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Abstract

We consider the situation when there is a large number of series, N, each with T
observations, and each series has some predictive ability for some variable of interest.
A methodology of growing interest is to first estimate common factors from the panel of
data by the method of principal components, and then augment an otherwise standard
regression with the estimated factors. In this paper, we show that the least squares
estimates obtained from these factor augmented regressions are /T consistent and
asymptotically normal if /T /N — 0. The conditional mean predicted by the estimated
factors are min[v/T’, v/N| consistent and asymptotically normal. Except when T'/N goes
to zero, inference should take into account the effect of “estimated regressors” on the
estimated conditional mean. We present analytical formulas for prediction intervals.
These formulas are valid regardless of the magnitude of N/T', and can also be used
when the factors are non-stationary. The generality of these results is made possible
by a covariance matrix estimator that is robust to weak cross-section correlation and
heteroskedasticity in the idiosyncratic errors. We provide a consistency proof for this
CS-HAC estimator.
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1 Introduction

The use of factors to achieve dimension reduction has been found to be empirically useful
in analyzing macroeconomic time series, and adding factors to an otherwise standard re-
gression or forecasting model is being used by an increasing number of researchers'. Several
institutions, including the Treasury and the European Central Bank, are experimenting with
real time use of these factor forecasts.? Bernanke et al. (2002) showed that the information
exploited in factor-augmented autoregressions (FAVAR) is important to properly identify
the monetary transmission mechanism. However, the theoretical properties of the estimates
obtained from factor augmented regressions are not well understood. In particular, how to
conduct inference remains unknown. This is a nontrivial problem as the regression model
involves “estimated regressors.” In this paper, we derive the rate of convergence and the lim-
iting distribution of the parameter estimates to enable construction of confidence intervals
for the parameters, the conditional mean, as well as the forecast.

Suppose information is available on a large number of predictors z;; (i = 1,2, ..., N;t =

1,2,...,T) and a smaller set of other observable variables W, such as lags of y;. Let
Yern = & Fy + Wy + €44, (1)

where h > 0 is the lead time between information available and the dependent variable.
The vector F} is unobservable. Instead of F};, we observe a panel of data x; which contain

information about F;. We refer to
Ty = N Fy + ey (2)

as the factor representation of the data, where F} is a r X 1 vector of common factors, A; is
the corresponding vector of factor loadings, and e;; is an idiosyncratic error. If ¥, is a scalar,
(1) and (2) constitutes the ‘diffusion index forecasting model’ (DI) of Stock and Watson
(2002a). If h =1 and y,41 = (F{,1, W/,,)', (1) is the FAVAR of Bernanke et al. (2002). Both
types of analyses exploit the possibility that information in z;; can be summarized in a low
dimensional vector, F;. In economic analysis, F; can be interpreted as the common factors
that generate comovements in the data.

If F} is observable, and assuming the mean of ¢; conditional on past information is zero,

1See, for example, Stock and Watson (2002b), Stock and Watson (2001), Cristadoro et al. (2001), Forni
et al. (2001b), Artis et al. (2001), Banerjee et al. (2004), and Shintani (2002).
2See, for example, Angelini et al. (2001).



the (mean-squared) optimal prediction of ¥, is the conditional mean and is given by
Yrinr = E(yrnlor, zr-1,...) = & Fp+ 'Wp = 82,

where z; = (F/, W/). But such a prediction is not feasible because «, 3, and F; are all

unobserved. The feasible prediction that replaces the unknown objects by their estimates is:
Yrinr = &' Fp+ W = 6"2p,

where 2, = (F/, W/). We use a ‘tilde’ for estimates of the factor model (2), while hatted
variables are estimated from (1). To be precise, & and B are the least squares estimates
obtained from a regression of y;., on F, and Wi, t = 1,...T — h. The factors, F;, are
estimated from z;; by the method of principal components using data up to period T and
will be discussed further below.

It is clear that & and B are functions of “estimated regressors” F 1 ﬁg, ey fT_h, and Ypypr
itself also depends on I:;T. Thus, to study the behavior of ., and of the forecast error
Er.n, we must examine the statistical properties of the estimated parameters as well as
those of the estimated factors. Stock and Watson (2002a) showed that yr,r is consistent
for yrinr. But for hypothesis testing, to construct standard error bands of the impulse
response functions of a FAVAR, to provide a confidence interval for the latent conditional
mean, and to evaluate the uncertainty of a diffusion index forecasts, we need the limiting
distributions of (@, B), Yrn|, and Eppp.

We are specifically interested in the case of large dimensional panels. By a ‘large panel’,
we mean that our theory will allow both N and 7' to tend to infinity, and N possibly larger
than T'. An overview of the analysis is as follows. If we observe F; but « is being estimated,
the variance of yry1 — riar is Op(T1). Section 2 will show that when the factors have to
be estimated, @ remains v/T consistent if /T /N — 0. But estimating the factor process F;
will contribute another O(N ™) term to the forecasting error variance. Section 3 then shows
that the forecast for the conditional mean is min[v/N, /7] consistent and asymptotically
normal, where the precise rate will depend on whether 7'/N is bounded. On the other hand,
the forecast error &, is asymptotically normal and dominated by the unconditional error
variance. We will make precise how to estimate the error covariance matrices so that valid
predictive inference can be conducted. A by-product of the present exercise is estimation
of the error covariance matrix when heteroskedasticity and cross-section correlation are of
unknown form. This is considered in Section 4. Simulations are given in Section 5. The

main proofs are given in the Appendix.



2 Inference with Estimated Factors

In matrix notation, the factor model is X = F'A’+e, where X is a T'x N matrix of stationary
data, F' = (F}, ..., Fp) is T x r, r is the number of common factors, A = (A1, ..., Ay)" is N xr,

and e is a T X N error matrix.

Assumption A: Common factors
1. E|F* £ M and %Zthl E,F! 25 ¥ for a r x r positive definite (non-random)

matrix p.
Assumption B: Heterogeneous factor loadings

The loading J; is either deterministic such that ||A;|| < M, or it is stochastic such that
E|N||* < M. In either case, AA/N 25 £, as N — oo for some 7 X r positive definite
non-random matrix X, .

Assumption C: Time and cross-section weak dependence and heteroskedasticity
1. E(ey) =0, Eley|® < M;
2. E(eiejs) = Oijis, |0ijus| < 05 for all (¢,s) and |0y545| < 75 for all (¢, 7) such that

N T
1 1 1
_N E 5@']’ S M, T E Tts S M, and —NT E |Jij,ts| S M

i,j=1 t,s=1 1,4,t,5=1

3. For every (t,s), EIN"V2 50X, [eieq — Eleisea)|[* < M.
4. For each t, \/Lﬁ Sy )\ieiti>N(O, I';), where I'; = limy_.o0 + SN Z?{:l B\ enej).

Assumption D: {\;}, {Fi}, and {e;} are three mutually independent groups. Dependence
within each group is allowed.
Assumption E: Let z, = (F] W]), E||z||* < M; E(eesnlys, 26 Yi-1, 21, -.) = 0 for any

h > 0; z; and €; are independent of the idiosyncratic errors e;s for all 7 and s. Furthermore,
L. %Z?:I ZtZQL)Ezz >0
d .
2. ﬁ Zf:l Zt€t+h—>N(07 222,5), where Ezz,e = phm % Zthl (5?+hztzg)) > 0.

