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Abstract

Confidence sets play a fundamental role in statistical inference. In this paper, we consider confidence
intervals for high-dimensional linear regression with random design. We first establish the convergence
rates of the minimax expected length for confidence intervals in the oracle setting where the sparsity
parameter is given. The focus is then on the problem of adaptation to sparsity for the construction of
confidence intervals. Ideally, an adaptive confidence interval should have its length automatically adjusted
to the sparsity of the unknown regression vector, while maintaining a pre-specified coverage probability. It
is shown that such a goal is in general not attainable, except when the sparsity parameter is restricted to
a small region over which the confidence intervals have the optimal length of the usual parametric rate. It
is further demonstrated that the lack of adaptivity is not due to the conservativeness of the minimax
framework, but is fundamentally caused by the difficulty of learning the bias accurately.
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CONFIDENCE INTERVALS FOR HIGH-DIMENSIONAL
LINEAR REGRESSION: MINIMAX RATES AND
ADAPTIVITY™

By T. Tony CAl, AND Z1JIAN GUO

University of Pennsylvania

Confidence sets play a fundamental role in statistical inference.
In this paper, we consider confidence intervals for high dimensional
linear regression with random design. We first establish the conver-
gence rates of the minimax expected length for confidence intervals
in the oracle setting where the sparsity parameter is given. The focus
is then on the problem of adaptation to sparsity for the construc-
tion of confidence intervals. Ideally, an adaptive confidence interval
should have its length automatically adjusted to the sparsity of the
unknown regression vector, while maintaining a prespecified coverage
probability. It is shown that such a goal is in general not attainable,
except when the sparsity parameter is restricted to a small region
over which the confidence intervals have the optimal length of the
usual parametric rate. It is further demonstrated that the lack of
adaptivity is not due to the conservativeness of the minimax frame-
work, but is fundamentally caused by the difficulty of learning the
bias accurately.

1. Introduction. Driven by a wide range of applications, high-dimensional

linear regression, where the dimension p can be much larger than the sample
size n, has received significant recent attention. The linear model is

(1.1) y=XB+e, €~ N(0,0°0),

where y € R", X € R"*P and 5 € RP. Several penalized /constrained ¢; min-
imization methods, including the Lasso [22], Dantzig Selector [11], square-
root Lasso [1], and scaled Lasso [21] have been proposed and studied. Under
regularity conditions on the design matrix X, these methods with a suitable
choice of the tuning parameter have been shown to achieve the optimal rate
of convergence klo% under the squared error loss over the set of k-sparse
regression coefficient vectors with k < c% where ¢ > 0 is a constant. That

*The research was supported in part by NSF Grants DMS-1208982 and DMS-1403708,
and NIH Grant RO1 CA127334..
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is, there exists some constant C' > 0 such that

(12) sup P (|3 51 > CHEL ) — o1,

IBllo<k

where ||3]|o denotes the number of the nonzero coordinates of a vector 5 €
RP. See, for example, [24, 2, 11, 21]. A key feature of the estimation problem
is that the optimal rate can be achieved adaptively with respect to the
sparsity parameter k.

Confidence sets play a fundamental role in statistical inference and con-
fidence intervals for high-dimensional linear regression have been actively
studied recently with a focus on inference for individual coordinates. But,
compared to point estimation, there is still a paucity of methods and fun-
damental theoretical results on confidence intervals for high-dimensional re-
gression. Zhang and Zhang [25] was the first to introduce the idea of de-
biasing for constructing a valid confidence interval for a single coordinate
Bi. The confidence interval is centered at a low-dimensional projection es-
timator obtained through bias correction via score vector using the scaled
Lasso as the initial estimator. [14, 15, 23] also used de-biasing for the con-
struction of confidence intervals and [23] established asymptotic efficiency for
the proposed estimator. All the aforementioned papers [25, 14, 15, 23] have
1(\){; is assumed. Un-
der such a sparsity condition, the expected length of the confidence intervals

constructed in [25, 15, 23] is at the parametric rate —= and the procedures

vn

focused on the ultra-sparse case where the sparsity k <

do not depend on the specific value of k.
Compared to point estimation where the sparsity condition k < -2
is sufficient for estimation consistency (see equation (1.2)), the condition

k<

\/gﬁp for valid confidence intervals is much stronger. There are several

lo
natural questions: What happens in the region where 1(\)/;) <k< %? Is it
still possible to construct a valid confidence interval for 3; in this case? Can
one construct an adaptive honest confidence interval not depending on k7
The goal of the present paper is to address these and other related ques-
tions on confidence intervals for high-dimensional linear regression with ran-
dom design. More specifically, we consider construction of confidence inter-

vals for a linear functional T (8) = {73, where the loading vector £ € RP
max;csupp(€) 51‘
miniEsupp({) |£’L|
sparsity of &, we focus on two specific regimes: the sparse loading regime

where ||€|lo < Ck, with C' > 0 being a constant; the dense loading regime
where ||€||o satisfying (2.7) in Section 2. It will be seen later that for confi-
dence intervals T () = f3; is a prototypical case for the general functional

is given and < ¢ with ¢ > 1 being a constant. Based on the
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T (B) = €78 with a sparse loading &, and T (8) = Y_?_, f3; is a representative
case for T () = 7 with a dense loading &.

To illustrate the main idea, let us first focus on the two specific functionals
T(B8) = Bi and T(B8) = Y_¥_, B;. We establish the convergence rate of the
minimax expected length for confidence intervals in the oracle setting where
the sparsity parameter k is given. It is shown that in this case the minimax
expected length is of order ﬁ + kloip for confidence intervals for 3;. An
honest confidence interval, which depends on the sparsity &, is constructed
and is shown to be minimax rate optimal. To the best of our knowledge,
this is the first construction of confidence intervals in the moderate-sparse

region Vi | < 0 Tf the sparsity k falls into the ultra-sparse region

logp ~ logp"
k< lc\>/gﬁz7’ the constructed confidence interval is similar to the confidence

intervals constructed in [25, 15, 23]. On the other hand, the convergence rate
of the minimax expected length of honest confidence intervals for > 5_,; 3; in

the oracle setting is shown to be k+/ 10%. A rate-optimal confidence interval
that also depends on k is constructed. It should be noted that this confidence
interval is not based on the de-biased estimator.

One drawback of the constructed confidence intervals mentioned above is
that they require prior knowledge of the sparsity k. Such knowledge of spar-
sity is usually unavailable in applications. A natural question is: Without
knowing the sparsity k, is it possible to construct a confidence interval as
good as when the sparsity k is known? This is a question about adaptive in-
ference, which has been a major goal in nonparametric and high-dimensional
statistics. Ideally, an adaptive confidence interval should have its length au-
tomatically adjusted to the true sparsity of the unknown regression vector,
while maintaining a prespecified coverage probability. We show that, unlike
point estimation, such a goal is in general not attainable for confidence in-
tervals. In the case of confidence intervals for §;, it is impossible to adapt
between different sparsity levels, except when the sparsity k is restricted to
the ultra-sparse region k < %,
the optimal length of the parametric rate %, which does not depend on k.

over which the confidence intervals have

In the case of confidence intervals for >-¢_, 3;, it is shown that adaptation
to the sparsity is not possible at all, even in the ultra-sparse region k < 1;/;;-

Minimax theory is often criticized as being too conservative as it focuses
on the worst case performance. For confidence intervals for high dimensional
linear regression, we establish strong non-adaptivity results which demon-
strate that the lack of adaptivity is not due to the conservativeness of the
minimax framework. It shows that for any confidence interval with guaran-

teed coverage probability over the set of k sparse vectors, its expected length
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at any given point in a large subset of the parameter space must be at least
of the same order as the minimax expected length. So the confidence interval
must be long at a large subset of points in the parameter space, not just at
a small number of “unlucky” points. This leads directly to the impossibil-
ity of adaptation over different sparsity levels. Fundamentally, the lack of
adaptivity is caused by the difficulty in accurately learning the bias of any
estimator for high-dimensional linear regression.

