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conductive cylindrical void or tunnel is analyzed. A conformal mapping transforms all of
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Introduction

The detection and localization of voids and tunnels in soils is a problem of considerable

practical application. A simple electrical measurement apparatus composed of two elec-

trodes placed on the soil surface and held a ¯xed distance apart can yield data relevant to

this detection and localization problem. During data collection the conductance between

the electrodes is recorded as the electrodes are moves across the soil surface. Variation in

the measured conductance indicates the potential presence of a subsurface void or tunnel

while the shape of the conductance versus distance curve provides clues about the location

of the void or tunnel.

A two-dimensional boundary value problem is proposed as a simple model to understand

and quantify the perturbative e®ect of a nonconductive void or tunnel on the conductance

between a pair of electrodes placed on the surface of a conducting ground or half-space.

The axis of the buried tunnel runs parallel to the strip electrodes and disturbs some frac-

tion of the electric current that °ows in the conductive half-space. The DC current density

that °ows in the conducting medium is written as the gradient of a harmonic function Ã,

subject to Neumann boundary conditions on the interfaces with the nonconductive (air in

the motivating application) media. A conformal mapping transforms all of the boundaries

to coaxial circular arcs in cylindrical polar coordinates. Coupled integral equations for

the unknown normal current density (normal derivative of Ã) are written in terms of a

modi¯ed Green's function that is constructed in the cylindrical coordinates. The Neu-

mann compatibility condition is assured by the explicit inclusion of an image source at

in¯nity in the original z-plane, which is mapped to the point ³ = 1 + i0 on the image

of the air/ground interface. An easily implemented moment method solution uses pulse

expansion and point matching. Resultant variations in net strip conductance with tunnel

size and proximity to the strips reveal that the e®ect of the tunnel is relatively small. A

true physical con¯guration of three-dimensional electrodes will certainly di®er from the

two-dimensional idealization studied here, but the two-dimensional results give an indica-

2



tion of the magnitude of the change in conductance due to a nearby void. Additionally,

the theoretical value of the static boundary value problem and its solution are rather

independent of and are not limited to the motivating application.

Potential Problem and Conformal Mapping
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Fig. 1. Circular Inhomogeneity Below a Pair of Strip Electrodes

The two-dimensional potential problem depicted in Fig. 1 consists of a pair of perfectly

conducting strip electrodes lying on a half-space of conductivity ¾ (f/m). The strips are

each of width 2w and their center-to-center separation is 2d. The circular void or tunnel

of radius a has zero conductivity. The center of the circular tunnel is displaced by x0

from the midpoint between the two electrodes, and this center is at a depth y0 below the

earth/air interface. The x-coordinates of the centers of the two electrodes are

b = d¡ x0 and c = b¡ 2d (1)
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and are labeled in Fig. 1. The electrode C1 on the right (with center at x = b) is held to a

¯xed potential V1 (V) and the electrode C2 on the left (with center at x = c) is maintained

at the potential V2 (V), causing an electric current density

~J = ¡¾rÃ (2)

to °ow in the conducting earth. Therefore, we seek a harmonic potential Ã(x; y) that is

the solution to Laplace's equation in the half-space

r2Ã(x; y) = 0 (¡1 < x <1; y ¸ 0); (3)

subject to Neumann boundary conditions @Ã=@º = 0 on the circular boundary and on the

portion of the y = 0 plane not covered by the strips, and with the prescribed Dirichlet

conditions Ã = V1 on C1 and Ã = V2 on C2.

The solution to this boundary value problem is constructed via a conformal mapping

(Henrici, 1974) that places both boundaries in a consistent coordinate system. The auxil-

iary parameters

s =
q
y20 ¡ a

2 and R =
a

y0 + s
(4)

appear in the bilinear transformation

³ =
z ¡ is

z + is
() z = is

1 + ³

1¡ ³
(5)

between the physical z = x+ iy and mapped ³ = » + i´ = reiÁ planes.
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Fig. 2. Complex ³ = » + i´ Plane

The entire earth-to-ground interface (the y = 0 plane in Fig. 1) is mapped to the unit

circle in Fig. 2 and the boundary of the tunnel is mapped to the coaxial circle of radius R.

