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1 Introduction

In [1, 2], we computed the conformal blocks of the 2d W minimal model from the bulk
viewpoints in the large ¢ expansion, where c is the central charge of the model. The large
¢ regime of the model is supposed to be described by the 3d sl(N) Chern-Simons gauge
theory [3-6], and it was proposed that the conformal blocks can be computed from the
networks of open Wilson lines in the Chern-Simons theory [7-9]. It is notoriously difficult
to deal with quantum gravity effects generically. Nevertheless, we were able to offer a
prescription to regularize divergences from loop diagrams associated with the Wilson line
networks by making use of the boundary symmetry. Moreover, conformal blocks are known
to be useful ingredients, e.g., for conformal bootstrap programs (see [10] for instance). Our
previous works confirmed that the Wilson line method is a promising approach to compute
conformal blocks in 1/c¢ expansion. Related works may be found in [11-14].

In this paper, we consider a supersymmetric extension of the previous works. There are
two main motivations for introducing supersymmetry. The first one is on the suppression
of quantum effects and the second one is on the relation to superstring theory. We mainly



focus on the N = 1 superconformal blocks in this paper, but we can discuss extensions to
a theory with N' = 2 Wy, symmetry. Its large ¢ regime is supposed to be described by
the sl(IV 4+ 1|V) Chern-Simons gauge theory [15, 16], and there seem suppressions in the
1/¢ corrections of conformal weights, for instance. The relation between higher spin theory
and superstring theory can be also argued with extended supersymmetry. As concrete
examples, there are proposals on higher spin holographies with N/ = 3 supersymmetry
in [17-19] and with N' = 4 supersymmetry in [20, 21]. One of the aim of this paper is to
prepare for the analysis on these complicated cases.

As a simple and specific example, we examine the 2d A/ = 1 super Virasoro minimal
model [22] from the bulk viewpoints. We examine the superconformal blocks of the model
from the 3d osp(1|2) Chern-Simons gauge theory [23] in the large ¢ expansion. We first
examine the expectation value of an open Wilson line with divergences from loop diagrams
regularized by adopting the prescription in [1, 2]. From this computation, we read off
the 1/c corrections to the conformal weight h of light operator with h = O(c®). We then
compute superconformal blocks involving these light operators from the networks of open
Wilson lines including the 1/c¢ corrections. We evaluate the identity four point blocks up
to the 1/c? order, and consider three and general four point blocks up to the 1/c order.! In
particular, we find the closed form expressions of the four point blocks with 1 /¢ corrections.
We then analyze the 1/c¢ corrections for heavy operators with h = O(c), which correspond
to supersymmetric conical spaces. For the purpose, we extend the analysis for the bosonic
case in [24], which uses the quantization of the coadjoint orbits of the Virasoro group,
see [25, 26]. We further evaluate a heavy-heavy-light-light block with 1/c corrections from
an open Wilson line in a supersymmetric conical space. See [27-30] for some recent works
on the large ¢ limit of N' = 1 superconformal blocks.

The organization of this paper is as follows. In the next section, we summarize several
basics of the N/ = 1 superconformal field theory. We first introduce the minimal model of
N = 1 super Virasoro algebra and then study superconformal blocks. In section 3, we intro-
duce an open Wilson line in the osp(1|2) Chern-Simons gauge theory and explain our pre-
scription to regularize divergences arising from loop diagrams. Applying the prescription,
we reproduce the 1/c¢ corrections in the conformal weight of light operator. In section 4, we
compute the 1/c¢ corrections in the three and four point blocks from the networks of open
Wilson lines. In particular, we obtain the closed form expressions for the four point blocks
including 1/c corrections. In section 5, we examine the 1/¢ correction of heavy operator
from the supersymmetric conical defect geometry in the osp(1]2) Chern-Simons gauge the-
ory. We first compute the 1/c correction of the conformal weight by quantizing the coadjoint
orbits of the super Virasoro group. We then study a heavy-heavy-light-light block from an
open Wilson line in the supersymmetric conical space. Section 6 is devoted to conclusion
and discussions. In appendix A, we include the correlators of superconformal currents and
give a derivation of a superconformal Ward-Takahashi identity. In appendix B, we obtain
the large ¢ limit of four point blocks and the expressions of four point blocks with degenerate
operators in the expansion of z and 1/¢ with the techniques of superconformal field theory.

!The four point blocks with the identity (general) operator exchanged are called as the identity (gen-
eral) blocks.



2 Basics of N = 1 superconformal field theory

We start with a review on the A/ = 1 super Virasoro minimal model. The N = 1 super-
conformal algebra is generated by energy-momentum tensor 7'(z) with dimension 2 and
superconformal generator G(z) with dimension 3/2. In terms of mode expansions, the
(anti-)commutation relations are
[Lin, Ln] = (m — 1) Liptn + %m(mQ — D)dmin
m cf, 1 (2.1)
[Lma Gr] = (5 - 7“) Gerr» {Gm Gu} = 2Lr+u + g <T - 4) 5r+u7

where r,u € Z + 1/2 for the NS-sector and r,u € Z for the R-sector. A superconformal
primary state |h) satisfies

L0|h> = h’h>7 Ln|h> = Gr‘h> =0 (2'2)

with n,r > 0.
The unitary minimal models are defined with the discrete values of central charge

3 12
_3_ 9.
T T k+2)(k+4) (2:3)
with £ =0,1,2,---. The conformal weight of primary state is [22]
4Ym — n)2 -4 1—(—1)mtn
b (= (b2’ =4 1- (1) o
: 8(k + 2)(k + 4) 32

with m + n € 2Z for the NS-sector and m +n € 2Z + 1 for the R-sector. Here we are
interested in an analytic continuation of the minimal models with large ¢. The expression
of central charge in (2.3) suggests that?

6 27
k=—-4+ -4+ +0(?). 2.5
+C+Cz+ (c™) (2.5)

The conformal weight in (2.4) is expanded in 1/c as

(1 n? 1 5 1— (—1)mtn
hm7n—<24—24>c+16(—4mn+5n —1)+T
3 (m2 — n2) 45 (m2 — n2) _3
T % T 1@ TO)

(2.6)

We first study light states with conformal weight of order . This means that we should
set n = 1. Rewriting m = 45 4+ 1, we have

35 455 (1 _
hj——y—j(2y+1)—cgj<9+2> O(c™). (2.7)

*We can take k = —2 + O(c™ '), but in that case we should replace m and n in (2.4).



We only consider the NS-sector for light states, thus j € Z/2. We describe these states in
terms of bulk open Wilson lines. The conformal weights of other states are of order ¢, and
we consider a particular set of operators with (s =1,2,3,...)

1 s? 1, 1+ (=1)* H
s==—-= — —ds—1) + ——F : 2.
h, (24 24>c»+16(5s s—1)+ 5 TO() (2.8)

Here s is odd for the NS-sector and s is even for the R-sector. These state are conjectured
to corresponds to supersymmetric conical spaces.

In order to analyze correlation functions, it is convenient to work with superspace
(z,0), see, e.g., [31, 32]. The generators of superconformal algebra are written in terms
of a superfield T'(z,0) = Tr(z) + 0Tp(2) with T'(2) = Tg(z) and G(z) = 2Tr(z). For a
superconformal primary, we define a superfield as

Dy(z,2,0, 9_) = Vi(z, 2) + OAL(z, 2) + 97\;1(,2, 5) + éQWh(Z, 2) , (2.9)
where
Ay = G_l/QVh, Ap = G_l/QVh, Wy = G_l/QG_th. (2.10)

In terms of superfield, the two point function can be written as

1

<(I)h(21,(91)<19h(2’2, 02)> = W ) Zij =2Zi =z — Gﬂj . (211)
With component fields, the two point functions are
(Va(21)Vi(22)) = W, (Wh(21)Wh(22)) ——W- (2.12)
Expanding the conformal weight in 1/c as
1 1
h=hO + Eh(l) + C—Qh@) +0(c™?), (2.13)
the two point function becomes
1 2h M log(z 2(h™M log(2))% — 2h@ log(z _
(Vi1 V() = gy [1 - 8l B osle) G| 4 o),
(2.14)

where only the holomorphic sector is expressed. We can also expand (WW) in 1/c in a
similar manner.

The three point function of superfields depends on (3|3) supercoordinates,® while only
(3]2) parameters can be fixed by using osp(1]|2) subalgebra as the global part of super
Virasoro algebra. Therefore, the three point function is given by a function of a fermionic
superconformal invariant

0193 = (Z12713732) Y ?(Z301 + Z3102 + Z1205 + 010205) . (2.15)

3Here (n|m) means the n bosonic and m fermionic degrees of freedom.



For spinless operators, we thus find

_ Chaz + [0123%Chas
(®p, (21,01)Phy (22, 02) Pry(23,03)) = Z1a P12 Zy3 19| Zaa P (2.16)

with hi1o = h1 + ho — hg and so on. In particular, we have

1

(Viy (21) Vi (22) Vg (23)) o PSRRI ERETT e (2.17)
and
1
(Vi (21) Viy (22) Wiy (23)) o 2y P oy PR T g PP (2.18)

Later, we reproduce the 1/c corrections of these three point blocks from the networks of
open Wilson lines.

Since the four point function of superfields depends on (4]4) supercoordinates, it is
parametrized by one bosonic and two fermionic superconformal invariants. For them, we
may choose (see, e.g., [33, 34])

g Z12234

= 5 71 = ba23 T =221~ 2Z) 2041 . (2.19)
Zy2Z31

For spinless operators, the four point function is then expressed as

4
< H (bhn (zn) 9n)> — |Zlg|f4h1 ‘Z24‘2(h37h17h27h4) |223|2(h1+h47h27h3) ’234’2(h1+h27h37h4)
n=1

X [Go(Z,E)—‘y-Gl (Z,f)i’l’i'l +G2(Z,Z)']_—QTQ—FGQ}(Z,E)'T]TI']_—QTQ] . (2.20)

This, in particular, means that there are four types of independent superconformal blocks,
such as, (VVVV) (VVVW), (WVVV), and (WVWV). The other types are obtained
simply by the action of superconformal transformations. In this paper, we consider the
1/¢ corrections in the four point function (VVVV), but the extension to the other cases
should be straightforward.