We now turn to confidence intervals for general linear functionals. For a
linear functional {75 in the sparse loading regime, the rate of the minimax

expected length is ||€]|2 (ﬁ + k:lo%), where ||£]|2 is the vector f5 norm of

&. For a linear functional €75 in the dense loading regime, the rate of the

log p
n ?

of £. Regarding adaptivity, the phenomena observed in confidence intervals
for the two special linear functionals T (8) = §; and T (8) = Y_*_, 3; extend
to the general linear functionals. The case of confidence intervals for T (8) =
P, &B; with a sparse loading ¢ is similar to that of confidence intervals
for B; in the sense that rate-optimal adaptation is impossible except when

minimax expected length is ||£]|cok where ||€|| is the vector £, norm

the sparsity k is restricted to the ultra-sparse region k& < k‘)/gz. On the other
hand, the case for a dense loading £ is similar to that of confidence intervals
for >-P_, B;: adaptation to the sparsity & is not possible at all, even in the
ultra-sparse region k < 1(‘)@).

In addition to the more typical setting in practice where the covariance
matrix X of the random design and the noise level o of the linear model
are unknown, we also consider the case with the prior knowledge of ¥ =1
and o = gg. It turns out that this case is strikingly different. The minimax

rate for the expected length in the sparse loading regime is reduced from

1€ |2 (ﬁ —{—l{:k’%) to %, and in particular it does not depend on the
sparsity k. Furthermore, in marked contrast to the case of unknown ¥ and
o, adaptation to sparsity is possible over the full range k < @. On the other
hand, for linear functionals £75 with a dense loading £, the minimax rates
and impossibility for adaptive confidence intervals do not change even with
the prior knowledge of ¥ = I and o = gg. However, the cost of adaptation
is reduced with the prior knowledge.

The rest of the paper is organized as follows: After basic notation is intro-
duced, Section 2 presents a precise formulation for the adaptive confidence
interval problem. Section 3 establishes the minimaxity and adaptivity re-
sults for a general linear functional 78 with a sparse loading £. Section 4
focuses on confidence intervals for a general linear functional £78 with a
dense loading £. Section 5 considers the case when there is prior knowledge
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of covariance matrix of the random design and the noise level of the linear
model. Section 6 discusses connections to other work and further research
directions. The proofs of the main results are given in Section 7. More dis-
cussion and proofs are presented in the supplement [3].

2. Formulation for adaptive confidence interval problem. We
present in this section the framework for studying the adaptivity of confi-
dence intervals. We begin with the notation that will be used throughout
the paper.

2.1. Notation. For a matrix X € R"*P, X;, X.;, and X;; denote re-
spectively the i-th row, j-th column, and (i, j) entry of the matrix X, X; _;
denotes the i-th row of X excluding the j-th coordinate, and X_; denotes
the submatrix of X excluding the j-th column. Let [p] = {1,2,--- ,p}. For
a subset J C [p], X; denotes the submatrix of X consisting of columns X.;
with 5 € J and for a vector x € RP, x; is the subvector of & with indices
in J and z_; is the subvector with indices in J¢. For a set S, |S| denotes
the cardinality of S. For a vector € RP, supp(z) denotes the support of

z and the ¢, norm of z is defined as |z, = -1, ]:):Z\q)% for ¢ > 0 with
|lz||o = [supp(z)| and ||z|l = maxi<j<p|zj|. We use e; to denote the i-th
standard basis vector in RP. For a € R, ay = max{a,0}. We use ) 3; as
a shorthand for ¥ | 3;, max||X,||2 as a shorthand for maxi<j< || X.;|2
and min || X |2 as a shorthand for mini<j<, || X j||2. For a matrix A and
1 < g < oo, [|Allg = sup|q),=1 | Az[lq is the matrix £; operator norm. In par-
ticular, || Al|2 is the spectral norm. For a symmetric matrix A, A\pin (A) and
Amax (A) denote respectively the smallest and largest eigenvalue of A. We
use ¢ and C to denote generic positive constants that may vary from place
to place. For two positive sequences a, and by, a, < b, means a, < Cb,
for all n and a,, 2 b, if b, < a, and a, < b, if a, < b, and b, < a,, and

~ ~

apn, <K by, if limsup,,_, Z—: =0 and a, > b, if b, < a,.

2.2. Framework for adaptivity of confidence intervals. We shall focus in
this paper on the high-dimensional linear model with the Gaussian design,

(2.1) Ynx1 = XnxpBpx1 + €nx1, €~ Ny(0,0°T),

where the rows of X satisfy Xj. i Ny(0,%), i =1,...,n, and are indepen-
dent of €. Both ¥ and the noise level o are unknown. Let 2 = ¥~ denote
the precision matrix. The parameter = (3,2, 0) consists of the signal 3,
the precision matrix 2 for the random design, and the noise level o. The
target of interest is the linear functional of 5, T (5) = £7/3, where £ € RP is a
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pre-specified loading vector. The data that we observe is Z = (Z1,--- , Z,)7,

where Z; = (y;, X;) € R fori=1,--- n.
For 0 < o < 1 and a given parameter space © and the linear functional
T (), denote by Z,, (0, T) the set of all (1 — «) level confidence intervals for
T (B) over the parameter space ©,
(2.2)
7, (©,T) = {Cla (T,2) =[l(Z),u(Z)] : ein(gIP’g(l(Z) <TP) <u(Z)>1- oz}.
€
For any confidence interval Cl, (T, Z) € Z, (0, T), the maximum expected
length over a parameter space © is defined as

L(CL, (T, 2),0,T) = sup EyL (CL, (T, 2)),
fcO

where for confidence interval Cl, (T,Z) = [I(Z),u(Z)], L(Cl, (T, Z)) =
u(Z) — I(Z) denotes its length. For two parameter spaces 01 C ©, we de-
fine the benchmark L (01,0, T) as the infimum of the maximum expected
length over ©; among all (1 — «)-level confidence intervals over O,

(2.3) L}(0,0,T)= CIQ(T7Z1§1EfIa(97T)L(CIa (T,2),01,T).

We will write L% (0,T) for L}(0,0,T), which is the minimax expected
length of confidence intervals over ©.

We should emphasize that L% (©1,0,T) is an important quantity that
measures the degree of adaptivity over the nested spaces ©1 C ©. A con-
fidence interval Cl, (T, Z) that is (rate-optimally) adaptive over ©; and ©
should have the optimal expected length performance simultaneously over

both ©; and © while maintaining a given coverage probability over O, i.e.,
Cl,(T,Z) € Z, (0, T) such that

L(CL, (T, Z),01,T) =< L:(0,,T) and L(CL (T,Z),0,T) = L(O,T).

Note that in this case L(CI, (T, Z),0:,T) > L}(01,0,T). So for two pa-
rameter spaces ©; C O, if L} (01,0,T) > L!(01,T), then rate-optimal
adaptation between ©; and © is impossible to achieve.

We consider the following collection of parameter spaces,
(2.4)

1
G(k) = {9 = (67970) : ”BHO S k‘, ﬁ S )\mln(Q) S )\max(Q> S M1>O <o S M2} 5
1

where M7 > 1 and My > 0 are positive constants. Basically, ©(k) is the

set of all k-sparse regression vectors. Mil < Amin(2) < Anax(©) < M; and

0 < 0 < My are two mild regularity conditions on the design and noise level.
The main goal of this paper is to address the following two questions:
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1. What is the minimax length L% (©(k),T) in the oracle setting where
the sparsity level k is known?

2. Is it possible to achieve rate-optimal adaptation over different sparsity
levels?
More specifically, for k; < k, is it possible to construct a confidence
interval Cl, (T, Z) that is adaptive over O(k1) and O(k) in the sense
that Cl, (T,Z2) € Z, (© (k) ,T) and

L(CL, (T, Z),0(k1),T) = L (O(ky), T),
L(ClL, (T, Z),0(k), T) = L (6(k), T)?

