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CONDITIONAL EXPECTATIONS AND AN ISOMORPHIC
CHARACTERIZATION OF L,-SPACES

L. TZAFRIRI!

AsstracT. Conditional expectations can be defined in Banach
spaces whose elements can be represented as measurable functions.
In the present paper it is shown that such a space (precisely a
cyclic space) is isomorphic to an L;-space if and only if the condi-
tional expectations act as bounded operators for sufficiently many
representations.

Let (2, Z, u) be a finite measure space and 2, a subring of 2 with
maximal element Qo; then for each 2Z-measurable function f which is
bounded on € one can consider the measure uo(o) =fona f(@)u(dw);
aeMQyEZ,. Since uo is evidently absolutely continuous with respect
to the restriction of u to the subfield generated by Z, and £, due to
the Radon-Nikodym theorem, there exists a 2,-measurable function
denoted E(Zy, u)f for which

[ s = [ EEywpas; o€

Obviously the operator E(Zo, u):f—E(., f)f can be extended
uniquely to a contractive projection in L,(Q,Z, u); 1 <p <+ «, which
is called the conditional expectation relative to Z,.

However, if the L,-norm is replaced by a general monotonic norm p
in the sense of the theory of Banach function spaces (see for instance
W. A. J. Luxemburg and A. C. Zaanen [9, Note 1)), usually, E(Zo, 1)
does not act as a bounded operator in L,—the space of all Z-mea-
surable functions for which p(f) < 4+ «, even when we assume that
Li(Q, 2, wDL,DL.(Q, Z, u). Furthermore, a Banach function
space L, admits many isometric representations; e.g. to every positive
function ¢ €L, whose support is  one can define a new norm p4(f)
=p(¢f), obtaining in this way a new Banach function space L,, which
is isometric to L, and satisfies Li(2, Z, ¢u) DL,, D Lo(Q, Z, ¢p).

The main result of this paper states that L, is isomorphic to an
L;-space over a finite measure space provided for every subring Z of
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2 and positive function ¢ &L, whose support is £ the conditional
expectation E(Z, ¢u) is a bounded operator in L,,.

Since a Banach space isomorphic to an Li-space is not in general a
Banach function space, in order to have a complete characterization
we will consider the more natural context (for this purpose) of cyclic
spaces introduced by W. G. Bade [3] rather than that of Banach
function spaces (for other characterizations using cyclic spaces see

[11]).

Conditional expectations in cyclic spaces. We shall start by sum-
marizing some notions and results needed in the sequel. A Boolean
algebra of projections 8B in a Banach space X is called o-complete
(cf. W. G. Bade [2]) provided for every sequence P,EB; n=1,
2, - - -, the projections Vp-1P» and A=, P. exist in B and satisfy

(v P,.) X = cdm{P.X}; (A P,,> X = N {P.X}.
n=1 n n=1 n=1

It is well known that B can be regarded as a spectral measure P(-)
defined on the Borel sets 2 of its Stone space Q and it follows from
W. G. Bade [2, Theorem 2.2] and N. Dunford [4] that there exists
a constant K such that for every Borel bounded function f, the
integral S(f) =/of(w)P(dw) exists in the uniform operator topology
and satisfies the inequality: || S(f)|| < Ksupuea|f(w)| . For f unbounded
we can consider S(f) as an unbounded operator whose domain is

DS(f) = {x| xE X, lim | flw)P(dw)x exists}
M= 0 o gy

and en= {w|0wEQ, |f(w)| Sm}; m=1,2, .. .. According to W. G.
Bade [3], X is a cyclic space relative to a g-complete Boolean al-
gebra of projections B if there is x(&X such that X =M(x,)
=clm{Pxo|PEQ3}. In this case, by W. G. Bade [3, Theorem 4.5],
X =M(x0) = { S()xo| xeED(S()) }. Let us also mention that for every
cyclic space X =9 (x,) there exists a functional xy €X*, which will
be called Bade functional, with the following properties:

(i) xqPxo=0; PED;

(ii) if xgPxo=0 for some PEY, then P=0 (cf. W. G. Bade
[2, Theorem 3.1 D-

With this preparation we can state our principal result which is
contained in the following theorem.

THEOREM 1. A Banach space X is isomorphic to an Li-space over a
finite measure space if and only if:
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1971) AN ISOMORPHIC CHARACTERIZATION OF I;-SPACES 319

(a) X is a cyclic space M(xo); x0EX, relative to some o-complete
Boolean algebra of projections B, and
(b) there exists a Bade functional xg ©X* such that the series

=, %6P()S(f) %0
Z 1 25 P(04)S(¢)%0
S(f)xe, S(®)x0 € M(x0); ¢(w)>0; wEQ,

converges strongly in X for every sequemce of disjoint sets ¢,&2;
n=1 , 2, N

Proor. Let 7 be an isomorphism between an Li-space Ly(T, 3, m);
m(T) <+ and X; xo=7(1); x§=(=*"'(1) and F= {F(e)|e€T;
Fle)r(f) =7(x.f); FEL:(T, 3, m)} Obv1ously X is a cyclic space rela-
tive to the o-complete Boolean algebra of projections § for which the
series in condition (b) of the theorem converges and its sum is
bounded in norm by ||7|| - |71 - || S(f) %0 -

Conversely, let us set

= 59 P(on)S(f) o

QS(Nxo) = E:l ml’(ﬁ)s@)xo; S(Hx € X.

