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1 Introduction

The study of Conformal Field Theories (CFTs) is among the most important subjects
in theoretical physics, with implications to critical phenomena, particle physics and, in
the light of the AdS/CFT duality, quantum gravity. In past years we have witnessed a
revival in the study of CFTs in dimensions higher than two. This study is considerably
more difficult than the two-dimensional case, where the conformal group possesses an
infinitely dimensional extension given by the Virasoro algebra, which leads to many known
exactly solvable models. On one hand, the conformal bootstrap program [1, 2] applied to
higher dimensional CFTs, revived in [3], has already shown its merits by providing the
most accurate computation to date of 3D Ising model critical exponents [4-6]. On the
other hand, the most studied case of the AdS/CFT duality [7] considers N = 4 Super
Yang-Mills, which is a four-dimensional CFT. In particular, this theory is believed to be
integrable in the planar limit [8, 9], thus providing the first example of an exactly solvable
4D gauge theory.

To advance in the conformal bootstrap program, as well as our understanding of
AdS/CFT, it is necessary to further develop analytic and computational techniques to
deal with arbitrary tensor primary fields. In d dimensions, these fields are classified by the
unitary irreducible representations of the conformal group SO(d + 1, 1), which are labeled
by the conformal dimension A and by an irreducible representation (irrep) of SO(d). A
first step in this direction was made in [10], where symmetric tensors of arbitrary spin
were studied in detail. The goal of this paper is to extend this work by considering SO(d)
tensors with mixed symmetry.

We shall start, in section 2, with the general classification of irreducible tensor repre-
sentations of SO(d), which can be represented by Young diagrams. This is a well known
subject, which we shall review in order to introduce the reader to the necessary formal-
ism. We will then see how to encode, in general, mixed-symmetry tensors in terms of
polynomials of polarization vectors. To encode their mixed symmetry it is necessary to
employ a combination of Grassmann valued and ordinary commuting polarizations. Actual
computations simplify considerably if fields that live in d-dimensional Euclidean space are
embedded in an auxiliary (d+ 2)-dimensional Minkowski space, where the conformal group
SO(d 4 1,1) acts linearly as the usual Lorentz transformations. We shall see that this
formalism can be easily extended to include mixed-symmetry tensors by encoding them in
polynomials of polarization vectors in the embedding space.

In section 3 we show how to construct CFT n-point correlation functions of arbitrary
tensors. The formalism is presented in general terms, but we shall give a number of
simple examples for two-, three- and four-point functions, so the reader can appreciate the
simplicity and efficiency of the method. We will also describe the general case of n-point
functions.

In section 4 we consider arbitrary conserved tensors. We see how to implement the
conservation equation in the embedding formalism, and also how to derive the unitary
bound for conserved tensors in arbitrary irreducible SO(d) representations.

As an application of the new formalism we consider, in section 5, the problem of
computing conformal blocks for any desired external primary fields, describing the exchange



of an arbitrary conformal primary and its descendants. With the help of shadow operators,
these conformal blocks can be written as an integral of three-point functions, leading to
an expression of the conformal blocks in terms of a finite number of integrals, which can
be expressed in terms of hypergeometric functions for even dimensions [11]. To see the
method at work, we shall consider explicitly the example of the four-point function of two
scalars and two vectors, exchanging a mixed-symmetry tensor of rank three.

In section 6 we show that the number of tensor structures in CFT correlators of non-
conserved mixed-symmetry tensors in d dimensions matches that of massive scattering
amplitudes in d + 1 dimensions, as expected. Section 7 presents final comments.

2 Mixed-symmetry tensors

2.1 Parametrizing Young diagrams

In this paper the traceless irreducible tensor representations of SO(d) are considered. These
representations are enumerated mostly! by Young diagrams, which encode the (anti-) sym-
metry of the tensors under permutation of their indices.

There are two different ways to parametrize the shape of a Young diagram A. The
first is by giving a partition {* = (li\, Iy, .. ) containing the lengths of the rows, lg\ being
the length of the i-th row. The diagram that is obtained from A by exchanging rows and
columns is called the transpose A!. The partition h* describes the column heights of A
and is the conjugate partition to I, M=t = (hi\,h%, .. ) A second way to describe
the shape of a Young diagram is by its Dynkin label X\ = [Al, Ao,y ... ,)\h%], which lists the
numbers \; of columns with ¢ boxes. Apart from the exception mentioned in the footnote,
the Young diagram \ labels an irrep of SO(d) if and only if its overall height hi\ does not
exceed the rank of the Lie algebra corresponding to SO(d),

d d. d even,
W < H {2 (2.1)
2 =1 dodd.

The total number of boxes is denoted by |A[,
A= "ixn=> 1= n. (2.2)

It will be useful to label the number of rows with more than one box n% and the number

of columns with more than one box ng,

i hy
n%zzx\ﬁ, ng:Z)\i. (2.3)
=2 i=2

!There is a one-to-one correspondence between traceless irreducible tensor representations of SO(d) and
the Young diagrams satisfying (2.1) except for the case d = 2n, hy = n [12]. In this case the representation
with the symmetry corresponding to A can be decomposed further using the Levi-Civita tensor and is
therefore not irreducible. A well-known example is the decomposition of the two-form in four dimensions
into self-dual and anti-self-dual parts.



All of this is best illustrated by the following example:

| ] A=1[2,1,0,2], I\ =12,
*=(5,3,2,2), ny =4, (2.4)
= (4,4,2,1,1), ny =3.

The A on I}, A, n% and ng will frequently be omitted or replaced by i if the Young diagram
is of shape \;.
2.2 Birdtracks and Grassmann variables

Probably the best way to think about mixed-symmetry tensors is in terms of birdtrack
notation? where index contractions are simply drawn as lines

= gubrgazbe (2.5)

Symmetrization and antisymmetrization are indicated by the symbols

This notation has the advantage that it makes it immediately visible when terms are

vanishing because two or more symmetric indices are antisymmetrized or vice versa

%_EO. -

Furthermore, birdtracks can be diagrammatically transformed, for example using that re-

peated (anti)symmetrizations of subsets of indices have no effect

===== FEF -

A symmetrized contraction of n indices is generated by the n-th derivative of n com-

ponents of an auxiliary vector z,

_ 1y

n n! Fa”

Oz 2y - 2 (2.9)

n

2See [13] for a beautiful group theory book entirely in terms of birdtracks.



Antisymmetrization works analogously with an auxiliary vector in Grassmann variables 6,

1
i = E 8@a1 - 8@an9bl A an . (2.10)

The Grassmann variables are anticommuting in the sense that

6P6\ — (—1)7 g\ P) (2.11)

a

Here an additional label (p) was introduced to allow for several independent antisym-
metrizations at the same time. Derivatives with respect to Grassmann variables are implied
to be right derivatives,

Dy 0P0,7) = 5750 + (—1)2"57Pseag®) (2.12)

2.3 Young symmetrization and antisymmetric basis

The symmetry of a Young diagram is imposed on a tensor via Young symmetrizers. Each
row of the diagram corresponds to a symmetrization and each column corresponds to an
antisymmetrization. This can be nicely illustrated by an example, following [13]. To
actually write down components of mixed-symmetry tensors it is necessary to choose a
basis for the irreducible representation at hand. This requires an assignment between the
boxes of the Young diagram and the indices of the tensor. Therefore the bases of the irreps
under consideration are labeled by Young tableaux. A symmetrizer given by the Young

TYT

tableau YT creates the tensor with appropriate symmetry from a generic tensor 7T,

ag

2[3]4]

YT =

YT =| 1 . (2.13)

‘\]L}]»—A
@)}
1

This tensor has the manifest symmetry properties

TXT =TYT (2.14)

alazazasasaeay (arazazas)(asae)az

but there are also less obvious symmetries caused by the antisymmetrizations. Due to the

TYT

manifest symmetries, is said to belong to the symmetric basis. The antisymmetric

basis is obtained by changing the order of symmetrization and antisymmetrization

a
1]4]6]7] ,
YT =[2]5 — YT =| 71 oL (2.15)
El
Here we have manifest antisymmetry
YT _ YT
Tala2a3a4a5a6a7 - T[a1a2a3}[a4a5](a607) : (2‘16)



The only reason we used a different Young tableau for this second example is to spare
us from having to cross lines on the right hand side of the birdtrack diagram. We will
in this paper work only in antisymmetric bases with Young tableaux where the boxes are
enumerated column by column, as in (2.15). The tensors corresponding to different bases
(different tableaux) can be obtained simply by commutation of indices.

It may also be instructive to see how the non-explicit index symmetries manifest them-
selves on the components of the tensors, again in the antisymmetric basis with boxes la-
beled column by column. To this end assign different labels to each anticommuting group

of indices
(2.17)

fal...ahlbl.‘.thCl...ch3...g1...ghll = f[alnﬂhl][blwbhg][Cl"'chg,]"'[gl'"ghll] N

Apart from the antisymmetry, the Young symmetrization implies that the antisymmetriza-
tion of any of the indices b with all the a vanishes, as well as the antisymmetrization of
any of the ¢ with all indices a or all b and so forth [14]. Explicitly this means that

f[al--~ah1][bl~~~bh2][Clmchg}m[gl-“ghll] (218)
= fibraz...an, Jlarbo..bny 1. T Flarbras...an, Jlazbo.bnyller T+ -+ & Flar..an, _1b1]an, ba--buy]ler
= f[c1a2...ah1][b1..‘bh2}[a102... + f[a1c1a3...ah1][b1...bh2][a202... +..ot f[a1...ahl,lcﬂ[bl...th}[ahlcz... .

There are also more general relations that arise from exchanging k indices from one column
with all possible k-element subsets of a column to its left. Here the order of the two sets
of indices is kept, so that the right hand side of the general equation has (lzl) terms if the
left column has height h;. As a special case of these relations the tensors are symmetric
under exchange of complete groups of antisymmetric indices if the corresponding columns
in the Young tableau are of equal height, e.g. for hy = hs,

(2.19)

f[al...ahl][bl..,%][cl...ch3]...[g1...ghll] = f[al...ahl][c1...ch3][b1‘..bh2]...[g1‘..ghll] :

Since it will be needed in section 4 we also state the equation analogous to (2.18) for a

tensor
fa1...a11b1...b1201...013.‘.g1...glh1 = f(a1-~-al1)(bl--~blg)(Cl--~013)-~~(91--~9lh1) Y (220)
in the symmetric basis with boxes enumerated row by row as in (2.13),
= flar )11y o1 a1y, (2.21)

= f(braz..a,)(arba..biy)(er.. T flarbrag...ar, )(asbo.biy)(er.. - F Flarar, _1b1) (@ b biy) (e

= f(clag...all)(bl...bl2)(a102... + f([llCl(L:;...[lll)(bl...bZQ)(G,QCQ... +.o.t f(a1...all,101)(b1...b12)(a1162... .

