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CONFORMAL 7-RICCI SOLITON IN LORENTZIAN-PARA
KENMOTSU MANIFOLD

RAJENDRA PRASAD ! AND VINAY KUMAR?*

ABSTRACT. The objective of the present paper is to study conformal n-Ricci
soliton on Lorentzian-Para Kenmotsu manifolds with some curvature condi-
tions. We obtained some results of conformal n-Ricci soliton on Lorentzian
Para-Kenmotsu manifolds satisfying R(¢, X).S = 0, C(§,X).S = 0 and the
condition of quasi conformaly flatness. Finally, we give examples of Lorentzian-
Para Kenmotsu manifold which admits conformal 7- Ricci soliton.

1. INTRODUCTION

The concept of Ricci flow was introduced by R.S. Hamilton [7] in 1982 to find

a canonical metric on a smooth manifold. It was formed to giving the answer
of thrustons geometric conjucture, according to this each closed three manifold
admits a geometric decomposition. After which the Ricci flow become one of
the powerful tool to study Riemannian manifolds. The Ricci flow equation for
metrics on a Riemannian manifold is given as follows

0

ot
The solution for the Ricci flow equation is known as Ricci soliton in case it
driven only by a one parameter family of diffeomorphism and scaling. M. M.
Tripathi,[20] C.L. Bejan, M. Crasmareanu, [3] analysed Ricci soliton in contact
metric manifolds. A Ricci soliton is a natural generalization of Einstein metric.
A Ricci soliton (g.V, A) on a Riemannian manifold (M, g) is defined as

Lyg+25+2X\g=0 (1.2)

where S is the Ricci tensor, £y is the Lie derivative operator along the vector field
V on M and ) is a real number. The Ricci soliton is said to be shrinking, steady
and expanding according as A is negative, zero and positive respectivily. In 1972
K. Kenmotsu [9] studied a class of contact Riemannian manifolds satisfying some
special conditions, we call it Kenmotsu manifold.

A.E Fisher [0] in 2004 introduced a new concept known as a conformal Ricci flow
a variation of the classical Ricci flow equation which has revised the unit volume

(t) = —28,;. (1.1)
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constraint of that equation to a scalar curvature constraint. In the classical Ricci
flow equation, the unit volume constraint plays an important role but in the
conformal Ricci flow equation, the scalar curvature r is considered as a constraint.
The conformal Ricci flow on M is defined by the following equation

9 , 2{ Ric(g) + %} = —pyg, (1.3)

ot
r(g) = -1

where r is the scalar curvature of the manifold, p is a scalar non dynamical
field (time-dependent scalar field), p is also known as conformal pressure. For
the study of curvature conditions on Lorentzian para-Kenmotsu and Lorentzian
para-Sasakian manifolds, we request to the reader please refer ([1],[3], [12],[15],
[17][18]).

N. Basu and A. Bhattacharya, [2, 4, 5] in 2015 establish the notion of conformal
Ricci soliton and conformal n-Ricci soliton and both equations are defined in the
following manner

2
Lyg+25=[2 - (p+ 5)}9,

2
Lvg+25+ 22 = (p+ g+ 2um @1 = 0. (1.4)

Recently, the Ricci soliton on almost contact metric manifolds has been studied
by various authors such as [10, 11, 13, 14, 19].

In this paper, we studied conformal n— Ricci soliton in a Lorentzian-Para Ken-
motsu manifolds. The paper is organized in the following ways. In section 2, we
discribe a brief introduction about Lorentzian-Para Kenmotsu manifold. Section
3, deals with the study of conformal 7- Ricci soliton in Lorentzian-Para Kenmotsu
manifolds. In section 4 and 5, we study curvature conditions R.S =0, C.S =0 .
In section 6, we discuss quasi conformally flat condition for Lorentzian-Para Ken-
motsu manifold. We also study conformal n— Ricci soliton in Lorentzian-Para
Kenmotsu manifold admitting Codazzi type of Ricci tensor and cyclic parallel
Ricci tensor. At last, we construct two examples of Lorentzian-Para Kenmotsu
manifolds which admits conformal 7- Ricci soliton.