We compute superconformal blocks for the four point function from the bulk view-
points. We denote the operator product expansions schematically as

Vi (2)Vha(0) = D 212 (P Vi, (0)]e + CPylVi, (0)]) (2.21)

We have again expressed the holomorphic sector only. The superconformal families of V},
are denoted as [V3]o and [V3]o, which include descendants with integer and half-integer
levels, respectively. Following [33-35], we denote the superconformal families as

Vi(0)eo =Y 2NNz, [N)12=C*(N,h)Vj, (2.22)
N

where the sums are over N = 0,1,2... for [V]e and N = 1/2,3/2,5/2... for [V}],. Here
the vectors | )12 are generated by acting operators C'2(N, h) (see (2.25) below for their



expressions at the large ¢ limit) to V3. With (2.21), the four point function can be decom-
posed in terms of superconformal blocks as

(Viy (2) Vig (0) Vig (00) Vi, (1))

= CLChlFe(his hys 2) + ) CLaChal Folhis hys 2) 7 (2.23)
p P

where

0
Fe(hi; hp; z) = Zhihlih2 Z 2"12<n\n)43 R
n=0

(o]
1 1
Fo(hizhyp; z) = Zh—hi=hs E 2" (n+=n+ = )
n=0 2 2 43

(2.24)

In order to evaluate them, we need the forms of the operators C'2(N, h) explicitly. They
can be computed purely from the superconformal algebra but they are quite complicated
in general. At the large c limit, however, the operators C*2(N, h) become simplified as (see
(4.23) of [34])

12 _ (At D1 = ho)n 9y
C*(n,h) = WG_I/%
1 (h+ % +hy — hy) (2:25)
12 2 17 72)n ~op41
Soh) = .
C*(n+ 5 ) 2R GZ1 )
Using
GIHG™ Vi = 2R)untVi, GG Vi = (2h)antVh, (2:26)
the large ¢ limit of superconformal blocks can be computed as (see, e.g., [33, 34])
Fo(hi; hy; 2) = 2= =h2, By (hy, 4 by —ho, hy+hy—hg; 20y 2) +0(c 7Y, (2.27)

zhp7h17h2+1/2

Fo(hishp;z) = 57

1 1
2 (hp+h1—h2+2,hp+h4—h3+2;2hp+1;2> +0(c Y.

With general ¢, we can obtain superconformal blocks by solving differential equa-
tions [33, 36] in case that degenerate operators are involved. It is difficult to obtain their
closed forms but not so to find out their expressions in z expansion, see appendix B.2 for
the details. Another way is to use recursion relations as in [33], and the first few terms
in z expansion were obtained. The recursion relations are generalizations of the bosonic
counter parts obtained in [37], see also [38, 39] for other types of recursion relations for the
N =1 superconformal blocks.

3 Conformal weight of primary operator

In this section, we evaluate a two point function from an open Wilson line in the osp(1/2)
Chern-Simons gauge theory. In the next subsection, we give our strategy of Wilson line
computation by focusing on how to renormalize divergences from loop diagrams developed
in [1, 2]. In subsection 3.2, we reproduce the conformal weight of primary operator up to
1/c? order in (2.7) with the bulk method.



3.1 Strategy of Wilson line computation

We examine the 2d N' = 1 super Virasoro minimal model with large ¢ in terms of the
osp(1]2) @ osp(1]2) Chern-Simons gauge theory, which describes a N' = 1 supergravity
theory on AdSs [23]. The action is given by

S = Ses[A] = Ses|A] | SCS[A]_ZCS/H <A/\dA+§A/\A/\A> TS
T

The gauge fields A, A take values in the osp(1]2) Lie superalgebra, see, e.g., [40] for some
basics of Lie superalgebra. We use the generators of the Lie superalgebra as V.2, VTS/ ? with
n = +1,0, r = £1/2. The generators V,2, Vr?’/2 satisfy

V2V = (m =)V, V2 V)= (2 ) v

mr (3.2)
(VP2V} = 2V2 6rpa
In a gauge, solutions to the equations of motion can be written as*
A= e_"’V02a(z)epV02dz + Vidp. (3.3)

The AdS solution can be given by a(z) = V{2, which corresponds to the AdS metric ds? =
dp® + e*’dzdz. Assigning that the configuration approaches to the AdS one for p —
0o, we can set [41, 42] (see [43, 44] for higher spin gravity and [16, 45, 46] for higher
spin supergravity)

1

() = V() +

<T(z)V21 + ;G(z)vj”{%) . (3.4)

It was shown that T'(z) and G(z) generate the N' = 1 superconformal algebra with the
central charge

¢ = 6kcs . (3.5)

This value is the same as the well known Brown-Henneaux one [47].
As in [1, 2, 12], we compute the two point function (V'V) from

Wiy, (255 2i) = (Iw|W (25 2;)|hw) . (3.6)

Here the open Wilson line is defined as

W (2 %) = Pexp (/f dza(z)) , (3.7)

where P denotes the path ordering and p-dependence is removed by a gauge transforma-
tion. The finite dimensional representation of osp(1|2) is labeled by 5 =0,1/2,1,--- (see,

4In this paper, we consider only the gauge field A.



e.g., [40]). In the above expression, |hw) and |lw) denote the highest and lowest weight
states of the representation j, respectively.” We also use

Wiy (2 2) = (WW(zps 2)lbw), [hw) = VP hw), i) = VI, w)  (3.8)

as a bulk computation for (AA).

We evaluate the path integral for the expectation value of the open Wilson line by
integrating over the gauge fields. As explained in [11, 12], it can be effectively done by
computing the products of N/ = 1 superconformal currents T'(z), G(z) inside the Wilson
line operator (3.7) with (3.4) in terms of correlators of a A/ = 1 superconformal theory.
We should integrate over the position z of T'(z), G(z) inside the Wilson line operator (3.7)
with (3.4), and there would be divergences arises from the coincident points of at least two
of T'(z),G(z). Following [1, 2], we regularize divergences by shifting the conformal weights
of T(z),G(z) as 2 — 2 — €,3/2 — 3/2 — e. Namely, we use the correlators of T'(z), G(z),
such as,

M) = 5, ()66 = 5y (3.9)
21 21

see (A.2) for others. In order to remove terms diverging at € — 0, we introduce parameters
¢s (s =2,3/2) with

e =1+ 2e) £ O(c?) (3.10)
C

and insert them in the Wilson line operator as

W(zp2) = Pexp { /f dz [Vl?(z) + g (@T(z)VEl + ci”fa(z)vf{%)} } . (3.11)

We claim that all divergences can be removed by renormalizing the parameters cs along
with the normalization of the Wilson line such as

20,

1 2
3k, ZW<W(2)j(Z)> =T 2Rl (3.12)

Z\2/<W(1)j(z)> = >

Notice that there is no explicit relation between Zy and Zy since the introduction of the
regulator € in (3.9) breaks the supersymmetry.

We choose Zy, Zy, and ¢ (s = 2,3/2) such that there are no divergences at the limit
€ — 0. However, there are terms surviving at the limit ¢ — 0, and we have to decide how to
deal with them. Since we can fix the e-independent terms in Zy and Zy from (3.12), the
problem is for c,. In fact, the authors in [12] failed to reproduce the 1/c? order corrections
in the conformal weight of primary operators in the Virasoro minimal model due to this

®The bulk symmetry is osp(1|2) @ osp(1|2), which is enhanced to the sum of two A = 1 super Virasoro
algebras near the boundary. From this, we can identify the global part of the super Virasoro algebra as the
bulk osp(1]|2). The condition of the super Virasoro primary is given by (2.2), and the global part of the
condition leads to the highest weight state of the bulk osp(1]|2). Similar argument can be applied to the
lowest weight state of the bulk osp(1]2).



issue. In [1, 2], we have offered a prescription to fix e-independent terms in ¢, by requiring
that the boundary correlators are consistent with the boundary symmetry. Here we adopt
the same prescription. Concretely, we fix the e-independent terms in ¢z and c3/5 such as
to be consistent with the N' = 1 superconformal Ward-Takahashi identities

22 z
Jim A OTW) = sl A EVOG0) =~ (313)

see appendix A for a derivation of the right equation. In [1], we have solved the problem
on 1/c? order corrections in [12] and extended to the case with the W3 minimal model.