Assumptions A and B together imply r» common factors. Assumption C allows for het-
eroskedasticity and limited time series and cross section dependence in the idiosyncratic

component. The assumptions include e; that are independent for all 7 and ¢t as a special
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case. The allowance for weak cross-section correlation in the idiosyncratic components leads
to the approzimate factor structure of Chamberlain and Rothschild (1983). It is more general
than a strict factor model which assumes e;; is uncorrelated across i. Under Assumption D,
{\i}, {Fi}, and {e;} are three mutually independent groups, but within group dependence
is allowed. The assumption is standard in factor analysis. Assumption E.1 ensures that the
(non-random) population moment matrix 3., is full rank so that the regression model is well
specified and that the parameters are identifiable. The assumption that ¢; is a martingale
difference is appropriate in the context of forecasting. E.2 assumes z;e,,, obeys the central
limit theorem.

These assumptions are similar to those of Stock and Watson (2002). But they also allow
time-varying factor loadings with small variations such that A;; = A\; ;1 + v /T with vy being

random variables with finite fourth moments. We assume time-invariant factor loadings.

2.1 Estimation

We first consider the properties of the least squares estimates when principal component
estimates of the factors, ﬁ, are used as regressors. Let F = (fl, ...,ﬁ’T) be the matrix
consisting of r eigenvectors (multiplied by +/T) associated with the r largest eigenvalues
of the matrix XX'/(TN) in decreasing order. Then A = (X,...,\y)) = X'F/T, and
¢=X—FN. Alsolet V be the r x r diagonal matrix consisting of the r largest eigenvalues
of XX'/(T'N), and H = V-Y(F'F/T)(N'A/N). Let @ and 3 be the least squares estimates
from regressing v, on %, = (F, W/)'. Define S=(@p), and 6 = (CH 8.

Theorem 1 (Estimation) Suppose Assumptions A to E hold. If VT /N — 0, then
VT(6 - 5)-5N(0, 55)

where Y5 = Oy IN, . S10)!, with &y = diag(V'QX\, I) being block diagonal, V =
plimV, Q = plim F’F/T, and X defined in Assumption B. A consistent estimator for X,
denoted by Avar(g) is

T—h

Avar ( Zztzt> ( ZEthtzt)( ztzt> . (3)

t=1

As is well known, the factor model is unidentified because o/ LL~'F, = o/ F, for any invertible
matrix L. Theorem 1 is a result pertaining to the difference between @ and the space spanned

by a. Consistency of the parameter estimates follows from the fact that the averaged squared
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deviations between F, and HF, vanish as N and T both tend to infinity, see Bai and Ng
(2002). Having estimated factors as regressors does not affect consistency of the parameter
estimates. Stock and Watson (2002a) showed consistency of § for 8. Here we establish the
rate of convergence and the limiting distribution. Asymptotic normality of § follows from
that fact that % Ethl 2€¢1n, Obeys a central limit theorem. Because ﬁt is close to F}, the
same asymptotic result holds when z; is replaced by Z;.

Formula (3) is the White-Eicker estimate of asymptotic variance and is robust to het-
eroskedasticity. However, if we assume homoskedasticity so that E(e?,,|z) = o2 V¢, a

~

consistent estimate of Avar(d) is

— | T=h -1
Avar(0) = 62 [? > zz} : (4)
t=1

where 62 = %Zf:_lh g2 - As stated, the asymptotic variance is valid when ze,,, is serially
uncorrelated. Extension of (3) to allow for serial correlation in ze,y, is straightforward.
As shown in Newey and West (1987) and Andrews (1991), a heteroskedastic-autocorrelation
consistent variance covariance (HAC) matrix that converges to the population covariance
matrix can be constructed provided the bandwidth is chosen appropriately. It is noted,
however, when ¢, is serially correlated, y7.pr defined earlier will cease to be the conditional
mean, given past information.

Theorem 1 is useful in rather broader contexts, as having to conduct inference when
the latent common factors are replaced by estimates is not uncommon. The estimated
common factors are natural proxies for the unobserved state of the economy. In Phillips
curve regressions, vy, would be inflation, W; would be lags of inflation, and Theorem 1
provides the inferential theory for assessing the trade-off between inflation and the state of
the economy.

A new tool in empirical work is factor-augmented vector autoregressions (FAVAR), which
amounts to including the principal component estimates of the factors to an otherwise stan-

dard VAR.? More specifically, if v, is a vector of ¢ series, and F} is a vector of r factors, a
FAVAR(p) is defined as

Yiy1 = Zi:o ay (B)ye—r + ZZ:O a2 (k) Fi—k + et
Fiyr = Yo (k)yi—r + D r_gao(k)Fiog + €241,
where aq1 (k) and ag (k) are coefficients on lags of y,. 1, while a12(k) and ag (k) are coefficients

on lags of F;_j. Consider estimation of the FAVAR with F; replaced by F,. Theorem 1 covers

3See, for example, Bernanke and Boivin (2003), Bernanke et al. (2002), and Giannone et al. (2002), and
Marcellino et al. (2004).



estimation of those equations of the VAR with g, 0n the left hand side, W, and f} on the
right hand side, where in the present context, W; are the lags of y;. The following theorem

provides the limiting distribution of S] for those equations with ﬁtﬂ on the left hand side.

Theorem 2 (FAVAR) Consider a p-th order vector autoregression in q observable variables
ye and r factors, F,, estimated by the method of principal components. Let Z, = (y; ...y;_,,
Fl. .. .,ﬁt’_p)’, let Y, = (y, F)) and }Afjt be the jth element of Y;. Forj =1,...q+r, let /5\]
be obtained by least squares from regressing lA/th on zy, with €141 = ]Hl 5 7. Under
Assumptions A-E and if \/T/N — 0 as N, T — o0,

T T T
VG, ) (0 253 (5 G5 ) (353
Theorem 2 states that the parameter estimates for these equations remain /7T consistent.
Since impulse response functions are based upon estimates of the FAVAR, Theorem 2 enables
calculation of the standard errors. Although the condition T /N — 0 is not stringent, it
puts discipline on when estimated factors can be used in regression analysis.
The limiting distribution in Theorem 2 is the same as if z; were observable. It is interesting
to compare the result with Pagan (1984), whose model is y; = /2§ + &4, and z; = vz + wy

with ¢ = v'z. Let Ty =72, Thus,
I 1(. e ~N\ _ I ~
p=aTi+e+a (e —7) =T + e+ uy

where Uy = — (7 — 7)'2;. Using 7; as regressor, we have & — a = (2'27)'7(¢ + u). But

which is non-negligible, so estimated regressors have an effect on parameter estimation. In

our case, the corresponding term is Op(%). If N = 1, this term would be O,(VT),

much larger than Pagan’s O,(1). This is because in Pagan’s model only finite number of

3\
3\

T 1 T
Z z(y=9) =7 Zztzt —7) = 0,(1)

t:l

parameters 7 is estimated in the first stage and we need to estimate T" unknown quantities

Fy, ..., Fr. But if N is large, the corresponding term in our analysis is negligible.

2.2 Prediction Intervals

We first provide some intuition for the appeal of diffusion index forecasts. Consider a simple

forecasting equation y; 1 = aF; + .11 where g are iid (0,02). Also assume F; is an AR(1)
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process Fy = pF;_1 + uy with u; being iid (0, ai) and being independent of ¢, for all ¢ and s.
Suppose also for the moment that the model parameters are known.

If F} is observable, the one-step ahead forecast of y;.1 at time ¢ is given by aF; so that the
forecast error is €,,1, and the forecast error variance is af. If F} is not observable, then y; is
an unobserved components model. The univariate time series forecast is based on the ARMA
representation of ;. In this case, y; is an ARMA(1,1) process such that y;.1 = pys+m1+0;,
where 7, is white noise and 6 depends on other parameters. Assuming the infinite past history
of Yy (-rry Yt—2, Yi—1, ;) is available, the one-step ahead forecast of y;1 at time t is py, + 0n;.
The forecast error is 7,1 and the forecast error variance is O’% = E(n?,,). It can be shown
that 03 > 02, so smaller forecasting error variance is obtained when Fj is observable. This is
not surprising and conforms to the intuition that more information permits a better forecast.