One can easxly see that Q is a linear projection in X. In order to show
that Q is bounded assume there exist S(fa)xiEX; HS(f,,)xo” =1;
n=1,2, - - -, such that || Q(S(fs)x0)|| Z#*. The inequality

Iscl sl = [s(2E)scom

shows that S(|fa|)xe€EX and ”S(|f,,|)xo”<K n=1, 2, . Set
Q(S(fw)xo) =S(gn)x0; Q(S(|fa|)%0) = S(ha)xo; since Ig»(w)l <h ()}
wEQ, we obtain

P(02)S(¢)%0;

=< KHS(fn)on

sG] = = 15C] g DDl 2 = 1Sl 2 2
n, = K n = KZ n = 2
Thus for S(f)xe= :_I(S(|f,.| )xo/n?) EX we have

[GES = KLHQCL,,W—)

which shows that Q is not defined in S(f)x¢EX i.e. condition (b) of
the theorem does not hold. We have to point out that Q depends on
the choice of S(@)xoEX and 6, EZ;2=1,2, - - -.

1 n
Enj ”S(h,,)xo” 2 E;
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Now, let {8,} and {8} be two sequences of mutually disjoint
sets; &, 8/ €EZ; n=1, 2, -, (Unmi8)NU;=.87) = for which
P(8!) as well as P(3!) are nonzero projections. Set u(o) =x3P(0)x0;
0EZ;a, =min{u(8,), u(8))} and
P(6 ):xo . an P(8))x

S(p)xo = i - + 2 —

a1 27 a1 2% u(8)’)

+P(9_(u 0G5 Yo
n=1 n=1

Since ¢(w) >0; w&EQ, we can consider the projection Q corresponding
to S(@)xo and the partition ¢, =08,\J8;/; n=1, 2, - - - . Then

2t , /2% P(On )xo (lm P(& ,)xo
w(b. )[zn W00 u(54'>]

PG, )x P )x Py’
Q( ( ,)5&0) =< ( ,)M"' ( ”)xo)/z
ﬂ(‘sn ) I‘(an ) #(57& )
and similarly:
PG )x P56, )x P )x
Q((”o>=<(,o+ ”o)/z'
u(6.") u(6s) u(6s")

This implies that a series ) o 1cnP(8,)%0/u(8,) converges if and
only if the series > 1enP(8))x0/u(8Y) does, ie., the basis
{P(&,’.)xo/#(ﬁﬁ.)} is equivalent to the basis {P(8))xo/u(8))}. If 7 is
a permutation of the natural numbers, the bases {P(8)x0/m(8) }
and {P(5 ) %o/ (8, (,,))} will be equivalent since both are equiv-
alent to {P(&”)xo/y(ﬁ”)}. In the terminology of I. Singer [10]
(see also M. J. Kadec and A. Pelczyfiski [7]) this means that both

bases {P(&,’,)xo/u(&’,) } and {P(B;’)xo/u(é;') } are symmetric and
thus by [7, Theorem 5] there exists ' and M" such that
PG| _ PG|
llx*H ) llx*ll u(a!")
Consequently, for any partition {8,} there exists M such that
“P(B,.)xdl/u(&,) =M;n=1,2, - - ., (since we can take &, =203,_1 and
O =0gu;m=1,2,---).
The next step will be to show that for any partition {3,} the basis

{P(&,.)xo/p,(s,.)} is equivalent to the natural basis of /. Indeed, if a
series 2 m1caP(84)x0/u(85) is convergent, then it is easy to see that

Q(P(3n )%0) =

n

and further

<M"; a=1,2,---.
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the series Z:.ll c,| P(8,)x0/u(6,) is convergent too. By repeating the
previous part of the proof for

S(Il/)xo = i I Cnl P(an)xo‘i‘ P(ﬂ - G 3”)xo
n=1 l‘(an) n=1

instead of xo (which is possible since Y(w)>0; wEQ) we get
|| P(8.) S@)x|| < + © which implies the convergence of ) ;] ¢a] -

Since the converse is obvious the assertion is completely proved.
The crucial point in the proof is to show that

“ P(B)x(,“
o6z u(d)

Suppose there exists a sequence 7, EZ, for which ||P(n,.)xo” Ju(n.) =n;
n=1,2, - - -, and u(n,) #0. We shall construct by induction another
sequence {¢,} with the properties

(1) e.Na;isequal too,or J;

(ii) ||P(oa)xol|/n(on) Zn;1Sisn—1.