2. PRELIMINARIES

Let M be an n-dimensional Lorentzian metric manifold. If it is endowed with
a structure (¢, &, n, g), where ¢ ia a (1,1) tensor field, £ ia a vector field, n is a 1-
form on M and g is a Lorentzian metric, satisfying

P*°X =X +n(X)E,  g(6X,0Y) =g(X,Y)+n(X)nY), (2.1)

for any X,Y € X(M), thus it is called Lorentzian almost paracontact manifold.
In the Lorentzian almost paracontact manifold, the following relations holds:

p¢ =0, n(¢X)=0, (2.3)
O(X,Y) = d(Y, X), (2.4)
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where &(X,Y) = g(X, ¢Y).
If ¢ is a killing vector field, the (para) contact structure is called K-(para) contact.
In such a case, we have

Vxé = oX. (2.5)
A Lorentzian almost paracontact manifold M is called Lorentzian-Para Sasakian
manifold if

(Vxo)Y = g(X,Y){+n(Y)X + 2n(X)n(Y)E, (2.6)
for any vector fields X,Y € X(M).
Now, we define a new manifold called Lorentzian-Para Kenmotsu manifold:

Definition 2.1. A Lorentzian almost paracontact manifold M is called Lorentzian-
Para Kenmotsu manifold if

(Vx@)Y = —g(6X,Y)§ —n(Y)oX, (2.7)

for any vector fields X,Y € X(M).
In Lorentzian-Para Kenmotsu manifold, we have

Vx§=-X—n(X)§, (2.8)
(Vxn)Y = —g(X,Y) = n(X)n(Y), (2.9)
where V denotes the operator of covariant differentiation with respect to the

Lorentzian metric g.
Further, on a Lorentzian-Para Kenmotsu manifold M, the following relations

holds:

9(R(X,Y)Z,§) =n(R(X,Y)Z) = g(Y, Z)n(X) — g(X, Z)n(Y), (2.10)
R(EX)Y = g(X,Y){ —n(Y)X, (2.11)

R(X,Y){ =n(Y)X —n(X)Y, (2.12)

R(§, X)§ = X +n(X)§, (2.13)
S(X,€) = (n—-1nX), S5(&=-(n-1), (2.14)

Q¢ = (n—1)¢, (2.15)

S(¢X,0Y)=S(X,Y)+ (n—1)n(X)n(Y). (2.16)

Now we define:

Definition 2.2. A Lorentzian-Para Kenmotsu manifold M is said to be an 7-
Einstein manifold if its Ricci tensor S is of the form-

S(X,Y) =ag(X,Y) + n(X)n(Y), (2.17)
where a and b are scalar functions on M.

Definition 2.3. A Lorentzian-Para Kenmotsu manifold M is said to be a gen-
eralized 7- Einstein manifold if its Ricci tensor S is of the form

S(X,Y) = ag(X, V) + bn(X)n(Y) + cB(X, V), (2.18)
where a, b and ¢ are scalar functions on M and ®(X,Y) = g(¢X,Y). If ¢ =0,
then the manifold reduces to an 7- Einstein manifold.
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Definition 2.4. The Concircular curvature tensor C in an n-dimensional mani-

fold M is defined by [16]

r
n(n—1)
where R is the Riemannian curvature tensor and r is the scalar curvature of the
manifold.

C(X,Y)Z =R(X,Y)Z — [9(Y, 2)X — g(X, 2)Y], (2.19)

Definition 2.5. The quasi-conformal curvature tensor € in an n-dimensional
Lorentzian-Para Kenmotsu manifold M is defined by|[15]

C(X,Y)Z =aR(X,Y)Z+b{S(Y,2)X —=S(X,2)Y +g(Y, 2)QX —g(X, Z)QY'}
— T )YV 2)X — (X, Z)Y)}, (2:20)

where a and b are constants such that ab # 0 and R, S,Q and r are the Rie-
mannian curvature tensor of type (1,3), the Ricci tensor of type (0,2), the Ricci
operator defined by g(QX,Y) = S(X,Y), and the scalar curvature of the mani-
fold respectivily.