In the analysis of sl(2), it was convenient to work with the a-basis as in [1, 2, 7, 11].
In the current case with osp(1|2), we introduce a bosonic parameter x and a fermionic
one £ as

/dmd{(lw\x,&)Wj(Zf;zi)<x,§]hw>, /dxdf(l/v\v\az,f)Wj(Zf;zi)<x,§\ﬂv\v>. (3.14)
In terms of z, ¢, the osp(1]|2) generators are represented as

1
VE=0,, %2:1:8x—j+§§8§, V2 =220, — 2jx + x€0 (3.15)
3.15
VI =€0a+ 0, VT, = (20, — 2))E + w0 .

The lowest weight state is (z, {|lw) = 1, and the next one is proportional to V_S{?Q(a;, Elw) =
—27€. Thus the dual states are

(Iwlz, &) = €8(x), (Iwlz, &) = —d(z), (3.16)

where the normalizations are chosen for convenience. The highest weight state is deter-
mined from the condition that it is annihilated by the actions of V_21 and V_352. Thus
we find
j — 3/2 i
(2,¢lhw) = 2%, (@, &hw) =~V (@, €lhw) = —2j€a? ! (3.17)
with our choice of normalizations.
With these expressions, the open Wilson line can be expanded in 1/c as

0 6 n zf 29
W(a)j(zf§zi)zz<_c> / dzn---/v dz

n=0

. (3.18)
with
JD()=T(z), JOD(2)=G(z), Na=-1, Nzjpy=-2. (3.19)



Moreover, we defined
f((f)nj,...m)(zm cey 21) = /dff V/sn (an) . Vs1(zf1)(x + zf — Zi)2j‘$:0 7 (3‘20)

5 o) =[GV egn) VI it 2= 0B, (G2)
with zp; = 2y — z; and
Vi(z) = VTV eV (3.22)
3.2 Two point function up to 1/ c? order

In this subsection, we evaluate the expectation value of the open Wilson line <W(1) ;(2:0)) up
to 1/c? order. We first evaluate (W(1);(2;0)) up to 1/c order. We reproduce the conformal
weight (2.7) and fix Zy up to this order. We also examine (W();(2;0)) since we need the
expression of Zy to determine c3/5. We then compute the three point function with 7'(z)
or G(z) and fix ¢z and ¢35 through the superconformal Ward-Takahashi identities (3.13).
With the information of Zy, ¢z, and c3/o up to the order 1 /¢, we reproduce the conformal
weight (2.7) up to the 1/¢? order from the open Wilson line (W(1);(2;0)).

We start from the expectation value of the open Wilson line (W(y;(2;0)). At the
leading order in 1/¢, we find

(W);(2:0)) =27 + 0(c™) (3.23)

as expected. At the next leading order, there are two contributions

C

6\ 1 [ 2 (s . ,
IW(z) = (—) —NQ/O sz/O dzlf((l)’j)(z;O;ZQ,zl)(J( )(22)J) (21)) (3.24)

with s = 2,3/2. Here J® and N, were introduced in (3.19). Moreover, we have used
cs = 14+ O(c1). Introducing the regulator € as in (3.9), the sum of them is computed as

1) 223[39(23”

1) + I z) = = = j(6(2j+1)log(z)+10j—|—1)] +0(e).  (3.25)

Therefore, by setting

1
ZZ=1--

<3j(2j +1)

; + 7(105 + 1)> , (3.26)

we reproduce (3.12) with the correct shift of conformal weight as in (2.14) with (2.7). In
the same manner, we have

(Wia);(2:0)) =227

2j2271 [35(2j+1 (3.27)
+ ]ZC [ i ‘Z )+6j(2j+1)log(z)+j(10j—l—3)+2}+(’)(c2)
up to the term vanishing at ¢ — 0. Thus the normalization
1/3j(25 +1
Z3, =1-- (‘W +1052 — 35 — 1> (3.28)
C €

leads to (3.12) with the same shift of conformal weight.

~10 -



In order to fix ¢z and c3/5, we need to evaluate the three point function with T(y)
or G(y) as in (3.13) with an open Wilson line. For the three point function with 7'(y),
we compute

H® () = lim_[y| (W, (2:0)T(w)) (3.20)

y——00
as argued in [1, 2]. At the leading order in 1/¢, this becomes

662

H(2)(Z)\O(c0) = TN, .

da f3) (1) lim [yNTE)T@W)|  =—52Y2, (3.30)
( )j yﬁfoo O(CO)

which is consistent with (3.13). At the next leading order in 1/¢, there are three types
of contribution. The first one comes from the above integral with the 1/c order term in
o =1+ cél)/c%— O(c7?) as

SO
HP (z) = —22 2142 (3.31)

Cc

The second type is with the insertions of two extra currents as

H?(z) = <_6>2 1/Z dzs /Z2 o £ (2, 21)
ss c N52 0 0 (1)j ’ (332)
x lim |y|* 72T (29) T (20) T (v))
Y——00

with s = 2,3/2. The third type is with the insertions of three extra currents as

6\> 1 : 22
HE , (2) = <—> / dZS"'/ dzy fE7) (23, 29, 21)
33281 ¢) NuN,N. Jo ; (1) (3.53)

X T o2 (2).002) (20) 00 () T ()
Y—r—00
Non-trivial contributions are with

33 3 3 3 3
=(2,2,2 -, =, 2 —,2, = 2,—,— . .34
(51,82753) (7 ) )7(2a27 >7<27 a2>a< ’2’2> (33)

For the second and third types, we use the correlators of currents in (A.2). The sum of
them can be written as

i (9/2 2
Z2H®(z) = [—j + % (é —6j—1— cg)ﬂ - (3.35)

52h;

up to the order 1/c. The factor ZZ obtained in (3.26) is included such that the operator
V(%) in the three point function (3.13) is normalized as in (3.12). The relation in (3.13)
is realized if we choose the parameter co as

C

co=1+ E <9£2 + 2) +0(c7?). (3.36)
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In this way, we fix the 1/c order term in ¢ along with removing the divergence from the
1/€ order term in € — 0.

Next, we evaluate the three point function with G(y) in (3.13) using an open Wilson
line. For this, we define

Wia); (25 2i) = (Iw|W (2y; 2;) |hw) | (3.37)
which can be expanded in 1/c as in (3.18) with
) (1) = — / de Vo (zpn) -V (zp1) (@ + 25 — 20)% |, - (3.38)
Then, the three point function is evaluated from
Zw 2y HOP) (2) = T |y[* Zw Zv(Ws);(2: 0)G(y)) - (3.39)
Yy——00

Here Zy and Zy obtained in (3.28) and (3.26) are included such that Ap(z) and V4 (0) in
the three point function are normalized as in (3.12). At the leading order in 1/¢, we have

6 c32 [* .
HOP G low) = 5 [ daaG e Jim P GG o)
O(cY) .

= 2jz% 1

as in (3.13).
Just as in the case with H(?)(z), there are three types of contribution at the next leading
order. The first one comes from (3.40) but with cél/)Q incgp=1+ cél/é Jc+O(c1) as

(1)
2]032
HP) () = =222+, (3.41)

The second one are with the insertion of two extra currents as

2 z z
(3/2) 6> 1 / / ? (5,8)
HY (2 —= dz dz (22,2
o (2) = < ¢) NaNsjp Jo = o igij (221 (3.42)
x lim [yl (22) 7 (1) G (w)
Y—+—00

with (s,s") = (2,3/2),(3/2,2). The third one are with the insertion of three extra cur-
rents as

6 (S 52,8
Hégézzgl(Z) B <_C> Ns1/ dz3/ de/ dZIf i ! (23’22721) (3.43)
x lim \yl3 26<J( 2 (23) 7 (22) 74 (21)G(y)) -
y—

The non-trivial contributions are with

3 3 3 33 3
(31782783) - <2727 2> ) (27 272> ) (27272> ’ <27 57 2) . (344)
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From the sum of these contributions, we find
3/2) 0\ _ |os _J (9 (1) z
Zyw Zy HO/?) () = [23—0 (6—12 —3—203/2” oy (3.45)

up to 1/c order. Choosing the parameter c3/; as

c3p =1+ = <9/ 2>+(’)( 2y, (3.46)

we reproduce (3.13) up to the first non-trivial order in 1/c.
Now that we have Zy, ca, and c3/5 as in (3.26), (3.36), and (3.46), we can read off the
1/c? order term in (2.7) from the expectation value of the open Wilson line

Zi(Wi1);(2;0 (3.47)

)>}O(c—2)

as in (2.14). There are four types of contribution to this quantity. We have already
evaluated the 1/c order term in (W(1);(2;0)) above as the sum of Iéz) (z) and 12(3/2) (2)
defined in (3.24). Therefore, the first contribution is with the 1/c order term in ZZ as

1P(z) = —% (3‘7(2]“) + (105 + 1)) (157 () + I{)(2).- (3.48)

€

For the computation of (W();(z;0)) at the order of 1/c, we have set c; = c3/p = 1.
Therefore, the second type of contribution is

(1) 9200
2c 3/9 1/9 1/9
IP(z) = = IV (2) + C/ I /)2(2') = (6 T 4) V() + ; (6 + 3) Ig};(z). (3.49)

The third type are with the insertion of three currents as

6
1) =|—-- / / /
s () ( c) N52N81 R Tt (3.50)

f<53’s2’81 (23 72, 21) (T (23) 70 (22) 7D (1))
with
33 3.3 3 3

(317 S92, 33) - (27 27 2) ) (27 57 2> ) <27 27 2) ) (27 57 2> . (351)

The fourth type are with the insertion of four currents as
6\* 1 : 22
D)= () [ [Ca
ssaszen () ¢/ NsyNs3 N, Noy Jo 0 (3.52)

x ((15)41783752’81)(24723,22721)<J(54)(24)J(53)(23)J(82)(Z2)J(51)(21)>

with

33 33 33 3 3
(51782)83784) _(272)272)7 <272 2 2) (2 27272> ) <27 57 272> ) <272727 2> )

27§727§ Y §727§72 Y §7§7§7§ *
27772)7\277 2 2727272

For the correlators of currents, we use (A.2).
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Let us first sum over the third and fourth types of contribution as

221 (185 — 1)(2) + 1)(2) + ) log(2)
c? €

I (2) =

(3.54)

+35log(z) (6(25 + 1) (45% + 25 — 3) log(2) + (27 — 1) (4052 + 445 + 1)) | ,

where we have kept only the term including log(z). From this, we observe that there is
non-local divergence from the term proportional to log(z)/e. Moreover, the terms in front
of log(z) and log?(z) do not reproduce (2.14) with (2.7). This corresponds to the problem
in [12] for the bosonic case. The problem was solved in [1] by including Zy and ¢z in the
current terminology. Similarly we arrive at

2 Wig (N ey = I (2) + 1P (2) + 1G4 (2)
2 (3.55)
=5 [185%(27 + 1)*log?(z) + 45;(27 + 1) log(2)]

after including the effects of Zy, c2, and c3/5. In the final expression, there is no non-local
term and the 1/c? order correction of the conformal weight in (2.7) is correctly reproduced.