The assumption that F} is observable is of course not realistic. Nevertheless, if we observe
a large number of indicators that have F} as their common sources of variation, we can exploit
this commonality to estimate the process F; very well by the method of principal components
(up to a transformation). This is the essence of the diffusion index forecasting. In the limit
when N goes to infinity, the DI forecasts are the same as when F; is observable. In this
example, the reduction in forecast error is 02 — o2, which is strictly positive. In cases with
more complex dynamics and/or when W, are present, knowledge of F; can still be expected
to yield better forecasts, because one can, in general, do no worse with more information.

Suppose the object of interest is the (latent) conditional mean of (1). If y, is inflation, the
estimated conditional mean can be interpreted as an estimate of the expected rate of inflation.

We now suggest how a confidence interval for the conditional mean can be constructed. From
(Ursnr — yranr) = (6 — 6)'Zp + o H(Fr — HFy),

we see that the forecast error has two components. The first term arises from having to
estimate  and 3. Theorem 1 makes clear what this error is asymptotically. The second
term arises from having to estimate F;. Under Assumptions A-D, Bai (2003) showed that if
VN /T — 0, then for each t,

d

VN(F,— HF,) -% N(O, V‘lQFtQ’V‘l) = N(O,Amr(ﬁt)),

where @ = plim ﬁ’F/T, V =plimV, and T} = limy_o, % Zf\il Z?{:l E(\)j eie).
Theorem 3 Let Yripr = S’ET. Under the assumptions of Theorem 1, and \/N/T — 0,

(yT+h|T_yT+h\T>i>N(O’1)
Br




where B,% = %/Z\/T A’U(L’f’(g) ,/Z\T -+ %a/ A’UCLT(?T) a

Because the two terms in B2 vanish at different rates, the overall convergence rate for
Yrinr is min[v/T’, v/N]. More precisely, it depends on whether or not 7'/N is bounded. /T

convergence to the normal distribution follows from considering the limit distribution of
VT @rinr = yronr) = VT = 8)Zr + (T/N)V2a’ H'V/N(Fp — HFy).

When T'/N is bounded, the estimation error associated with & and F, both contribute to the
asymptotic forecast error variance. However, the cost of having to estimate F; is negligible
when T/N — 0 because vVN(E, — HF,) is O,(1). Intuitively, when N is large, the factors
can be estimated so precisely that estimation error can be ignored. On the other hand, when
N/T is bounded, the convergence rate is v/N. This follows from the fact that

VN@rsnr — yronr) = W N/TWT (G — 8)'%r + o' H W N(Fr — HFy).

If N/T — 0, the error from having to estimate § is dominated by the error from having to
estimate F;.

In a standard setting, the error variance in predicting the conditional mean falls at rate
T, and for a given T, it increases with the number of observed predictors through a loss
in degrees of freedom. In contrast, the error variance here decreases at rate min|[N, T, and
for a given T', forecast efficiency improves with the number of predictors used to estimate
F,. This is because in the present setting, a large N enables more precise estimation of the
common factors and thus results in more efficient predictions. This property of the factor
estimates is also in sharp contrast to that obtained in standard factor analysis that assumes
a fixed N. With the sample size fixed in one dimension, consistent estimation of the factor
space is not possible however large T' becomes.

When the objective is forecasting, one would be more interested in the distribution of

the forecast error. Since yryn = Yrinr + €744, it follows that the forecasting error
Erin = /y\T-i-h\T —Yr+h = @T+h|T - yT-l—h\T) + ET4h-
So if &; is normally distributed, 7, is also approximately normal with
var(Epyn) = Var@T+h|T — Y1) = ‘752 + UC””@TM\T)-

We state this result as a corollary.



Corollary 1 Under the assumptions of Theorem 3, and assume &; is iid N(0,0?), then the
forecasting error Epyy, is

Eryn ~ N(O, Ug + UW@TJrth))

Assuming a constant conditional variance o2, a predictive interval for yr,, can be obtained
upon replacing o2 by its consistent estimator % thl £2. The above formula extends the
textbook definition of forecast uncertainty that only allows for estimation error in & (as in
Greene (2003), Chapter 6), to also permit using F, as regressors. Therefore, var(Yrnr)
reflects model parameter uncertainty and regressor uncertainty. Note that in large sam-
ples, var(Ery,) is dominated by o2, just as when all predictors are observed. However,
var(yrpr) vanishes at rate min[7, N], rather than the usual rate of 7. Nonetheless, if we
ignore var(yrp7), o2 will under-estimate the true forecast uncertainty for a given 7' and
N. 1If & is only conditionally normal with conditional heteroskedasticity, then ¢ should
be replaced by the conditional variance, which may be modeled by an ARCH or GARCH
process.

To conduct inference for either the conditional mean or the forecasting error, a consistent
estimator for B3, = var(yripr) is required. In view of (5), an estimate of Avar(F,) (for any
given t) can be obtained by first substituting F for F', and noting that @ = F'F /T is an
r-dimensional identity matrix by construction (@ is an estimate for QH’ whose limit is an
identity). We can then consider the estimator

—

AUCLT’(ﬁt) = V_lft‘?_l,

where the r x r matrix I'; can be one of the following:

N
~ 1 ~ ~
L=+ PR (5a)
i=1
- 1 o
T, =52— PV 5b
3 aeN - i ( )
_ 1 n noo_ 1 T
i=1 j=1 t=1

with n/min[N,T] — 0 in (5¢), where &, = xi — A,F,. The various specifications of I,
accommodate flexible error structures in the factor model. Both (5a) and (5b) assume that
eir is cross-sectionally uncorrelated with ej;. Consistency of both estimators was shown

in our earlier work. The estimator (5b) further assumes E(e%) = o2 for all 7 and ¢. Under

10



regularity conditions, &2 = 1= SN S°7 22502, Although (5a) and (5b) both assume the
idiosyncratic errors are cross-sectionally uncorrelated, it is not especially restrictive because
much of the cross-correlation in the data is presumably captured by the common factors. At
an empirical level, allowing for cross-section correlation in the errors would entail estimation
of N(N —1)/2 additional parameters. Because N is large by assumption, sampling variability
could generate non-trivial efficiency loss. For small cross-section correlation in the errors,
constraining them to be zero could sometimes be desirable. The estimators defined in (5a)
and (5b) are useful even if residual cross-correlation is genuinely present.

When it is deemed inappropriate to assume zero cross-section correlation in the errors,
the asymptotic variance of F, can be estimated by (5c). Consistency of I'; will be established
below and it requires nontrivial arguments. Suffice it to note for now that the estimator,
which we will refer to as CS-HAC, is robust to cross-section correlation and heteroskedasticity
in e;; of unknown form, but requires covariance stationarity with E(e;ej;) = o;; for all ¢,
and that n = n(N,T) satisfies the conditions of Theorem 4 to be discussed below.

Once appropriate estimators for Avar(d) and Avar(Fy) are chosen, the above results
allow us to construct prediction intervals. This exercise is straightforward given asymptotic

normality of the forecasts errors. For example, the 95% confidence interval for the yripr is

('?/\T+hT — 1.96/var(Yrynr), Yrenr + 1.964/ m(?//\T+hT))>

and the 95% confidence interval for the variable yr,y, is

<§T+h|T - 1-96\/352 +0ar(Yrsnr),  Yrewr + 1-96\/5\3 + m(@\T—HﬂT)) ,

where var(Yripr) is equal to B7, as defined in Theorem 3, with Avar(g) and Avar(F))
replaced by their consistent estimates.