3. CONFORMAL 7n-RiCccCI SOLITON IN LORENTZIAN-PARA KENMOTSU
MANIFOLD

Let an n-dimensional Lorentzian-Para Kenmotsu manifold admits conformal
n- Ricci soliton, then (1.4) holds, and thus we have

(Leg)(X,Y) +25(X,Y) + (2A = (p+ %))g(X, V) 4+ 2un(X)n(Y) = 0. (3.1)
We know that

(Leg)(X,Y) = =29(X,Y) = 2n(X)n(Y). (3.2)

Using (3.2) in (3.1), we get
—29(X,Y) =2n(X)n(Y) +25(X,Y)+ (2A = (p+ %))g()@ Y)+2pn(X)n(Y) = 0.
(3.3)

In vertue of (3.3), we have
SOGY) = (1= A+ D4 e ¥) + (1 - wn(Xm(Y), (3.4)

which is of the form S(X,Y) = ag(X,Y)+bn(X)n(Y), where a = (1-A+E2+1)
and b= (1 — p).
Putting Y = ¢ in (3.4), we have

S(X&) = (n=A+%+

LX), (35)

From equation (2.14) and (3.5), we obtain

p 1
1) = (g — g, -
(n )= (u )\+2+n

) (3.6)
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which implies,

u—uy_u+§+%—n) (3.7)

Thus we have the following:

Theorem 3.1. If an n-dimensional Lorentzian-Para Kenmotsu manifold admits
conformal n- Ricci soliton, then the manifold is an n- Finstein manifold of the
form (3.4) and the scalars \,p and p are related by (3.7).

4. CONFORMAL 7-RICCI SOLITON IN LORENTZIAN-PARA KENMOTSU
MANIFOLD SATSFYING R(£, X).S =0

Let an n-dimensional Lorentzian-Para Kenmotsu manifold admitting confor-
mal 7-Ricci soliton and satisfying R(&, X).S = 0. Then we have

S(R(E, X)Y, Z) + S(Y, R(¢, X)Z) = 0, (4.1)
for all X|Y,Z € X(M). By using (2.11) in (4.1), we have
S(g(X7 Y)f - n(Y>X7 Z) + S<Y79<X7 Z)f - TI(Z)X) =0, (42)
taking Z = ¢ and using (3.5) in (4.2), we get
SOCY) = (= A+ 2+ (X, 7). (4.3)

Now from (3.4) and (4.3), we get
SX,Y) = (A=) [g(X, Y)+n(X)n(Y)] = 0. = S(X,Y) = (1-p)[g(6X, ¢Y)] = 0

From which it follows that = 1 and g(¢X, ¢Y) # 0.
From (4.3), we get

1
ﬂxyj:u—A+§+ﬁmunq (4.4)
Thus we have the following important result:

Theorem 4.1. If an n-dimensional Lorentzian-Para-Kenmotsu manifold admit-
ting conformal n -Ricci soliton satisfies R(€,X).S = 0, then the manifold is an
FEinstein manifold of the form (4.4).

5. CONFORMAL 7-RICCI SOLITON IN LORENTZIAN-PARA KENMOTSU
MANIFOLD SATSFYING C(§,X).S =0

Let an n-dimensional Lorentzian-Para Kenmotsu manifold admitting conformal
n-Ricci soliton and satisfying C'(£, X).S = 0. Let’s suppose C'(X,Y)f = 0, where
[ is C* function. Then C'(§, X).S = 0, is defined. Consider C(¢, X).5(Y, Z) = 0,

which implies

S(C(6, X)Y, Z) + S(Y,C(§, X)Z) = 0. (5.1)
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From (2.19), we find that
’

ClEX)Y = (1= s

)(9(X,Y)E —n(Y)X). (5.2)