4 Superconformal blocks

From the networks of open Wilson lines, we study more generic correlators. As in [2, 8, 9,
12], we evaluate

n
G(jilz) = (S| T] Wi (205 2i) |aw); (4.1)
i=1
for n-point blocks of the type ([, V). Here S represents a singlet state in the product
representation j; ® - -+ ® j,. We can construct a singlet from the product representation
in many ways in general. There are also many conformal blocks for a correlator in general
as well. As explained in [2, 9], a different choice of S leads to a different conformal block.
The open Wilson lines are connected by the vertex (S| at z = zp, but the expectation value
should not depend on zy. We evaluate the 1/c¢ corrections for the Wilson line networks by
following the analysis in [2]. When we consider correlators involving W (or A), then we
should replace |hw) by |Hx7v>
As in [2], it is convenient to move to the conjugate form of (4.1) and to use the basis
in terms of X; = (z;,&;) as

i=1

The singlet condition is now written as

n n
> V(X)) [H<Xi| 5)=0 (4.3)
i=1 i=1

— 14 —



forall s =2,3/2and m = —s+1,---,s—1. Here the generators V,? (X;) are given in (3.15)
with X; = (a:l,fz)

In the next subsection, we reproduce the three point blocks in (2.17) and (2.18) up to
1/c order. In subsection 4.2 and subsection 4.3, we consider the four point function

(Vhg (2) Vi (0) Vi (00) Vi, (1)) (4.4)

with hg and h; in (2.7). We obtain the closed form expressions of the identity block up to
1/c? order and those of the general blocks up to 1/c order. We check that the results are
consistent with those obtained from a A/ = 1 superconformal field theory.

4.1 Three point blocks

We consider the three point blocks in (2.17) and (2.18). In the expression of (4.2)
with (3.16), we evaluate

(1) : (1)
G5/ ' (jilz) = | d&i& | déa&s | d€sg [ Wi, (25 2 %Xi)] vy (5i] Xs) (4.5)
3 / 1 1/ 2 2/ 383 11_11 f 0 3 .
for (2.17) and
3
GO Gilz) = [ dag [ desty | de [ W, (23 2 ;X»] v (s X:) (4.6)
3 /11/ 22/3}_[1] 0 3 -

for (2.18) up to irrelevant phase factors. Here we have set (21, 22,23) = (2,0,1) and 2y =
zg3 = 1. Moreover, we have used the two independent solutions to the singlet condition (4.3),
which are given by

o (il Xo) = X XA X, o (il XG) = Guas X5 X XY (4.7)
with
Xij=x —xj — &&, €123 = (X12X13X32) "V (X361 + X312 + X263 + £16263), (4.8)
and j12 = j1 + j2 — j3 and so on. Noticing that
Wi (215 20 Xi)l ooy = €51 7700%4 (4.9)

we can reproduce the leading order expressions of (2.17) and (2.18) from (4.5) and (4.6),
respectively.

After these preparations, we move to the next leading order in 1/¢ and compute the
contributions expressed by the diagrams of figure 1. We define

h**(2y, 243 Y2, Y15 3)

4.10
- / des(€3)2% Vo (2 — y2) V¥ (20 — g1 )eF D0 1@ () (5 X, (4.10)

X1,2=0 ’
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z z z
Okl Ogl Oﬁl
Figure 1. Contributions to the three point blocks from the networks of open Wilson lines at the

1/c order. The solid and wavy lines represent an open Wilson line and the propagation of a spin s
current with s = 2,3/2.

where V5(z) is given in (3.22). The integrals to compute are

S, 6 2 1 ? v ENeY S S
7% (z23) = (c> NQ/l dyQ/l dy h> (Z7Z;y27yl;l‘3)<<]( )(yQ)J( )(yl)),

S, 6 2 1 0 v ENeY S S
ty " (z323) = (_c> NQ/l dy2/1 dy1h*2(0, 05 y2, y1; 23) (TS (12) T (1)), (4.11)

S, 6 2 1 0 ? S, S S
3% (z523) = (—C> NQ/l dy2/1 dyrh*(0, 23 y2, y1; 23) (T (2) T (1))
S

where the two point functions of currents are given in (3.9). The contributions at the 1/c¢
order are given by the sums of these integrals as

(G (ji|z)>‘o( = 3 1592 0), (4.12)
¢ a=15=2,3/2
which are evaluated as
‘ 1 »
(GGl 5,1, = (2 = 175 (hiy Tog(2) + by Tog(= ~ 1)),
(4.13)
. 1 . .
(G G| o, 1, =~ = 1079720y Tog(2) + by Tog(= ~ 1)
with
WY = 3521 +1), b =n +hd - (4.14)

and so on. Here we have subtracted the terms proportional to the tree level expressions,
which change only irrelevant overall constants. We can see that they reproduce the 1/c¢
order terms in (2.17) and (2.18).

Before going into the analysis of four point blocks, we would like to remark on a point,
which will be important later. There are two independent singlets |S) as in (4.7), and
we chose one of them for (4.5) and the other for (4.6). The choice sounds obvious from
the analysis at the leading order in 1/c, but it could be subtle at the higher orders. An
open Wilson line includes the information of both V},(z) and Ap(z), since it represents the
propagation of an superfield. An insertion of G(z) exchange Vj,(z) and Ap(2) as in (3.13)
and (3.37), thus we should be careful on quantum effects associated with the insertions
of G(z). For three point blocks at 1/c¢ order, this does not cause any problems. This is
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z 00 z 00 00 z 00
0 1 0 1 1 0 1
z 00 z 00 00

-

1

z
0
z
0

0 1 0 1

Figure 2. Several representative contributions to the identity four point block from the network
of open Wilson lines up to the 1/c? order. The top diagrams represent the contributions of the
self-energy type. The middle diagrams represent the contribution with the exchange of energy
momentum tensor and its 1/c corrections. The bottom diagrams represent the contributions with
the exchange of two spin s currents with s = 2 or s = 3/2.

because the number of G(z) inserted should be even and the even number of &; action does
not exchange the two solutions in (4.7). However, this point becomes important for four
point blocks as seen below.

4.2 Identity four point blocks

As was shown in [2], the network of open Wilson lines for the identity four point block can
be deformed to the product of two open Wilson lines as

(Wy(2;0)Wj(o0: 1)), (4.15)

see also [11]. There are three types of contributions to the 1/c corrections as illustrated
with the diagrams of figure 2. See figure 1 and figure 2 in [2] for the diagrams omitted
here. The contributions coming from the top diagrams are of the self-energy type. We do
not study the contributions here since we already knew that the net effect only shifts the
conformal weight.

The middle left diagram describes the exchange of a current. Noticing that only the
energy momentum tensor (or an integer spin current) is exchanged, the contribution from
the diagram is

KW (z) = (‘6>2 7 / 2 / T a2 12 (210 2) £ (003 1; 20 ) (T (22)T (1)
¢) NZJ, 1 (g ™ = SOVANE (4.16)

2hih
— 72 qz2q+22F1(2, 2;4;z)

17 -



up to 1/c order, where hy; = —q and h; = —j. With ¢ = 1/2, the z expansion of the
above expression reproduces the 1/c order term in (B.12). The middle diagrams in figure 2
describes a type of contributions, which can be included by using hy, hj in (4.16) with 1/c
corrections as shown in [2]. Therefore, the 1/c? order contributions of this type can be
summarized as

12 (%0 + J4° £ J4) aq4
2
&

K2(2) = DF1(2,2:4;2) . (4.17)
Another type of contributions at the order of 1/c¢?> come from the exchanges of two
currents as in the bottom diagrams of figure 1. In the current case, the spin (or more

precisely the statistic) of two currents should be the same. Thus the contribution is the
sum of (s =2,3/2)

K®(z) = < C> / dzs / dzs / dz / dz

.. (4.18)
X ) (2 0; Z4,Z3)f( ’ )(0071722721)< + (=) >
¢ (z41232)%  (2a2231)%
with
c 2c
BQ - 57 B3/2 == ? . (419)
The sum is computed as
18jqz%172
KD (2)+ Ky (2) = =21 — (2:2(8j(q+1)+8¢+3)
—Hog 1-2) (45 (q(2—2)%+2(2—1)) + (2= 1) (8q+32—4))  (+20)
—(2—2)2(4j(4g+1)+4g—1)log(1—2)+6(z—2)zLiz(2)) .
From the sum }-._} 55/ KS(2)(Z), we obtain the identity block as
2h 297 o
z qu( )—1+72 2F1(2 2;4; Z)
1 (4.21)
t+ 5 [0%5%ka(2) + (%5 + a5 R (2) + ajke(2)] + O(c™)
with
ha(2) =2 (% F1(2,2:4;2))°
—_— 2 [e—
k() = 144 <1+ (2 1)10§ ( Z)> , (4.22)
z
ke(z) = i—? (6(2 — 2)zLis(z) — 22° + (2 — 1)(3z — 4) log®(1 — 2) + 5(z — 2)zlog(1 — 2)) .

We can check that the result matches with the expression in (B.12) by setting ¢ = 1/2.
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4.3 General four point blocks

In this subsection, we study the four point blocks for (4.4) but with the exchange of
general operators. Using the expression in (4.2) with (3.16), we evaluate the networks of
open Wilson lines as

[S)e.0

4
Gueo(ilz) = | [ Wi (i3 205 Xi) (X (4.23)
=1

X;=0

Here we set j1 = j2 = q,j3 = ja = j and (21, 22, 23,24) = (2,0,00,1). As explained in
section 2, there are two independent superconformal blocks, where the integer and half-
integer level of descendant operators are exchanged.