67

(2.5)

We will answer these questions by analyzing the two benchmark quantities
L} (O(k), T) and L% (O(k1),0(k), T). Both lower and upper bounds will be
established. If (2.5) can be achieved, it means that the confidence inter-
val Cl, (T, Z) can automatically adjust its length to the sparsity level of
the true regression vector 8. On the other hand, if L} (©(k1),©(k), T) >
L} (O(k1),T), then such a goal is not attainable.

For ease of presentation, we calibrate the sparsity level

k=p’ forsome0§7<%,

and restrict the loading £ to the set

WA csupp(€) 1€ - c}
M jesupp(€) €51

5eE<q,c>={seRp: €lo =, € £0 and

where ¢ > 1 is a constant. The minimax rate and adaptivity of confidence
intervals for the general linear functional £T5 also depends on the sparsity
of £. We are particularly interested in the following two regimes:

1. The sparse loading regime: £ € Z(q, ¢) with
(2.6) q < Ck.
2. The dense loading regime: £ € = (q,¢) with
(2.7) g=cp’ with 2y <7, <1

The behavior of the problem is significantly different in these two regimes.
We will consider separately the sparse loading regime in Section 3 and the
dense loading regime in Section 4.
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3. Minimax rate and adaptivity of confidence intervals for sparse
loading linear functionals. In this section, we establish the rates of con-
vergence for the minimax expected length of confidence intervals for £T5 with
a sparse loading £ in the oracle setting where the sparsity parameter k& of
the regression vector g is given. Both minimax upper and lower bounds are
given. Confidence intervals for £7/5 are constructed and shown to be min-
imax rate-optimal in the sparse loading regime. Finally, we establish the
possibility of adaptivity for the linear functional £T5 with a sparse loading

¢.

3.1. Minimaz length of confidence intervals for £T8 in the sparse loading
regime. In this section, we focus on the sparse loading regime defined in
(2.6). The following theorem establishes the minimax rates for the expected
length of confidence intervals for £73 in the sparse loading regime.

THEOREM 1. Suppose that 0 < o < % and k < cmin{p?, logp} for some
1

constants ¢ > 0 and 0 < v < 5. If § belongs to the sparse loading regime
(2.6), the minimaz expected length for (1 — ) level confidence intervals of

16 over © (k) satisfies

(3.1) L2 (O (R) . €78) =[]l (jﬁ n k1°gp) |

Theorem 1 is established in two separate steps.

1. Minimax upper bound: we construct a confidence interval CIS (£73, Z)
such that CI5 (€78, Z) € T, (O (k) ,£7/3) and for some constant C' > 0

(82)  L(CI(€78,2),0 (k),£8) < CJ¢ls (;ﬁ i klogp> |

2. Minimax lower bound: we show that for some constant ¢ > 0

(33 L (O (0).678) 2 el (= + k5L ).

The minimax lower bound is implied by the adaptivity result given in The-
orem 2. We now detail the construction of a confidence interval CI (€78, Z)
achieving the minimax rate (3.1) in the sparse loading regime. The interval
CI5 (€78, Z) is centered at a de-biased scaled Lasso estimator, which gener-
alizes the ideas used in [25, 15, 23]. The construction of the (random) length

is different from the aforementioned papers as the asymptotic normality
NG
logp*

result is not valid once k 2




HIGH-DIMENSIONAL CONFIDENCE INTERVAL 9

Let {E, &} be the scaled Lasso estimator with \g = 4/ %,

. ly = X815 o - 1Kl
3.4 = =+ —+ A il
34)  {B.¢} Juemin +5+ 0;:1 7 1851

Define

(3.5) u = arg min {uTiu S — €l < )\n} ,
u€ERP

where & = LXTX and A\, = 12||¢]]2 M} 98P The confidence interval

n
CI5 (€78, Z) is centered at the following de-biased estimator
- ~ 1 =
(3.6) fi=¢B+aT—XT (y - XB).
n
where J is the scaled Lasso estimator given in (3.4) and @ is defined in

(3.5). Before specifying the length of the confidence interval, we review the
following definition of restricted eigenvalue introduced in [2],

. [ X6]]2
3.7 k(X,k,ap) = min min _.
37 (Xokoo)=, min B ol
[Jol<k — lIdsglli<aolld sl
Define
(3.8)
. MM log p 1 klogp
p1 (k) = ||€||20 min { 1.014 | ———52z4/2 + C1 (X, k) k—=, logp(— +
nll3 " n JiTn

where z, /5 is the a/2 upper quantile of the standard normal distribution
and

(3.9)
12 X2
Cl(Xvk):7000M12.¢maX 1.25, 912 max || X'j]l3
" (o ()
min -j

Define the event
(3.10) A= {6 <logp}.
The confidence interval CIS (€743, Z) for €73 is defined as

(3.11) CIS (678, 7) = { (i —p1 (k)i()}ﬁ + p1 (k)] 23 ﬁc

It will be shown in Section 7 that the confidence interval CIE (£78,7) has
the desired coverage property and achieves the minimax length in (3.1).

)

9



10 T. T. CAI AND Z. GUO

REMARK 1. In the special case of £ = eq, the confidence interval defined
in (3.11) is similar to the ones based on the de-biased estimators introduced

in [25, 15, 23]. The second term ET%XT (y — XE) in (3.6) is incorporated to

reduce the bias of the scaled Lasso estimator 8. The constrained estimator @
defined in (3.5) is a score vector u such that the variance term uTXu is min-
imized and one component of the bias term ||Xu — €|/ is constrained by the

log p
n

tuning parameter \,,. The tuning parameter \,, is chosen as 12||¢||o M?

such that u = ¢ lies in the constraint set |[Su — &[oe < An in (3.5) with
overwhelming probability. For C1(X, k) defined in (3.9), it will be shown
that it is upper bounded by a constant with overwhelming probability.

3.2. Adaptivity of confidence intervals for T/ in the sparse loading regime.
We have constructed a minimax rate-optimal confidence interval for £75 in
the oracle setting where the sparsity k is assumed to be known. A major
drawback of the construction is that it requires prior knowledge of k, which
is typically unavailable in practice. An interesting question is whether it is
possible to construct adaptive confidence intervals that have the guaranteed
coverage and automatically adjust its length to k.

We now consider the adaptivity of the confidence intervals for ¢75. In
light of the minimax expected length given in Theorem 1, the following the-
orem provides an answer to the adaptivity question (2.5) for the confidence
intervals for £73 in the sparse loading regime.

THEOREM 2. Suppose that 0 < a < % and k1 < k < cmin {pfyv 1oZp} for

some constants ¢ > 0 and 0 < v < % Then

for some constant ¢y > 0.

Note that Theorem 2 implies the minimax lower bound in Theorem 1 by
taking k1 = k. Theorem 2 rules out the possibility of rate-optimal adaptive
confidence intervals beyond the ultra-sparse region. Consider the setting

where k1 < k and lc‘)/g@ <k S 1gp- In this case,

L ((k1), 0(k), £1) = L(0(k), £75) = k22 5 L3,(6(k), £76).

So it is impossible to construct a confidence interval that is adaptive simul-

taneously over O(k;) and ©(k) when l(\)/gﬁp <k S 1gp and ki < k. The only
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possible region for adaptation is in the ultra-sparse region k& < Vi over

~ logp7
which the optimal expected length of confidence intervals is of order ﬁ and
in particular does not depend on the specific sparsity level. These facts are

illustrated in Figure 1.

Bk
=}

0 k Jn/log p k n/log p
Adaptive Not Adaptive

Fic 1. Lllustration of adaptivity of confidence intervals for €73 with a sparse loading &.
For adaptation between ©(k1) and ©(k) with ki < k, rate-optimal adaptation is possible

ifk < 1(‘)/;3 and impossible otherwise.