The images of the electrodes C1 and C2 are arcs on the unit circle. The potential problem

in the ³ plane is therefore

r2Ã(r; Á) = 0 (R · r · 1) (6)

with the mixed boundary conditions

@

@r
Ã(R;Á) = 0 (7)

Ã(³) = V2 (³ 2 C2) (8)

Ã(³) = V1 (³ 2 C1) (9)

@

@r
Ã(³) = 0 (j³j = 1 and ³ =2 C1; C2): (10)
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The total current in Fig. 1 leaving strip C1 (per unit length in the in¯nite dimension) is

I1 =

Z

C1

~J ¢ º̂ d` = ¡¾

Z

C1

@Ã

@º
d`: (11)

Green's Function and Neumann Compatibility
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Fig. 3. Coaxial Region and Pair of Point Sources

The usual Neumann compatibility requirement (Courant and Hilbert, 1962) is dictated by

Gauss' law ZZ

S

r2Ã ds =

I

C

@Ã

@º
d`: (12)

If @Ã=@º = 0 on the entire closed boundary C of the ¯nite region S in Fig. 3, then the

total source strength r2Ã must integrate to zero over S. Therefore, a positive source

singularity in the interior region S at (r0; Á0) is accompanied by a negative source of

the same magnitude, located at some other point (r00; Á00). The required fundamental

solution or Green's function is denoted by G(2), where the superscript 2 calls attention

to the presence of the pair of sources. Standard Fourier series and separation-of-variables

(Barton, 1989) give the solution to Poisson's equation

r2G(2)(r; Á; r0; Á0; r00; Á00) = ¡
1

r
±(r ¡ r0)±(Á¡ Á0) +

1

r
±(r ¡ r00)±(Á¡ Á00) (13)
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subject to Neumann conditions

@

@r
G(2)(r; Á; r0; Á0; r00; Á00)

¯̄
¯̄
r=~a;~b

= 0 (14)

on each of the hard circular boundaries, as

G(2)(r; Á; r0; Á0; r00; Á00)

=¡
1

4¼
ln
£
r2 + r02 ¡ 2rr0 cos(Á¡ Á0)

¤

+
1

2¼

1X

n=1

·µ
r0r
~b2

¶n
+

µ
~a2r
~b2r0

¶n
+

µ
~a2

r0r

¶n
+

µ
~a2r0

~b2r

¶n¸
cosn(Á¡ Á0)

n
h
1¡ (~a=~b)2n

i

+
1

4¼
ln
£
r2 + r002 ¡ 2rr00 cos(Á¡ Á00)

¤

¡
1

2¼

1X

n=1

·µ
r00r
~b2

¶n
+

µ
~a2r
~b2r00

¶n
+

µ
~a2

r00r

¶n
+

µ
~a2r00

~b2r

¶n¸
cosn(Á¡ Á00)

n
h
1¡ (~a=~b)2n

i :
(15)

When both the positive and negative sources lie on the outer boundary, as well as the ¯eld

point, that is with r = r0 = r00 = ~b, then the G(2) simpli¯es according to

G(2)(~b; Á; ~b; Á0; ~b; Á00)

=
1

2¼

1X

n=1

1

n

"
1 +

1 + 3(~a=~b)2n

1¡ (~a=~b)2n

#
[cosn(Á¡ Á0)¡ cosn(Á¡ Á00)]

=
1

2¼

1X

n=1

1

n
[cosn(Á¡ Á0)¡ cosn(Á¡ Á00]

+
2

¼

1X

n=1

(~a=~b)2n

n[1¡ (~a=~b)2n]
[cosn(Á¡ Á0)¡ cosn(Á¡ Á00]

