o f the  num ber of functions it  

would be necessary to  calculate. I t  is, however, open to us to  m ake use of the  

K arm an-Pohlhausen  m ethod  which though  n o t very  accurate  should be adequate  

to  give resu lts a t  least qualita tive ly  correct.

W ith  U =  U0— U xx  equation  (46) becomes

^  - - J j -%  [g(A) +  +  A} +  J P ? (A )] , (127)

where, changing the  no ta tion  slightly  from  th a t  in  § 5, is the  local Mach num ber 

corresponding to  the  velocity U0 — Uxx. M  is therefore a

equation  (127) requires a num erical or graphical in tegration . However, as a  first 

approx im ation  since the  velocity change from  leading edge to  separation  in incom 

pressible flow is know n to  be re la tively  sm all (the series approach gives 12 %  and

C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  37
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38 L. H ow arth

Pohlhausen’s m ethod itself gives 1 5 | %) i t  appears plausible to  replace in (127) 

by a m ean va lue M 2. I f  we adop t th is approxim ation  then  

(U0- U t x) dA
log /: (128)

'o f(A) +  yJf*{A**(A) +  A} +  l ( 7 -  l )M * j(X y  

since A is zero a t th e  leading edge. The value xa o f x  a t  separation  is given th en  by  

/ U ,xa\  f°  _______________ dA_______________

log ( 1 _  T77V =  “  J _ 12 <7(A) +  y W { m \ )  +  A} +  i ( r  -  1) M~*j{ A)' <129)

T h is leads to  th e  fo llow ing  v a lu es  for U ^ J U q w hen  1-4:

M Uy.X jTJ

0 0-156

1 0-148

Vio 0-105

10 0-044

These values of Uĵ x JU q im ply a change in M 2 from  lead ing edge to  separation  

of 31 % when M  =  1, 43 % when M  =  ^10  and  66 %  w hen M  =  10. I t  th

appears desirable to  reject th is  approxim ation  and  to  in teg ra te  equation  (127) as 

i t  stands; th is has been done graphically . The resu lts ob ta ined  are shown in  th e  

following table  where M0 refers to  th e  M ach num ber a t  th e  leading edge.

0
1

V 1 0 =  3 1 6  
10

U^xJU,

0-156

0-148

0-107

0-052

M ach num ber  
a t separation  

0
0-83

2-4

5-4

The results do n o t differ as m uch as m ight be expected a t  first sight from  th e  

approx im ate  ones obtained above if  M ,is in te rp re

num ber. This is due to  th e  fac t th a t  g(A) is least and  

edge so th a t  the  value of M 2 p lays its  m ost im p o rtan t p a r t there.

The percentage m ovem ent of separation  betw een M 0 =  0 and  1 is 5 and  m ay  be 

com pared w ith  th e  outside figure of 4 %  obtained  from  th e  series solution.

fT he  changes in  th e  position of separation  as M0 increases beyond 1 are qu ite  large 

and  indicate  th a t, for th e  sam e m ainstream  velocity distribution, as th e  Mach num ber 

increases th e  po in t o f separation  moveo ^Oxward qu ite  rap id ly  in  th e  supersonic 

region. A som ew hat sim ilar problem  has been discussed by Illingw orth  (unpublished) 

who, assum ing viscosity and  conductiv ity  constan t, has considered the  effect o f 

Mach num ber on separation  for a given linearly increasing pressure along a  flat p late. 

A lthough no t stric tly  com parable we can consider the  re la tion  betw een th e  tw o sets 

o f results by  im agining the  incident pressure k ep t constan t and  effecting the  changes 

in Mach num ber by incident density  variations. Thus in  the  problem  of th e  presen t 

paper we have, if th e  suffix zero refers to  th e  leading edge

P_

Po

( y - i )

2
M l

/  C72\~|r/(y-i)

v ~ m u

f  T he con ten ts o f th is paragraph have been am ended  in  consequence o f a query raised b y  
Professor G oldstein .
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1 02? I ( y—1) i/(y—!)
an d  — ^  = yM la { l  — ccx)| l  

where a  =  U JU q. The considerations o f th e  p resen t paper can th u s  be appl

crudely  to  Illingw orth ’s problem  if  we m ake cc v a ry  w ith  M0 so th a t  rem a ins 

constan t. Illingw orth ’s resu lts are ca lculated a t  0*1, 1-0 and  ^10  so th a t  if

we tak e  a  =  1 when M0 =  0T we m ust have a  =  0*01 w hen M0 =  1 and  a  =  0-001 

w hen M0 =  <J\0. The resu lts tab u la ted  above th en  show th a t  sepa rati

(since a  =  U JU 0) a t  x  =  0-156 when M0 =  0-1, a t  =  14-8 w hen M0 

x  =  107 w hen M0 — (assum ing as is reasonable th a t  w hen =  0-1 separation  

occurs a t  th e  incom pressible value 0-156 for Thus th e  distances from  leading

edge to  separa tion  a t  these th ree  M ach num bers are in the  ra tios 1 :9 5 :6 8 6  w hereas 