So far the analysis is carried out within the minimax framework where
the focus is on the performance in the worst case over a large parameter
space. The minimax theory is often criticized as being too conservative. In
the following, we establish a stronger version of the non-adaptivity result
which demonstrates that the lack of adaptivity for confidence intervals is
not due to the conservativeness of the minimax framework. The result shows
that for any confidence interval Cl, ({753, Z), under the coverage constraint
that Cl, (78, 72) € Z, (O (k) ,£75), its expected length at any given 6* =

(8*,1,0) € © (k1) must be of order ||£||2 (ﬁ + k:lo%) . So the confidence

interval must be long at a large subset of points in the parameter space, not
just at a small number of “unlucky” points.

THEOREM 3. Suppose that 0 < a < % and k < cmin{p”, logp} for some

constants ¢ >0 and 0 < v < % Letky < (1—¢(o)k—1andq < g:TOk: for some
constant 0 < {y < 1. Then for any 0* = (5*,1,0) € © (k1) and { € =(q, ),
(3.13)

. logp 1
f Ey-L (Cl, (€78, 2)) > k —
ona(ers 2o rg 0 F (Ola (€76 >)_01H§H2< n +\/ﬁ> ”

for some constant ¢ > 0.

Note that no supremum is taken over the parameter 6* in (3.13). Theorem
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3 illustrates that if a confidence interval Cl, (743, Z) is “superefficient” at
any point 0* = (8*,1,0) € ©(k;) in the sense that

1 logp
Eg« L (Cl, (£78,Z — +k
P L(CL (€15.2) < el (Jz + £%27) o
then the confidence interval Cl,, ({73, Z) can not have the guaranteed cov-
erage over the parameter space (k).

3.3. Minimax rate and adaptivity of confidence intervals for 31. We now
turn to the special case T (8) = (;, which has been the focus of several
previous papers [25, 14, 15, 23]. Without loss of generality, we consider [,
the first coordinate of 3, in the following discussion and the results for any
other coordinate (3; are the same. The linear functional 7 is the special case
of linear functional of sparse loading regime with £ = e;.

Theorem 1 implies that the minimax expected length for (1 — ) level
confidence intervals of 31 over © (k) satisfies

(3.14) L7 (O (), B1) = \/15+k1°§p.

In the ultra-sparse region with k < l(\)/gﬁp’
1

of order N However, when k falls in the moderate-sparse region

the minimax expected length is

VN

and in this case

log p
n

k< logp’ the minimax expected length is of order &
k

which are of parametric length in, asymptotically have coverage probability
< Vn
~ logp
[23] established asymptotic normality and asymptotic efficiency for a de-

logp > ﬁ Hence the confidence intervals constructed in [25, 14, 15, 23],

going to 0. The condition k is necessary for the parametric rate ﬁ

biased estimator under the sparsity assumption k < np. Similar results

have also been given in [19] for a related problem of estimating a single
entry of a p-dimensional precision matrix based on n i.i.d. samples under

the same sparsity condition k& < %. It was also shown that k < % is

necessary for the asymptotic normality and asymptotic efficiency results.
The following corollary, as a special case of Theorem 3, illustrates the

NG

logp*

strong non-adaptivity for confidence intervals of 81 when k >

COROLLARY 1. Suppose that 0 < a < % and k < cmin{p?, logp} for

some constants ¢ > 0 and 0 < v < % Let k1 < (1 —Co)k — 1 for some

constant 0 < (o < 1. Then for any 0* = (8*,1,0) € © (k1),

_ 1 1ogp>
3.15 inf Eo-L (Cly (81,2)) 21 | —= + & o,
(3.15) Cla(B1,2)€Za(O(k),B1) oL (61,2)) ' (\/ﬁ n



HIGH-DIMENSIONAL CONFIDENCE INTERVAL 13
for some constant c1 > 0.

4. Minimax rate and adaptivity of confidence intervals for dense
loading linear functionals. We now turn to the setting where the loading
€ is dense in the sense of (2.7). We will also briefly discuss the special case
>-P_, B; and the computationally feasible confidence intervals.

4.1. Minimazx length of confidence intervals for £738 in the dense loading
regime. The following theorem establishes the minimax length of confidence
intervals of €73 in the dense loading regime (2.7).

THEOREM 4. Suppose that 0 < a < % and k < cmin{p”

constants ¢ > 0 and 0 < v < % If £ belongs to the dense loading regime
(2.7), the minimax expected length for (1 — «) level confidence intervals of

16 over © (k) satisfies

@1) L (6 (k) ,678) = [k 2.

Note that the minimax rate in (4.1) is significantly different from the
minimax rate [|§ Hg(% + k:lo%) for the sparse loading case given in Theorem

) Toep ) Jor some

1. In the following, we construct a confidence interval CIZ (£78, Z) achieving
the minimax rate (4.1) in the dense loading regime. Define
(4.2)

912 max || X |3
2 (X, k, 405 (M))

min || X ;]2

Cy(X, k) = SQQ,L max { 1.25,
min || X ;|2

It will be shown that Cy(X, k) is upper bounded by a constant with over-
whelming probability. The confidence interval CIZ (¢T3, Z) is defined to be,

i) 1P (15 7 — | (68— 1€loop2 (), €+ [€loopz (k)] on A
(43) CIZ (£78,2) { o o

where A is defined in (3.10) and 3 is the scaled Lasso estimator defined in
(3.4) and

(44)  p2 (k) = min {02 (X, k) ky/ b%&,logp (m / 105%) } .

The confidence interval constructed in (4.3) will be shown to have the de-
sired coverage property and achieve the minimax length in (4.1). A major
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difference between the construction of CIZ (€74, Z) and that of CIS (€78, Z)
is that CIZ (¢T3, Z) is not centered at a de-biased estimator. If a de-biased
estimator is used for the construction of confidence intervals for £738 with a
dense loading, its variance would be too large, much larger than the optimal

length [[€[lcck/ 252

4.2. Adaptivity of confidence intervals for €73 in the dense loading regime.
In this section, we investigate the possibility of adaptive confidence intervals
for €T3 in the dense loading regime. The following theorem leads directly to
an answer to the adaptivity question (2.5) for confidence intervals for 743
in the dense loading regime.

THEOREM 5. Suppose that 0 < a < % and k1 <k < Cmin{ ) logp} for

some constants ¢ > 0 and 0 < v < % Then, for some constant ¢; > 0,

(15) L5(6(k1), 0 (), €75) > cxllelooky | EL.

Theorem 5 implies the minimax lower bound in Theorem 4 by taking
ki=k If ky <k, (4.5) implies

(16)  L3(0 (k). O (8),€T6) 2 ellellcky/ “EL > 12 (0 (1) .£7).

which shows that rate-optimal adaptation over two different sparsity levels
k1 and k is not possible at all for any k1 < k. In contrast, in the case of
the sparse loading regime, Theorem 2 shows that it is possible to construct

an adaptive confidence interval in the ultra-sparse region k < l(\)/g;, although

adaptation is not possible in the moderate-sparse region l‘g < k< logp
Similarly to Theorem 3, the following theorem establishes the strong non-
adaptivity results for £73 in the dense loading regime.

THEOREM 6. Suppose that 0 < a < % and k < cmin{p?, lozp} for some
constants ¢ >0 and 0 <y < 1. Let q satisfies (2.7) and ky < (1 — (o) k —
for some positive constant 0 < (o < 1. Then for any 0* = (5*,1,0) € © (k1)

and £ € E(q,¢), there is some constant ¢; > 0 such that

i log p
4-7 f E*L CIa T ’Z > oo]g\/i |
A1 s s o e oL (Cla (€78, 2) 2 cilié] Lo
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4.3. Minimaz length and adaptivity of confidence intervals for Y %_, ;.
We now turn to to the special case of T(3) = Y.¥_, 3;, the sum of all
coefficients. Theorem 4 implies that the minimax expected length for (1 —«)
level confidence intervals of > 2 ; 5; over © (k) satisfies

(4.8) L (@ () ,Z@-) =/ loip.

The following impossibility of adaptivity result for confidence intervals for
>-P_, Bi is a special case of Theorem 6.