Now using (5.2) in (5.1), we have

(1= 1 =X IS(EE) —n(V)S(X,€) +9(X, OS(1.6) = S(X V)], (53)
which by putting y = ¢ and using (3.5) and (2.2), reduces to
(1= Ep IS Y) — (A4 B+ DX =0. (64)
Therefore we have, either r = n(n — 1), or
S(X,Y) = (n— A+ g + %)g(X, Y). (5.5)

Now from (3.4) and (5.5), we get
S(XY) = (1-p)[g(X,Y)+n(X)n(Y)] =0. = S(X,Y) = (1-p)[g(¢X, ¢Y)] = 0.

From which it follows that p = 1 and g(¢X,¢Y") # 0. Using p = 1 in (5.5), we
get

1
S(X,Y) = (1—/\+§+E)9(X,Y). (5.6)
Thus we have the following important result:

Theorem 5.1. If an n-dimensional Lorentzian-Para-Kenmotsu manifold admait-
ting conformal n- Ricci soliton satisfies C(§,X).S = 0, then either the scalar
curvature v is constant or the manifold becomes an Finstein manifold of the form

(5.6).

Definition 5.2. A Lorentzian-Para-Kenmotsu manifolld is said to have Codazzi
type of Ricci tensor if its Ricci tensor S of type (0,2) is non zero and satisfies the
following condition

(Vz9)(X,Y) = (VxS)(Y, 2), (5.7)

for all X,Y,Z € X(M).
Taking covariant derivative of (3.4) along any vector field Z and using (2.9), we
get

(V2S)(X,Y) = (1= p){=9(Z, X)n(Y) —g(Z, Y )n(X) = 2n(X)n(Y)n(Z)}. (5.8)
If the Ricci tensor S is of Codazzi type, then we have from (5.7) and (5.8)
(1= wig(X,Y)n(Z) — g(Z,Y)n(X)} =0, (5.9)
putting Z = &, in (5.9), we obtain
(1= w{g(X,Y) +n(X)n(Y)} = 0. (5.10)
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From which, it follows that g = 1. (since g(X,Y) + n(X)n(Y) # 0).
Putting = 11in (3.4), we get

S(X,Y) = (1—A+§+%)9(X,Y). (5.11)

Therefore the manifold becomes an Einstein manifold. Thus we have the follow-
ing:

Theorem 5.3. An n-dimensional Lorentzian-Para Kenmotsu manifold whose
Ricci tensor is of Codazzi type admitting conformal n- Ricci soliton is an Einstein
manifold of the form (5.11).

Corollary 5.4. An n-dimensional Lorentzian-Para Kenmotsu manifold whose
Ricci tensor is of Codazzi type admitting conformal n- Ricci soliton is a manifold
of constatnt curvature.

Definition 5.5. A Lorentzian-Para Kenmotsu manifold is said to have cyclic
parallel Ricci tensor if its Ricci tensor S of type (0,2) is non zero and satisfies the
following condition

(VZ2S)(X,Y)+ (Vx9(Y,Z)+ (VyS)(X,Z) =0, (5.12)

for all X,Y,Z € X(M).
Let an n-dimensional Lorentzian-Para Kenmotsu manifold admiting conformal
n- Ricci soliton and the manifold has cyclic parallel Ricci tensor, So (5.11) holds.

By taking covariant derivative of (3.4) along vector field Z and using (2.9), we
get

(V29)(X,Y) = (A=p){—9(Z, X)n(Y)—g(Z, Y )n(X)=2n(X)n(Y)n(2)}, (5.13)
simillarly, we have

(VxS)Y, Z) = (1=p){—g(X,Y)n(Z) —g(X, Z)n(Y) =2n(X)n(Y)n(2)}, (5.14)
and

(Vy5)(Z, X) = (1= p){=g(Y, Z)n(X) —g(Y, X)n(Z) =2n(X)n(Y)n(Z)}. (5.15)
Now using (5.13), (5.14) and (5.15) in (5.12), we get

(A=p{g(X, Y)n(Z2)+9(Y, Z)n(X)+9(Z, X)n(Y )+3n(X)n(Y)n(Z)} = 0. (5.16)
Putting Z = £ and using (2.2) in (5.16), we get

(1= w{g(X,Y) +0(X)n(Y)} = 0, = (1 = p)g(6X,¢Y) =0.