=¡
1

2¼
ln
¯̄
sin 12 (Á¡ Á

0)
¯̄
+
1

2¼
ln
¯̄
sin 12 (Á¡ Á

00)
¯̄

+
2

¼

1X

n=1

(~a=~b)2n

n[1¡ (~a=~b)2n]
[cosn(Á¡ Á0)¡ cosn(Á¡ Á00] : (16)

Boundary Value Problem for the Coaxial Region

Returning to the conformal map of Fig. 2, the specialization ~a = R and ~b = 1 is applied

to the Green's function for the annulus of Fig. 3. An integral equation statement of the

7



boundary value problem is formulated using Green's second identity

ZZ

S

£
G(~r; ~r 0)r2Ã(~r )¡ Ã(~r )r2G(~r; ~r 0)

¤
ds

=

I

C

·
G(~r; ~r 0)

@

@º
Ã(~r )¡ Ã(~r )

@

@º
G(~r; ~r 0)

¸
d`; (17)

where º̂ is the outward normal on the boundary C of the ¯nite region S. The solution of

the original statement of the boundary value problem given in (6)-(10) is now constructed

with the aid of the \double-source" Green's function from above

r2G(2)(~r; ~r 0; ~r 00) = ¡±(~r ¡ ~r 0) + ±(~r ¡ ~r 00) (18)

that satis¯es Neumann conditions

@

@r
G(2) = 0 (19)

on the entire boundary r = R; 1. As both of the points r0 and r00 approach the outer circle

j³j = 1, the appropriate limit of (17) reveals

1
2Ã(~r

0) =

I

C

G(2)(~r; ~r 0; ~r 00)
@

@r
Ã(~r ) d` + 1

2Ã(~r
00 ): (20)

With ~a = R and ~b = 1 and Á00 = 0, the required Green's function (16) is

G(2)(Á; Á0) =¡
1

2¼
ln
¯̄
sin 12(Á¡ Á

0)
¯̄
+
1

2¼
ln
¯̄
sin 12Á

¯̄

+
2

¼

1X

n=1

R2n

n[1¡R2n]
[cosn(Á¡ Á0)¡ cosnÁ] : (21)

The potential at in¯nity is Ã(~r 00 ) = 0 consistent with the zero total source strength;

therefore this monopole contribution at in¯nity is zero. For j = 1; 2 the integral equation

for @Ãj=@r is

2

Z

C1

G(2)(Á; Á0)
@

@r
Ã1(Á) dÁ+ 2

Z

C2

G(2)(eÁ; Á0) @
@r
Ã2(eÁ) deÁ = Vj (Á0 2 Cj) (22)

where the tilde on the C2 coordinate distinguishes between the two contours C1 and C2

of di®erent sizes. The end-points of the arcs C1 and C2 are de¯ned according to

Á 2 C1 =) ©1 < Á < ©2; eÁ 2 C2 =) ©3 < eÁ < ©4: (23)
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Piecewise Constant Approximation with Collocation

.....................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.......................................................................................................................................................................................................................................................................................................

.......................................................................................................................................................................................................................................................................

......................................................................................................................................................................................................................................
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
...........................................................................................................................................................................................................................................................

...........................................................................................................................................................................................
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
....................................................................................................................................................................................................................................................

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

.....

..................................................................................................................................................................................................................................................................................................................

²
²

²
²

²

²
²

....

....

...

....

....

...

....

....

...

....

....

...

....

....

...

....

....

...

....

....

...

............................

............................¢.....................................................
...............

.
....................................................

.
................