A main issue here is which solutions to the singlet equation (4.3) should be used.
With (4.9), the leading order expressions of superconformal blocks in 1/c¢ are obtained
simply by replacing z; in the vertices with z;. Therefore, we know which solutions are used
at the leading order in 1/c. Moreover, as discussed at the end of subsection 4.1, we may
need to use a different vertex when the insertions of G(z) are involved. In this subsection,
we only consider the corrections of 1/c¢ order, thus there should be either no insertion or
two insertions of G(z). The two insertions of G(z) would change the type of (VVVV) into
that with two Vs replaced by two W’s. As explained in (2.20) in terms of superconformal
invariants, there are two independent types which are not exchanged by superconformal
transformations. We can change the z — 0 channel blocks for (VVVV) to those of

Wwwvvy, (VVIWW) (4.24)
by superconformal transformations. However, this is not possible for
(WVvwv), (WvVvvw), (VWWV), (VWVW). (4.25)

We call the vertices which reproduce the leading order expressions for (VVVV) (or, say,
(WVVW)) as those of type (VVVV) (or (WVVW)). Our rule is to use the vertices of
the type (VVVV), when there are no insertion of G(z) or two insertions of G(z) but in the
open Wilson lines connecting z; and zo described by the solid lines or z3 and z4 described
by the dotted lines in figure 3. Similarly, we should use the vertices of the type (WVV W),
when there are two insertions of G(z) in the open Wilson lines connecting z; 2 and 23 4.

The leading order expressions of the four point blocks for (4.4) in 1/¢ were already
given in (2.27). Thus the vertices of type (VVVV) can be obtained by replacing z; with z;.
For our application, it is convenient to rewrite them as the integration over the products
of two three point blocks as (see [2, 48])

UA(L,lg(ji|Xi) Ne(l)/dl’dﬁ/dffflvél)(jldmp!Xl,X2,X)U:(gl)(j:a,]&,—1—p!X3,X4,X’),

UMM%WﬂMMM%M%M&MM%%M (4.26)

with # = 2/. The integration contour is x € (0,00) and the prefactors are

 (—1)Pr(-2p) 1 (=)7L - 2p)
j\/'él)_wy él)——%' T . (4.27)
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Figure 3. Contributions to the four point blocks from the networks of open Wilson lines at the
1/c order. The solid line represents an open Wilson line connecting z and 0 via zy and the dotted
line represent an open Wilson line connecting co and 1 via zg. We should be careful when there is
an exchange of spin 3/2 field, and the situation depends on whether the exchange is between the
solid and/or dotted lines.

z ©.¢) z 0 z 0.9
0 1 Ogll Ohll
z 0.9 z o0 z 0.9
0 1 Oﬁl Oﬁl

Figure 4. Contributions to the four point blocks from the networks of open Wilson lines at the
1/c order. The two bottom left diagrams are of the type as in the right diagram of figure 3 with
zo = 1. Therefore we should be careful to choose the vertex when a spin 3/2 current is exchanged.

The leading order expressions of four point blocks for (WV VW) are computed in (B.6).
Similarly for the type (VVVV), we use the expressions of vertices as

Ufe) (i) Xi) = N /dfﬂd€/d§ 55/U§2) (j1,j27p|X1,X27X)U:(J,2) (43, ja, —1 — p| X3, X4, X'),

“fg(MXi) N§2)/dwdﬁ’dfvél)(jhjz,p!Xl,Xz,X)vél)(js,ﬂ,—ple,X47X’) (4.28)

with # = 2’. The integration contour is x € (0,00) and the prefactors are’

(=1)Pr(1 - 2p)
pL'(1 —p)?

;N =L (4.29)

For the rest of computation, we closely follow the analysis in [2]. The contributions to
the 1/c corrections of four point blocks come from the diagrams in figure 4. For the top

SThe first factor in V{""® comes from the corresponding factors in (2.27) and (B.6). The second factor
in N{? arises from, say Jdg'dgggeas’ = —&ika.
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diagrams, we compute

Fe(sa) (z) = J\/e(l)/ dx tfl’o‘:l(z; x)x_l_p, (4.30)

)

E®)(2) j\/'(l)/ dx t30=2 (2 )z~ /2P (4.31)

with a = 1,2,3 and s = 2,3/2, where t7"(z,z) were defined in (4.11) with j; = jo = gq,
j3 = p. We can show explicitly that the contributions from the bottom left diagram are

proportional to the leading order expressions, so we neglect them.
For the other two diagrams, we define the functions

uga)@; Zq; Y25 T3)

6 1 s z— 2(z1) —V2(z Q). (432)
A d€3ns o (&3) V¥ (2q — y1)eF VI (@)= VI Q)U;g, (i X,) X1 am0
with V*(z) in (3.22) and j; = j2 = ¢, j3 = p. Here we have set
53 (5, Oé) = (27 1) or (3/23 2) )
778,0&(53) = (433)
1 (s,a)=1(2,2) or (3/2,1).
We further define the other functions
) (y; 73)
61 ) (4.34)
- = —2j s Zoo — (zoo—1)Vi (1) (o) i Xi
S dim s [ dean.a(@) V(e - e G|,
with j; = jo = 5 and
) —1—-—p (s,a)=(2,1) or (3/2,2),
o (s,0) = (2,1) or (3/2,2) )
—-Pp (57 Oé) = (2a 2) or (3/2’ 1) ’
Here 15.(&3) is given in (4.33). For the spin 2 exchanges, we evaluate the integrals
Fe( at3(Z / dx / dy2 / dyr
(
x ul? (2 a3 1, ) (T'(y)T ;
o y1, @)y (Y2, 2)(T(y1)T (y2)) (4.36)

Fo(a+3 / dw/ dy2/ dyr
x@ (23 2091, 2)5” (g2, 2) (T (1) T (32)
with 2,1 = 2z and z,—9 = 0. For the spin 3/2 exchanges, we should use the vertices

n (4.28) with (4.29) as explained above. With the functions in (4.32) and (4.34), the
integrals to compute can be written as

Fe(?;/fi’) / dl‘/ dyz/ dy

X%ﬂazmm,>;gm,xG@uG@ﬁm

Fo(?;/i?) / dm/ dyg/ di

X Ul (25 203 y1, )iy (2, 2) (G (1) G (12))

(4.37)

with z4,—1 = z and z,—9 = 0.
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The 1/c order contributions of the Wilson line networks in (4.23) are given by the sums
of all integrals as

<G4e0(]7, |(’)c 1) Z Z (4.38)

a=1s=2,3/2

There could be terms proportional to the leading order expressions in the 1/¢ order con-
tributions, but they can be subtracted (or tuned in a proper way). This is because we are
interested in superconformal blocks, so the overall factors do not matter. Our normaliza-

tions are

o
2P (GGl ) = 1+ Y ane™, 22 IG o (il2)) = +Zaonz (4.39)

n=1

with
1 1 1 /6p+3 _9
e @) ) 4.40
2hy, 2p+c< 2p >+ (™) ( )

In order to express the results, it might be useful to introduce functions as
27 (G e(jil2)) = 21 (—p, —p; =25 2)
1. . . _
+ = aifa(p,2) + (@ + ) f5 (0. 2) + fe (0 2)] + O(c7?),

1 1
2hj—hp=1/2x 3 - L F(— -
z (Ga0(Jil2)) o 1=p+3,

1 (4.41)
-p+ 5 —2p+1;2)

2020 2) + (@4 DI, 2) + 2, 2] + O,

We then find
fap,2) = 12((z — 2)log(1 — 2) — 22) o F'1 (—p, —p; —2p; 2) ,
Iy (p, 2) = 3(4pz o F1(—p, —p; —2p; 2) — 4p(z — 1) log(1 — 2) 2 F1 (1 — p, —p; —2p; 2)) ,

3(
fe(p, 2) = 3(p2Fi(=p, —p; —2p; 2)((2p + 1) (2 — 1) log(1 — 2) — 2pz) (4.42)
—p(z —1)log(1 — 2) 2 F1 (1 — p, —p; —2p; 2))

and
o = 6 2)1 1 2 F 1 1 :1—2p:
120, = = (-2 tog(1-2)-22)af (-prg—i1-2p:2 ) ).
fo(p,2)= —2 ((219—1) <Z2F1 (;—p,;—p;l—%; Z>
(z—1)log(1-2)oFy (i—p,;’—p;l—zp;z))) , (4.43)

-2
2pz+z< < p= pi= >

x((2p+1)(2p(2—1)— )log( z)—(4p(p+1)+3)2)

+2F1< p— —2p; ) ((4p(p+1)+3)z—(2p+1)2(z—1)log(1—z))> )

c(p,2) =
11
2'2
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We can check that they reproduce the 1/c order terms in (B.13) by setting ¢ = 1/2.
Moreover, the first few terms in z expansions with general h; and finite ¢ were obtained

in [33] by solving recursion relations. We also find agreements for hy = hg = hy, hg = hy =
h;, and h = h,,.

5 Superconformal blocks involving heavy operators

In the previous sections, we have considered light operators with conformal weight of order
. In this section, we analyze the 1/c corrections for heavy operators with conformal
weight of order ¢ from the bulk viewpoints. We first construct supersymmetric conical
spaces, which correspond to a set of heavy operators. We then examine the quantum
corrections to the conical spaces by making use of the symmetry of the super Virasoro
group, and we reproduce the 1/c corrections for the conformal weights of the corresponding
heavy operators. Using the analysis, we compute a heavy-heavy-light-light block from an
open Wilson line in the conical geometry.

We begin with classical supersymmetric conical spaces in the osp(1]2) Chern-Simons
gauge theory. In order to discuss the supersymmetric geometry, it is convenient to work
with a cylindrical coordinate w, which is related to the planer one z as z = €. With the
coordinate, we use

6 3i1/2
a(w) = V2 = “T(w)V2 - 2 G(w)V*, (5.1)

instead of (3.4). Asymptotic symmetry is given by the N' = 1 superconformal algebra
generated by T'(w), G(w) [41] as mentioned in section 2. Here we put the phase factors with
respect to T'(z) and G(z) in the planar coordinate in order to match with the conventional
notations. We consider a gauge configuration independent of w and corresponding to a
geometry. This implies that

826

T(w) = o1

(5.2)

Here any restriction is not yet assigned on s, and the condition for s will be obtained by
requiring the geometry preserving supersymmetry below.