Illingw orth ’s values are in the  ra tio  1 :1 1 8 :4216 . The basis of th is crude com parison 

becomes increasingly invalid  as M0 increases b u t i t  serves to  su b stan tia te  q u a lita 

tively  th e  large backw ard  m ovem ents of separation  found by  Illingw orth  w hen the  

Mach num ber is increased and  th e  pressure g rad ien t rem ains constan t. On th e  

basis o f th is com parison i t  appears to  be m ore convenient to  consider com pressibility 

effects on separa tion  by  fixing a tte n tio n  on a given m ainstream  velocity d is tribu tion  

ra th e r  th a n  on a given pressure d is tribu tion  since th e  m agnitude o f such effects is 

th e reb y  m uch reduced.

C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  39

11 . G e n e r a l  d i s c u s s i o n  o f  t h e  t h e o r y  a n d  i t s  r e s u l t s

The assum ptions y o z T  and  or =  1 have been shown to  lead to  a  considerable 

sim plification of th e  boundary  layers equation  in compressible flow. This sim plifica

tion  is achieved by  a transfo rm ation

Y  = (130)

of th e  co-ordinate y  norm al to  the  boundary . In  the  (x, Y)  p lane the  equation  of 

m otion can be transform ed into

d2x  = t j dlfr ( y - l ) f r72 / ax \ 2)

d x d Y d Y  dY*dx  dxL 2af \ \3 T /  /
X
2a\

d 2X~]

X dY>]
d 3X

Vs0  F 3 ’
(131)

which is identical w ith  the  s tan d a rd  incom pressible form a p a r t from the  term

G H -
y

2a fX d Y 2
(132)

in square brackets which is sim ply u n ity  in th a t  case. The boundary  conditions are 

X = 0, 0y/0 Y  = 0 when Y  =  0, 0^/0 Y -> U when T

the  corresponding incom pressible conditions. The relation  betw een velocity and 

tem peratu re  is, since<r =  1, j CpT + htt* _  const. (133)

The solution of a  problem  of compressible flow then  falls into tw o parts . F irs t of 

all we have to  solve the  flow equation  (131) in  the  x, Y  p lanef and  then  we have to

f  T his is m ade possible b y  th e  form o f th e boundary conditions w hich are applied  a t  
0 and  oo and so are independent o f th e (unknown) Y  scale.
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L. H ow arth

transform  the  results in to  the  actua l x, y  plane by  m e

tion, /*> u  CY T

© 7
d Y , (134)

and  the  energy in tegra l (133).

In  problem s in which dU\dx  vanishes such as flow along a flat plate and  flow in 

wakes and je ts  equation (131) is identica l w ith  the  incompressible equation  and  the  

co-ordinate Y  can be in terp re ted  as th e  distance y t norm al to  the  layer in  th e  

incompressible flow.

The effects of com pressibility are then  determ ined entirely  by the  change of scale 

given by equation (134). The skin friction along the  flat p late  is found to  be indepen-, 

d en t of Mach num ber b u t the  boundary  layer thickness increases considerably 

being double the  incom pressible thickness a t  a  Mach num ber of 3-5.

In  all o ther problem s the  alterations produced by  the  factor and  th e  change o f 

scale have both  to  be obtained. Two exam ples have been considered in detail. F irs t, 

for a flow in which the  velocity in  the  m ainstream  increases linearly w ith distance 

from a stagnation  po in t a solution of (131) in  series has been obtained. U p to  m ain

stream  Mach num bers of u n ity  the  solution of (131) differs b u t slightly from  the  

corresponding incompressible solution. H ere again  th en  the  m ost im p o rtan t changes 

which occur arise from the  change of scale which again leads to  a thickening of the  

boundary  layer and  in th is problem  to a reduction  by  a  factor *n the  skin

friction p  being th e  m ainstream  pressure and  p 0 th e  stagnation  pressure.