2.4 Encoding mixed-symmetry tensors by polynomials

In general, to encode a mixed-symmetry tensor by a polynomial, the strategy is to contract
it with a tensor with the same mixed symmetry, which is built out of auxiliary polarizations.
To construct a Young symmetrized tensor in the antisymmetric basis out of auxiliary



vectors, one can start with a set of polarizations that is already symmetrized so that only
the antisymmetrization is left to do. For the example (2.15), the following tensor depending
on the auxiliary vectors z(1), 2(2) and 2®) is appropriately symmetrized

) .
= (2.22)
KE) o
Using (2.10) to encode the antisymmetrization, (2.22) can be written as
ﬁ (29 8w ) (29 Gy ) (290 By ) (2~ By
(200 (=2 00) () ) OD0LODADAD 0D . (229

This can be shortened by avoiding the introduction of polarizations that appear only once
and hence do not cause any (anti-)symmetrization, i.e. doing explicitly the derivatives in
the polarizations ) and 6%,

(203 ) (20 -y ) 020D = =D (221)

After this step the symmetry in the indices ag and a; is manifest. Likewise, z(3) that
appears only once in this example through the derivative (2(3) . 89(1)), does not encode
any symmetry. More generally, for diagrams with more than one row of length one, the
action of such derivatives hides antisymmetry. We shall therefore omit these derivative
terms, with the result that the encoding polynomial will depend not only on symmetric
polarizations, but also on #(!) | therefore making antisymmetrization explicit on the indices
corresponding to all rows of length one.

Thus, the slightly less elegant, but more pragmatic Young symmetric polarization we
use for the example at hand will be the polynomial in z = (z(l), 22 0(1)) given by

(2.25)

(2(1) . 89(1)) (2(1) . 89(2)) (2(2) . 89(1)> <Z(2) . 39(2)) 9((111)9&?02202?9&?2&?28) ,
which is quartic in 21, quadratic in 2(®) and linear in 81, as appropriate for a Young
diagram with lengths of rows given by I* = (4,2,1). This Young symmetric polarization
is obtained by acting with derivatives of the type (z(p) . 69(4)) on a polynomial in 8 =
(0(1), 02, z(l)), cubic in 8, quadratic in ) and quadratic in z(Y, as appropriate for a
Young diagram with lengths of columns given by h* = (3,2, 1,1). A tensor with components
f%97 in the irrep of this example will then be encoded by the polynomial

flz) = (z(l) -aem) (z(l) -89(2)) (2(2) -agm) <z(2) : ag@) 7(0), (2.26)

where

F(8) =00 WDe 2P (D) (1) par-az (2.27)

az as ~ae



Notice that, in this example, the assignment of the polarization vectors in z and in 8 to
the boxes of the Young diagram is done according to

L]0 Z<1>|Zu>‘ o0]g@] L Z(n‘
22)[2) and 6|6 , (2.28)
o o)

respectively.

In general we shall consider ng anticommuting and nz commuting polarization vec-
tors for a given tensor operator. A convenient notation for the mostly anticommuting
polarizations which are first contracted to the tensor is

6 = (9<1>,9<2>. . ,.9("®>,z<1>) . (2.29)

In cases where there are no columns with one box the last entry is absent and 8 contains
only anti-commuting polarizations. Similarly, we will write for the mostly commuting
polarizations on which the final encoding polynomial depends

zZ= (z(l), 22 nz) 9(1)) . (2.30)

Again, in cases where there are no rows with one box the last entry is absent and z contains
only commuting polarizations. Generalizing the previous example, we have that a tensor
f%in the irrep A is encoded by the polynomial

nyz min(ly,ne)
fa=1] ]I (Z(p) : 39(q>> f(0), (2.31)
p=1 q=1
where ; W ) @ @)
f(e) = 05, ...Gahleahl+1 ...Hah1+h2
g(rne) g(ne) (1) (1) par-ap (2.32)
TRy b g 1T TGyt hng Zamfxlﬂ T z@m ’

When there are more than one row with one box, the dependence of f(z) on #) makes
manifest the antisymmetry of the indices corresponding to such boxes. Likewise, when
there are more than one column with one box, the dependence of f(0) on z(!) makes
manifest the symmetry of the indices corresponding to such boxes.

The condition that f% %l is traceless can be used to choose the polarizations to have
vanishing products

flll..‘a\M tl"aceleSS < f_(a)}e(p)9(q>=9(p>2<1>22(1)2:0 5 (2 33)

< f(2)],0). 50— .00~ -

This means that all terms in the tensor proportional to Kronecker deltas % are discarded.
They have to be restored by projection to traceless tensors if one wishes to extract the tensor
from the polynomial.

To extract the tensor f % back from the polynomials one can simply restore the
indices by acting with |\| derivatives on the polarizations and then project to the irreducible



. . . ety y|,b1..b
representation A\ with the projector wzl AP M

o a1...a‘)\|,b1...b‘)\‘ 1 1
FOr A =g 77 %o - 86(1) ol 89(2) .. .(99(2) (2.34)
1+ 7oy bpy 1020 “bp 41 bhq+hy
1 1 _
R, ! 39("@) e '69<"9) F 82(1) o 'az(l) f(0)
N6’ bhyt.thpg 141 Yhit. thng "1 O = 41 byx|
ai...ajy|,b1...b 1
— )\1 PP — az(l) c 32(1) az(l) ce. 82(1) (235)
H()‘) by by, b4 bl 41y
By totly 1 +1 BlytoHng PN =Ab41 BN

The normalizations can be explained as follows. When extracting the components f Al
from the polynomial f(8) all that happens is the antisymmetrization of a tensor which is
already in the antisymmetric basis. For each set of antisymmetric indices every generated
term is the same and the normalization factor only has to cancel the number of terms.
Going from f(z) to f* 2 involves a Young projection of a tensor that is already Young
symmetrized. Therefore the normalization H () is that of the Young projectors, which are
given in [13]. It is computed from the shape of A by a hook rule. Write into each box of a
Young diagram the number of boxes to its right and below, including the box itself. The
product of all numbers is H(\). For example,

H =H

4]2]1]

—6-4-3-2. (2.36)

‘»—UJO\
—

.. . ai...ajy,b1...b .
As far as we are aware an explicit general formula for the projector W Mg

only known for symmetric tensors [15]. For the simplest mixed-symmetry tensor - the
projector is [13]

b a b

biboby 4 ! 2 !
ﬂ_éljazas, 10203 _ — as by — as by . (237)

3 4 o 41 b

Let f41929 and g"%25 be two tensors in the irrep 7 and

f(Z) = f(Z, 0) = (Z ) 89) Oa, Gazzasfala2a3 = (9(112@2'2613 — 0oy 20, Zas) foresas |z2=z-9=0 ’

g(Z) =9(2,0) =(z- 0y) Oaybay 2059 7" = (9a1za2za3 - 9a2za1za3) ga1a2a3‘

(2.38)
22=2-0=0"

their encoding polynomials. We would like to know how to contract these tensors using
directly the polynomials. The antisymmetrization in the projector (2.37) is already done in
the construction of the polynomials, only the symmetrization and subtraction of the trace
is left to do. This can be done by introducing a differential operator DZ that satisfies

% (5a1615a2b2 + 5a1b25(l2b1> _ L 5a1a25b1b2> , (239)

1
b1 b
D?D?z%QZ( .

4
where the factor % normalizes the antisymmetrizations. D¢ can be found to be
1

L1 (0 3
2 V6 \02a 2(d—1)" 02-0z)°

(2.40)



The contraction of the two traceless tensors can then be expressed in terms of the encoding
polynomials as

fala?asg(hazag - f(DZ789) 9(279) N (241)
This is entirely analogous to the situation of symmetric traceless tensors, but now the
explicit form of the projector and corresponding differential operator acting on the polar-
ization vectors is not known in general. We will assume that there exists for every irrep A
a set of differential operators

_(pW (nz) plnz+)
D, = (D,.....0%2) D) (2.42)

that reproduces the projector in this way. We have no proof that every projector can be
expressed like this. If nothing else it is a notation that allows us to write any contraction as

S Gy, = F(Da)g() (2.43)

We postpone a more general treatment of the projectors to traceless mixed-symmetry
tensors to a subsequent paper.

2.5 Tensors in embedding space

To work out the constrains conformal symmetry imposes on correlation functions of tensor
operators, it is convenient to use the embedding formalism. The idea, which dates back at
least to Dirac [16], is to lift the problem to the embedding space M?*? where the conformal
group SO(d+1,1) acts linearly as standard Lorentz transformations in (d + 2)-dimensional
Minkowski space. Let P € M%"2 be a point in this embedding space. Points in physical
space are identified with light-rays, i.e. with null vectors in M2 up to rescalings,

P?=0, P~aP (a>0). (2.44)

Then, a specific choice of conformal frame corresponds to a specific section of the light cone.
In particular, for a CFT on d-dimensional Euclidean space R?, we consider the Poincaré
section of the light-cone

pPA= (P, P, P") = (1,2%2"), (2.45)

where we are using light-cone coordinates with metric

1 o
Py - Py = pP{Pf = —§(P1+P2 + P P) + 8 PRPY (2.46)

For example, it is simple to see that the Euclidean distance between two points in R? is
written in the embedding space as —2P; - Py = (z1 — x2)2. It will later be abbreviated by
P;; = —2P; - P;. In general, SO(d + 1, 1) Lorentz transformations map the light-cone into
itself and, by the identification (2.45), define the action of the conformal group in physical
space. A more thorough discussion of the embedding formalism can be seen in [10, 17],
whose notation we follow here.

~10 -



Let us now consider a mixed-symmetry tensor primary field of dimension A. This field
will have components f % (z) with symmetries given by the Young diagram A. We wish
to express it in terms of a field on the embedding space. This new tensor field will have
components FA14N (P) with the same symmetries as the physical tensor, it should be
defined on the light cone P? = 0 and it should be homogeneous of degree —A,

Fa,.ay(@P)=a ®Fa,.a,/(P), a>0. (2.47)
It should also obey the transversality condition
PAiZ*ﬁ,axl...,axi...,axIM =0. (2.48)

Components of the physical tensor are then obtained by projecting into physical space by

opPAT  gpPAN

Jorap = Frar - g

Fay..ap, - (2.49)

Next we wish to encode the tensor in the embedding space F4t41x(P) by a polyno-
mial. The discussion is entirely analogous to that of the previous section, only that now
the tensor will be a polynomial F(P,Z) in the embedding space polarization vectors

7= <Z(1),Z(2), . 72, (9(1)) . (2.50)

Explicitly, the polynomial F'(P,Z) is given by

nz min(lpzne)

Frz) =[] ] (Z(p)-(?@(q))F(P,G)), (2.51)
p=1 ¢

=1

where
i — o 1) @) 2)
F(P,@):@Al...@AhleAh1+1...eAh1+h2 252
g(me) o(e) A 7(1) FAI--~A\/\|(P) (2.52)
T At 1t T Ay thng AN a1 T T A )
with
o= ((9(1),@(2). .., eme) Z<1>) . (2.53)

For traceless transverse tensors one can, without loss of information, drop scalar products
of any two polarizations or of one polarization and the corresponding embedding space

coordinate, i.e.