Theorem 3 fills an important void in the diffusion index forecasting literature, as it goes
beyond the consistency result to establish asymptotic normality. The result has uses beyond
forecasting, as it provides the basis of testing economic hypothesis that involves fundamental
factors. Observed variables are often used in place of the latent factors when testing various
theories of asset returns. Using Theorem 3, tests can be developed to determine whether
the observables are good proxies for the latent factors. An application was considered in Bai
and Ng (2004). That analysis, which amounts to assessing the in-sample predictability of

the latent factors, makes use of the results presented here, with A set to zero.
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3 Covariance Matrix Estimator: the CS-HAC

The CS-HAC estimator defined in (5c¢) is robust to cross-section correlation and cross-section
heteroskedasticity but requires the assumption of covariance stationarity which is not neces-
sary for (5a) and (5b), since these assume cross-sectionally uncorrelated idiosyncratic errors.
To understand the problem, it helps to first consider the cross-section regression y; = B/\;+e;,
where \; is a r x 1 vector of observed regressors. Then I" = %A’ QA, where Q = limy_., E(ee’)
with e = (e, ...,en)’, and A is the N X r regressor matrix. Here, the “natural” estimator,
o SV Z;VZI AiNjeie;, is not consistent because it is equal to (\/—lﬁ SV )\Z@)(ﬁ SN oG
and \/—% Zf\il A;€; converges to a random vector. The problem is analogous to inconsistency
of the unweighted sum of T sample autocovariances as a long run variance estimator in a
time series context. As time series data have a natural ordering, it is possible to consider a
kernel estimator that truncates at M < T lags with M — oo and M /T — 0.

Cross-section data have no natural ordering. It is only in special cases such as the
one considered in Conley (1999) that a truncated sum can be justified. Neither economic
theory nor intuition is usually of much help in obtaining a ‘mixing condition’ type ordering
of the data. More generally any cross-section permutation of the data is an equally valid
representation of information available, and the different orderings also cannot be ranked.
The common practice in cross-section regressions is to assume E(e;ej) = 04 # j, so that
Q = plimy_ o, & o, A\el.

A third alternative is available if we have observations on the cross-section units over
time. The basic intuition is as follows. If covariance stationarity holds, the time series
observations will allow us to consistently estimate the cross-section correlations provided T’
is large. Furthermore, the covariance matrix of interest is of dimension (r X r), much smaller
than N, and can be estimated with n < N observations. An estimator along these lines
was considered in Driscoll and Kraay (1998) who showed in a panel context that using all N
cross-section units will yield an inconsistent estimate of the covariance matrix. They require
n = n(T), as their residuals are based upon estimators that are VT consistent. They place
no other restriction on n, nor do they limit the amount of cross-section correlation. In their
setup, the regressors are observable.

We also seek to estimate the covariance matrix from panel data, but A; in our analysis is
not observed. To consistently estimate I';, we require I'; not to depend on ¢, see Assumption
C4, so that we can use observations from other periods in addition to period ¢ to estimate

[". This covariance stationarity rules out time series (unconditional) heteroskedasticity.
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Theorem 4 Suppose Assumptions A-D hold. In addition, E(eqe;) = oy for all t, and I,
does not depend on t, denoted by I'. Let n = n(N,T) and define

= Z Z X X/ ! gitgjt-

Zl_]l

J%en)ﬁi HVTH- ﬂ)——eo if 0.

mln[N T)

The object of interest is the r x r matrix I', not the N x N covariance matrix for e;.*
Accordingly, consistent estimation of I' is possible using only n < N pairs of (Xi,é). Use
of all N pairs is undesirable because the sampling variability induced by the ‘estimated
regressors’ Xz will be excessive. This reason for using n < N observations is distinct from the
truncation required in estimation of the long run variance, which is justified by the ‘mixing’
properties of the data.

The conditions that n/N — 0 and n/T" — 0 are not restrictive. The simple rule we
use in the simulations below is n = min[v/N,+/T]. Once n is defined, an estimator can
be constructed upon picking n out of N series from the sample. In large samples, T will

converge to the same I' whichever n series we pick.

4 Finite Sample Properties
To assess the finite sample properties of the procedures, simulated data are generated as:

Ty = MNFy+ey, i=1,...N;t=1,....,T
F’jt = ij’jt—l + (1 - p?)l/zujt j = 17 s Py = <8>J7
e = UtQ(b)l/z

where e; = (eyy,...ent)” and v, = (vig, ..., vne)’, and wj; and v are mutually uncorrelated
N(0,02) random variables and Q'/2(b) is the Choleski decomposition of Q(b), an N x N

® By design,

Toeplitz matrix whose j-th main diagonal is &’ if j < 10, and zero otherwise.
the cross-section correlation ‘dies out’ if the units are spatially far apart, much like an

AR(1) process. We draw \; (once) from the uniform distribution with support on [0,1]. Four

4Note that I is not directly estimating I". This is because we use Xl to estimate H~Y);, and we also
estimate QH’ instead of Q, where Q is the limit of F'F/T. From QT',Q’' = QH'H'~'T\H ' HQ, the matrix
H is effectively canceled out.

5The results are similar if the innovation variance of u; is not scaled by 1 — p?. The scaling is enables us
to control the size of the common to the idiosyncratic component. ‘
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variations of the DGP are considered. In DGP 1 (homoskedasticity and cross-sectionally
uncorrelated errors), we set b = 0 and 02 = 1. In DGP 2 (heteroskedasticity and cross-
sectionally uncorrelated errors), we set b = 0 but 02(4) is uniformly distributed on (.5, 1.5).
In DGP 3 (homoskedasticity and cross-sectionally correlated errors), we let b = .5, 02(i) = 1,
and in DGP 4 (heteroskedasticity and cross-sectionally correlated errors), b = 0.5 and o2 is
again uniformly distributed on (.5,1.5).

In the simulations, » = 2 and is assumed known. The series to be forecasted is
Yira = 1+ Fy + Foy + €444

That is, h =4, W, = 1, « = (1,1), and § = 1. The simulation design is similar to Stock
and Watson (2002a), but allows stronger cross-section correlations in e;. Three types of

confidence intervals will be presented:
(A): (5b) +(4) ;5 (B): (5a) + (3);  (C): (5¢) + (3).

For the sake of comparison, we also consider the coverage rates that would obtain when F; is
known (and thus the standard errors omit terms involving Avar(F;)). This is labelled (D).

The coverage rates are reported in Table 1 for (i) the estimated conditional mean, yr 4|7
and (ii) the diffusion index forecast, yr.,. The coverage rates are generally close to the
nominal rate of .95, though three results are noteworthy. First, when NN is small, the coverage
of (C) is too low for DGPs 1 and 2, with CS-HAC when in fact there is no cross-section
correlation. Second, for DGPs 3 and 4, the coverage of (A) and (B) are always too low since
these ignore the correlation in the errors. Coverage is improved using the CS-HAC, see (C).
Third, the coverage rates for yri,r are more sensitive to the relation between N and T
than for y7.,. This is in accord with theory, because the error in yr.; is dominated by €44,

whereas the error in yr 7 is induced by the error in estimating F; and the parameters.