Secondly, the  problem  of flow along a  flat p late  w ith  a linearly retard ing  pressure 

g rad ien t has been considered bo th  by  the  series m ethod and  Pohlhausen’s. Separa

tion  which is one of the  features of such a flow is determ ined en tire ly  by  equation  

(131) since du/dy and  du /dY  vanish  together. The change of scale is im portan t in 

determ ining the  boundary  layer thickness and  the  varia tion  of skin friction along 

th e  surface up to  the  po in t of separation. I t  is fairly  ev ident on general grounds th a t  

for a  given re ta rd ing  m ainstream  velocity d is tribu tion  (131) will lead to  a forw ard 

m ovem ent of separation  w ith  increasing Mach num ber. For, the  effect of th e

( y - i )pressure g radient term  U(dUjdx) is enhanced by a factor G0 — 1 +
2a?

U2 a t

the  boundary  so th a t  even though th e  term  G m ay fall below u n ity  in the  ou ter 

p a r t of the  layer one would expect earlier separation.

This prediction is certainly  fulfilled in  the  particu lar problem  solved. Pohlhausen’s 

m ethod gives a  forw ard m ovem ent o f separation  of 5 %  a t  =  1, 33 % a t  M  =  10 

and  66 %  a t  M  — 10 these percentages being percentages of the  distance from  

leading edge to  separation  in incom pressible flow.

W e can consider qualita tively  the  general effects of com pressibility in  the  following 

way. L e t us fix a tten tio n  on a certain  m ainstream  velocity d istribu tion  say one 

which rises from zero a t a  s tagnation  po in t to  a m axim um  and  then  falls off again. 

L e t us im agine th a t  th is d istribu tion  is m ain ta ined  unaltered  and  tak e  as our 

s tan d a rd  conditions those in the  m ainstream  a t  the  stagnation  po in t and  denote 

them  by  a suffix zero. Then we can exam ine com pressibility effects by considering 

a sequence of values of a 0; increasing com pressibility will o f course correspond to  

decreasing a0.
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C o n c e rn in g  th e  e ffec t o f  c o m p r e s s ib i l i t y  o n  l a m in a r  b o u n d a r y  la y e r s  41 

Considering a p a rticu la r va lue of a0, th e  m a in stream  M ach num ber Ufax is given 

by  -r~i—I, ^  rron an(  ̂th e  pressure r a t i o b y

p  r  (y - i ) r / n r / ( r - i )  

P o ~ l  2 J

T he tru e  o rd ina te  y  is determ ined from  Y  by  th e  rela tion  

and  th e  skin friction  t  by
(du\

m -

I f  we s ta r t  by  considering a0 very  large we have th e  o rd inary  incom pressible 

solution (w ith k inem atic  viscosity v0 =  PolP w hich

incom pressible o rd inate) and  a  d is tribu tion  of skin friction which increases from  zero 

to  a  m axim um  and  then  falls off to  zero again  if  the  re ta rd ing  pressure g rad ien t is 

sufficiently m ain ta ined .

Now consider a  finite value of a0. The velocity  u  in  th e  Y  p lane will differ from  

th e  incom pressible velocity  % a t  th e  sam e po in t of y t plane by  an  am oun t depending 

on th e  fac to r G. In  the  accelerated region one would expect u  to  increase m ore 

rap id ly  th a n  wi near th e  boundary  since 1 and  th en  to  increase m ore slowly 

th a n  u t in th e  ou te r p a r t  of th e  layer. In  the  re ta rd ed  layer on th e  o ther hand  one 

would expect u  to  increase less rap id ly  th a n  u i near th e  boundary  and  m ore rap id ly  

in  th e  ou te r p a r t  of th e  layer. Thus we should expect ( to  be g rea ter th a n

(duildy)0 in  th e  accelerated region and  less in  th e  re ta rd ed  region. The fac to r ( )*

will be less th a n  or equal to  u n ity  everyw here and  hence we should expect a decreased 

skin  friction coefficient in  the  re ta rd ed  region on bo th  co u n ts .f As rem arked above 

separation  is determ ined entirely  by  ( du /dY )0and  w o

to  occur earlier th a n  in  the  incom pressible flow. F or a lthough there  is some increase 

in ( du /dY)0in the  accelerated region, if  the  tw o exam ples discussed are typical, th is

increase will be m ore th a n  offset by  th e  decrease in the  re ta rd ed  region.