In order to obtain the supersymmetric condition, we apply the method developed for
the supersymmetric geometry in the sl(N + 1|N) Chern-Simons theory as in [16, 49-53].
We look for spinors, which satisfy the Killing spinor equation,

Dye =0+ [Aye) =0. (5.3)

Formally, solutions can be written as

ta) = Pesp (- | At ) epess ([ Aot (5.4)
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with a constant spinor ¢. The problem is now whether the spinor satisfies the anti-periodic
(or periodic) boundary condition in the NS-sector (or the R-sector). For the current con-
figuration of gauge field, we find (w = ¢ + i7)

exp <% d¢A¢d¢> =S"texp (27risV02) S (5.5)
with a matrix S. Rewriting the spinor as
e=SeS™! = e_VE{Z + 6+V13/22 , (5.6)

the phase factor can be computed as

exp (—27rz'SV02) Vi{% exp (27risV02) = exp (£7is) V32

L2 (5.7)

Therefore, the anti-periodic (or periodic) boundary condition leads to an odd (or even)
integer s. Recall that the conical defect geometry corresponds to the integer s for the
bosonic case [24], see also [4].

5.1 Quantization of coadjoint orbits of super Virasoro group

In order to analyze the quantum effects for the supersymmetric conical spaces, we utilize the
N =1 super Virasoro symmetry generated by 7'(w), G(w) in (5.1). We use the description
of the super Virasoro group in terms of superspace (7,0) with 7 ~ 7 4 27 and super-
derivative

Dy =09 +00,, Di=0.. (5.8)
Superconformal transformations are defined by [31]
r—=7(r,0), 0—0(10) (5.9)
subject to
D' =0'D¢ . (5.10)

It will be convenient to use the parametrization (see, e.g., [54])

=T frron(), 0 =\V1+a.f(r)|0+n(r)+ %077(7)6717(7) : (5.11)

where f(7) and n(7) are bosonic and fermionic functions of 7, respectively. The computa-
tions will be done perturbatively in f,7n in the followings.

We examine the quantum effects of the geometry by applying quantization of the
coadjoint orbits of the super Virasoro group. We follow the notation in [55], see also [25, 26]
for the case with the Virasoro group. Elements of the super Virasoro algebra are given by
pairs (u(r,0), k), where u(7,#) transforms as a weight —1 field and & is a number. Dual
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elements are pairs (f(7,6),c), where ((r,6) transforms as a weight 3/2 field and ¢ is a
number. The invariant quadratic form is defined as

1 2m
((B,c¢), (u, k) = 2/0 drdfp(t,0)u(r,8) + ck . (5.12)

™

Considering an element of superconformal transformation (7,6) — (7/,6’), the coadjoint
action Ad*(7’,60") can be expressed as

Ad* (7', 0)(8(r,0),¢) = (B(r'.8)(DO')* = Z5(8').c) (5.13)

with the super-Schwarzian derivative [31]

D¢’ D30' D2¢’

/ J—
() Do’ Do D¢ -

(5.14)

A group element on the coadjoint orbit including a point (Sy(z,8),z) can be expressed as
(B(r,0), )" = Ad*(1",0)(Bo(7,0),c). (5.15)

With this parametrization, the Kirillov-Kostant symplectic form was found to be [55]

1 27
Q= d / drdd| Bo(+'. 0)(dr + 6'd0') DY’
™ Jo

(5.16)

c dr’'+6'd0’ (DY D3¢ D?0

12 (D#")? Do’ Do Do’

We quantize the coadjoint orbits by using the symplectic form.
We consider the coadjoint orbit including the point
Br0) = g (5.17)
7,0) = ——080. .
’ 24

Notice that §(r,6) corresponds to a superfield T'(7,6) = Tr(7) + 01(7) with G(7) =
2Tp(7), T(1) = Tp(7) introduced in section 2. We choose a basis for super Virasoro
generators as

; 11 2m . 2
0o = (0™, 0), (B(1,0),¢)" ") = % /O drdooe™ (-‘;‘949’(1)9')3 - 25(9')) . (5.18)

082

- ' o 1 [27 )
gr = 2((e"7, 0, (B(r.0), )" ) = = / drdfei™ <_
0 24

™

0'(DO')3 — 65(9’)) , (5.19)

where r € Z + 1/2 for the NS-sector (s € 2Z + 1) and r € Z for the R-sector (s € 2Z). In
terms of mode expansions as

FE) =D ™™, () =D e, (5.20)
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we find

B cs? ¢ 9, 9 9 ic 9 [8)2
EO__ﬂ_'—ﬂ 8 n (n —S )fnfn_627<r _<§> >"7r7]r7 (5'21)
' 3
lyg= 264;(”2_32> ((n_5)2_82) fnf—n:i:s_lg; (T':F2S> (T':F§> (T’ig) NrM—r+s
gis/Q:_%Zn(n2_82)fnn7nis/2

n

up to the terms including two of f,,n,. Similarly, we obtain
ic

2
b = —Em(mQ - 32)fm7 gr = g <T2 - (;) > Nr (5‘22)

for m # 0,+s and r # +s/2 up to the terms including one of f,,n,. Note that the above
expressions are independent of fo, fis, 74s/2-
The Kirillov-Kostant symplectic form in (5.16) can be computed as

0="C1- Z m(m? — $2)dfmdf—m — 2(47«2 — 32)dnrdn_T] (5.23)
m>0 >0

up to the terms with two of f,,n,. Let us first consider the NS-sector with r € Z + 1/2.
The Poisson (anti-) brackets are, then, given by

: 12 dmn . 3 i0rtu
_Z{fmafn}PB = —=__man _Z{nranu}PB = Em (5.24)

c m(m?2 —s2)’

up to the current order. Therefore, the quantization is possible by replacing

C C
\V 12fm Am, \/;m — By (5.25)

with (anti-)commutation relations

5m+n ié’r—&—u
Ap Ayl = ———, {B.B,2}=——7"—"—7=. 2
s ] = 5 s B Bud = oy (5.26)

This implies that the expansion in terms of f,, 7, corresponds to the quantization with the
Planck constant as h ~ 1/¢, see [25] for the Virasoro group. For the R-sector, we use

—i{no. no}re = ;i@‘;)z, {Bo, Bo} = ;(3;22)2 (5.27)

in addition to (5.24) and (5.26) expect for those involving 7y and By. The vacuum state
and its dual are defined as

Anl0)s =0, By0)s=0, 5(0lA_, =0, s(0|B_,=0 (5.28)

for m > 0 and r > 0.
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When we replace f,,n, by operators A,,, B, we should take care of the ambiguity
related to the ordering of operators. This ambiguity exists for ¢y — ¢y, and we express
it as

fo= =S fng+ 3 0207 — ) A A_, i S r(® — (s/2)2)B,B_, (5.29)
n>0 r>0

by introducing a parameter ng. Here ng corresponds to the 1/c correction for the conformal
weight of the heavy operator dual to the supersymmetric conical geometry with label s. As
in [24], we fix ng by requiring that the generators satisfy the (anti-)commutation relations
of the superconformal algebra. Using

Grsj2=—1 Y n(n® =) AnB iy, (5.30)

we require that”

2

s<0’]:s‘0>s = 07 ]:s = —i{gs/z,f],s/z} - 220 - gZ . (531)

This, in particular, means

i .
no = _§3<0|{gs/27g—s/2}|0>5 : (532)

Using the (anti-)commutation relation, we find

(= )/2 n(n? — s?) i, o
J J =1 = - —4s—1 .
S<0|{gs/27gfs/2}‘0>8 ¢ nzl (n — 8/2)2 — (8/2)2 ] (58 S ) (5 33)
for odd s and
s/2—1 9 9 . .
L . n(n® — s%) i3s i
S S 'y Y—s s — ~— = = - 4 . 4

for even s. From (5.32), we arrive at the result

1+ (=1)°

5.35
L (535)

1
ng = E(582_48_1)+

which correctly reproduces the ¢® order term in (2.8).

"We should modify the anti-commutation relation in (2.1) due to the map from the planer coordinate to
the cylindrical one. The phase factors in (5.31) arises just like for T'(w), G(w) in (5.1). Moreover the shift
Lo— Lo— =

53 removes the term — 58,4+ in (2.1).
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5.2 Open Wilson line in a supersymmetric conical space

In our previous work [2], we have developed a way to compute a heavy-heavy-light-light
block from the bulk perspective, and in this subsection, we generalize the analysis to the
supersymmetric case. As a heavy-heavy-light-light block, we consider

Gs(2) = (Vis 1 (2)Vig , (0) Vi . (00) Vi, , (1)), (5.36)

whose expression in z expansion is obtained in appendix B.2. In the cylindrical coordinate,
the block can be expressed as

Qs(w) = <Vh3,1(w)Vh3,1(O)Vhl,s(_ioo)vhl,s (ZOO)> ’ (5'37)

which is related to (5.36) as

Go(2) = —i(1 — 2) 731 Gy (w)| L (5.38)
eW=1—z
The phase factor is included for later convenience.
Following the analysis in [2], we compute the superconformal block from an open
Wilson line in a supersymmetric conical geometry with label s as

v / 2 6 N2 3i1/2 Ny 3/2
Ws(w) = Pexp dw' | Vi* — ET(w W= — . G(w )V71/2 ) (5.39)
0

where we have used (5.1). We examine the Wilson line operator in 1/c expansion. We define
TP (w) =T(w) + o, T (w) = G(w) (5.40)

such that the two point functions behaves of order ¢ (or J (*) (w) behaves of order ¢'/?) as
in (5.27) of [2] and (5.51), (5.59) below. We rewrite the Wilson line operator as

0 1 w w2
Ws(w) = / dwn---/ dw
nZ:% c" Jo 0
" (5.41)
< > e, T ) | it (. wr)
t;=3/2,2 |j=1
with
V22 V2 Y
fs(tn"“’tl)(wm cow) = (th>8<w*n) T (th)S(w*l) VT Vo g )
=0 (5.42)
2 2
(Vt)s(w) = e(V12+57V,21)wV_tt+1€—(V12+STV,21)w )
Here we have used
Co=—6, Cyp=-3i"% wy=w—w. (5.43)
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We set ¢s = 1 in (5.41) since we consider only the next leading contributions in 1/c. The
leading order in 1/c becomes
2 . /sw 1
Ws(w) = —sin (?> +0(c ), (5.44)
s
which reproduces the z expansion of the leading order term of (B.15) in 1/¢ by using (5.38).
In fact, it is the same as the bosonic case in (B.19), see [28] for general arguments.