COROLLARY 2. Suppose that 0 < a < % and k < cmin{p?, logp} for

some constants ¢ > 0 and 0 < v < % Let k1 < (1—¢p)k — 1 for some
constant 0 < (o < 1. Then for any 0* = (*,1,0) € © (k1),

_ log p
19 s S emss Tt (c1a (25.2)) = S

for some constant ¢ > 0.

REMARK 2. In the Gaussian sequence model, the problem of estimating
the sum of sparse means has been considered in [5, 7] and more recently
n [12]. In particular, minimax rate is given in [5] and [12]. The problem
of constructing minimax confidence intervals for the sum of sparse normal
means was studied in [6].

4.4. Computationally feasible confidence intervals. A major drawback of
the minimax rate-optimal confidence intervals CIS (€74, Z) given in (3.11)
and CIY (£78, Z) given in (4.3) is that they are not computationally feasible
as both depend on restricted eigenvalue (X, k, ), which is difficult to
evaluate. In this section, we assume the prior knowledge of the sparsity k
and discuss how to construct a computationally feasible confidence interval.

The main idea is to replace the term involved with restricted eigenvalue
by a computationally feasible lower bound function w (€2, X, k) defined by

max || X (|2
(4.10) w(, X, k) = 1 _ ) (1 +405 miHHX.Jj'llz) klogp
5 <y 4 )\max (Q) >\min (Q) n

The lower bound relation is established by Lemma 13 in the supplement [3],
which is based on the concentration inequality for Gaussian design in [18].
Except for Apin () and Apax (2), all terms in (4.10) are based on the data

2

+
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(X,y) and the prior knowledge of k. To construct a data-dependent compu-
tationally feasible confidence interval, we make the following assumption,
(4.11)

sup Px (max{ Amin (£2) = Amin ()
QeGa

—_——

Amae (€2) — Amax (Q)‘} > can,p) — o(1),

)

where limsup a,, = 0 and Gq is a pre-specified parameter space for 2 and
Px denotes the probability distribution with respect to X.

REMARK 3. We assume Gg is a subspace of the precision matrix de-
fined in (2.4), {Q e < Amin () € Anax () < Ml}. By assuming Go is
the set of precision matrix of special structure, we can find estimators
satisfying (4.11). If G is assumed to be the set of sparse precision ma-
trix, we can estimate the precision matrix 0 by CLIME estimator Q pro-
posed in [4]. Under proper sparsity assumption on {2, the plugin estimator

(/\min ((2) , Amax <§>> satisfies (4.11). Other special structures can also be

assumed, for example, the covariance matrix is sparse. We can use the plugin
estimator of the estimator proposed in [10].

—_—~— /—~

With Apin (©2) and Apax (€2), we define w (2, X, k) as

2

max || X2
9(1+4057mmuxiu2) Jogp

1
4m \/m " +‘

and construct computationally feasible confidence intervals by replacing
2 (X, k, 405 (w)) in (3.11) and (4.3) with &(, X, k).

min || X2

w(Q, X, k) =

5. Confidence intervals for linear functionals with prior knowl-
edge @ = I and o0 = gg9. We have so far focused on the setting where
both the precision matrix €2 and the noise level ¢ are unknown, which is
the case in most statistical applications. It is still of theoretical interest to
study the problem when 2 and ¢ are known. It is interesting to contrast the
results with the ones when ) and o are unknown. In this case, we consider
the setting where it is known a priori that 2 = I and o = 0¢g and specify the
parameter space as

(5.1) O(k,L,00) = {0 = (6,1, 00) : [|Bllo < k}.

We will discuss separately the minimax rates and adaptivity of confidence
intervals for the linear functionals in the sparse loading regime and dense
loading regime over the parameter space O(k,1,0¢).
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5.1. Confidence intervals for linear functionals in the sparse loading regime.
The following theorem establishes the minimax rate of confidence intervals
for linear functionals in the sparse loading regime when there is prior knowl-
edge that Q =1 and o = oy.

THEOREM 7. Suppose that 0 < o < % and k < cmin{p?, logp} for some
constants ¢ > 0 and 0 < v < % If € belongs to the sparse loading regime
(2.6), the minimaz expected length for (1 — ) level confidence intervals of

16 over ©(k,1,00) satisfies

(5.2) Lt (O(k.1,00).£75) = ”j‘j;

Compared with the minimax rate % +|€ Hgkk’% for the unknown € and

o case given in Theorem 1, the minimax rate in (5.2) is significantly different.
With the prior knowledge of ) = I and o = 0g, the above theorem shows
that the minimax expected length of confidence intervals for £75 is always of
parametric rate and in particular does not depend on the sparsity parameter
k. In this case, adaptive confidence intervals for £7/3 is possible over the full
range k < clogp. A similar result for confidence intervals covering all 3;
has been given in a recent paper [16]. The focus of [16] is on individual
coordinates, not general linear functionals.

The minimax lower bound of Theorem 7 follows from the parametric
lower bound of Theorem 1. As both Q and o are known, the upper bound
analysis is easier than the unknown €2 and o case and is similar to the one
given in [16]. For completeness, we detail the construction of a confidence
interval achieving the minimax length in (5.2) using the de-biasing method.
We first randomly split the samples (X, y) into two subsamples (X @), y(l))

and (X (2),y(2)) with sample sizes n1 and ne, respectively. Without loss of
generality, we assume that n is even and n; = ny = 5. Let 3 denote the
Lasso estimator defined based on the sample (X (1),y(1)) with the proper

tuning parameter A = \/@Uo,
1
| x! >||2

(5.3) B = argmin v i + )\Z 155

BERP

We define the following estimator of £73,

(54) p= B+ e (XO)T (4 - X5).
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Based on the estimator, we construct the following confidence interval

T (et B S ISP . 1€l
(5:5)  CIL(E6.2) = | =101 Z e, o0, i+ 101 2

where ag = ypa with 0 < vy < 1. It will be shown in the supplement [3] that
the confidence interval proposed in (5.5) has valid coverage and achieves the
minimax length in (5.2).

Rap /200 |

5.2. Confidence intervals for linear functionals in the dense loading regime.
In marked contrast to the sparse loading regime, the prior knowledge of
Q) =1 and ¢ = gg does not improve the minimax rate in the dense loading
regime. That is, Theorem 4 remains true by replacing © (k) and © (k;) with
O (k,1,00) and O (k1,1,00), respectively. However, the cost of adaptation
changes when there is prior knowledge of {2 =1 and ¢ = (. The following
theorem establishes the adaptivity lower bound in the dense loading regime.

THEOREM 8. Suppose that 0 < a < % and k1 < k < cmin {pv’ 107;]0} Jor

some constants ¢ >0 and 0 < v < %, then, for some constant c; > 0,

(5.6)
LZ(@(kl,l,ao),@(k,I,oo),gTﬁ)chﬂﬁHooaomax{\/kkl loip,min{k bip\/lé}}
n4

The lower bound in (5.6) is attainable. For reasons of space, the con-
struction is omitted here. Under the framework (2.5), adaptive confidence
intervals are still impossible, since for k1 < k,

L% (© (k1,1,00),0 (k,1,00),£78) > L, (O (k1,1,00) ,£73) .

Compared with Theorem 5, we observe that the cost of adaptation is reduced
with the prior knowledge of 2 =1 and o = oy.

6. Discussion. In the present paper we studied the minimaxity and
adaptivity of confidence intervals for general linear functionals T8 with a
sparse or dense loading £ for the setting where 2 and ¢ are unknown as
well as the setting with the prior knowledge of 2 = I and o = 0. In the
more typical case in practice where 2 and o are unknown, the adaptivity
results are quite negative: With the exception of the ultra-sparse region
for confidence intervals for £73 with a sparse loading &, it is necessary to
know the true sparsity k in order to have guaranteed coverage probability
and rate-optimal expected length. In contrast to estimation, knowledge of
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the sparsity k is crucial to constructing honest confidence intervals. In this
sense, the problem of constructing confidence intervals is much harder than
the estimation problem.