4.1 Empirical Application

To illustrate, we use as predictors the 150 series as in Stock and Watson (2002b).6 We
consider h = 12 period ahead forecast of the annual growth rate of industrial production,
DIP, ie y; 110 = DIP = log(I Piy12) — log(IP;). For the sake of comparison, we first consider
the autoregressive forecast B’ Wigeg:1, where Wy, are the lags of DIP plus a constant. We

first select the order of this autoregression using the BIC. The diffusion index model then

6The data are taken from Mark Watson’s web site http://www.princeton.edu/ mwatson.
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augments this autoregression with the estimated factors. If the factors have no useful infor-
mation, a should be zero, and the autoregressive forecast will be the optimal forecast. The
forecasting exercise begins by estimating the factors using data on x;; from 1959:1 to 1969:1.
We then obtain @ and B from a regression of y; on E_lg and W;_1,, for t=1959:1 to 1969:1.
The forecast for y1970.1 is computed as o’ Fioson + B’ Wigso:1. The sample is then extended by
one month, the factors and all the parameters are re-estimated, and the forecast for y1979.
is formed. The procedure is repeated until the forecast for 1996:12 is made in 1995:12.
Because the series to be forecasted are one of the x;s, the number of factors in y; is
the same as the number of common factors in the panel of data. This is determined using
T = argmaxy_q_ gmaz 1080°(k) + k - g(N,T), where *(k) = 57 SV ST @2, see Bai and
Ng (2002). We report results for g(N,T7) = (N +T) IOgJ(VJ;T). This penalty tends to select

a smaller number of estimated factors, but we correct for cross-section correlation in the
7

idiosyncratic errors.
The average mean-squared error for the diffusion index and AR forecasts are 24.95 and
26.46, respectively. Figures la,b present the series to be forecasted, along with the 95%

prediction interval as suggested by the diffusion index and the AR forecasts, respectively.

5 Non-Stationary Factors

The preceding analysis can be extended to nonstationary factors. Although nonstationary
factors imply different rates of convergence for the estimated model parameters, we will now
show that for the purpose of constructing confidence intervals for forecasts, the formula for
stationary factors remains valid, at least under conditional homoskedasticity.

Assume again that the forecasting equation is vy, = o F; + 8'W; + €145, and the data
have a factor representation z; = \,F; +e;. Instead of assuming F} is covariance stationary,
we now assume

Fy=Fi 1+ uy,

where wu; is a sequence of 1(0) processes. To analyze this case of non-stationary factors, all
previous assumptions are maintained, except for the following;:

Assumption A': (1) Ellu,||**° < M and 7 ST Ftﬂ’ﬂzp, where X is positive defi-
nite (random) matrix with probability 1, and (2) &, is an iid sequence with zero mean and

variance o2, where ¢, is independent of z; = (F/, W/)’ for all ¢ and s.

" Additional results with g, (N, T) = % are given in the working paper version of the paper
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Assumption A’(1) rules out cointegration among the components of F;, although the
results are applicable for this case. Cointegration among F; is equivalent to the existence
of both I(1) and I(0) factors, see Bai (2004). This case would require more complicated
notation and will not be presented to simplify the exposition.

Assumption A’(2) imposes conditional homoskedasticity on ;. But it also rules out lagged
dependent variable. When F; is I(1), y; is also I(1), implying cointegration between the
dependent variable and F;. Lagged dependent variable will be asymptotically multicollinear
with F;. We therefore assume the absent of lagged dependent variable. As a result, the

following mixture normality is a reasonable assumption:

T

D' zen——MN(0,020) (6)
t=1

where M N (0, 02Q) is shorthand notation for conditional normal distribution with covariance

matrix 02(2, conditional on €, where (2 is the limiting random matrix of D;'2’2D;! where

Dy =TI, if Wy is also I(1), and Dy = (T'I,, \/Tlp) if Wy is 1(0). If some components of W,

are 1(1), and others are 1(0), Dr is adjusted accordingly. By definition, if £ ~ M N(0, 0292),

then o 1Q~1/2¢ ~ N(0, ).

Let F be a T x r matrix consisting of 7 eigenvectors (multiplied by T') of the matrix
XX'/(T%N), corresponding to the first 7 largest eigenvalues (in deceasing order). Let V
be the diagonal matrix consisting of these eigenvalues. Define A= X'F /T? and H =
V-LF'F/T?)(ANA/N).

Theorem 5 Suppose assumptions A’, B-E and (6) hold.

(i) Let & and B be the least squares estimators from a regression of ysyn on z; = (l:;t’ W)
Again denote 6 = (& ') and § = (/H™* #). As N,T — oo with VT /N — 0,
(D712'2D:1)Y2Dp(8 — §)-N (0, agf) (7)
where Z = (/Z\l, ey /Z\T—h),-

(i) Let Yrynr = &' Fr + E’WT be the feasible h-step ahead forecast of yryn. Under the

assumptions of Theorem 5

yT+h|TC_ yT-i—h\Ti)N(O’l) ®)
T

where C3 =022, (72) ' + wa' V- IT,V L a.

The theorem shows that @ converges to H'~'a at rate 7' and //6\ converges to 3 at rate T

when W; is 1(0). These are the same rates as known F. Of course, for known F', we will
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directly estimate « instead of H'~'a.. When the estimator is weighted by the random matrix
(D7'ZZD71)Y/2, the limiting distribution is normal. The unweighted limiting distribution is
mixture normal.

The forecast error variance once again has two components. The first term of C% comes
from the estimation of § and is O,(T ). The second term comes from the estimation of F}
and is O,(N~1). If T/N is bounded, both errors remain asymptotically (unless /N — 0)
and the convergence rate is /7. If T/N is unbounded, asymptotic normality continues to
hold, but convergence is at rate v/N. The overall convergence rate of YrnT 1O Yrppr 18
min[v/N, /7], as in the case of I1(0) regressors.

If F} is observed, it is known that it has to be normalized differently depending on whether
it is I(1) or I(0)%. Although less obvious, the triple (V, F,A) also has to be normalized
differently, depending on the stationarity property of F,. One would then expect confidence

intervals for stationary and non-stationary factors to be constructed differently. However,

(Z7T+h\T—yT+h\T) Z7T+h\T—yT+h\T)
By

in Theorem 3 under homoskedasticity and ( o

Theorem 5 are in fact mathematically identical. As shown in the Appendix, this is because

the expression in
CZ is invariant to normalization. Although Theorem 5 is stated under the assumption of
conditional homoskedasticity, the forecast confidence intervals derived for stationary common
factors are also valid for nonstationary factors. The practical implication is that knowledge

concerning the stationarity property of F; is not essential for predictive inference.

6 Conclusion

The factor approach to forecasting is extremely useful in situations when a large number
of indicator or predictor variables are present. The factors provide a significant reduction
in the number of variables entering the forecasting equation while exploiting information in
all available data. This latter aspect is important because it is by using information in all
data available that permits consistent estimation of the factors. This paper contributes to
the small but growing literature on factor forecasting by (i) showing that the conditional
mean forecasts are min[v/N, v/T| consistent, and (ii) presenting formulas to permit predictive
inference. We also suggest how the covariance matrix of cross-correlated errors can be

consistently estimated.

8Different scalings are used to derive proper rates of convergence and suitable limiting distributions.
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Appendix: Proofs

The following identity is used in the proof of Lemma A1l below, see Bai and Ng (2002):

Fonn=7(1 zmt+ ZFM stmt+ zm) (A1)

where 7y = E(£ 30 €ieir), Gt = % Somy €isCic — Ysts st = = Soney MFseqy, and & =
% Zf\il N Fy e;s. Note that M will represent a general positive constant, not depending on
N and T and not necessarily the same in different expressions.