We then move to the 1/¢ corrections. The contributions can be divided into two types;

one is with the insertions of one current and the other with two currents. A type of 1/c
correction with a current insertion comes from

6 [v -
moM{(w) = = [ dwn £ ). (017 w0,

(5.45)

c 53

~ 12ng [2 sin (%) — swcos (%)
This is almost the same as that in the bosonic case but with a different value of ng. The
difference is

(5s+1)(s—1) 14+ (=1)* (s—1)(1+13s)

Ang = _
10 16 T3 24 (5.46)

(s—1)(1ls—1) 1+ (=1)°
48 LTI

Another contribution is with the insertion of two J2) (w)’s, but it is exactly the same as
the bosonic case as

2 pw wo
MS(Q)(w):(—i) [ [ s ) 07D ) I w0 (547

Therefore, we do not repeat here. There is also a contribution with the insertion of two
JGB/2(w)s (or two G(w)’s), which is new in the current case. Below we examine the
integral for the contribution.

We thus evaluate

2
'1/2 w w2
M§3>(w):<_3zc ) / dws / dwy 37232 (wo, w1) 5 (0|G(w2) G(w)|0)s  (5.48)
0 0
with
FO23/D (10 1) = — % gin (%) si (5w —w2) (5.49)
s >0 52 2 2 ‘ '

Let us first set s to be odd and then discuss the case with even s. We define the two point
function of the superconformal current as

By (wa, wy) = 5{0|G(ws2)G(w1)]0)s , (5.50)
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which is computed as

p 0(47“2 _ 82) ic 1 2 -1
E _ wrwzy N 7 S :
s(wZawl) § :6 12 12 sin (wT) - 2Sln(wm) (5 51)

r>0 2

with wy; = wg — w;y. The integral (5.48) diverges due to the singular behavior of the
two point function in (5.51). As in the bosonic case analyzed in [2, 56], we redefine the
integral (5.48) by removing the divergent term as

91m_5/2
Ms(?r)eg / dxg/ dryai ey (1 — af) (a5 — 2°)

<2<x1x2) 5 (2—1) (mima) % 03 ) (5.52)
X _ )3 .

3(x2 — 21)3 12(z2 — 1) 3 (x5 — a5
Here we have introduced new parameters as
r=e", pp =W, py=eW2, y=eBY, gy =B, gy = eBV2, (5.53)

The first few examples for the integral are

s2c 1
P Mg(i)eg(w) =5 ((51:r3 —3)log(z)—27 (ac3 —1)log ($2+$+1)

+a(z(—25x427xlog(3)+27)—27)4+25—271og(3)) ,

s’c (3) 1 7125 5 5 4 ba?
Py 57reg(w)—§ (— 10 +52°log(5)+ (192° —1) log(z) + 5z +7

5 71
—%—5(@“ - )log(x4+:z3+x2+x+1) 533+E—510g( )) , (5.54)

2
= M) (w) =

9i$_s/2 7,reg ( 515z —|—294x7log(7)

126
+84 (202" —1) log () +2942° +1472° +982* — 982> — 1472

—204 (2" 1) log (2°+2° + 2" +2° +2°+2+1) (5.55)
2941 +515—29410g(7)) .

The divergent integral is

/2 Y2 _
(3) 613/ ° (Y2 — y)
M, g, (w) / yz/ ay, L =982~ 9) yz_yl)g = . (5.56)

Taking care of the coordinate transformation from y to w as in [2], we use

e~ isW/2(pisw _ | ] 1 ]
(w) = S ) [mg(e”w —1)— Slog(e™) 45| . (5.57)

SC

3)
Ms,div
Here a new parameter ¢ is introduced by using the ambiguity in the overall normalization
at the order of €.
Now we compare the result obtained above to (B.16) computed with the technique of
superconformal field theory. As explained above, some of the contributions are the same
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as those for the bosonic case and the others are not. The additional part is given by the
sum as

Ang M (w) + Moy w) + MU, (w) (5.58)
Noticing (5.38), we can confirm that this reproduces the expression of (B.16) minus the
1/c order term in (B.17) or in (B.19) with § = —log(s).®
We can similarly analyze the even s case. For this case, the two point function of the
superconformal current in (5.50) is computed as
2 2
(s, w) Zeilrubl c(4r? — s%) st e (cos (w221) N 5% cos (w221))> (559

12 24 12 \sin® (Y1) 2sin (%

Just as in the odd s case, we define the integral by removing the divergent term as

—5/2
Myw) =25 [doa [ donat s (00— af) 0 - o)

% <($19€2)1_323 (w1 + 22) 52(:1:1@)—373 (21 + x2) 943 ) (5.60)
7| -

3(xg —21)° 24 (xg — 1) 3(z§ — %)
We can perform the integrals for specific s = 2,4,6,--- with no difficulty. The evaluation

of the divergent integral is the same as in (5.57). In this way, we can compute the 1/c
correction of the block with specific s = 2,4, 6, - - -, though we do not go into the details here.

6 Conclusion and open problems

In this paper, we computed the A/ = 1 superconformal blocks form the networks of open
Wilson lines in the osp(1|2) Chern-Simons theory in the large ¢ expansion. This is a super-
symmetric extension of the previous works in [1, 2], and one of the aim is to show that the
method developed in these papers is useful for examining other models as well. There were,
however, several points we should elaborate in the current example as explained below.

We reproduced the conformal weight of light operator in (2.7) from an open Wilson
line up to the 1/c? order. For the purpose, we fixed the parameter ¢, introduced in (3.11)
by making use of the superconformal Ward-Takahashi identities (3.13). Since the insertion
of G(z) exchanges Vj(z) and Ap(z), we should take care of the renormalization of the
two operators Zy, Zy in terms of open Wilson line as in (3.39). We also computed the
1/c corrections of superconformal blocks from the networks of open Wilson lines. At the
connecting point zp, we should assign the vertex |S), which is given by a solution to the
singlet conditions (4.3). There are several solutions, and we may need to use several ones,
even when we consider only one type of superconformal blocks. This is because there
could be the insertions of G(z) from open Wilson lines, and they can change the vertex
we should use, see figure 3. Furthermore, we examined the 1/¢ corrections associated with
a heavy operator from a supersymmetric conical space. A main point is to construct the
symplectic form over the coadjoint orbits of the super Virasoro group in order to quantize
the geometry. Fortunately, it was already obtained in [55]. Applying the result, the rest is
rather straightforward by extending the analysis in [24] for the conformal weight and our
previous one in [2] for a heavy-heavy-light-light block.

8We have checked this for s = 3,5, ...,41

~ 31—



We would like to think about the following open problems. For light operators, we
considered only the NS-sector, and it would be interesting to deal with also the R-sector. In
particular, the correlators with the simplest degenerate operator in the R-sector satisfy the
second order differential equations [57]. Therefore, there would be a simple way to express
light operators in the R-sector even in terms of the osp(1|2) Chern-Simons gauge theory.
For heavy operators, we analyzed the R-sector as well in terms of Wilson line operator
in conical geometry. We have not compared the results with those from conformal field
theory, but it should not be so difficult to do so. We would like to systematically analyze
correlators involving operators in the R-sector from the viewpoint of superconformal field
theory. In our previous paper [2], we studied only a simple example of general W3 four
point block from the bulk viewpoints, and the current work may be useful to extend the
analysis for more general blocks.

In this paper, we considered the N’ = 1 super Virasoro minimal model since it is the
simplest example with supersymmetry. However, the examples with extended supersym-
metry are physically more interesting as mentioned in the introduction. For examples,
we could similarly analyze the A/ = p superconformal blocks with p = 2, 3,4 in terms of
Chern-Simons gauge theory as in [44]. We also would like to study the blocks with respect
to the N/ = 2 super Wy, algebra and their extensions. These superconformal blocks
should be useful as fundamental objects for the study of superstring theory and AdS/CFT
correspondence. Furthermore, we could read off higher spin charges in the N' =2 Wy
minimal model by using the ' = 2 superconformal blocks as in [58]. It might be rather
easier to use the N' = 1 superconformal blocks obtained here in the A/ = 1 higher spin
holographies of [59, 60]. Concerning to the 1/c corrections for heavy operators, we have
utilized the quantization of the coadjoint orbits of the super Virasoro group. It is worth-
while to generalize the analysis for the cases with extended supersymmetry and/or higher
spin symmetry, see [61] for a different approach with free-field variables.
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A N =1 superconformal algebra and correlators

In this appendix, we summarize some useful results on the A/ = 1 superconformal algebra.
The superconformal generators satisfy the operator product expansions

T@Tw)~ 1 (i/ijyl (jT—%? 8;—(72)) :
3/2G(w) G (w) 23 or(w) A
T(2)G(w) ~ (c—w)? + . G(2)G(w) ~ = w) + p—
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The correlators of the superconformal currents follow the above relations, and in the main
context, we have used those with the shifts of conformal weights as (3.9) and
c c

(T(23)T(22)T(21)) = 9 ¢ 2—c 2—¢> (T'(23)G(22)G(21)) = 5 1-c 9—¢>
Z32 %21 431 <32 %21 “31

C 2 C 2 C 2
(TET () TE)T()) = 2 + e+ o).