Á1 Á2 ÁM
Á

©1 ©2

A1
A2 AM

Fig. 4. Piecewise Constant Approximation in Terms of Pulse Basis

A conceptually simple and easily implemented moment method solution to the coupled

integral equations (22) proceeds by expanding the normal derivative of the potential on

strip C1

@

@r
Ã1(Á) =

MX

m=1

Am¦

µ
Á¡ Ám
¢

¶
(24)

in terms of the standard rectangular pulse

¦(t) =

½
1; jtj < 1=2

0; jtj > 1=2:
(25)

The strip C1 is divided into M segments of equal width

¢ =
©2 ¡ ©1
M

(26)

and the center of the mth segment has angular coordinate

Ám = ©1 + (m¡ 1=2)¢: (27)

Similarly, let

@

@r
Ã2(eÁ) =

NX

n=1

Bn¦

Ã
eÁ¡ eÁn
e¢

!
(28)

e¢ = ©4 ¡ ©3
N

(29)
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eÁn = ©3 + (n¡ 1=2)e¢ (30)

denote the corresponding discretization of strip C2. Collocation or point matching at the

points Á0 = Áp (p = 1; 2; : : : ;M) gives

2
MX

m=1

Am

Ám+¢=2Z

Ám¡¢=2

G(2)(Á; Áp) dÁ+ 2
NX

n=1

Bn

eÁn+e¢=2Z

eÁn¡e¢=2

G(2)(eÁ; Áp) deÁ = V1; (31)

and for Á0 = eÁq (q = 1; 2; : : : ; N)

2
MX

m=1

Am

Ám+¢=2Z

Ám¡¢=2

G(2)(Á; eÁq) dÁ+ 2
NX

n=1

Bn

eÁn+e¢=2Z

eÁn¡e¢=2

G(2)(eÁ; eÁq) deÁ = V2: (32)

The e±cient computation of the elements in these coupled matrix equations

MX

m=1

AmWpm +
NX

n=1

BnXpn = V1 (p = 1; 2; : : : ;M)

MX

m=1

AmYqm +
NX

n=1

BnZqn = V2 (q = 1; 2; : : : ; N)

(33)

is accomplished with a combination of analytic integration of the simple logarithmic sin-

gularities and high-order Gaussian quadrature applied to the regular parts.

For example, the element

Wpm =2

Ám+¢=2Z

Ám¡¢=2

G(2)(Á; Áp) dÁ

=¡
1

¼

Ám+¢=2Z

Ám¡¢=2

ln
¯̄
sin 12(Á¡ Áp)

¯̄
dÁ+

1

¼

Ám+¢=2Z

Ám¡¢=2

ln
¯̄
sin 12Á

¯̄
dÁ

+
4

¼

1X

k=1

R2k

k[1¡R2k]

Ám+¢=2Z

Ám¡¢=2

[cos k(Á¡ Áp)¡ cos kÁ] dÁ (34)

requires the evaluation of the integral

S1(m; p) =

Ám+¢=2Z

Ám¡¢=2

ln
¯̄
sin 12 (Á¡ Áp)

¯̄
dÁ = 2

(m¡p+1=2)¢=2Z

(m¡p¡1=2)¢=2

ln jsinxj dx: (35)
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The diagonal case is

S1(m;m) = 4

¢=4Z

0

ln sinxdx

= 4

¢=4Z

0

·
lnx¡

x2

6
¡
x4

180
+ : : :

¸
dx

= ¢ln(¢=4)¡¢¡
¢3

288
¡

¢5

230; 400
+ : : : (36)

and a related integral

S2(m) =

Ám+¢=2Z

Ám¡¢=2

ln
¯̄
sin 12Á

¯̄
dÁ (37)

also appears in the ¯nal form

Wpm = ¡
1

¼
S1(m; p)+

1

¼
S2(m)+

8

¼

1X

k=1

R2k

k2[1¡R2k]
sin(12k¢)

½
cos[k(m¡p)¢]¡cos(kÁm)

¾
:

(38)

The elements of the other three coe±cient matrices in (33) are all similar, but di®erent

enough to require separate numerics; the details are not as interesting as the results.