FAl'”AW(P) traceless & transverse < F(P’6)|@(P)-@(4>—®(1’>-Z(1>—Z<1>2—0 ,

e®.p=z1).p=0 (2.54)

< F(P,Z)| ;). y(0) 0. 01 —p -
7). p=e(1).p—0

This means that transverse polynomials satisfy the transversality condition

F(P,Z +cP) = F(P,Z), (2.55)

- 11 -



for any set ¢ = (ci1,...,¢n,,7y) of nz commuting numbers ¢; and one anti-commuting
number .

It is also possible to relate the polynomial f(z,z) to the embedding polynomial F'(P,Z),
as well as f(z,0) to F(P,®). The procedure is entirely analogous to that described in [10]:
in the case of the Poincaré patch where P, = (1,22, z), each embedding polarization can
be written as

Z®) = (0, 21 - z(p),z(p)> and O = (0,233 - 9<p>,9(P>), (2.56)

Z,x

so that the relation between the polynomials is simply

f(@,2) = F(Py,Z.,) and f(z,0) = F (P, Opy). (2.57)

1...A‘>\|,Bl...B‘>\| ln

The projector ﬂil'"a“"bl"'bw to the irrep A lifts to the projector Hf
embedding space. The only case we need here is when it is inserted between two trans-
verse tensors, since we will always work with polynomials that are transverse.> In this
case Hfl'"A'A"Bl"'B'A' is obtained from wil'"aw’bl"'bw by replacing all Kronecker deltas
§%% 59 and §%% by embedding space metrics 7457, n4i4i and nP:Bi. This implies that
the operators D, can also be carried over to embedding space by replacing z by Z, when
they are used between two transverse polynomials. The contraction of two traceless trans-

verse tensors FA14243 and GP1B2Bs ip the irrep [ is, as in the example (2.41), given by

FAARAG 4, = F(Dy,00)G(Z,0), (2.58)
with . 5 5 o
D} = V6 <8ZA T 2(d—1) ZAaZ : az) ‘ (2:59)
In general, contractions will be written as
FA-ANGy, 4, = F(Dz)G(Z). (2.60)

3 Correlation functions

In this section we address the main kinematic problem that is to be solved when think-
ing about correlation functions of arbitrary tensor irreps: to count, and to construct, all
independent tensor structures.

3.1 Tensor-product coefficients

One part of the problem is finding all the possible ways a given set of mixed-symmetry
tensors can be contracted. A more mathematical way to pose this question is to ask for the
multiplicity of the scalar representation in the tensor product of the tensors in question.
Fortunately, this problem is already solved. Here we shall review the relevant results for
our purposes; for a comprehensive introduction to the general properties of tensor-product

coefficients see [18].

3The general form of Iy can be obtained analogously as it was done for symmetric tensors in [10].
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Let G be SU(n), SO(n) or Sp(n) and A, i, v irreducible G-modules which are enumer-
ated by Young diagrams. These are the vector spaces of tensors with the index symmetries
described in section 2.4. They will often be called representations instead of modules in
the following. A* denotes the vector space dual to A, i.e. if A contains tensors with lower
indices, A* contains tensors with upper indices. Upper and lower indices can be contracted
and the result will then transform under G as indicated by the remaining indices.

Let N, . be the tensor-product coefficients of G. They count the multiplicity with
which the irrep v appears in the tensor product of A and u

Aeu=EPM, v, (3.1)

and satisfy

*

N)\.V f— (SK, N)\)\*. == 1, N)\ v :N)\I/*“ 9 (32)

o

where o denotes the scalar representation. Let us also denote by N, the multiplicity of
the scalar representation in the triple product

A®p®@v =Ny, @ other irreps. (3.3)

This notation has the advantage of being symmetric in its three labels and contains the
same information due to

Ny = N (3.4)

The multiplicity of a given representation p in products of more than two tensors will be
denoted by N, ,*

ME...0 =N, L Ju, (3.5)
nw

and can be calculated by recursively using (3.1)

n—1
i
Nyl = Z Nux® H (Nui)\i H)Nun,\:- (3.6)
V3,..sUn =3

This also computes the multiplicity of the scalar representation in the product \ ® ... ®
An @ .

3.1.1 Unitary groups

When specializing to G = SU(n) the tensor-product coefficients are the famous Littlewood-
Richardson coefficients c, M",

N, =¢,” for G=SU(n). (3.7)

The only allowed contraction in this group is between upper and lower indices, so the
number of indices adds up when the tensor product between two tensors with lower indices
is formed

ey’ =0 for [A + |u| # [v]. (3.8)
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This implies that the product of three tensors can only contain the scalar representation if
one of them is in a dual representation relative to the other two. This can be illustrated
by the following schematic contraction of tensor indices

Ty

Ty | o< ey, e (3.9)

T

The coefficients ¢, ,” can be calculated using the Littlewood-Richardson rule [19].4

For simple examples one can often find the possible contractions for a given tensor
product quickly using birdtracks. For example, one can easily convince oneself that the
only two inequivalent ways to contract A = y =H and v* = ﬁﬂj* are

Ty
T, |, (3.10)
i
and
Ty
T, |- (3.11)
T

The Littlewood-Richardson coefficient is thus C)\HV = 2.

3.1.2 Orthogonal and symplectic groups

Following the reasoning of [13], the orthogonal and symplectic groups can be obtained from
the unitary groups by taking into account the fact that these groups have by definition
additional group invariants. For SO(d) this is a symmetric quadratic form g¢,; and its
inverse g%, while for Sp(d) the invariant is skew symmetric f,, = —fpq. In both cases
these invariants can be used to raise and lower indices, which implies that the distinction
between the two becomes unnecessary, the representations are self-dual A* = A\. Any two
indices can be contracted and this leads to different tensor-product coefficients

Ny = Noaw = b for G € {SO(2n),SO(2n + 1),Sp(2n) } . (3.12)

Because of the self-duality of the representations the position of the indices of the tensor-
product coefficients becomes meaningless, so these coefficients are always written with
only lower indices. It is not hard to convince oneself that the counting of tensor structures
here can be broken down to the counting that was relevant in the SU(n) case where the

4The algorithm has been implemented for instance in Anders Skovsted Buch’s Ircalc program, which is
available at http://www.math.rutgers.edu/ asbuch/lrcalc/.
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restriction |A| + |u| = |v| applied. The following figure shows how three sets of indices can
be contracted with each other, by first dividing each set of indices into two,

— Py P, —

Ty Ty

Ps

X bAM”" (313)

POy Py

Ty

where P, is a projector to the irrep p, and so on. The number of tensor structures obtained

in such a way is
_ A I v
baw = E Cop” Coy ' Cro” (3.14)
POy

This formula is known as the Newell-Littlewood formula [20, 21] and holds if the sum of

the heights of two of the three irreps A, 4 and v does not exceed n, i.e. for
d
W + b+ hY — max (hf, Bt h’f) <n= bJ . (3.15)

Otherwise even the tensor product of the two irreps with the smallest h; contains Young
diagrams that violate (2.1) and hence do not correspond to irreps of SO(d) or Sp(d). In this
case (3.14) can be used anyway by transforming these Young diagrams into diagrams that
correspond to irreps using modification rules [12] and taking the additional contributions
that arise in this way into account. Then also the statement (3.12) that the tensor-product
coefficients are the same for SO(2n), SO(2n + 1) and Sp(2n) does not hold true anymore.
For simplicity, we will assume (3.15) to be satisfied throughout the paper. Note that this
implies that explicit examples in this paper hold only for d sufficiently large.

The coefficients descibing the decomposition of the tensor product of more than two
irreps are given by (3.6)

n—2
bxi.x, = Z bxiravs H (buiAiVHl) by A1 A - (3.16)
V3,...,Un, =3

For SO(d) or Sp(d) the same coefficients also count the multiplicity of the scalar represen-
tation in the tensor product Ay ® Ao ® ... ® A,.

A notation that will be used below is the restriction of a tensor product to irreps
that have the same number of indices as both irreps in the product. This operation will
be denoted with square brackets and amounts to using the SU(n) Littlewood-Richardson
coefficients as tensor-product coefficients,

A ® p] E@bwyy

v

= e V. 3.17
[vl=IA+lul @A“ (317
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The second equality can be found for instance in [12]. To wrap up this section consider
the following example

ANQueviepeo= (Z c/\lﬂ Cop " biopor o) @ other irreps. (3.18)
v,K

3.2 Two-point functions

Unitary irreducible representations of the conformal group SO(d + 1,1) will be labeled by
X = [A, A], where A is the conformal dimension and A an irreducible representation of
SO(d). The two-point function of the primary corresponding to y is, up to a normalization
constant, a tensor depending on two points in the embedding space with components

GA-AN BB (P, Ry) (3.19)

It is encoded, as described above, by a polynomial

nz mln(lpvno

GX (Pl, Pz; Zl, Z2 H H (pr) . 6®§q)) (Zép) . a®éq)) éx(Pla P2; 617 92) ) (320)

where
Gy (P, P2;©1,0,) =

1 n 1 1 n 1 Al A
= o, ..oy ...zl ey ..ol . ziy Gl B (P py).

(3.21)

To construct the two-point function one has to find (_JX, which is subject to the following
conditions. Firstly, it is homogeneous of degree —A in the embedding space coordinates

Gy ({aiP; ©;}) = (a102) 2 Gy ({P;; ©3}) (3.22)

for «; arbitrary positive constants. Secondly, it is a polynomial in the polarizations with
degrees given by the shape of the Young diagram A,

O ((P:8,00)) = (8080)" . (B8} (8P 8) " Gy ({Ps @), (3:23)

where we defined

3.0 = (86, grelr), 5P 7Y (3.24)

for arbitrary (commuting) constants 5Z(p)
Finally, C_JX has to be transverse

Gy({P:;©i +v,P}) = Gy({P;©:}) . (3.25)

where
vi= (30,0 ), (3.26)

is a set of ny anticommuting numbers and one commuting number. This last condition
has to be satisfied modulo O(PQ) terms. An identically transverse function C_JX can be
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obtained by dropping terms proportional to ©® . 0@ and ©®) . P, where p =1,...,ne, Z.
Notice that we are using the notation 0% = z(M) to make equations more compact. We
are left to constructing éx from the tensors

@(P)P _ @(P)P =1

iALiB iB1iA > p=1...,ne,

ity = 601Pis ~ 0P =

1

(3.27)
ZWPp - ZH P,  p=2,

(2

with ¢ = 1,2. Contracting two such tensors with the same index ¢ leads to terms of the
type that do not appear in transverse functions, so the only possible terms are traces of a
string of C’s with alternating i’s, i.e. of the form

T (o cf? e oY), (3.28)

the shortest one being

HPY =T (- o) = 2((13]» o) (pr-6l) - (6! o) (p:- Pj>). (3.29)

Recall that both p and/or ¢ can also take the value Z, for which case they describe the
commuting polarization Z @,

Traces of more than two alternating C1’s and Cs’s can always be expressed in terms
of H 1(g7q). This can be seen by considering

T S 1 T S
(e e - cf) =3 (ClHS Cily + PaPasR) . (3.30)

AB

where

R= o0 + 0, (60017 i, — (6000 iy - g (- 01

+2(P - By) [0 (6 - 0(7) of] - (61 - i) (ef” - 6], (3.31)
which satisfies 1
(- pyR =L (g HG — COI08,) 332
Using also that
1
(Pl cf") =S HEV P, (3.33)

one sees that multiplying (3.30) by any number of factors C - Cy produces only more terms
of the same structure that turn into products of His’s when the trace is closed.