243 %21 249 %31 241 *32 A9
c/2-2c/3 (A.2)
(T'(24)T(23)G(22)G(21)) = —f—555. + O(c),
Z43 21
2¢/3)? 2¢/3)? 2¢/3)?
(G(24)G(23)G(22)G(21)) = 3(—26/ 3)—26 - 3(—26/ 3)—2e + 3(—25/ 3)—2e +0(c)
243 91 R4 31 Z41 32

at the leading order in 1/c.
We have also made use of the superconformal Ward-Takahashi identities in (3.13), and
we give a derivation of the right equation here. Using ®,(z,6) = Vi, (2) +60A(2), we assume

AVA(0) , OVA(0) (h + 3)A4(0) L 9An(0)

T(2)Vi(0) ~ , T(2)An(0) ~

AZZ ) 21V} Zo2 oV, (0 © (#-3)
G(z)Vh(O)NhZ(), G(2)An(0) ~ z’;()+ ’;().

The superconformal Ward-Takahashi identity can be derived as

(M) = (2 + -0, ) (Vi) — 2 (Ma)n(o)
z—9) z—y z— A4
o (A.4)
T @2y @y
Here we have used
1 2h
(Vi (y)Vi(z)) = (e (An(y)An(z)) = ROEER (A.5)

B Four point blocks in superconformal field theory

In this appendix, we examine superconformal blocks using the standard techniques of
superconformal field theory.

B.1 Superconformal blocks at the large c limit

In the main context, we have computed the four point blocks of the type (VVVV) including
1/c corrections from the networks of open Wilson line. At the connecting point, we need
to use a vertex satisfying the singlet condition in (4.3). For the leading order in 1/c¢, we
choose the vertices, which reproduce the leading order expressions of the four point blocks
for (VVVV). However, for the next leading order in 1/¢, we also need the vertices, which
reproduce the leading order expressions of the four point blocks for, say, (WVWV). In this
appendix, we compute the large ¢ limit of the four point blocks by following a technique
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explained for (VV'VV) in section 2. See also [27, 29] for an alternative approach with the
Casimir equations.
We denote the operator product expansions schematically as

Wiy (2)Va(0) = 3 e et (CLy [V, (O)]e + ClVh, (O)))  (BAD)

as in (2.21). The superconformal families are denoted as [V,]e and [V},],, which include de-
scendants with integer and half-integer levels, respectively. We denote the superconformal
families as

Vi()ew =Y 2V N2, [N)ig = C(N,h)Vj, (B.2)
N

where the sums are over N = 0,1,2... for [V]o and N = 1/2,3/2,5/2... for [V}]o. The
forms of the operators C'2(N, h) become simplified at the large ¢ limit as (see (4.24) of [34])

(h+%+h1—h2)n

C2(n,h) = G
’ ! —1/2>
1 (h+ ;.(2};1)73 (B:3)
Cfl? Zhl = 1 — N2)n+1 G2n+1
<n Ty ) n!(2h)n41 12
for non-negative integer n.
The operator product expansions (B.1) lead to the decomposition
<Wh1 (Z)th (O)Wh3 (OO)Vh4(1)>
= 3 CLCRFelhis by )2 + 3 OO Fo s i 2) 2, (B-4)
P p
where
Fe(hi; hp; z) = Zhp—hi=ha=1/2 Z 2" 12(N|N)43
"0 o (B.5)
- 1 1
Fy(hi; hy; z) = 2h=h—ha=1/2 Z;Jan/ZM <n + §|n + 2>43

With (B.3) and (2.26), we can find the large ¢ limit of superconformal blocks as

- 1 1
Fe(hi; hyp; z) = th7h17h271/22F1 <hp +hy — ho + BY hp + hgy — hz + 5; 2hyp; Z> + O(Cil) ,

(hp + hy — hz)(hp + hy — hg)zhp_hl_h2
2hp

x oFy (hy +h1 — ha + 1, hy + hy — ha + 1;2h, + 1;2) + O(c ).

l*:'o(hi; hp; z) = (B.6)

B.2 Superconformal blocks with degenerate operators

It is generically difficult to compute conformal blocks with primary operators. However, if
one of the operators is a degenerate one, then we may be able to obtain the expressions
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by solving differential equations. Here we consider a four point function with a simplest
degenerate operator Vj, ,, see (2.4). We denote the four point function as

9(2) = (Vg 1 (2)Vhy (0) Vi (00) Viy (1)) - (B.7)

Then, the differential equation for g was obtained as [33, 36]

lg,,, 1—-26% 122 g b% + 2hy b2+2h4+2—3b2+2h24 , B3)
b2 2 z(1-2) 22 (1—2)2 2(1—2) ’
2h4(1 + 62) . 2h2(1 + 62) n hy — ho + (1 — 22’)(1)4 + b2(% — h24) — hg — h4) —0
(1-2)3 23 22(1 = 22) 9=
with hog = ho 4+ hy — h3. The parameter b is related to the central charge c as?
3 1
C:7+3Q27 Q:b—i_fv (Bg)
2 b
and it can be expanded in 1/c as
NY? 15 1\ %2
b=r¢§<c> —+4L¢§<C> +0(c?). (B.10)

There are several choices of branch, but they are all equivalent.

We need the superconformal blocks for the four point function of the type in (4.4),
thus we set ho = hg; and hg = hy = hj (= hajy1,1). Since the differential equation is of
the third order, there are three independent solutions, such as,

z*1*2b2}"§+) (2) =1+ Z agn)z" ,
n=1
sz.Fé_)(z) =1+ Z ag,_n)z" , (B.11)
n=1
10 (0) ) L S (0)
z F5(2) T —i—;_:laomz )

The first one corresponds to the superconformal block with the exchange of identity oper-
ator. Solving the differential equation (B.8), we obtain

—1-202 () (o 1y L2, 23,9 4,4 5,5 6,9 7,78
z Fa (Z)—1+C[]Z R EAR T A e sy A s T Y (B.12)

200 100

35952 61775\ ¢ 17152 110435\ 7 130752 170695 \ s
+<70+980 2\ 73 Taoe0 ) T\ 280 Tsse0 )7 | T

L1 (652495 2. g 575% 1611 27 | 7115
+3 [(6]2+9j) 22+ (65%+95) 2+ <10+> A <5+) .5

9The parameter Q can be identified as the background charge of the A = 1 super Liouville field theory.
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up to the orders 1/c? and 2®. The second and third ones are the superconformal blocks
with the descendant levels of exchanged operators are non-negative integer and positive
half-integer, respectively. From (B.8) we find

() 11, L9 9 2 (30 3 s (3
27 Fs (%) 22+c 22+ 3]+4 25+ 2+4 27+ j+8 z
35 9N s (B 3 e (3 (B2 s
+<4+4O>Z +<5+20>z—|— 2+28 z =+ 7+112 AN )
SR E0) )y 2|3 Y e (o s (23
2haz F5(2) 1+c[ 22—1—(] 5 )* + 7 1)* + 10 20 )7

45 1\ s (55 1\ .. (9% 3\, (T 1Y s
+<5 10>Z+<7 14)ZJr 147 56)° T\i272a)7 |

up to the orders 1/c and 25.

(B.13)

We also compute a heavy-heavy-light-light block in (5.36) with odd s by solving the
same differential equation (B.8). For the z — 0 channel, there is only the identity four
point block as

oo
2_1_2b2gs(z) =1+ Z a5z’ . (B.14)
n=1
In the large c expansion, it is given as

2 2 4 2
_1_2b2 S ]. 2 S 1 3 S 78 71 4
s :1 _—— _— _—
ST G(2) +<24 24>Z+(24 24)Z+<1920+192 1920 ) °

<s4 s 31> 5 ( 56 67s* 1237s% 3043
z°+

S 5 900 — 6 (B.15
960+32 960 322560+46080+ 46080 107520)Z ( )

50 95 119s2 2689 \ . 1
_ - O 8 —2
+<107520+5120+ 5120 107520)2 +ous(2)+0(2%, ),

where the 1/c¢ correction is

2 2
us(z)—<—8+8—3> z2—|—(—8+8—3> 23 (B.16)
( 17s* 83 7952 7s 2073 > 4 (_ 17s* 3 3952 3s 873 >Z5

T12800 1160 1280 ' 32 12800 6400 T80 640 116 6400
(_ 46755 N s° 244495 N 67s° 3859195 N 1237s 576773 ) p
45158400 © 17920 6451200 3840 6451200 = 7680 5017600
<_ 467s° N 35  10169s* N 275°  125519s° | 3575 _ 489639 ) K

15052800 © 17920 2150400 1280 2150400 2560 5017600

up to the order of 27.
It will be useful to recall a heavy-heavy-light-light block computed for the bosonic case
as (see [2, 62])

G2 (2) = (02,1(2)02,1(0)01,5(0) O1,4(1))

2((kg+4)2—1)

b 7 s—1
=z Akpt)(kptd) (1 — 2)" 2 oF) <—s +1,—

1 2 (B.17)
kg +2 k3+272 .

— 36 —



Here O, 5, is the degenerate operator with label (m, n) in the Virasoro minimal model, see,
e.g., [63]. The label kp is related to the central charge ¢, and it can be expanded in 1/c as

kp = -3+ g +0(c™?). (B.18)

Using this, we can expand (B.17) in 1/c as

210Gl (2)

—s — l
1-(1-2°%1-2) 7 =L (=) (Hl z+1> ZT(s) . (B.19)
= - +0O(c™)
sz — L{l+2)I'(s—1)
with the harmonic number H; = Zin:l % We can show that the leading order term

of (B.15) in 1/c coincides with that of (B.17) or (B.19).
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