From which it follows that ;1 = 1. Since ( g(¢X, ¢Y) # 0 ). Now using p = 1, in
(3.4), we get

1
ﬂXszu—A+g+5muﬂq. (5.17)
Thus, we have the following:

Theorem 5.6. If an n-dimensional Lorentzian-Para Kenmotsu manifold admits
conformal n-Ricci soliton and the manifold has a cyclic parallel Ricci tensor, then
the manifold is an Einstein manifold of the form (5.17).
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6. CONFORMAL 7-RICCI SOLITONS ON QUASI CONFORMALLY FLAT
LORENTZIAN-PARA-KENMOTSU MANIFOLDS

Lets assume that the manifold M admitting the conformal n- Ricci solitons is
quasi conformally flat, that is, € = 0, then from (2.20), it follows that,

R(X,Y)Z = —S{S(Y, )X -S(X,2)Y +g9(Y,2)QX — g(X, Z2)QY }+

—(

n n—

Taking the inner product of (6.1) with £ and using equation (2.2), (3.4) and (3.5),
we get

=+ 20)(g(Y, )X — g(X, Z)Y). (6.1)

MR Y)Z) = 2[00 A+ D4 2)(g(¥, 2) + (L= pn(X)n(Z)n(X)

(=242 4 236X, 2) + (0= mn(n(Z)n(Y )+
(6= A+ + D) (g(¥, 2)n(X) — g(X, Z)n(V )]+
i

n n-—

-+ 20) (g(Y, Z)n(X) — (X, Z)n(Y), (6.2

which takes form,

WR(X,Y)Z) =~ A(g(Y, Z)(X) — (o(X, Zn(¥ (1~ A+ 24 Dy

(= A+ 24 2)(o(¥, Z)(X) ~ g(X, Z)n(V ) 1+

—(

n n-—

7 H20)(9(Y, Z)n(X) = g(X, Z)n(Y)), (6.3)

after some straight forward calculation, we get

(1—/L)b+£( a

a nn—1

+20) Hg(Y. Z)n(X) — g(X, Z)n(Y)),
(6.4)

using equation (2.10), (6.4) become

(U T o) 1) Zn(X) — g(X. 2V ) =0, (65)
Putting X = &, we get

(I—pwb r, a
a +n(n—1

= {

{ +2) = 1}(=g(Y.2) = n(Z)n(¥)) = 0.
ol Ty o)~ 1)g(0v,62) = 0, (66)

a
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from which it follows that

(1—wb r, a
(—— 19— 1) = Y, o/ .
(P D o) 1) =0 becouse [g(6Y,67) £ 0
Thus, we can state the following theorem:

Theorem 6.1. A quasi-conformally flat Lorentzian-Para-Kenmotsu manifold ad-
mits a conformal 1)- Ricci soliton then X = {2 — ¢ + & (—L=)+ L+ 1 —n} and

n—1+2b
p=1=5+ G

Corollary 6.2. If we take scalar curvature r = %, then = 0 and
A=(1+24+1—n).

7. EXAMPLES

Example 7.1. We consider the 5-dimensional manifold
M = {(21, 79,23, 24,2) € R*, 2 > 0}, (7.1)

where (21, T, 3,74, 2) are the standard coordinates in R5. Let ey, eq, €3, ¢4 and
e5 be the vector fields on M given by

which are linearly independent at each point p of M, and hence form a basis
of T,M. Define a Lorentzian metric g on M defined by g(e;, e;) = 0,7 # j where
1,7 =1,2,3,4,5 and

gler,er) = glea, ea) = gles, e3) = gleq,eq) =1 and g(es, e5) = —1.
Let 1 be the 1-form on M defined by n(X) = g(X, e5) = g(X,§) for all X € X (M)
and let ¢ be the (1,1)-tensor field on M.