Lemma Al Let 2, = (F/ W)Y, and 2, = (F, W/). Let 6%, = min[N,T], and H =
VY F'F/T)(NA/N). Under Assumptions A-E,

(Z) % Z;[:1 ||ﬁt - HFt||2 = Op(éﬁg“)%

(ii) + i1 (Fy — HE)z = Op(637);

(iii) 3 3y (Fy = HE)Z = Oy(057);

(vi) 3 s (Fy = HE e = 0,(037)

Proof: Part (i) is proved in Bai and Ng (2002). Consider (ii). From A.1,

—Z —HF)z = V! {T‘QZ[Z Fyya 2,

t=1 s=1

T T _ T T T T N
+T‘QZ[ZFscst]z;+T-2ZZ STst) 21 T_QZ[ZFsgst]z;]
t=1 s=1 t=1 s=1

t=1 s=1

= VI +II+III+1V],
We begin with . We have

T T N T T T T
T2 Fopya =T72Y ) (B = HE)zra +T72) > HF2v..

t=1 s=1 t=1 s=1 t=1 s=1
The first term is bounded by

7 (L ZHF ur?)” (lezwwz”ztn) Op(T~12031)

t=1 s=1
by part (i) and Assumption C. Note that Assumption C implies || < M, 7 LS ST el <
M and 7 S ST el < M. The expected value of the second term is bounded by (ig-
nore H)

T T T T
T2y Y Pal(BIENDA(E ]2 < MT™2Y Y vl =0T

t=1 s=1 t=1 s=1
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by Assumption C and E.1. Thus, (I) = O,(T~Y25y%).
For (II),

T T
T3 Fluzy =T7" Z Z HF (o2 +T72 Z F, — HF,)(yz.

t=1 s=1 t=1 s=1

The first term can be written as Hﬁ% Zle myz;, where m; = ﬁ Zle Zf\il Fyleiseq —

E(eisen)]. But E||my|* < M by Assumptions C3, and E ||m, 2| < (E(||me]|* E(]|z]|*)/? <

M. Thus, & I myz, = 0,(1), and the first term is O,(1/v/NT). For the second term,
HT 2 ZZ F,— HFE)Cy?!

T T
=1 ( Z) )1/2<%;H%;Cst22 2)1/2.

But 7 Zt 1 Cst2t = \/_lﬁ% Z;f:l(\/_lﬁ Zij\il[eiseit — E(eisei)])z; = Op(N~1/?). Combining the
results, (I1) = Oy(1/VNT) + O,(0y7) - Op(N~V?) = Op(N~20y7.).
For (IIT), we have

T

T T T
723N Ry =T N e+ T2 Y (Fy = HE)zn..

t=1 s=1 t=1 s=1 t=1 s=1

The first term on the right hand side can be rewritten as

T T T N
_ 1 1
WML SR o S
t=1 s=1 s=1 t=1 i=1
which is Op(l)Op(\/%). The treatment of the second term is similar to that of the second

term of (II). The proof for (IV) is similar to (III). Thus,

1 1 1 1
— —— )+ 0)(—) = Op(————==
VTyr Vo) TN T O

proving part (ii). Next, consider part (iii). Let z, = (HF},W/). Then T‘lthzl(ﬁt —
HF)Z =TS (F—HF)Z+T 'S (F,—HE)(Z~7%)". From 2,— %, = ((F,—HF,),0),
the second term is O,(0y7) by part (i). The first term is O,(6y>) by part (iii) in view of the

[+ 11+ II1+1V =0, )+ 0,( ) = Op(057)

definition of z; and z. The proof for (iv) is similar to (ii), with &; replacing z.

Proof of Theorem 1. Adding and subtracting terms, the model can be written as:

Yin = OF+BWi4epn=a'H E, + BW, + epan + H N(HF, — F,)
= /Z\;(S + Eeypn + O/H_I(HFt — ﬁt)
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In matrix notation: Y = 26 + ¢ + (FH' — F)H Vo, where Y = (ypi1,....yr), ¢ =
(Epg1s - er), and Z = (Z1, ..., 2r_p)". The OLS estimator is 5= (Z'2)712’Y. Thus,
§—6=(22)%e+ (F2)'Z(FH — F)H 'a, or

VTG —8) = (T7'22) '~V e + (T7'22) T ~/*2(FH' — F)]H a.
The second term on the right hand side is 0,(1). This follows from T-V/22'(FH' — F) =
0,(T"?/min(N,T)) = 0,(1) if VT/N — 0, by Lemma Al. For the first term, T7-'/?2'¢
TYV2('F WY, Now T™Y2F'se = T-V2HF'e + TY2(F — FH')s. The second term is
0,(1) if VT/N — 0 by Lemma Al. That is, T-/22c = T-V2(¢'FH' W) + o0,(1) =
T-12®2'e + 0,(1), where ® is a block diagonal matrix ® = diag(H, I). Thus,

VT —8) = (T7'22) T 1?7 4 0,(1) (A.2)
= (T7122) 71T Y22 e 4+ 0,(1)

Since 2'e /T N (0,%,..) by Assumption E2, the above is asymptotically normal. The

asymptotic variance matrix is the probability limit of

(5 ) o7 Z) (T) wtere @ = {1 (A3

Define Hy = plim H = V7'QX,, &y = plim ® = diag(Hy, I). Now T712'Z2 = &(T12/2)P" +
0,(1) 2= &, ). The asymptotic variance or the limit of (A.3) is

S5 = (P2 ) T (Po .. PH) (PoX..0)) ! = @y 'S S, D Pt
Since HF, = Fy+0,(1) and z = (F/, W/)’, we have (4 ST 5t+hztzt)<1>’ = (¢ ST G
0p(1). Therefore, S5 = (T-'22) "1 (T~' Y., €2,,%2)(T~'2'2) " is a consistent estimator for
Ys. This completes the proof of Theorem 1.

Proof of Theorem 2. Without loss of generality, consider a FAVAR(1). For FAVAR(1),
Y; and z; coincides, i.e., Y; = z; = (y; F])’. The infeasible FAVAR is 2,1 = Az, + €41, or

Yer1 ) _ (A1 Q12 Yt + E1t+1
F as;  az ) \ Iy €241/

Left multiplying the second block equations by H and then adding and subtracting terms,
the FAVAR expressed in terms of F, is

<?it+1> _ <b11 b12> <?it) n < E1t+1 >+ —bio(HF, —ft) +< Ogx1 " )
Fia b1 b2 ) \ Fy Hegpa bor (HF, — F}) —(HF1 — Fia)
b1 b
= (b; b;z) (Ft) + Ut—l—l + Ut+1 + Ut+1
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where bll = aiy, blg = CL12H_1, bgl = HCLgl, and b22 = HCLQQH_l. Let /Z\t = (yf{, E/)/. The j—th
equation of the feasible FAVAR is thus Zj,41 = 672 +uj,, 4+ u5,,; +ud,,,. The least squares

estimator for ¢; is

T —_
\/T(/é\j —4;) = (T_l thfz\g ( 1/2 Z 2t jt—l—l + U;t+1 + ujt+1)>

t=1 t=1

!

T = T =~
By Lemma Al, % Dol 2 = Op(mir*l{;ﬂ) and % Dol 2 = Op(mm[%) Thus,

VT(5;—3;) = ( Zztzt> (T_1/2 i%\tu;t-ﬁ-l) + 0p(1)

For 5 < g, u}’tﬂ is the jth component of £1,,1. This case is treated in (A.2) and the limiting

variance is shown to be, compare with (A.3)

T

(2352) (&) (535

t=1 t=1 t=1

&Vl

) (A.4)

This can be consistently estimated with upon replacing u}t 41 by ﬁjl-t 1= Zjt1 — 5\32}

For j = ¢+ 1,...,q+ 7, uj,, is the kth component (k = j — q) of Hey 1, which can
be written as tj Heor 1, where ¢ is a vector of 0’s with the kth element being 1. Note that
1, Heoyq is a linear combination of the components of e;.. The analysis of (A.2) in the
previous proof implies that the limiting variance is given by (A.4) with u}t 1 =t Heg.