In  the  accelerated region the  tw o factors affecting the  skin friction produce 

opposite effects and  it is n o t possible to  draw  any  general conclusions. I f  th e  acceler

a ted  flow solution in § 8 can be tak en  as a  guide th e  factor ( )* predom inates and

leads here too to  a  reduction  in skin friction coefficient.

The actua l boundary  layer o rd inate  is given by

( y - i )

» -  r  -  w  L ” - f t ) '  ’1 1 -

J
■1

t  T his s ta tem en t is n o t a t variance w ith  th e  results found for th e flat p la te  w ith  a retarding  
pressure grad ien t in § 10 for there standard  condition s were defined b y  valu es a t th e lead ing  
edge and n o t sta gn ation  va lues as here. T hus th e incom pressible so lu tion  tak en  as stan dard  
in  th e present paragraph corresponds to  higher k in em atic  v isco sity  and hence to  higher skin  
friction th an  th a t referred to  in § 10.
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42 L . H ow arth

Thus the  bounda ry  layer ord inate y  is alw ays greater th a n  the  corresponding ord inate 

y i o f the  incompressible flow and one would therefore expect increased boundary  

layer thickness th roughou t th e  whole layer.

To sum up then, the  effects of com pressibility on such a boundary  layer would 

ap p ea r to  be

(i) a reduced skin friction coefficient everywhere,

(ii) an increased boundary  layer thickness,

(iii) an earlier separation,

as com pared w ith the  corresponding problem  in incompressible flow w ith  kinem atic  

v iscosity  v0 = /i0/p0.
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In ten s ity  m easu rem en ts  in  th e  very soft X -ra y  region

B y  F. C. Ch a l k l i n

Canterbury University College. Christchurch, New  Zealand 

{Communicated by E . N .  da C. Andrade, — Received 29 November 1947)

I n  th e  g ra z in g  in c id e n c e  g ra t in g  sp e c tro sc o p y  o f  th e  so f t  X - ra y  re g io n , i t  is c u s to m a ry  to  

m e a s u re  th e  in te n s i ty  d is t r ib u t io n  in  th e  e m iss io n  b a n d s  fro m  so lid s  b y  m e th o d s  in v o lv in g  

th e  a s s u m p tio n  o f  th e  p h o to g ra p h ic  re c ip ro c i ty  law . A  p ro c e d u re  h a s  b e e n  e v o lv e d  b y  w h ic h  

th is  a s s u m p tio n  is a v o id e d . A n  a c c o u n t is g iv e n  o f  th e  e x p e r im e n ta l  te c h n iq u e  a n d  o f  th e  

e s s e n tia l  p re c a u tio n s . C h a ra c te r is tic  b la c k e n in g  c u rv e s  a r e  o b ta in e d  fo r  th e  p h o to g ra p h ic  

p la te s  in  th e  so f t X - ra y  re g io n  a n d  u n d e r  th e  a c tu a l  c o n d it io n s  o f  sp e c tro sc o p y .

I n te n s i ty  d is t r ib u t io n  c u rv e s  h a v e  b e e n  o b ta in e d  fo r  th e  K  e m iss io n  b a n d s  o f  g ra p h i te , ' 

la m p b la c k , d ia m o n d  a n d  c a rb o ru n d u m . T h e  em iss io n  b a n d  o f  la m p b la c k  is s im ila r  to  t h a t  o f  

g ra p h i te  b u t  is so m e w h a t w id e r. T h e  d iffe ren ce  b e tw e e n  th e  p re s e n t  c u rv e s  a n d  th o s e  

p re v io u s ly  o b ta in e d  a p p e a r s  m o s t c le a r ly  in  d ia m o n d  a n d  c a rb o ru n d u m . T h e  e n e rg y  d is t r ib u 

t io n  o f  th e  p  e le c tro n s  in  th e  v a le n c e  b a n d s  o f  th e  so lid s is c a lc u la b le  fro m  th e  curves*

In t r o d u c t i o n

The discovery, by  Com pton & D oan, th a t  X -ray  spectra of adequate in tensity  and 

adequate dispersion could be obta ined  w ith  a ruled g rating  in the  grazing incidence 

position, m ade possible the  spectroscopy of X -rays of w ave-lengths g reater th an  

20 A. W ith  th e  m ethod of ca libration by the  vacuum  spark, and w ith the  replace

m en t of plane by  concave gratings, the  m odern soft X -ray  spectrographs have
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