By applying the linearty of ¢ and g, we have

n(§) = g(&,&) = —1, ¢*X = X +n(X)&, n(¢X) =0,

9(X. &) =n(X), g(6X,¢Y) = g(X,Y) + n(X)n(Y),

for all X, Y € X(M).

Let V be the Levi-Civita connection with respect to the Lorentzian metric g.
So, we have

le1, ea]=[e1, e3]|=e1, ea|=[ea, e3]=[e2, e4]=[es, €4]=0,

[61, 65] = —€1, [62765] = —€g, [63764] = —é€3, [64765] = —¢€4.
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The Riemannian connection V of the metric g is given by

29(VxY,Z) = Xg(Y, 2)+Yg(Z, X)— Zg(X,Y) - g(X,[Y, Z]) + g(Y, [Z, X]) +

9(Z, [Xv Y])?

which is known as Koszul’s formula. Using Koszul’s formula we easily calculate

Velel = €5, Veleg = 0, Veleg = 0, V61€4 = 0, V6165 = —€1,
v32€1 = 0, V3262 = €5, Vezeg = 0, Ve2€4 = 0, Ve265 = —€9,
v83€1 = 0, V83€2 = O, v6363 = €5, Ve3€4 = 0, V6365 = —€s3,
ve4€1 = 0, V64€2 = O, Ve4€3 = 0, Ve4e4 = €5, V64€5 = —€4,

Vee1 =0,Ve,ea=0,V.e3 =0,V eq4 =0,V e; =0.
Also one can easily verify that

Vx€=—-X —n(X)§, and (Vx9)Y = —g(¢X, V) — n(Y)oX.

(7.2)

Hence the manifold is Lorentzian para-Kenmotsu manifold of dimension 5.

Now let

5
X = ZX‘ez = X1€1 +X262 +X3€3 +X464 +X5€5,
=1

5
Y = Z Yie; = Y'les + YZey + Y3es + Yie, + YVoes,

=1

5
Z = Z Zie; = Z'ey + ZPeq + Z3es + Zhey + ZPes.
i=1
It is known that

R(X,Y)Z =VxVyZ -VyVxZ —Vxy)Z.
From (7.2) and (7.3), we can be easily calculate that
R(ey,ex)e; = ea, R(eq,e3)er = eg, R(eq, eq)er = ey, R(eq, e5)e; = es,
R(ez,e3)er = R(eq, eq)er = R(eg, e5)er = 0,
R(es,eq)e; = R(es, es5)e; = R(ey,e5)e; =0,

R(é’b 62)62 = _617R<€27 63)62 = 6373(62, 64)62 = 6473(62, 65)62 = €5,

R(el, 63)62 = R(eh 64)62 = R(€1> 65)62 =0,
R(€3, 64)62 R(eg, 65)62 = R(€4, 65)62 = 0,
R(eh 63)63 = —é€1, R(€27 63)63 = —€y, R(€3, 64)63 = €4, R(€3, 65)63 = €5,

(7.5)

(7.6)
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R(el, 63)62 == R(el, 64)62 == R(Gh 65)62 == O,
R(es,eq)ea = R(es, es5)es = R(ey, e5)ea =0,

R(Gl, 64)64 = —€1, R(@z, 64)64 = —€9, R(@g, 64)64 = —eé3, }%(647 65)64 = €5, (77)
3(617 62)64 = R(€17 63)64 = R(€1, 65)65 =0,
R(es,e3)es = R(eg,e5)es = R(es, e5)eq = 0,

R(eq,e5)es = —eq, R(ea, e5)es = —eq, R(es, e5)es = —es, R(ey, e5)es = —es,
(7.8)
R(e1,ex)es = R(ey,e3)es = R(eq,eq)es =0,
R(ea, e3)es = R(eg, eq)es = R(es, eq)ey = 0.
With the help of above expressions of the curvature tensors, it follows that
RX,)Y)Z =g(Y,2)X —g(X, 2)Y. (7.9)

From which, we get S(Y,Z) =4¢(Y,Z) = r = 20.
Now, from equation (3.4), we get

5 5 5
p 1
GZ‘S €;,€;) = 1—A 4+ =4+ - €;gle;, e ) — €;nie; €;), 7.10
>oas(ene) = {1 =X+ 5 1} S aglened) = Do enfenled. (10
after some calculation, we get

fnop
A—=—==-3. 7.11

F =3 (7.11)

Now, from equation (3.7) and (7.11), we get p =1 and A = (§ — 2).