The case of known 2 =1 and o = gy is strikingly different. The minimax
expected length in the sparse loading regime is of order % and in particular
does not depend on k and adaptivity can be achieved over the full range of
sparsity k& < >—. So in this case, the knowledge of Q and o is very useful.
On the other hand, in the dense loading regime the information on € and
o is of limited use. In this case, the minimax rate and lack of adaptivity
remain unchanged, compared with the unknown €2 and o case, although the
cost of adaptation is reduced.

Regarding the construction of confidence intervals, there is a significant
difference between the sparse and dense loading regimes. The de-biasing
method is useful in the sparse loading regime since such a procedure reduces
the bias but does not dramatically increase the variance. However, the de-
biasing construction is not applicable to the dense loading regime since the
cost of obtaining a near-unbiased estimator is to significantly increase the
variance which would lead to an unnecessarily long confidence interval. An
interesting open problem is the construction of a confidence interval for £73
achieving the minimax length where the sparsity ¢ of the loading £ is in the
middle regime with ¢p? < ¢ < ep?’*s for some 0 < ¢ < 1 — 2.

In addition to constructing confidence intervals for linear functionals, an-
other interesting problem is constructing confidence balls for the whole vec-
tor . Such has been considered in [17], where the authors established the
impossibility of adaptive confidence balls for sparse linear regression. These
problems are connected, but each has its own special features and the be-
haviors of the problems are different from each other. The connections and
differences in adaptivity among various forms of confidence sets have also
been observed in nonparametric function estimation problems. See, for ex-
ample, [6] for adaptive confidence intervals for linear functionals, [13, 9] for
adaptive confidence bands, and [8, 20] for adaptive confidence balls.

In the context of nonparametric function estimation, a general adapta-
tion theory for confidence intervals for an arbitrary linear functional was
developed in Cai and Low [6] over a collection of convex parameter spaces.
It was shown that the key quantity that determines adaptivity is a geomet-
ric quantity called the between-class modulus of continuity. The convexity
assumption on the parameter space in Cai and Low [6] is crucial for the adap-
tation theory. In high-dimensional linear regression, the parameter space is
highly non-convex. The adaptation theory developed in [6] does not apply
to the present setting of high-dimensional linear regression. It would be of
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significant interest to develop a general adaptation theory for confidence
intervals in such a non-convex setting.

7. Proofs. In this section, we prove two main results, Theorem 3 and
minimax upper bound of Theorem 1. For reasons of space, the proofs of the
other results are given in the supplement [3].

A key technical tool for the proof of the lower bound results is the fol-
lowing lemma which establishes the adaptivity over two nested parameter
spaces. Such a formulation has been considered in [6] in the context of adap-
tive confidence intervals over convex parameter spaces under the Gaussian
sequence model. However, the parameter space O(k) considered in the high
dimension setting is highly non-convex. The following lemma can be viewed
as a generalization of [6] to the non-convex parameter space, where the lower
bound argument requires testing for composite hypotheses.

Suppose that we observe a random variable Z which has a distribution
Py where the parameter 6 belongs to the parameter space H. Let Cl,, (T, Z)
be the confidence interval for the linear functional T (#) with the guaranteed
coverage 1 — a over the parameter space H. Let Hy and H; be subsets of the
parameter space H where H = HoU®H. Let w3, denote the prior distribution
supported on the parameter space H; for ¢ = 0,1. Let f,rHi (z) denote the
density function of the marginal distribution of Z with the prior 7y, on H;
for i = 0, 1. More specifically, f,rH = [ fo (z) m, (0) db.

Denote by Pr,, the marginal dlstrlbutlon of Z Wlth the prior my, on H;
for i = 0, 1. For any function g, we write Er,, (9(2)) for the expectation of
g (Z) with respect to the marginal distribution of Z with the prior w3, on
Ho. We define the y? distance between two density functions f; and fy by

(7.1) X*(f1, fo) = / Wiz - fo(z))ZdZ = f%(z)dz -1

fo(2) fo(2)
and the total variation distance by TV(f1, fo) = [ |fi1(2) — fo(z)|dz. It is
well known that
(7.2) TV(f1, fo) < Vx*(f1, fo)-
LEMMA 1. Assume T (0) = uo for 6 € Ho and T (0) = py for 6 € H,
and H = Ho UH;. For any CI, ( ,Z) €Ty (T, H),
(7.3)

L(Cla (T.2) 1) 2 L (Cla (T, 2) , Ho) 2 [ —pol (1= 20 =TV (Fry Jrn, ) ) |
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7.1. Proof of Lemma 1. The supremum risk over Hg is lower bounded
by the Bayesian risk with the prior 7y, on Ho,
(7.4)

sup EgL (Cl, (T, Z)) > / EoL (Cly (T, Z)) w3, (0) df = En,, L (Clo (T, 2)).
0cHo 0

By the definition of CI, (T, Z) € Z, (T, H) , we have

(7.5) Pr, (ui € CL (T, 2)) = / By (s € Clo (T, Z)) 7w, (0)d0 > 1 — o
! 0

for ¢ = 0, 1. By the following inequality

Prs, (11 € Cla (T, 2)) = Pry (11 € Cla (T, 2))| £ TV (e, Fry )

then we have Pr,, (11 € Clo (T, 2)) > 1—=a—=TV(fr, , fry,)- This together
with (7.5) yields Pr,, (g0, 1 € Cla (T, Z)) > 1-2a=TV(fz,,, ; fry, ), Which
leads to Pr,, (L (Cla (T, 2)) > |1 — pol) = 1=2a—=TV(fry,, , fry, ) Hence,
Ery, L(Cla (T, Z)) > (p1 — po) (1=2a=TV(fry, , fry,))+- The lower bound
(7.3) follows from inequality (7.4).

7.2. Proof of Theorem 3. The lower bound in (3.13) is involved with a
parametric term and a non-parametric term. The proof of the parametric
lower bound is postponed to the supplement. In the following, we will prove
the non-parametric lower bound

1
(7.6) inf Eg- L (Cla (678, 2)) 2 ca|¢l2k =T,

CI@ (fTﬁ,Z)EIa (@(k;),fTﬁ)

for some constant ¢; > 0. Without loss of generality, we assume supp(§) =
{1,---,||€]lo}. We generate the orthogonal matrix M € Rlloxli€llo such
that its first row is ﬁgsupp(@ and define the orthogonal matrix ) as

Q= (M O). We transform both the design matrix X and the regression

0 I
vector 5 and view the linear model (2.1) as y = Vi + €, where V = XQT
M *
and 1) = Q. The transformed coefficient vector ¢* = Q8* = ( *BSUPP(§)>
—supp(§)

is of sparsity at most ||£||o + k1. The first coefficient ¢ of v is m@ﬁ. The
covariance matrix ¥ of V. is QX QT and its corresponding precision matrix
is I' = QQQT. To represent the transformed observed data and parameter,
we abuse the notation slightly and also use Z; = (y;, V;.) and 6* = (¢*,1,0).
We define the parameter space G (k) of (¢,T',0) as

(17) Gk) = {(6,T,0) v = QB, T = QOQT for (8,2,0) € O (k)}.
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For a given @, there exists a bijective mapping between © (k) and G (k). To
show that (¢, T, o) € G (k), it is equivalent to show (QT¢, QTT'Q,0) € O (k).
Let Z, (G (k) ,41) denote the set of confidence intervals for ¢ = m@ﬁ
with guaranteed coverage over G (k). If Cl, (¢1,2) € Zo (G (k) , 1), then
1€]12CLy (Y1, Z) € Zo (© (k) ,E78); If Cl, (§78,Z) € o (© (k) ,£73), then
@CIQ (76,Z) € Iy (G (k) ,1). Because of such one to one correspon-
dence, we have

(7.8)

inf in
Cla(§78,2)€Za(O(K),£T8) Cla(¥1,2)€Za(G(k) Y1)
By (7.6) and (7.8), we reduce the problem to

1
Eg-L (CL, (41, 2)) > ck in

g.