Naively one could imagine that the different ways to distribute polarizations among
Hi9’s lead to different tensor structures, e.g. for the diagram HJ one could consider

1,1) +(2,2)\ 2 1,1) 75(2,2) 77(1,2) 77(2,1 1,2) 7(2,1)\ 2
(H£2 )H£2 )) ) H£2 )H§2 )Hiz )Hfz ) and <H1(2 )H1(2 )> . (3.34)

However, the tensor product of two copies of an irrep contains the scalar representation
with multiplicity one, as written in (3.2), so there can be only one tensor structure for each
two-point function. Indeed, all possible ways to distribute the polarizations among the
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Hiy's lead to the same result after Young symmetrization (this can be checked explicitly
by considering (3.20)). With the weights of coordinates and polarizations being fixed
by (3.22) and (3.23), we choose a convenient set of Hi2’s and find that the unique tensor
structure for the two-point function is given by (3.20) with

_ 1 s )\ o A
Gy (P1, P2;01,0,) = (Pro) AP H <H£2 )) (ng)) - (3.35)
r=1

3.2.1 Example: p-form field

As an example, let us write explicitly the two-point function of a p-form field. The Young
diagram of a p-form field consists of one column of p boxes, therefore |A| =p, nz =0 and
ng = 1. Since there are no rows with more than one box and hence there are no indices
to symmetrize, there is no need to introduce commuting polarizations. There is a single
anti-commuting polarization vector, which we denote by ©. The correlation function can
be read off from (3.35) to be

aS9)" : . b
Gy (P, P2;01,02) = ((Pllz)AJ?p B (Pllz)A ((@1'@2) - G ?311)(]]3321 82)) . (3.36)

Then, using the maps (2.56) and (2.57), it is simple to find the polynomial g, (z1, z2; 61, 62)
that describes this tensor structure in physical space.
Note also that, acting with the © derivatives 86,41 e 0_4,0. B ..
1 61 62

explicitly the components of the tensor in the embedding space as

D Cr pDi
Ay...A,By...B 1 A Ap <B CwD Pyt Py
G P P = oL 5”51 R 3.37
X (Pa)A “lCr D1 g( o) @3

. 8®2Bp, one can write

whose projection to physical space gives the components

((5ckdk _9 WW) , (3.38)

2
L2

ai...apbr..bp 1 a1 5ap 5171

- 6bp
X = (@2y)8 e %) Ol

dp)
k=1

where 210 = 21 — 9.

3.2.2 Example: smallest hook diagram

As another example let us consider the irrep corresponding to the diagram (. This is the
simplest example where the Young symmetrization operator appears. Here we have ny = 1
and ng = 1, with polarization vectors Z = (Z,0) and ® = (0, Z). Thus, the polynomials
encoding the tensor structure for the two-point function of these operators are

= 1 0,00\2 (2,2
GX(P17P2§®17®2):W (Hfz )> H{Q )7 (3.39)

and
Gy (P1, Py;Z1,Z3) = (21 - 0e,) (Z2 - Do,) Gy (P1, P2; ©1,03)

2 0.0) 11(2,2 0.7) 11(7,0 7,2 (3.40)
:(Plz)A+3 (H§2 )H( ) H£2 )H1(2 ))H1(2 :
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Using the differential operator (2.59), it is a simple exercise to derive the components of
the physical tensor associated to this polynomial, which were already derived in [22, 23]
for all hook shaped Young diagrams. We shall not pursue this here, and work instead with
embedding polynomials.

3.3 Three-point functions

Next we consider the tensor structures allowed in a three-point functions with each operator
in the SO(d+1,1) irrep labelled by x; = [Aj, 4], for j = 1,2, 3. Such three-point function
is conveniently written as

3 ny min(lpng) A . O,
Guooltriz) =IT1T 11 (47 tog0) ——pen 20N
j=1p=1 (Pi2)” 2 (Pa3)” 2 (Ps1) 2
(3.41)
where 7; = A; +|\;|. The factor in the denominator was included to give Qx,x,1; the same
overall weight in embedding space coordinates as in polarizations, therefore simplifying its
construction out of building blocks that have the same property. The conditions on Qx,x,xs

are otherwise analogous to (3.22)—(3.25), i.e
Qxixoxs ({0l Bi(O; + 7, P)}) =
) | s i\ R () 3.42
= Qxors ({Pi; O41) HQLAZI (/31-(1)) L (ﬂz( @)> e <5§Z)) " (3.42)

In addition to HZ(]p ) given in (3.29), there are now other building blocks that can
appear in the polynomial Qx,x,\s ({Pi; (-')7;}), which are

o®\(p..p))— (P -P)(eW.
v _ PO (ROl (ReR) - (peR)(OF-R) gy
i,k — P; - Py P; - Py
Because of the property V(p ) — —Vi(z; there is only one independent V() for each operator

1. They will be denoted
Vl(p) — Vl(,g)?) , V(P) ‘/'2(3)1 , V( p) _ V'?)(I;)Q (344)

Other terms of the form P-C-...-C- P can always be expressed in terms of V;(p) and Hi(]p,q)
due to (3.33). One could imagine that traces of more than two C’s result in independent
terms, but it was proven in [10] that this is not the case. This means that parity invariant
three-point functions can be completely constructed out of Vi(p ) and H l(]p ) 5

Let us first consider the terms in the polynomial Qx, x,xs ({Pi; @z}) that are constructed

only out of H i(ijQ)v

s. The number of independent structures that can arise from such terms
is given by the tensor product coefficient by, x,r, of SO(d), which was introduced in sec-

tion 3.1.2. We shall denote by W,\l Az\s the linear combination (with arbitrary coefficients)

5 Additional parity odd tensor structures can be constructed using the fully antisymmetric e-tensor [10].
The number of such tensor structures depends on the dimension and is not considered here.
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(».9)»

of these by,x,\; combinations of H;;"*"’s that lead to independent tensor structures and
scale as in (3.42). Such a function can easily be constructed for any example by construct-
ing terms and checking if they give rise to independent tensor structures after the full
Young symmetrization.

As an example consider one of the first combinations of irreps where the Littlewood-
Richardson coefficient is larger than one, \y = Ao = 2, A3 = . The corresponding

Littlewood-Richardson coefficient is ijBij = 2. Indeed, there are two combinations of

the Hfjp a) that lead to different tensor structures

(Z1 - Do,) (Zs - Do,) < q$ 9)) HZ2D 22
—2(HF S — nP T ) B HE?,
(Zy - 00,) (Z2 - Do,) HED HSO HOD H{OP) — (3.45)
B (B~ EOHE D) B
(HEP S - gD ) D]

Thus, we conclude that for this example
= 0,0)\? 1,(2,2) 17(2,2 Z,7) 17(0,0) 17(0,2) 17(8,Z
Worpm=a <H1(2 )) H£3 'u "+ oo BT P HS )H£3 )H2(3 g (3.46)

with ¢; and co constants.
Next we describe how to construct the general terms containing both HZ(]p g and

(p)»

V;(p Vs, A given term may have an arbitrary number of V,*’’s. However, since for p €

{1,...,ne} the Vi(p ) are linear in the Grassmann variables and inherit their property,
Vz(p)vj(Q) — (_1)51"16” VJ(‘Z)VZ(P) , p,q € {1’ o 7”9} ’ (347)

each Vi(p ) can appear only once in a given term.® Thus, to the p-th column of the irrep \;
there may be only one Vi(p ), and therefore there can be at most I} of the Vi(p Vs in a given
tensor structure. To illustrate this, the boxes of the following Young diagram that may be

(P)»

assigned to V;""'’s are shaded

)

(3.48)

7

Now consider the tensor structures that contain ¢ of the Vi(p ) building blocks. To the
remaining boxes in the Young diagrams we assign a linear combination of the Hl(]p ’q)’s,
therefore ¢ is even (odd) if the total number of boxes in all diagrams |Ai| + |A2| + |A3] is

even (odd). It is also clear that ¢ can take values in the range

ge{0,1,....0+1+13}. (3.49)

SA simple corollary is the well-known fact that two scalar operators couple only to fully symmetric
representations.
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The number of such independent tensor structures, containing ¢ of the Vi(p ) building blocks,
is given by the multiplicity of the scalar representation in the tensor product of the three
irreps under consideration and one Young diagram consisting of one row of length ¢, i.e.
in the product

A ®A®A3® [q] . (3.50)

Hence the total number of tensor structures in a three-point function of operators in irreps

)\1, )\2 and )\3 is
B+2+13

Z Drsdorslg] (3.51)
q=0

with by, x,x5(q given in (3.16). Notice that the term in the sum with ¢ = 0 counts structures

made only out of the HZ(JP g considered first above.

To prove the result (3.51), we resort to the correspondence between three-point func-
tions and leading OPE coefficients established in [24, 25] and discussed in the context of the
embedding formalism in [10]. We start with the leading terms in the OPE of operators O;
in arbitary irreps labeled by [A;, A;] using physical space coordinates x¢ and polarizations
z¢, following the discussion in [10]

_ A1+ A —Ap A1 [+ Ao+ Ak
2

O1(w1,21) Oa(w3,22) ~ »_ Ok(w1, Dy, t(w19,21, 29, 2) (27)
k
(3.52)

When this is inserted into a three-point function <(’)1(’)2(’)3>, only O = Oj contributes.
t(x12,21,22,23) is a rotationally invariant polynomial which scales as

3 i i t
o, Byzr, Bz, Byzs) = Harn, 21, m,zy) [ o (50)" . (802" (50) ™
1=1
(3.53)

where we defined

Bz = (/3§1>z§1>, . ,3§"Z)z§"z),/3§0)0§1)> , (3.54)

for arbitrary constants BZ.(p ). The number of independent tensor structures in <(91 (92(93> is
now equal to the number of strucutures in ¢(x12, 21, Z2, z3), which is clearly given by (3.51).
Note that the sum in (3.51) arises because the combination of vectors z{, is a symmet-
ric power of the fundamental representation, which decomposes into traceless symmetric
tensors of the same or smaller rank (with the ranks being all even or all odd).