Proof of Theorem 3. Begin by rewriting

YT+hT — Yr4hr = &' Fr+ BWr — o' Fr — 3'Wy
— @—H"a)Fp+a'H \(Fr— HFp) + (B — B)W
= 2.0 -8+ H (Fp — HFy)

_ %?Tﬁ@— 5) + %a/ﬂ—lﬁ(@ HFy)
Thus, if T/N is bounded, vT (Yr4nr—Yy7r+n1) = Op(1) and is asymptotically normal because
VT (6—6) and VN (Fr— HFy) are asymptotically normal. Similarly, if N/T is bounded, then
VN (yrinr—yrinr) = Op(1) and is asymptotically normal. Furthermore, note that v/7 (5\—
§) and VN (IZ;T — HFr) are asymptotically independent because the limiting distribution of
\/T(g — §) is determined by (g1, ...,e7) and the limiting distribution of vN(Fr — HFy)

is determined by cross-section disturbances at period 7', e;r for i = 1,2..., N. Due to this
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asymptotic independence, the sum of the variances of the right hand side terms is an estimate
for the variance of Yripr — yrinr. Let BE = —zTAvar(cS)?T + %&’Avar(ﬁfp)&, which is an
estimate for the variance of yrynr — yronr. Thus (Yripnr — yT+h‘T)/BTi>N(O, 1).

To prove Theorem 4, we need additional results.

Lemma A2 (i) %Z?zl(H_l/Ai - Xz))’\é = Op((nT)"'?)+ 0 (m)
(i) The r X r matriz 7 SUHF, — F) (28, New)] = Op(_min[N,T})-

Proof of (i). From the identity
N—H Y\, =T 'HF'e, + T'F'(F — FH ")\, + T"Y(F — FH')e,, (A.5)

where e, = (€1, €0, ... €;7)’, we have
1 n
-1 / -1 / / 17 1/ !
— AN\, = T HF'( )+ T F(F — FHY) (= AN
>0 (32 + T = PGS )
+771! F FH E eN)=a+b+ec

Now (a) equals H-- (32" S°1 F)Ney) = Op(\/%). (b) equals T-'F'(F — FH™Y) -
O,(1) = O,(min[N,T]™*) by Lemma B.3 of Bai (2003). (c) is O,([min[N,T]]™!) following
Lemma B.1 of Bai (2003), replacing e; with =>°" | Aie;;. For part (i), the expression is

equal to (¢) multiplied by n, thus it is bounded by O,(n/min[N, T7]).
Lemma A3 For each j, Y1 0i;(A\i — H™Y);) = O,(T~Y/2) + O,(min[N, T] ).

Using the expression for \; — H™Y); in (A.5) above, we have

Zam(xi —H'N) = T_IH/(Z 0 Ie;)
i=1 '

+T'F'(F — FH™ Za” )+ T Y(F - FH) Zam
=1

= (a)+(b) + ().

Now (a) is O,(T~'/2) because ~F'e; = % 31| Fiey is O,(T~"/?) for each 4, and by Assump-
tion C, Y"1, |oy;| < M. (b)is Op(mm[N, T]~1) because T F'(F—FH™) = O,(min[N, T]™)
and |37 o\l = Op(1). (c) is Op(min[N,T]™!) following Lemma B.1 of Bai (2003), re-
placing ey by >0, 0iei = Op(1) in view of D7 |oy;| < M. O
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Proof of Theorem 4. Let 0;; = E(e;eji), and 0;; = % 23:1 €ieje. Let Ty, = % S 2?21 T NN

2
The limit of I',, exists by Assumption C. By definition,

I'=lim I',,.

The proposed estimator is I' = % S Z?Zl a-inXj. Also let T, = %Z?:l Z?Zl TN Tt
follows that

I—H'YTH'=T—-H YT, H '+ H (T, -T,)H '+ H V[, -D)H'.  (A.6)

The last term converges to zero since I', — I' — 0. We will show (i) that T, — r,—20 if

2 0and 2 — 0, and (i) that T — HVT,H™' = O,(T~/?) + O,(min[N, T]7).
(i) T, — T —250.
From ¢€; = x;; — ¢; and ey = x; — ¢, where ¢y = NI} and ¢ = X;E, we have €; =

Cit — (Cit — Ezt) ThLIS,
é}té}t = €it€r — 6it(cjt - Ejt) - ejt(cit - Eit) + (Cit - Eit)(cjt - Ejt)-

It follows that

n n T n T

r,-r, = EZZ;Z (eireje — i) NN — ZZ;Z% (cjt = Cie) AN
nz 1 j=1 t=1 i=1 j=1 t=1
n n T n T
— %ZZ;Zeﬁ (cit — czt)\X ZZ;Z (cit — Cit)(cje — Cgt))\A
i=1 j=1 t=1 i=1 j=1 t=1

= I+I1T+1IT+1V.

We will now show that I—-0 as T — oo; IT and IIT tend to zero if /n/T — 0; IV tends
to zero if n/T — 0 and n/N — 0.
Consider I. Define & =n~"23""  Niey. Then I =457 (6,6 — E(&&))]. Each element
of the r X r matrix && — E(&,£]) is a zero mean process, thus each entry of I is O,(T~Y/?).
Now consider 1. Rewrite ¢j; — ¢y = (H Y\ — Xj)’ﬁt + NH ' (HF, — F,). We will use
the fact that each term is a scalar and thus equals to its transpose and is commutable with

any vector or matrix and hence )\;. Rewrite /1 accordingly,

n n T
- %Zz%zeitw—w_x FAN, + ZZ Ze,t (HF, — FYH VAN

i=1 j=1 t=1 i=1 j=1 =1
= A+ B
n T n
_ (% 3 Az-% S ely) (3o = X)N) + B = (Aa)(AD) + B
i=1 t=1 j=1
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where (A.a) and (A.b) are the two terms in parenthesis that are added to B. Now

ol = (A3 [ we) (4

because £ 3" | Ny = Op(n_1/2) and 37 HF}H2 = 0,(1). For (A.b), by Lemma A2

) =0, 0,0)

1 < 1
A. - — H_ll . — . /. g .
4.6 = [[n— DoH = [ 0s =) + Ol )
It follows from A=(A.a)(A.b) that, if \/n/T — 0,

) . 1 v
o) O] = O Ol

For B, it is bounded in norm by

A= 0y(n"2)n |0y ) — 0.

Z)\elt HFt Ft

t=1 1=1

( ZIIA 1P ) IHI = 0p(nd33)0,(1)

by Lemma A2(ii). Thus, B — 0 if —&=~ — 0. Analogously, 111 — 0 if —

For IV, note first that this term can be written as

D 3)ILS PRI ZHfzcﬁ

=1 j=1 t=1

F3

minrw] — O-

Using ¢;y — ¢ = (H V) — X)’ﬁ} + NHYHF, — Ft) we have

\/7 Z Cit — Czt \/_ Z 1/)\ Ft)\ + — \/— Z )\/ HF;‘, E))‘Zv

and because (a +b)? < 2a% + 262,

n n ~ 2
||n—1/2 Z(Cit_git))\inz < 2””_1/22)\i(H_1/)\i _)\i)’ |Ft||2
i—1 i=1

I 2
+ 2HP(C NP e I - HEF

Thus summing over ¢ and divided by 7T,

)| oy
+2||H-1||2(5Z||Ai||2)2-n-%iHHﬂ—E 2

By Lemma A2, a — 0 if \/n/T — 0. And b = O,(n)O,(min[N,T]™") — 0 if n/T — 0 and
n/N — 0. O

2

1
1<2(—
Vo= 27

=a+b.
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ii. I — HYT,H'-250. By the definition of I and I, we have

_ _ I~ A7
P—HTH™ = =3 % G(hd — HVANH™)
i=1 j=1

1 " “ ~ NGV _ / — 1 BNV — / —
= E Z Z(O'ij — Uij)()\i)\j — H I/Ai)\jH 1) + ﬁ Z Z Uij()\i)\j — H I/Ai)\jH
=1

i=1 j=1

= [+1I

=1 j=1

Using XZX; — H_l/)\i)\jH_l = (XZ — H_l/)\i)/}\/;- + H_l/)\i(/}:j — H_ll)\j)/, we write 11

- %ii%(ii_ 1y, )\’ ZZUUAH CHVA) =atb

i=1 j=1 i=1 j=1
By Lemma A3,
I~ o\ 271 o — ~ 2y 1/2 1 1
< |- 12 - H (i — H™Y\ = = NIV :
|a\_(n;rm||) (nZ D oy(h— H) )" = Ol 7=) + Ouliory) — O

Similarly, b = OP(%) + Op(m). The proof of I being 0,(1) is analogous to that of part
(i). This completes the proof of Theorem 4. O.