(7.9) inf
Cla ($1,2)€Za (k) 1)

Under the Gaussian random design model, Z; = (y;,Vi.) € RPT! follows

a joint Gaussian distribution with mean 0. Let 3* denotes the covariance
Y2 2 T

matrix of Z;. Decompose ¥* into blocks <Zgy (Zyzy) > , where X7 , X2

vy
vy VY
and X7 denote the variance of y, the variance of V' and the covariance

of y and V, respectively. We define the function h : ¥* — (¢,T,0) as

h(S?) = ((Efw)’l 22, (85,) 72— (22)T(22,) 7! zgy). The function h

is bijective and its inverse mapping h=! : (,T,0) — X7 is

TF*l 2 TI‘*l
h‘il ((1/}7 Fv U)) = (w F—llbw_‘_ ’ wr—l > .

The null space is taken as Ho = {(¢*,1,0)} and 7y, denotes the point
mass prior at this point. The proof is divided into three steps:

1. Construct H; and show that H; C G (k);
2. Control the distribution distance TV ( Ty fm{o);
3. Calculate the distance p; — po where pg = 97 and py; = 9 with

(¢, T,0) € Hy. We show that u1 = 91 is a fixed constant for all
(¢,I',0) € H; and then apply Lemma 1.

Step 1. We construct the alternative hypothesis parameter space Hi. Let
Y& denote the covariance matrix of Z; corresponding to (¢*,I,0) € Ho. Let
S1 = supp (¢¥*) U {1} and S = S1\{1}. Let k. denote the size of S and p;
denote the size of S and we have k, < k; +¢gand p1 > p—Fk, —1 > cp.
Without loss of generality, let S = {2,--- k. + 1}. We have the following

L(Cla (€78, 2)) = [€]2 inf Eg- L (Cla (¢1, Z)) -
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expression for the covariance matrix of Z; under the null,

[ 13+ 0% | ¥ | (W8T | O1xp

(710) 8 — T/ff 1 lek* 01><p1 ’
(o O, x1 | Tk, xk, | Ok, xpy
0p1 x1 0p1 x1 0p1 X ks Ipl Xp1

To construct Hy, we define the following set,
(7.11)

ﬁ@m%%m>—{&5€RmW&b—®

Ek’ 5i€{0,p}for1§i§p1}.

Define the parameter space F for ¥* by F = {Eg 0 e/ (pl,%ok:,p)},

where

[ 3+ | vF | @57 | podT
¥ 1 0 o7
(712) 5= L1 Lk,
vy Ok, x1 | I, xk, | Ok, xpy
pod 4 0p, xk. Loy xps

Then we construct the alternative hypothesis space H; for (¢,T',0), which
is induced by the mapping h and the parameter space F,

(7.13) Hi={(,T,0) : (¢, o) =h(X*) for¥* e F}

In the following, we show that #; C G (k). It is necessary to identify
(¢, I',0) = h(¥?) for ¥* € F and show (QT¢,QTI'Q,0) € O (k). Firstly,
we identify the expression E (y; | Vi.) under the alternative joint distribu-
tion (7.12). Assuming y; = Vi1h1 + Vi sbs + Vi setbse + €, we have

—1é 2 + * .
(114) = W dis = v, ;= (po — 1) &,
2
and
2 %2
(715) Var (E’/L) — 2 _ H(SHQ (pO wl) < 0_2 S MQ.

1—Jolz  ~

Based on (7.14), the sparsity of 1 in the alternative hypothesis space is
upper bounded by 1+ [supp (¢§) | + |supp (8) | < (1 - %) k, and hence the
sparsity of the corresponding § = QT is controlled by

o

(7.16) umms<1—4>k+qsh
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Secondly, we show that Q = QTI'Q satisfies the condition ﬁl < Amin () <
Amax (£2) < M;. The covariance matrix ¥ of V; . in the alternative hypothesis
parameter space is expressed as

1 01><k:* Ok*Xp1 0 lek* o7
(717) U= Op,x1 | Iioxie | Okuxpr | + | Okuxt | Okuxcke | Okuxpy
0p,x1 | Op; xk., I1c>1><p1 o Opi xk. | Opixp

Since the second matrix on the above equation is of spectral norm ||d]2,
Weyl’s inequality leads to max {|Amin (¥) — 1|, | Amax (V) — 1|} < [|d]]2- When
|6||2 is chosen such that |||z < min{l - ﬁlle - 1}, then we have
Mil < Amin (V) < Apax (¥) < Mj. Since Q and I' = QQQT have the same
eigenvalues, we have Mil < Amin (2) < Apax (Q) < M;. Combined with
(7.15) and (7.16), we show that H; C G (k).

Step 2. To control TV (fm{l , waO ) , it is sufficient to control x? <f7m1 , wa())

and apply (7.2). Let 7 denote the uniform prior on § over /¢ (pl, %Ok, p).
Note that this uniform prior 7 induces a prior distribution 7y, over the
parameter space H;. Let E 5.5 denote the expectation with respect to the
independent random variables 9§, § with uniform prior m over the parameter
space £ <p1, %k, p). The following lemma controls the y? distance between
the null and the mixture over the alternative distribution.

LEMMA 2. Let f| = <02 + (¥7)* = pgd)f). Then

118) 3 (frag o) 1= By (1= 2 (oo oo — 00 + 773

o2
The following lemma is useful in controlling the right hand side of (7.18).

LEMMA 3. Let J be a Hypergeometric (p, k, k) variable with P (J = j) =
k\ (p—k
(j)(,f“’j), then

@)

a2 ko k g
(7.19) Eexp (tJ) < er-k 1—5+]—)exp(t) .

Taking pg = 9] + o, we have % (po (po — ¥7) + f1) = 2 and by Lemma 2,

X (fml : fmo) +1=E;; (1 = 25T’5) -
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By the inequality == < exp(2z) for x € [O, 1052], if 676 < %Oka < 10%2,

then (1 — 26T5> <exp <4n5T5). By Lemma 3, we further have

~ gK? Gk Cok Lk
E&,S exp <4n(5T6) = Eexp (4an2) < edp1-24k (1 B U Uil exp (4np ))

2p1 - 2;
S0 o
252 2¢2p27 Sep?
< em 1— @ 4+ > CO 42]912 < 641)1—(2)6401)“/ (1 + 1> ,
2p1 2p1\| GGk V/P1
log gépk12

where the second inequality follows by plugging in p = and the

8n
last inequality follows by k < ¢p7. If k < c{ il } where 0 < v < 5 and ¢

2
is a sufficient small positive constant, then kp? < min { 1;’%02, (1 - ﬁ) , 1}

and hence

(7.20)  x2 (f%’f%) < (;—a)2 and TV (fml,f%) % a.

Step 3. We calculate the distance between 1 and 9. Under Ho, po = ¢7.
_ 2 *
Under Hq, 1 = 1 = o Ll T n i Y S (pl, %’k,p), 16]13 = %Ok:p2 and

1-(|8]3
_Qk 2 * *
p1 =1 = —=2 Z(zi;l]:;)ﬂpl' Since p is selected as fixed, pu1 = ¥y is a fixed
o _ 2
constant for (¢,Q,0) € H;. Note that u1 — po = I ”1 (Hé||2p0) = 1f||||§||||§’ and

13112 log

it follows that |1 — po| = o7 HéHQ > ck Zf’kQ 0. Combined with (7.2) and

(7.20), Lemma 1 leads to (7.9). By (7.8), we establish (3.13).

7.3. Proof of upper bound in Theorem 1. The following propostion es-
tablishes the coverage property and the expected length of the constructed
confidence interval constructed in (3.11). Such a confidence interval achieves
the minimax length in (3.1).

PropPoOSITION 1. Suppose that k < c*ﬁ, where ¢y 1s a small positive
constant, then

7.21 liminf inf Py (678 € CIS (€76,2)) > 1 —a,
(7.21) liminfinf Py (€75 (£78,2)) 21—«
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and

lo 1
12)  L(OEE8.2).0() < Clell (FE 4 ).
for some constant C > 0.