Hence, the data (g,&, A, ) for =1 and A = (2 — &), defines a conformal n—

Riceci soiton on a Lorentzian-Para-Kenmotsu manifold M.

Example 7.2. We consider the 3-dimensional manifold
M ={(z,y,2) € R z > 0},

where (x,v,2) are the standard coordinates in R3. Let e, es, and ez be the
vector fields on M given by

) d )
61223—176222@,6322ng,

which are linearly independent at each point p of M and hence form a basis of
T, M. Define a Lorentzian metric g on M such that

9(61761) = 9(62762) =1 and g(€3, 63) =—1

Let n be the 1-form on M defined by n(X) = ¢g(X,e3) = g(X,¢), for all
X € X(M) and let ¢ be the (1,1)-tensor field on M defined as
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pe1 = —eq, ey = —eq, peg = 0.
By applying linearty of ¢ and g, we have
n(€) = 9(&,§) = -1, ¢*X = X +n(X)¢, n(¢X) =0,
9(X, &) = n(X), g(¢X, YY) = g(X,Y) + n(X)n(Y),
for all X, Y € X(M).

Let V be the Levi Civita connection with respect to the Lorentzian metric g.
So, we have

[61,62]:[62,61]:0, [61763]: —€q, [63,61]: €1, [62763}: —€2, [63762]: €2.
The Riemannian connection V of the metric g is given by

QQ(VXK Z) = Xg(YVa Z)+Yg(Z’X) _Zg(Xv Y) _g(X7 D/a Z])+9(Y7 [Z7X])+
9(Z,[X,Y]),

which is known as Koszul’s formula. Using Koszul’s formula, we easily calculate
Vee1 = —es3, Ve ea =0,V 63 =—e1,Ve,er =0, (7.12)

Ve, = —e3,Ve,e3 = —€3, Ve =0, Ve,e0 =0,V e3 = 0.
Also one can easily verify that

Vxé=—-X—nX)¢ and (Vxo)Y = —g(¢X,Y)E —n(Y)oX.

Hence the manifold is Lorentzian para-Kenmotsu manifold of dimension 3.
Now, let

3
X = Z Xie; = X'y + X%y + Xes,
i=1
3
Y = Z Yzei = Ylel + Y2€2 + Y363+,
i=1

3
Z = ZZiei = Zle, + Z%ey + Z3ey
i=1
it is known that

R(X,Y)Z =VxVyZ — VyVxZ — Vixy Z. (7.13)
From equation (7.12) and (7.13), we easily verified that
R(er, e2)er = —ea, R(ey, e3)er = —e3, R(ez, e3)er = 0, (7.14)
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R(eh 62)62 = —é€q, R(eh €3>€2 = -0, R(€27 63)62 = €3,
R(eq,e2)es =0, R(ey, e3)es = —eq, R(ea, e3)es = ea.
With the help of above exression of the curvature tensors, it follows that
R(X,Y)Z = g(Y, Z)X — g(X, Z)Y,

from which, we get
S(Y,2) = 2(Y, 2). (7.15)
The Ricci tensor S is given by

S(ey,er) = S(eg,e2) =2 and  S(es, e3) = —2. (7.16)
From (3.4) and (7.16), we get

A= (5—2)and p = 1. Thus the data (g,{, A\, ) for X = (5 — 2) and p = 1,
defines conformal 7-Ricci soliton on the Lorentzian-para Kenmotsu manifold M.
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