Sym"([J)=nleh-2eh-4o.... (3.55)
Next we analyze some examples.

3.3.1 Example: (two-form)-vector-scalar

We start with a simple example of a two-form, a vector and a scalar, Ay = H, Ao = O,
A3 = o. As already explained for the two-point function of a p-form, there is no need to
introduce commuting polarizations for the two-form. Also, for the vector, there is obviously
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no need to introduce any symmetrization or antisymmetrization. It has nz, = ne, = 0,
therefore one can freely choose whether to use Zy or ©9 as polarization. In this case the
only possible tensor structure has ¢ = 1, hence there is one V; building block. This is

o @ (3.56)

whose product with [g] has a scalar representation only for ¢ = 1. The corresponding

simple to see, since

H®D®°=D@

tensor structure gives a three-point function of the form

YO
Gxixaxs ({Pl}» 01, Z2) = A +A;-Az13 AgtAz—A -1 AstA]—Agtl (3.57)
Pr12) 2 (Pa3) 2 (Ps1) 2

—~4((P2- ©1)(Pr - Py) = (P2 P1)(O1 - P3) ) ((Pe- ©1)(Py - Z2) = (€1 Zo)(P - )

(Pi2)” 2 (Pa3) 2 (Ps31) 2

It is a mechanical computation to act on this polynomial with the derivatives 8@,14 6913 6Z2c

to obtain the components of the corresponding tensor in the embedding space.

3.3.2 Example: two-form-vector-vector

Next we consider the three-point function of a two-form and two vectors, \;y = H, Ay =
A3 = 0. In this case there are three possible tensor structures,

=t i iy (3.58)
q=2 N Vl(e)VQ(Z)H(@ Z) and Vl(e)va( ) SLZ) .
This can be seen from the product
\
HeOeO=ee2rgesHeH e[ He 2o, (3.59)

which contains the scalar and ™ representations with multiplicities one and two, respec-
tively. The corresponding three-point function has the form

(HODHOD | @7 H(@ 2 4 qV@VD (07
GX1X2X3 ({Pl}a 01, 2y, Z3) A1+A2 As+2 A2+A3 A3tA]—Agf2 )
(Pr2) 2 (Pa3) 2 (P31) 2
(3.60)

with ¢1, ¢o and c3 constants.

3.3.3 Example: hook-scalar-vector

The polynomial that encodes the correlator of a small hook diagram A; = H, a scalar
Ao = e and a vector A3 = O consists of a single tensor structure, as can easily seen by
considering the product

gea=eHoH oo (3.61)
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q | bxaons [¢ | tensor structures

o| 1 | HEHSIHG

2|4 | VOISR OV B HG
VOV RE B, GOV S (e

4 2 ‘G(@)‘G(Z)‘/Q(Z)‘@(Z)Hl(?’z)’ ‘G(@)‘G(Z)(‘/Q(Z))szg,Z)

Table 1. All seven tensor structures appearing in a three-point function of irreps 9, (o and 0.

Recall that for the small hook diagram we have nz, = 1 and ng, = 1, with polarization
vectors Z1 = (Z1,01) and ©1 = (01, Z1), so the tensor structure is obtained by acting
with a derivative Z; - g, on a polynomial of the Vi(p )’s and H g 5. In this case the single
tensor structure has the form

0)1/(Z) 17(©,2)
(Zy - 00,) VOVD H
Gixaxs ({Pz}a 7y, Z3) = A +Ay Agzi2 - A2+A3}A172 15 AziA] _Agid

(P12) 2 (P23) 2 (Ps1) z
)1 A(2) 14(2,2 2\2 .0,z
VOVARED - (W2) 19?

A1+Ag—Ag+2 Ag+Az—Aq—2 Ag3+A1—Ag+4

(P12) 2 (P23) 2 (Ps1) 2

(3.62)

3.3.4 Example: hook-spin 2-vector

Let us finally consider the example \; = 7, Ao = 0, A3 = 0. Table 1 contains all
independent tensor structures for this case. Notice that for ¢ = 2 there is another tensor
(Dy,(2) 7(©.2)

structure constructed from V"'V, 10 H 1(?’2), but this is not linear independent since
2 H(Z) +7(0,7) +7(0,2
(Z1 ‘361)‘/1( )Vz( )H1(2 )Hfg :

3.63)
0)1 A(2) 11(2.2) 17(0,Z 0)1 (2) 11(0,2) 17(2,2 (
= (Z; - 0e,) (Vl( )VQ( )H{Q )Hfg ) Vi( )VQ( )H£2 )H{3 )) .

In this case the product of the three representations A1, Ao and Az contains the following
representations consisting of a single row

eMeO=eo4[Jo2[T1a..., (3.64)

in agreement with table 1.

3.4 Four-point functions

Starting from four-point functions, correlation functions can depend on functions of the
conformally invariant cross-rations. For four points there are two cross-ratios that can be

defined to be
" P Psy _ PiyPa3

= s v = .
Pi3Poy Pi3Poy

(3.65)
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Then a generic four-point function can be written as
7'177'2 T3*T4
()" ()
Pra Pi3
GX1X2X3X4 ({Pla Zl}) = 1 t72 =i (3'66)
(Pr2) 2 (P34) 2

4 n]Z min(l{;,nj@)

H H H (Z](-P) .(9@2_(,)) ka(u, v) _gcki)mm ({P;©,}),

j=1p=1 q=1 k

where 7; = A; + |A\;| and the sum over k runs over all independent tensor structures. Each
tensor structure is multiplied by a function of the cross-ratios fi(u,v) and the pre-factor
is chosen in such a way that each Qgﬁ)mmm scales analogously to (3.42),

Qg(kl)mxam ({O‘ipi; Bi(©; + ’Yipi)}) =

- Ml A\ N 2\ G (3.67)
= QP (P33 [T alM (7). (89) % (52) 0
For an n-point function, n — 2 of the building blocks Vi(ﬁ.),)c are linearly independent [10]. In
the case of n = 4, this is due to the relations V;(?I)c = —VZ(Z; and

(P P (P POV + (Po-P2) (Pr- POV, + (P P) (P P)VZ, =0, (3.68)
In general one can choose for instance the basis

W=V ey JE€{L2..,n—2}, (3.69)

where the external point labels ¢ etc. are meant to be interpreted modulo n.
The tensor structures can be counted by inserting the OPE (3.52) twice into the four-
point function

O1(z1,21) O2(x2,22) O3(x3,23)

~ O1(x1,21) Z Ok(22,Dy,) t(223, 22,23, 21,) (233)
k

Ao+ A3—Ap+|Ag|+[Ag]+ ALl
2

(3.70)

~ 30,1, D,) Y t(z12,21, Dy, 2;) H(w23, 22, 23, Z1)
W Mz ) A +AL =D+ [+ AR 412 ) Ag+Ag—Ap+Aal+IAgl+Ag] T
y 2 2
J ko (21,) Z33

When this is inserted into <C’)1(’)2(’)3(’)4>, only O; = Oy contributes. When summed over
all possible irreps k, the terms t(z12,21, Dy, , 24) t(x23, 22, 23, 1) clearly contain all possible
contractions of x12, 223 and the four polarizations z1, zo, z3 and z4. To exclude contractions
between x12 and x93, which do not lead to new tensor structures, counting can be performed
using the restricted tensor product defined in (3.17), that keeps only irreps that have the
same number of indices as both irreps in the product. The number of tensor structures in
a four-point function are then given by the multiplicity of the scalar representation in the
tensor product

M @A ® A ® M [lar] ® [aa]] (3.71)
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for non-negative integers ¢; and g satisfying

4
a,q € {0,1,...,253}. (3.72)
=1

Hence the total number of tensor structures is

DI DI PRI
Z Z ZC[QH[(H]N bunidarsha = Z Z d(q1,q2) , (3.73)
q1=0 ¢2=0 p q1=0 g2=0

where in the last equality we defined the number of structures d(qi, g2) for a given pair
(q1,q2). In fact, when constructing the tensor structures, it is helpful to treat the contri-
butions for each combination (q1,¢g2) separately. We make the assignment that the tensor
structures corresponding to (q1,¢g2) contain g; building blocks Vi(p ) and g2 building blocks
V(p)

5 . To make sense of this assignment one can consider two boxes in the same column p

of one of the Young diagrams A;. The only way to assign these two boxes to Vz-(f) building

)

decomposition of the tensor product of [¢1] ® [g2] vertically aligned boxes always consist of

blocks is to assign one to Vi(p ) and one to Vg)

, because of (3.47). Correspondingly, in the

one box belonging to [¢1] and one to [g2]. Finally, notice that for a given pair (¢1,¢2) there
may be more than d(q1,q2) possible combinations of building blocks Hi(;”Q) and Vi(jp ) that

contain ¢ building blocks V') and gy building blocks V¥, however only d(q1, g2) of these

(]
combinations will give raise to linearly independent structures after antisymmetrization

(just as in the example of section 3.3.4).

3.4.1 Example: scalar-vector-scalar-vector

As an example, table 2 lists the five tensor structures in a four-point function of irreps
A1 = A3 = e and A9 = \y = 0, which were already given in [10, 17]. Let us see explicitly
how these structures arise from the scalar degeneracy in the tensor product (3.71). The
tensor product of two scalars and two vectors decomposes as

.®D®-®D:D®D:o@m@5. (3.74)

That the scalar representation appears with multiplicity one here means that there is one
tensor structure for (qi,¢2) = (0,0), i.e. d(0,0) = 1. For (¢1,¢2) = (2,0) or (¢1,q2) = (0,2)
we have to consider the tensor product

0®D®O®D®Dj:(0@m@5)®m20@otherirrep8. (3.75)

Thus d(2,0) = d(0,2) = 1. Finally, for (¢1,92) = (1,1) one needs to consider
-®D®-®D®[D ® D} - (o@ [D@H)@(DJ@H) — 2 @ other irreps,

(3.76)
so that d(1,1) = 2.
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@1 g2 | d(q1,q2) | tensor structures
1| B

1 [y

2 IV VY
1 V(Z)Vi )

S = N O
o= OO

Table 2. All five tensor structures in a four-point function of irreps e, 0, e, 0.

q1 @2 | tensor structures

0,7
0 | VOV HG
1 [ VYO F©.D) O p(0.2)
2 | VIV HEY

Lo v vy
2 | VOV VPV

2
1
0
3
2
13 | OVOLDL@)

Table 3. All eight tensor structures in a four-point function of irreps 2, 0, e, ®.