In the following, we are going to prove Proposition 1. By normalizing the
columns of X and the true sparse vector (3, the linear regression model can
be expressed as

(7.23)  y=Wd+e, with W=XD,d=D"'8ande~ N(0,5°T),

where

(7.24) D = diag < v )]GLP

X 51l2

denotes the p x p diagonal matrix with (j,j) entry to be II)\(fH Take 69 =

1.0048 and 79 = 0.01, and we have Ao = (1+1ng)\/Z2%2, Take ¢ =

27% +1 =202, vy = 0.01, Cy = 2.25, ¢y = % and Cp = 3. Rather than use
the constants directly in the following discussion, we use dg, 19, €0, o, C1, Co
and cg to represent the above fixed constants in the following discussion. We
also assume that logp < 5= and &g logp > 2. Define the l; cone invertibility

factor (CIF}) as follows

(7.25)
o IR )
1 (oo, K, W) =inf { ———"——: HchHl < aOHuKHl,u #0;,
[l
where K is an index set. Define 0" \FHy XBl2 = \ny Wdl|a,

(7.26)
T ={k:|dg| > Xoc”}, 7= (14 ¢€) No max{

S8\l T
dpell, ol 7! }

CIF; (260 +1,T, W)

ora |

To facilitate the proof, we define the following events for the random design
X and the error e,

2 1 Xl 7 .
G =<= J —/Mifor1 <j<
1 {5 /7M1< \/ﬁ <5 ilort 7= p¢,
GQ_{

<9 [logp +210gp},
n n

(O.ora)2
0-2

-1
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B &t /X\Jf uTSu logp logp B
Gg—{max{ §TE£7 ’gTﬂfl}SQ - +2 . , where u = Q¢,
1 9 logp
Gy =1 k(X k,a) > - (I+a)4y/k ,
{ 4\/)\max (Q) \/)\min (Q) n
T
G. {HW oo _ /25010gp}’
n n
W 7Te||0o e — 1
—Ju7 "l o qoray O " _
si={ = <o 2t -n
SQZ{(l-I/())@'ﬁO’S(l—i-V())@'},

. 1
By ={[€705 — ¢ < /\n}, where A, = 4CoM2|€]|21/ in.

Define G = N_;G; and S = N?_;S;. The following lemmas control the
probability of events G, S and B;y. The detailed proofs of Lemma 4, 5 and
6 are in the supplement.

LEMMA 4.
(7.27) Py (G)>1— 6_ opl=C1 — ;plf‘so —  exp (—cn)
’ - p 2/mdg log p ’
and
(7.28) Py (By) > 1 — 2p' 0%,

where ¢ and ¢ are universal positive constants. If k < c*@, then

(7.29)
go+1—+1290+1 n 1 1-6
> B _ _ 0
Py (GNS) > Py (G) QeXP< ( 9 )n> “ Viegp

vo

24319 °

where ¢, and ¢’ are universal positive constants and gy =

The /following lemma establishes a data-dependent upper bound for the
term ||8 — 5|1

LEMMA 5. On the event GN S,

LZ(Z,IC),

(7.30) 18 = Bl < (2 + 2¢0) i 51
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where
(7.31)

(2 + 2¢0) max || X |2 <m [2olop | Ao&) k

nk? (X, k, (14 2¢) (7max||X‘j”2))

min [ X ;|2

1(Z, k) = max § kAgo®"?,

The following lemma, controls the radius of the confidence interval.

LEMMA 6. On the event G NS N By, there exists py such that if p > po,

1 klogp 1 klogp\ .
. < — < 1 —
732 (0 < Clell ( 7=+ 52 ) o < fellatogp (= + 222 o,

and

1 1
(7.33) pa (k) < Ck %0 < logp (k@&) .

In the following, we establish the coverage property of the proposed con-
fidence interval. By the definition of i in (3.6), we have

- 1. PN
(7.34) fi— T8 = T XTe+ (gT _ Tz) (5 _ 5) .
We now construct a confidence interval for the variance term %ﬂTX Te by

normal distribution and a high probability upper bound for the bias term
(§T — ﬂTf]) (B — ﬂ). Since € is independent of X and u and ¥ is a function

of X, we have 24TXTe | X ~ N (0,02%%) ; and

1. mm mm
P x “aTXxTee | - 0Zq )2, 0zqp || X | =1—a.
n n n

By (7.34), we have P, x (£78 € Cly (Z,k)|X) = 1 — a, where

Clo(Z, k) = [ﬁ ~(g-as) (B-8) -y afa%/%
- (-5) (5-9) | ]
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Integrating with respect to X, we have
(7.35) Py (€75 € Cly (Z,k)) = /]P’w (€78 € CLy (Z, b)) f(2)de = 1 - a.

Since \(gT - mi) (B— ﬂ)’ < ||€T — @S|oo|lB — Bll1, on the event SN G,
Lemma 5 and the constraint in (3.5) lead to

ren 1B NG
7.36 T Ao llB = Bl < Mn (24 2¢0) —Y——1(Z, k),
(736) 16T AT SlcllB < A (24 260) i (2K

where [ (Z, k) is defined in (7.31). On the event G N S, we also have o <

(1+v9)6 and 02" < (1 + 1vp) \/1 +2 10% + Qlogp 5. We define the follow-
ing confidence interval to facilitate the discussion, CI; (Z,k) = (i — lg, i + i) ,
where I, = (1 + 1) 4/ aTnEaza/2é—+Cl (X, k) ||§H2k1°%6. On the event GN.S,

we have

(7.37) Cly (Z,k) C CLy (Z, k).

On the event So, if p > exp (2Ma2), then 6 < 1_1V00 < 31
Hence, the event A holds and CIS (£743,2) = [ — p1(k), fi+ p1(k)]. By
Lemma 6, on the event G NS N By, if p > max {po,exp (2M2)}, we have

p1 (k) = I, and hence

(7.38) CL (Z,k) = CIZ (€75, 2) .
We have the following bound on the coverage probability,

Py ({78 € CI3 (€78, 2)}) > Py ({78 € Clo (Z,k)} N SN G N By)
>Py ({78 € Cly (Z,k)}) —Pp (SNGNB1))=1—a—Py((SNGN By))
=Py (SNGNB;) — «,
where the first inequality follows from (7.37) and (7.38) and the first equality
follows from (7.35). Combined with Lemma 4, we establish (7.21). We control
the expected length as follows,

(7.39)
EoL (CI

=EyL (CI

(£78,2)) =E¢L (CIL3 (£78,2)) 14
(€78, 2)) Lan(sncns) + EoL (CI (€78, Z)) 1 an(sncns: )
1

(B2 4 22 ) ot fell toen)? (= + 2252 ) mu (50 G0 )
< logp

+ > (U +C (plfmin{éo’cl’coc‘%} + ¢’ exp (—cn)) (logp)Q) :

S
e
S
e

<C¢ll2

<Cl[¢]l2
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where the first inequality follows from (7.32) and second inequality follows
from Lemma 4. If 10% < ¢, then (pl_min{éo’cl’cocg} + d exp (—cn)) (logp)* —

0, and hence EgL (Clg (&78, Z)) < Cl¢l2 <klo% + ﬁ) M.
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SUPPLEMENTARY MATERIAL

Supplement to “Confidence Intervals for High-Dimensional Lin-
ear Regression: Minimax Rates and Adaptivity”.
(http://www-stat.wharton.upenn.edu/~tcai/paper/CI-Reg-Supplement.pdf).
Detailed proofs of the adaptivity lower bound and minimax upper bound for
confidence intervals of the linear functional {73 with a dense loading £ are
given. The minimax rates and adaptivity of confidence intervals of the lin-
ear functional £T5 are established when there is prior knowledge that 2 =1
and o = 0g. Extra propositions and technical lemmas are also proved in the
supplement.
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