The solution of matrix equation (33) gives the coe±cients Am in (24) required for the

current density on strip C1, as well as the Bn in (28) that represent the current density

on strip C2. The total current (11) °owing out from each strip is now

I1 = ¡¾¢
MX

m=1

Am (39)

and

I2 = ¡¾ e¢
NX

n=1

Bn; (40)

and the circuit conductance measured between the perfectly conducting strips held at

potentials V1 and V2, respectively, is

G =
I1 ¡ I2

2(V1 ¡ V2)
: (41)
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Results

The resultant equipotentials of Figs. 5 and 6 depict a representative geometry where the

center-to-center strip spacing is 2d = 4, the strips are each of width 2w = 1, and the center

of a tunnel of radius a = 2 is located at a depth of y0 = 3 and a midpoint displacement

of x0 = 1. The tunnel center is the origin of the ³-plane of Fig. 5, where the images

of the equal-width strips in the z-plane of Fig. 6 have di®erent arc lengths. The strips

of equal width in the physical z-plane of Fig. 6 have conformal images of di®erent arc

length in the mapped ³-plane of Fig. 5. This is because the ³-plane measures everything

relative to its origin, which is the center of the tunnel. Fig. 7 presents a family of curves

that show how the normalized conductance (per unit length) between one pair of strips

(2d = 4 and 2w = 1) varies when tunnels of di®erent radii are moved relative to the

midpoint between the electrodes. The depth used is y0 = 3 and four tunnel sizes are

considered: a = 2:5; 2:0; 1:5, and 1:0. The use of N = 10 and M = 10 piecewise constant

basis functions provides satisfactory \numerical" or \self" convergence in this case.

In the absence of a tunnel, integration of the exact surface °ux from an obvious scaling of

Sneddon's result (Sneddon, 1966) gives

G=¾ =
K
³p

1¡ r20

´

K(r0)
(42)

in terms of the complete elliptic integral (Armitage and Eberlein, 2006), where

r0 =
d¡ w

d+ w
: (43)

This \no tunnel" value appears as the dashed curve in Fig. 7, and is a logical standard with

which to compare the perturbed conductances. The curves in Fig. 7 exhibit the required

continuity and evenness about x0 = 0 and approach the \no tunnel" value as a ! 0 or

x0 !1.

The smoothness and relatively weak dependence upon x0 of the G=¾ curves are mani-

festations of the maximum principle for harmonic functions. The bottom curve in Fig. 7

12



depicts a relatively large tunnel (compared to the strip separation 2d = 4) having a diam-

eter 2a = 5 and buried so that its top is at the shallow depth y0 ¡ a = 1=2. This large

void decreases the conductance to about 50% of the \no tunnel" value, when x0j . 3.

Naturally, smaller or deeper obstacles have less e®ect on the circuit, as con¯rmed by the

remaining curves in Fig. 7.

Conclusions

Laplace's equation is numerically solved in the conformally-mapped geometry where a pair

of strip electrodes on a conducting half-space are in°uenced by a nearby circular region of

zero conductivity. An integral of the solution gives the variation of the global conductance

measured between the two electrodes as a function of the location and size of the circular

inhomogeneity.
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Fig. 5. Equipotentials in the ³ Plane
Geometry: x0 = 1, y0 = 3, a = 2, d = 2, w = 0:5

Fig. 6. Equipotentials in the z Plane
Geometry: x0 = 1, y0 = 3, a = 2, d = 2, w = 0:5
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Fig. 7. Normalized Conductance per Unit Length
y0 = 3, d = 2, w = 0:5, N =M = 10
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2. Complex ³ = » + i´ Plane

3. Coaxial Region and Pair of Point Sources

4. Piecewise Constant Approximation in Terms of Pulse Basis

5. Equipotentials in the ³ Plane
Geometry: x0 = 1, y0 = 3, a = 2, d = 2, w = 0:5

6. Equipotentials in the z Plane
Geometry: x0 = 1, y0 = 3, a = 2, d = 2, w = 0:5

7. Normalized Conductance per Unit Length
y0 = 3, d = 2, w = 0:5, N =M = 10

16