3.4.2 Example: hook-vector-scalar-scalar

For this example we consider the irreps Ay =, Ao =0, A3 = Ay = e. Table 3 shows all
the eight tensor structures for this correlator. This counting can be confirmed by looking
at the OPE in the channel O3 x O4 ~ O;. Then the number of possible structures in a
three-point function of Ay =, As =0 and a spin [ symmetric traceless tensor is also seen
to be eight.”

Let us see again explicitly how these structures arise from the scalar degeneracy in the
tensor product (3.71). First we consider the product

oeese=ToHeHHo-He[T . (3.77)

Since there is no scalar irrep in this sum we have d(0,0) = 0. For the other values of
(q1,92), (3.77) must be multiplied by [[ql] ® [qz]}, and then d(q1, g2) is just the multiplicity
of the scalar irrep in the overall product. Table 4 shows the different possibilities.

3.4.3 Example: vector-vector-vector-vector

Finally, the correlation function of four vectors illustrates how the tensor product also
generates the number of possible contractions between H’s, i.e. those corresponding to

"This is a simple generalization of the example in subsection 3.3.4 which has | = 2. For [ > 3, the
three-point function of \; = B:‘ A2 = [T with |[A2] =1 and A3 = O has the structures listed in table 1

1-3
each multiplied by (\/2(2)) and the additional structure H(@ Z)H(Z Z)H(Z Z)V@) (VQ(Z)) .
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o oQ [[g1] ® [g2]] d(q1, q2)
2 0 T 1
11 e 2
0 2 mnl 1
3 1 TI e 1
2 2 [T g 2
1 3 gjj{@ L] 1

Table 4. From the product of [[q1] ® [go]] with (3.77) it is straightforward to extract the scalar
multiplicity d(q1,g2), which counts the independent tensor structures given in table 3.

¢1 = g2 = 0. The number of such tensor structures is calculated using the SO(d) tensor
product

D@D@D@Dzso@GDje%H@Djjj@s el lesT o

(3.78)
Correspondingly, there are three tensor structures that can be built out of H’s, namely
HEDHG?D, HGPHE?  and HIPHE. (3.79)

There are 3122 other structures with two }’s and one H and 2* other structures with
four V’s. Thus, in total for this case there are 43 independent tensor structures. As in
the previous example, this counting is done by considering the scalar multiplicity in the
product of [[¢1] ® [go]] with (3.78). Table 5 shows the different possibilities to which it is
trivial to assign the independent tensor structures.

3.5 n-point functions

Let us comment briefly on the general construction of n-point functions. It is analogous to

the construction of four-point functions. Generically one can write,

n nZ min lp,n@

G ((52) =1L T TT (27000 St @8, (P10,
k

g<h Jj=lp=1  ¢=1
(3.80)
where u, are the n(n — 3)/2 independent conformally invariant cross-ratios,
Tg+ Th
= — 3.81
Odgh n—2 (n — 1 Z Ti ( )
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T [[a1] @ [g2]] d(q1, q2)
0 0 . 3
2 0 1] 6
11 (o H 12
0 2 1] 6
4 0 EEEE 1
3 1 TT e 4
2 2 | [TTeH e 6
1 3 T e 4
0 4 T 1

Table 5. Multiplicity d(g1, g2) counting tensor structures for the correlation function of four vectors.

and the pre-factor is chosen to let the functions ngl)Xn scale in the already familiar way
Q&’?..‘Xn ({Oéipi; Bi(©; + ’YiPi)}) =

_ N i N\ oz i (3.82)

QW) (P@}) [T (87) . (877) ™ (87) 7

These functions are again constructed from the building blocks HZ(]p ) and Vi(]p ) defined
in (3.29) and (3.69). The counting of tensor structures is done as described for four-point
functions in the previous section, but now the tensor product contains n — 2 additional

(

representations for counting all the combinations of Vif ) building blocks, since there are that

)

many independent Vi(f for each ¢. The resulting number of tensor structures in a correlator
of n operators in the irreps x; = [A;, A;] is the multiplicity of the scalar representation in
the product

NG @@ (0] @ @ g2l (3.83)

Z Z C[q1]~~-[qn72}u burteAn » (3.84)

q1,--sqn—-2 K

which is given by

where the sums run over non-negative ¢;’s with

qje{o,l,...,Zlg}. (3.85)
=1

As for four-point functions, to construct the tensor structures it is helpful to assign to each

(f ), g2 copies of V(g )

5, and so on.

(q1,---,qn—2) the tensor structures with ¢, copies of V,
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4 Conserved tensors

Let us now consider conserved tensors in arbitrary irreducible SO(d) representations. Recall
that the unitarity bound for mixed-symmetry tensors [26, 27], that must be satisfied in
unitary CFTs, restricts the conformal dimension of primaries in the irrep A to satisfy the
condition

A>1} =k} +d-1, (4.1)

where hl)‘1 is the height of the rightmost column (the number of upper rows with the
same number of boxes). The dimension for which (4.1) is saturated is called the critical
dimension.
Let us first recall that, at the critical dimension, the conservation condition on fully
symmetric or fully antisymmetric tensors fg,. q, (),
0

axal fa1-~~az (.’B) =0, (4'2)

is conformally invariant. The question which equations are conformally invariant for more
general representations of the conformal group was discussed in [28], and specifically for
mixed-symmetry tensors of hook diagram type in [22]. We will show below that, for general
mixed-symmetry tensors in irrep A, the analogue of the conservation condition (4.2) can
only be imposed with respect to indices that correspond to boxes in one of the lowest
columns in the Young tableau, i.e. they can be written as

0
%glf[al...ahl}[bl...bh2}...[g1...ghll]($) =0. (4.3)

We will see that this equation can be imposed directly in embedding space. At the same
time this will allow us to see that it is conformally invariant only when the unitarity
bound (4.1) is saturated, and that similar equations with the derivative contracted with a
different index are not conformally invariant.

The computation was done in [10] for symmetric tensors and the only part that changes
is when the index symmetries are used. Let us first write

o) o [oPA  gPAn
7fa1"'“lkl (x) ( Arar T 9l FA1...A|A\ (Pa:)>

Ozqy, 396? ) (4.4)
P4t QP71
T 9re T 9 Sarin 1 (Po) + Tay a4 (),
where the projection from FAl---AlM to fal...am given in (2.49) was inserted and
N7 P IS W - P IREPRION il P
AeAn T gpy PP\ oP p.p| Al
(4.5)
is obtained in the same way as in [10], with P = (0,2,0) in the light-cone coordinates
introduced in (2.45). The part Ty, .. q/,_, (%) comprises terms where % acts on the %];bA
and can be simplified using
o oprt .
= P4 4.6
Oz, Ozl ab (4.6)
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This is the part where the index symmetries are important

1 OPAN
T

A A=
()= - ——— pndL> PR
Htia- PP 0x

Ox2 = Q-1

(4.7)

amal

OPAT  gpPAn-2

Oxar T Hrlial—z T UNA-1

L oph gpAn o
T PP Oxm T 9pth

[FA\MA%--A\MAAI tEa AN A A T F FAl---AwszwAmfl] '

PA\/\l—l FA1~~~A|A| (P)

The second identity here is just a relabelling of indices. The sum in the last brackets
simplifies due to the index symmetries (2.18) and becomes

(= 1) = (hgy = 1)) Fay..ap, - (4.8)

Note that this step is only possible since the derivative in (4.3) is contracted with an index
in the rightmost column of the Young tableau. The lift of the conservation condition with
respect to the last index is then

0 opPA 9P
0= Mfal"-“w(“’) = Gz g A An s (P (4.9)
where
B, 1 (= 0 PAN
RAl"A\Mfl(P) - apiAlM — ﬁ <P . aID)PA/\ — (ll_hll +d—1—A) P ) P A1A|/\\(P)

(4.10)
This generalises the result derived in [10] for symmetric tensors. As discussed in [10], the
first two terms in (4.10) are SO(d + 1, 1) invariant. The last term is not, but it vanishes
for conserved tensors which saturate the unitarity bound (4.1). Because of the index
symmetries (2.19) the derivative in the conservation condition (4.9) can be contracted
with any index that belongs to a column in the Young diagram of the same height as the
rightmost one. In particular it may be contracted with any index in the case of rectangular
Young diagrams.

There is actually a second conformally invariant condition that can be imposed on
mixed-symmetry tensors. This was found for hook diagrams in [22] and requires a value
for A different from the critical dimension. It is now very easy to find the dimension where
this condition can be imposed for general mixed-symmetry tensors simply by lifting the
conservation condition to the embedding space. This is most easily seen in the symmetric
basis, so now take f to be in the symmetric basis as in (2.20) and consider the conservation
condition

0
Do,
The lift to embedding space (4.4)—(4.7) works exactly as before. Now (2.21) is used to
bring the last bracket in (4.7) into a form analogous to (4.10),

= ((ha =1) = (I, = 1)) Fa,..a, - (4.12)

Farwan)br. by or-an, ) (@) = 0 (4.11)
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The conservation condition (4.11) becomes

%) 1 (o 0\ .4 PAN
= ——— (P —= | PN =}y, - +d—1—-A)——=|F P). (4.13
0P, P-P ( aP> (g = I+ ) B | (P)- (413)
This is conformally invariant for
A=l —hi+d—-1. (4.14)

For rectangular Young diagrams, where h;, = h; and [, = [y this is again the critical
dimension. However, in general, we have h;, < h; and l;, < [, hence the unitarity
bound (4.1) is violated for non-rectangular diagrams and the operators for which (4.13) is
conformally invariant are non-unitary.

5 Conformal blocks

In this section we shall show how the above methods can be used to compute the conformal
blocks for arbitrary irreducible tensor representations of the conformal group. The basic
idea is that a conformal block in the channel @1 Oy — O3 O4 can be written as a conformal
integral of the product of the 3-point function of the operators O, O and the exchanged
operator O of dimension A, times the 3-point function of the operators O3, O4 and the
shadow of the exchanged operator O of dimension d — A [15, 29, 30]. This method makes
use of the shadow formalism of [31-34]. In practice, however, one needs to remove from the
final expression the contribution of the shadow operator exchange to the conformal block,
which has the wrong OPE limit. This can be done rather efficiently by doing a monodromy
projection of the above conformal integral, as proposed in [11].%

Conformal blocks are known for many cases involving external scalar operators and
the exchange of spin [ symmetric tensors. These results can be reused for correlators of
external spin [ operators by acting with differential operators on the conformal blocks
for external scalars [36], but new exchanged tensor representations can not be taken care
of in this way. Here we will follow closely the approach detailed in [11] to compute the
conformal blocks, and show with a non-trivial example that the embedding methods here
presented can be used to compute conformal blocks with external and exchanged operators
in arbitrary tensor representations of the conformal group.