Indeed, set o1=m and assume that o4, - - -, 0, are already con-
structed and satisfying the conditions (i) and (ii). The following
equality

n n—1 n
Tsi= (n,.“— 0 ak) UltnsiNow)U U <n A (ak— U a,.>)

k=1 k=1 J=k+1

splits 7,41 into 741 disjoint sets; hence

l P(’]n+1 - U Uk) xo| | + “P(nn+1 N dn)xo”
n=1
n—1
+ X

P (17,,+1 N (ak - U a;))xo
k=1 =kl

2 || P(ras)zd| 2 (n + 1)ps(ns)

=(n+1) |:p, (17,,+1 - 0 Uk) + 1(ns1 M oa)

k=1

n—1 n
Eofenem 1)
k=1 I=k+1
Thus, at least for one of these disjoint sets, which will be denoted

a1 We have [IP(n,.+1)xo|| 2 ((n+1)u(ea41) and in this way all condi-
tions imposed on {c,} will hold.
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Condition (i) satisfied by the sequence { cr,.} shows that it contains
either a subsequence of disjoint sets or a nested subsequence {a,,j .
The first possibility leads immediately to a contradiction of condition
(ii) while in the second case we will have the basis

{P (on; — on;s)%0/(on; — "";n)}

which is equivalent to the natural basis of /5. In view of the closed
graph theorem this implies the existence of a constant 4 such that:

i P(on; — Gn;iy)%o i
E @ i Mt | B Z l a].l
=1 W(n; — Onjy) =1

for any sequence (aj)€h. Taking aj=u(cn;—0n;y;)/(0n—0n,1);
k=j=<m, we obtain

m P(U,,’. —_ o,‘,.“)xo <4
ik (on, — o'nmﬂ)
i.e.
P((T”k)xo— P(U,,.‘H)xol <4
I‘(Unk) - I‘(Unmﬂ) l

But u(on,,) éK[Ixo]I/nm+1 ie. liMmaw u(0n,,) =0 and therefore
M || P(@np)%o]| =0. Thus [|P@n)|l/ulon) £4; k=12, .-,
which contradicts again condition (ii).

In conclusion we have proved the existence of a constant L such
that

|P@)xdl/u@) < L; 8 E =5 u(@) = 0.

Finally, let f be a simple function; one can easily see that

1 1
K[ J 1@ @ 5 < liscl 1D = 15tz

<L fa | f(w) | p(dw)

which shows that X = (x,) is isomorphic to Li(R, Z, u).

Let X =M (xo) be a cyclic space relative to a o-complete Boolean
algebra of projections B (regarded as a spectral measure P(:) on (Q,
2) and x; a Bade functional. It is quite clear that for any x4 =.S(¢)x,
EX; ¢(w) >0; wER, we have M(xo) =M(x4). Considering the posi-
tive measure v4(c) =%y P(0)x, we can define the conditional expecta-
tion E(2y, v,) relative to a subring 2o of 2 as the operator in M(xy)
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=X which assigns to S(f)xsEM(xs) the vector E(Zo, v4)S(Hxs
=S(h)x4 where B would be the Radon-Nikodym derivative of the
measure %, P(0)S(f)xs; 0 €, with respect to the restriction of v4 to
Zo (S(f)xs belongs to the domain of E(Z,, »s) if and only if
xsED(S(h))).

Now the previous theorem can be restated as follows:

THEOREM 2. 4 Banach space X is isomorphic to an Li-space over a
finite measure space if and only if:

(@) X is a cyclic space M(xo); x0eEX, relative to some a-complete
Boolean algebra of projections B, and

(b) there exists a Bade functional xg ©X* such that for every subring
Zoof Z and x4=S(p)x0EX; p(w) >0; wEQ, the conditional expectation
E(Z, vy) is a linear bounded projection in X =M (x4).

Proor. It suffices to observe that the series involved in the state-
ment of Theorem 1 converges and its sum is E(Zy, v4) S(fo—!) x4 where
2 is the subring generated by the sets o,; =1, 2, - - - . Q.E.D.

REMARKS. 1. Using Banach function spaces instead of cyclic spaces
might simplify the statement of Theorem 2 but only a sufficient condi-
tion for such spaces to be isomorphic to an L;-space can be obtained.
The precise assertion appears in the introduction.

2. In defining the measures »4 we use the same Bade functional x; ;
if instead we set Ny(+) =23 P(-)x4, where x; depends on x4, L, will be
isometric to an L,-space; 1<p <+ », provided all the conditional
expectations E(Zy, Ng) will be contractive projections in L, (cf. T.
Ando [1]).

3. The problems discussed in this paper are related to the so called
“leveling property” of a norm p in a Banach function space (cf. H. W.
Ellis and 1. Halperin [5]) and to the property (J) introduced by
N. E. Gretsky [6]. It follows from Theorem 1 that unless a weakly se-
quentially complete Banach function space is isomorphic to an L;-
space, there exists always an isometric representation L,, of L, in
which supg ps(f) = +  (in the notation of [6]), and consequently Ps
does not admit an equivalent rearrangement-invariant norm with
respect to the measure »4 (cf. W. A. J. Luxemburg [8, Theorem 14.4]).
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