Proof of Theorem 5

The argument for Theorem 5 is almost identical to that of Theorems 1 and 3. The details
are omitted. We next argue that it is not necessary to know if the underlying factors are 1(0)
or I(1), as far as prediction interval is concerned. The expression C% is equal to B3 when (4)
is used in estimating Avar(g) of Theorem 3. Nevertheless, the triple (17, F, K) in Theorem 5
are estimated (or are scaled) differently, depending on whether F; is I(1) or 1(0).° It might
appear that it is essential to know the stationarity property of Fj. It turns out that C%
is invariant to different scalings. First consider the first term of C%, which is Z7.(2'2) ' Zr.
From 2, = (F/,W}), it is clear that F, appears twice in the numerator and twice in the
denominator, thus immune to scaling. Next consider o’ V-II'V-14. Given a data matrix X ,
let (V*, F,A*) be the estimated triple assuming F, to be 1(0), and let (V" F", A") be the
corresponding triple assuming F; to be I(1). Then (V" F" A") = (V*/T,v/TF* A*/\/T),
by the definition of the estimation procedures. This implies that @” = a*/v/T (note a" is the

estimated regression coefficient when F™ is the regressor, and likewise for @*). Furthermore,

9Different scalings are used to derive proper rates of convergence and suitable limiting distributions.
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the panel residuals e;; are invariant to scalings because FrA™ s equal to FA , it follows
that I = /T in view of \” = A!/v/T, see equations (5a)-(5¢). From these relationships,
it is easy to see that

an/(ﬁn)—lfn(ﬁn)—lan _ aS/(vS)_lfs(‘?S)_las.

Thus, C% is the same whether F; is assumed to be I(0) or I(1). The above argument is valid
for F, being I(2) or other processes. This result has the practical implication that forecasting

confidence intervals derived for I(0) common factors are valid for nonstationary factors.
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Table 1: Coverage Rates, h =4, r =2

Method A: (5b)+(4) B: (ha)+(3) C: (5¢)+(3) D: F known
N T || 9ranr | Uren || Oranr | 9rsn | Oraenr | 9ren || Orenr | 9r4n
DGP 1: b=0, 02(i) = 1 Vi
50 50 || 095 [ 094 ] 093 | 094 || 093 | 094 || 091 | 0.93
100 50 || 0.93 | 094 || 091 | 094 | 091 | 093 || 091 | 0.94
200 50 || 093 | 093 | 091 | 093 | 091 | 093 | 0.89 | 0.93
50 100 | 0.95 | 095 | 0.95 | 095 || 093 | 095 || 093 | 0.94
50 200 094 | 096 | 092 | 096 || 0.88 | 095 || 0.95 | 0.95
200 100 || 094 | 0.94 | 094 | 0.94 | 093 | 094 || 094 | 0.93
100 200 | 0.96 | 0.95 | 0.94 | 095 | 093 | 095 || 0.94 | 0.95
200 200 || 096 | 0.95 || 095 | 0.95 || 094 | 095 | 0.94 | 0.95
100 400 || 0.97 | 095 | 0.96 | 0.95 | 0.94 | 095 || 0.94 | 0.95
DGP 2: b=0, 02(i) ~ U(.5,1.5) Vi
50 50 [ 095 [ 094 ] 093 | 094 | 093 [ 094 | 091 | 0.93
100 50 || 0.94 | 094 || 092 | 094 | 092 | 094 || 091 | 0.94
200 50 || 093 | 093 | 091 | 093 | 091 | 093 | 0.89 | 0.93
50 100 | 0.95 | 095 | 0.94 | 095 || 092 | 095 || 093 | 0.94
50 200 093 | 095 | 091 | 095 || 0.87 | 095 || 095 | 0.95
200 100 || 0.94 | 0.94 | 093 | 0.94 | 093 | 094 || 094 | 0.93
100 200 | 0.96 | 095 | 0.94 | 095 || 094 | 095 || 0.94 | 0.95
200 200 || 095 | 095 || 094 | 095 | 094 | 095 | 0.94 | 0.95
100 400 || 0.98 | 0.96 || 0.96 | 0.96 | 0.93 | 0.96 || 0.94 | 0.95
DGP 3: b= .5, 02(i) = 1 Vi
50 50 [ 082 [ 094 081 [094 | 08 | 094 | 091 | 0.93
100 50 || 0.84 | 094 || 0.83 | 093 | 088 | 094 || 091 | 0.94
200 50 || 087 | 093 || 085 | 093 | 090 | 093 | 0.89 | 0.93
50 100 | 0.85 | 0.95 | 0.84 | 095 | 0.89 | 095 || 0.93 | 0.94
50 200 0.73 | 095 | 0.69 | 095 || 0.78 | 0.95 || 0.95 | 0.95
200 100 || 089 | 0.94 | 0.87 | 0.94 | 093 | 0.94 || 094 | 0.93
100 200 | 0.83 | 095 | 0.80 | 0.95 | 0.92 | 0.96 || 0.94 | 0.95
200 200 | 086 | 095 || 083 | 095 | 093 | 095 | 0.94 | 0.95
100 400 || 0.80 | 0.95 || 0.76 | 0.95 | 0.94 | 0.95 || 0.94 | 0.95
DGP 4: b= .5, 02(i) ~ U(.5,1.5) Vi
50 50 [ 082 [094 ] 080 [ 093 | 08 [ 094 | 091 | 0.93
100 50 || 0.85 | 0.93 || 0.83 | 093 | 0.89 | 094 || 091 | 0.94
200 50 || 086 | 0.93 | 085 | 0.93 | 091 | 093 | 0.89 | 0.93
50 100 | 0.83 | 095 | 0.81 | 095 || 090 | 095 || 0.93 | 0.94
50 200 | 0.65 | 0.94 || 0.63 | 0.94 || 0.69 | 0.94 || 0.95 | 0.95
200 100 || 089 | 0.94 | 087 | 0.94 | 092 | 094 || 094 | 0.93
100 200 | 0.83 | 0.95 | 0.80 | 0.95 || 0.90 | 0.96 || 0.94 | 0.95
200 200 | 085 | 095 | 083 | 095 | 093 | 095 | 094 | 0.95
100 400 || 0.80 | 0.95 || 0.77 | 0.95 | 0.93 | 0.96 || 0.94 | 0.95
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Figure 1: 12-Step Ahead Forecast: Growth Rate of Industrial Production
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Figure 2a: Diffusion Index Forecast and Confidence Intervals: Growth Rate of Industrial Production
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Figure 2b: AR Forecast and Confidence Intervals: Industrial Production
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Figure 3: 12-Month Ahead Forecast: Inflation
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Figure 4a: Diffusion Index Forecast and Confidence Intervals: Inflation
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Figure 4b: AR Forecast and Confidence Intervals: Inflation
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