The idea is to define a projector to the conformal multiplet of a given operator which,
when inserted into a four-point function, produces the conformal partial wave for the ex-
change of that operator (and its descendants). For an operator O with conformal dimension
A this projector has the form

0| = A}O/DdPODdPg, |O(Po; Dz,)) (O(Po; Zo)O(Ps; Dzy) )| o (O(Ps; Zs)| . (5.1)

Note that we are schematically representing the index contraction of O with a differential
operator acting on the polarization vectors, as explained in (2.60). The integrals appearing

8Such split of the operator and its shadow exchanges can also be done using the Mellin space represen-
tation of the conformal partial wave [35].
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here are called conformal integrals and are defined as

1
Dp=— - H+2p 5(p?). 2
/ Vol GL(1,R)* /P++P20d o) (5:2)

Explicit expressions for these integrals are known for all functions that appear in the
computation of conformal blocks (see for instance appendix A.5 in [37]).

The projector (5.1) can be more compactly expressed in terms of the shadow operator
O, which is in the same SO(d) irrep as O and has conformal dimension A=d-A,

0| = A},O/DdPO]O(PO;DZO)><@(PU;ZO) , (5.3)
where
(O(Py; Zo)| = /de5 (O(Po; 20)O(Ps5;Dzy) )| x4 (O(P5:Z5)]| - (5.4)

Consider for simplicity the case where the three-point functions have only one tensor struc-
ture. Inserting |O] into a four-point function one obtains the conformal partial wave

Wo=(O1(P1;Z1) Oz (Py; Z2>}O’O3(P3§ Z3)O4(Py; Zy)) (5.5)
= A}O/deo (O1(P1;Z1) O (P23 Zo) O (Po; Dz, ) Y(O(Po; Zo) O3 (Ps; Z3) O4 (Py; Za) ).

Since O is in the same SO(d) irrep as @, three-point functions containing either of them
must be equal, up to an overall constant and to the conformal dimensions of the opera-
tors, i.e.

(O(Py; Zo) O3(Ps; Z3) O4 (Py; Za) ) = Sa {O(Po; Zo) O3 (Ps; Z3) O4 (Pa; Za) )| 5 - (5.6)

This constant Sa is calculated by using the definition of the shadow operator (5.4) and by
computing the corresponding conformal integral. The constant Ny in (5.5) can then be
calculated by demanding that |O| acts trivially when inserted into a three-point function,
i.e. requiring

(O(Py;20)|0|O3(P3; Z3) O4(Py; Zs) ) = (O(Po; Zo) O3(Ps; Z3) O4 (Py; Zs) ). (5.7)

Using (5.3) and (5.4) one sees that this insertion amounts to doing the shadow transfor-
mation twice, hence with (5.6) we have

(O(Py; Z0)|0|O3(Ps; Z3) O4(Pa; Z4) ) = /\Za <5(P0; Z0)O3(Ps; Z3) O4(Py; Z4) )

_ SaSi
==

(5.8)

(O(Py; Z0) O3(Ps;Z3) O4(Py; Z4) ),

and thus Np = SASK-
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5.1 Example: hook diagram exchange

As an example we will compute the conformal block g? “(u,v) for the exchange of the tensor
T with irreducible representation [H, A] in the correlation function of two scalars and two
vectors (¢1.J5 ¢p3.J%). The conformal partial wave is

Asy ISP
o= (00) ¥ () ¥ sty
= (¢1(P1) J2(P2; Z2) |T |¢3(P3) Ja(Py; Za) ) (5.9)

- 51~/DdPo (¢1(P1) J2(Pao; Z2) T (Po; Dz, 9o, ) (T (Po; Zo, ©0) b3 (P3) Ja(Pa; Za) )| 5,5 -
A

where we recall that u, v are the cross ratios defined in (3.65) and that the function g%i (u,v)
also depends on the external polarization vectors Zo and Z4. The ingredients for this
calculation are the two- and three-point functions from (3.40) and (3.62), for which we
choose the normalizations

2 (g HE? — i) G
(T(P1;21,01) T(P2; Z2,02)) =

T . (5.10)
2
VistVan B P — (Vi) Hi?
<T(P05 Zo, @0)¢3 (P3) J4 (P4; Z4)> = AtAzAg12 Asthy A2 A 1A _Bgtd 0

(Pos) ™ 2 (Psa)” 2 (Pwo)” 2

the differential operator Dy from (2.59) which encodes the projection to the irrep -, the
constant Sa and the solution of the conformal integrals.
The constant Sa is computed using (5.6) and evaluating the conformal integral

(T (Py; Zo,©0) ¢3(Ps) Ju(Py; Z4)) (5.11)
= /DdP5 (T (Py; Zo,©0) T (Ps; Dz, 005) )| o & (T (Ps; Z5,05) ¢3(P3) Ja(Py; Zs) ) -

All the integrals here are of the type

pA . pAn
Dep 5 3 , 5.12
/ ® (Ps0)(Ps3)b(Psy)° (512

and their explicit solution can be found for instance in [37, 38]. Comparing the integral

in (5.11) with the three-point function, the resulting constant is

(A — 2)AT(A — p) T( 55552 ) 1 (A=5u2)

Sy = ) . (5.14)
A I'(A+2) F(A+A234+2) P(A7A234+2)
9To give an impression of how these integrals look like, here is the case with n =1
/DdP P5A F(b+c;u+l) F(c+a5b+1) F(a+b;c+1) 7Th
5 — c—a cta— atb—c

(P50)*(Ps53)" (Psa)* L'(a)T(b) T(c) (Py) = (Pao) 7 (P o

Py, Pt Py P3t Pos Pt
X(1 34170 + - 40173 + - 03474 ) (5.13)

s(b+c—a+1) 3s(c+a-b+1) 3la+b—c+1)
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Note that this is very similar to the corresponding constant for the exchange of the anti-
symmetric two-tensor H, given below in (5.21), which was calculated in [11]. As a small
consistency check observe that the constant Np = SaSx appearing in (5.1) is indepen-
dent of Asy.

To calculate the conformal partial wave (5.9) it is enough to know the conformal
integrals

d (Po - Z2)(Po - Za) 4 Py - 75
/D Fo (Po1)*(Po2)b(Po3)¢(Poa)!’ /D B (Po1)*(Po2)®(Pos)¢(Poa)?

(5.15)

d Py-Zy d 1
/D o (Po1)?(Po2)b(Pos)*(Pos)’ /D o (Po1)(Po2)b(Pos)*(Pos)”

which much like the example (5.13) can be brought into a form where the polarizations
are contracted with Py, P», P3 and Py, or with each other. Just as in [11], after doing
the monodromy projection to eliminate the shadow block, the final expression depends on
functions of the cross ratios u,v given by

50 I'(h+i— f)T(f)sin(rf) dac / dy xby®
(y + vey — ux

PELT sin(n (e+f h—z T (y —z — 1))
z+1
(5.16)
with
b=a+i+j—1,
e=B—A+h+i+k—1, (5.17)
f=1-B+h—k,
and A—Agyp—2 A+ Agy—2
az——3£—a ﬁz——3%—a (5.18)

where A;; = A; — Aj and h = d/2. In even dimensions, h € N, the functions Jj(lgl can be
expressed in terms of 9 F] hypergeometric functions, see [11].

Doing the computation we arrived at the following expression for the conformal block
defined in (5.9),

w2717 (A 4 2)
4Py (A = 2)A2h — 1) T(a+2)T(B+2)T(A — ) T(A — B)T(h — A)

A _
ar (u, U) =

V Fy + V V Z Z 1
VQ(JZ 4(21% ul ‘/2(7212 4(,22?)) vFy ( )V;L( ) ulFy + VZ(SZVZL( ) vFy 3 Hg(fZ)F ]
(5.19)

As expected, this conformal block is organized into tensor structures that are analogous to
the ones discussed for this four-point correlator in section 3.4.1. The functions F; = Fj(u,v)
depend on h, A, o and 3, and are expressed in terms of a finite number of the integrals
J ](Zk);l given in (5.16) above. For clarity of exposition we decided to present these functions
in the appendix A.10

10 A Mathematica notebook containing this result can be obtained from the authors upon request.
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The example at hand shows that we have a well defined algorithm to compute any
conformal block. However, before going on to compute even more complicated conformal
blocks, it would be helpful to study the functions J ](Z,zl in detail. Once the relations among
them are better understood, it may well be that much shorter expressions for the conformal
blocks are possible. We hope to return to this question.

5.2 Example: two-form exchange

The conformal block for exchange of a two-form tensor F', which corresponds to the irrep
H, was computed analogously in [11], however the result contained a few typos which we

t.ll

NOW correc The normalizations for the two- and three-point functions of [11] are in our

notation
&)

1 12

(F(P,01)F(Py,05)) = = < )

4 (P12)A+2 ’
W o
<F(P07 @0)¢3 (P3)J4 (P4, Z4)> = AtA3—Ayt1 : Ag+Ay—A—1 A+ A—A3+3

(Po3) ™ 2 (Paa)” 2 (Pao)” 2
and the contraction of two-forms is now done using the normalized derivative dg/v/2. The
constant Sa is given by

G AT - n T(Age) T34
AT 4F(A + 1) F(A+A234+1) F(AfA234+1> :

After doing carefully the conformal integrals we obtained a slightly shorter formula for this

(5.21)

conformal block,
_ 2uR/>712T(A +1)
" Pu(2-A)T(a+1)T(B+1)T(A—a)T(A - B)T(h— A)

A
9dr (u,v)

2y (2 2 1 1
X VQ(,lAZV(,lz) “((U - 1)J(§,1),2 +v(B—h+ 1)J1(,2),2 +(B-A+ h)J1(,1),2)

2)< (2 2
— VaViR oo = 1),
2)< (2 2 1 1 0
+ ‘/2(,32‘/4(,1% U((U - 1)Jé,1),1 - aJ(g,l),l +(B—-h+1) (UJ1(,2),1 - aJl(,Z),l)

+(B—a+h-— 1)J1<}1{1> (5.22)

+viav) v(—(v DI+ el g+ (a— A+t 1)J1(,11),0)

1 _(zz v—1/7 (2 2 2 2 2 2
L (< (a4 A I+ o u2)

+(B-A+n) (s, +(@-a+1)J8))

+(B—-h+1) (aJ1(,02),1 +(a— A+ l)UJQ(?Q)J))] ,

1We thank David Simmons-Duffin for correspondence on this point.
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where J J(lel is defined in (5.16), but now with

A—Ajpp—1 A+ Az —1
a:——aﬁ—ﬂ 5:—i3%—< (5.23)

To compare this to the corrected result of [11], we took into account the different definitions
for H;; and V; ji, and used the three following identities which we checked numerically,

u((0=1Js+ 08— h+1DIE, + (3—A+nY,)

=(8—a+n) (el = I0) v —h+1) (e —a+ )+ 0Y,) G219
- a‘](g,ll),l —2v(a+B—-A+ 1)J1(,11),1 —v(a—A+1) (Jl 10T J2(1 ,1)
—avgfo+ (0= 1) (v + I3 - I3.)
—u$ ) =I5 0+ I — e, (5.25)
(0= 1) I3, =+ B =n+1) (w8, —al(B)) + (B-a+h-1)I},

== =1 (S + 1) +B-h+1) (4]

Fla+B—A+mIY +@-a+1) (7, + Y,

Zrka—A+)ﬂ>J+a%go(5%)

6 S-matrix rule for counting structures

The matching of tensor structures in CFT correlators and scattering amplitudes that was
found for symmetric tensors in [10] straightforwardly generalizes to general irreps when
considering non-conserved operators. The general statement is:  The number of inde-
pendent structures in a correlation function of n non-conserved operators of SO(d) irreps
AL, -5 Ap S equal to to the number of independent structures in a n-point scattering am-
plitude of massive particles of the same irreps in d + 1 dimensional flat Minkowski space.

This is not surprising since particles have polarizations in irreps of the little group,
which is SO(d) for massive particles in d+1 dimensions. The index-free notation introduced
in section 2.4 can be employed by simply using the same Young-symmetrized polarizations.
Thus, an n-point scattering amplitude of irreps Aq,..., A, and momenta k1, ..., k, can be
written as

Ay, ({kiszi}) = H H < ]( 9(q>> ka Vg RM ({ki0:}),  (61)
j=1p=1

q=1

where fi(v,) are functions of the n(n — 3)/2 independent Mandelstams v,. The momenta
and polarizations are vectors in (d + 1)-dimensional Minkowski space and the polarizations
are transverse to the corresponding momenta

0P k=2 k= 0. (6.2)
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The scaling in the polarization vectors is fixed by the condition that the complete polar-
ization tensor appears linearly in the amplitude. This translates to the following scaling
of R(A]j) », I the polarization vectors, which is equivalent to the one for CFT correlators
in (3.82),

RS (ki Bi6:}) = R (ko) T (51'(1))h%~-- ( §n%)>h;é (5,-(2))(%)1- (6.3)

)

The functions R(Aki) », can be constructed from the two kinds of building blocks
gro =P g0 PP =P ., (6.4)
where GZ(p ) should be replaced by zl-(l) for p = z. There are n — 2 independent ~Z»(jp Vs for

each 4, because one of the possible terms vanishes due to the transversality condition (6.2)
and another one can be eliminated using momentum conservation

ki+ke+...+k,=0. (6.5)

Furthermore, the building blocks depend in the same way on Grassmann polarizations as
their counterparts Hi(;’ 9 and Vi(f) that appear in CFT correlators. Hence, there is a one-
to-one correspondence between building blocks and the counting of tensor structures is the
same as in CFT correlators.

A more thorough treatment of on-shell amplitudes of arbitrary SO(d) irreps (in the
context of the open bosonic string) can be found in [39].

7 Concluding remarks

In this work we developed a formalism to elegantly describe irreducible tensor representa-
tions of SO(d) in terms of polynomials. With this formalism and the help of representation
theory, tensor structures in CFT correlators and scattering amplitudes become tangible.
We gave an algorithm for counting the number of independent tensor structures in any CFT
correlator (or massive scattering amplitude) of bosonic operators (or particles), allowing
for a systematic construction of the tensor structures for any given example.

The most obvious application for correlators of mixed-symmetry tensors is the con-
struction of conformal blocks, which we reviewed using our new index-free notation. Once
all conformal blocks appearing in a given correlator are known, it is possible to imple-
ment constrains that follow from conformal symmetry, using recent conformal bootstrap
techniques, i.e. proving bounds on the CFT data (conformal dimensions A; and OPE co-
efficients) by use of linear programming [3]. Since there are no further assumptions, such
bounds are universal, they hold for any CFT. Until now, in lack of conformal blocks for
mixed-symmetry tensor exchange, this has only be done for correlators of scalar operators.

While we only computed one conformal block of mixed-symmetry tensor exchange in
a correlator of two scalars and two vectors, it would be much more interesting to consider
correlators of stress-tensors. This is because the stress-tensor appears in any CFT and
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correlator new exchanged SO(d) irreps

(P1020304) [(TTT ~ T]

($1T465.T) R

(13 I5T7)

(AT JST) —

(T1 T T T]) — — e

Table 6. Exchanged irreps in correlators of currents and stress-tensors, following the discussion of
possible tensor structures for three-point functions in section 3.3 and the construction of conformal
blocks in section 5.

thus could lead to truly universal bounds on CFT data. Another reason for interest in the
stress-tensor is its connection to the graviton in AdS, via the AdS/CFT duality. As was
pointed out already in [11], universal bounds on CFT data for external operators with spin
may explain the weak gravity conjecture [40] or the bounds on a and ¢ in [41].

With the insights about three-point correlators from this work it is easy to outline what
needs to be done to compute all conformal blocks for the correlator of four stress-tensors.
Table 6 contains all irreps that are exchanged in this correlator. Some conformal blocks
can actually be written in terms of derivatives of conformal blocks for exchange of the same
irrep in a simpler correlator, as it is the case for exchange of symmetric tensors [10]. For
example, the conformal blocks for exchange of rrrr—m1 in (TY*"T§° T{]<T]) are given by
derivatives of the conformal blocks of (¢1¢2¢3¢4). For this reason, each line in the table
displays for some correlator the irreps of exchanged operators that appear for the first time
for that correlator. If one picks a correlator in one line and a single irrep from the same
line, the computation of that conformal block is comparatively easy, since in those cases
the three-point function between external operators and the exchanged operator has only
one tensor structure. One can hope that the conformal blocks for all other cases are given
by derivatives of those simpler cases.

An interesting generalisation of our work would be to extend the formalism to general
spinor representations of SO(d). This would complete the counting and construction of
tensor structures for all CF'T correlators and facilitate the conformal bootstrap for combi-
nations of operators that imply exchange of operators with half-integer spin.

Finally, note that most discussions of higher spin fields in AdS focus on the case of
spin J symmetric tensors. However, it would be interesting to consider AdS fields dual
to operators in arbitrary irreps of the conformal group. We expect that the techniques
described in this paper can also be extended to the case of AdS fields, in the spirit of [42].
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A Functions in the conformal block for hook diagram exchange

The following are the functions appearing in the conformal block (5.19) for exchange of the
primary in the irreducible representation [, A] in the correlator of two scalars and two
vectors (¢1.J5 ¢3JY).

F1:(a—A+1)[(5_A+h+1)(_(2h_1>J§}B,g(6—A+h)—(a+1)J1<}1{1
— 2520 = 1) (v = 1) + u) + 2(2h — 1)oJ (5+h—1)
+(6—h+1)v<(2h—1)< T o(—B+h—2) - (v—1J1(22)2>+uJ1(272>]
+(a+1)[(ﬁ—A+h+1)(2aJ1 (=B h=1)+ (1 —20)J (8~ A+ h)
~I5(8 4 b= (= 2w+ 1) + 20) + IE (1 - 200~ 1) +u) — 0y
+(8=h+ 1) (I32(0 - 2m)(w 1)~ u)
+(2h = 1) o), (—B+h—2) + afy, +o(a— A+ 1)J1<}2{1)] (A1)

Fr=(a= 8+ D)6 - 8%+ (o541 + I (20 - Do - 1) + )
+(B-h+1) U((ﬁ +h=2) (@ + )5, +uly,)

I (=2 - 1))~ (@ 1 )|
+(a—lr1){(ﬁ—A+h+1)<(B—h+1)(ujl(}2)2 I (a— A+ 1) —at), )
I (=2 = 1+ )+ I - A1)+ adfly )
+(ﬂ—h+1)(—a<J1 ((B=h+2)+ J0) +ud{J5(8— h+2)

+ I (2R — 1) (v — 1) + u))} (A.2)
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Fy = (a—A+1)[(6—A+h+1)<J1(21)1((1—2h)(v— 1) — u)
—@h=1)((@+ DB (-8 +n-1)+ I (—a+5+h—2))>
+(B—h+1)w <(2h —1)(B—h+2) ((a + 10, — wg}g,l)

— 2h = 1)JY  (—a+ 28— A+ 2h) + I (1 - 2h) (0 — 1) + u)ﬂ

+(a+1) [(5 ~A+h+ 1)<J(§?1{1((1 —2h) (v — 1) +u)
—@h=1)(I (204 B+ A+ =2)—al(D (B h+1) - an}I{ID

+(B=h+ D @h=1)B = h+2) (), - vIl,) +aCh- DI},

+ I8~ a+h)((1—2h) (v +1) +2u) — IS5, ((2h — 1)(v —1) + u)ﬂ (A.3)

~

Fi=(a—A+1) [(5 ~A+h+1) ((Qh ~1)(Ho(-a+A=2) =2+ 1Y)
Fud§y (B h—1)+ 7 (2h — 1)(v 1) —|—u)>
+(ﬁ—h—|—1)((a—|—1)J1(2)0((1—2h)(v+1)+2u) +uvdyy (B +h—2)

— 030 ((1 = 2h) (0 — 1) +u) + (2h — Doy o(—a + A - 2))]

+(a+1) [(5 ~A+h+ 1)<a(1 —2n)JN o + I (20 = 1) (v — 1) — u))

+ (8= h+1)(a(t = 20) 0 + w315 h+2)

+ I 0(Rh = 1)(v — 1) +u) +uJiy (B — A+ h+ 1))} (A.4)
Fy = }hlLl{(a—AJrl)[(ﬁ—AnLthl)(((l—2h)(v—1) )

< (H04 S04 I+ wIf2) )
F(B-ht) (U(@ —om)(w— 1) ) (S, + s, + oI, + J;?g,o))
+ g8, ((1 — 2h) (u —(w—1)(A-2(B+ 1))) +(A- m)]
+(a+1) [(5 — At b 1) (u= (2h = 1) = 1) (JR 0+ I0 + Ios + ufls)
+(B=h+ 1) (= 2m)(0 = 1) = ) (wIBy + I + 9, + I

IS <(2h - 1)<u +w-1)(A—2(8+ 1))) —(A- 1)u)]
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@8- A+ h+1)((2h - - 1)(A ~2a+ 1)) + Au)
—UJ121( 5+h—1)<(2h—1)(1}—1)(A—2(a+1))—Au)}
+ 2790 (@ +1)(—a+ A —1)(~B+h—1)(5 ~ A+h+1)((2h—1)(v+1)—2u)

+(2h—1){(a—A+1)[(ﬁ—A+h+1 <2a+1 (B—A+1)
—(a=A+2) (S8 - A+ ) +20H, (B h+ 1)))
+(5—h+1)<v(—ﬁ+h—2)(UJ§°3>1( a+A—2)—2(a+1)J2(03)1)ﬂ
+(a+1)[(5A+h+1)(2aJ121( B4h—1)+alO (8- A+h)

+J1 1(=B+h— 2)(—ﬁ+h—1))]} (A.5)
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