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CONFORMAL ITERATED FUNCTION SYSTEMS
WITH APPLICATIONS TO THE GEOMETRY
OF CONTINUED FRACTIONS

R. DANIEL MAULDIN AND MARIUSZ URBANSKI

ABSTRACT. In this paper we obtain some results about general conformal it-
erated function systems. We obtain a simple characterization of the packing
dimension of the limit set of such systems and introduce some special systems
which exhibit some interesting behavior. We then apply these results to the
set of values of real continued fractions with restricted entries. We pay spe-
cial attention to the Hausdorff and packing measures of these sets. We also
give direct interpretations of these measure theoretic results in terms of the
arithmetic density properties of the set of allowed entries.

1. INTRODUCTION: SETTING AND NOTATION

Let I be a nonempty subset of N, the set of all positive integers such that I # N.
Let J; be the set of all irrational numbers z whose standard continued fraction has
the form

b -
o+ 1
bs + —

where each partial denominator b; is an element of I. We concern ourselves here
with the geometric measure theoretic properties of the set J = J;. In particular, we
are interested in the Hausdorff, packing, and box dimension of J and corresponding
measures. It is easy to see (comp. [MU, Section 6]) that J is the limit set of
the conformal iterated function system generated by the maps ¢p(z) = 1/(b+ z),
b € I. Our investigations of J are based on this representation. We call the family
S = {¢p : b € I} a continued fraction system and I the base for the continued
fraction system.

The paper is organized as follows. Later in this section we recall from [MU]
some major features of general conformal iterated function systems. In section
2, we present some new results for general conformal iterated function systems.
In particular, we introduce the absolutely regular systems which naturally occur
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4996 R. DANIEL MAULDIN AND MARIUSZ URBANSKI

among the continued fraction systems. For regular systems, we obtain some useful
necessary and sufficient conditions for the Hausdorfl measure of the limit set J to
be positive and also necessary and sufficient conditions for the packing measure to
be finite where the dimension parameter for both of these is the Hausdorff dimen-
sion of the limit set J. We also give a simple and useful characterization of the
packing dimension of the limit set in terms of the Hausdorff dimension of J and
the box counting dimension of the set of first iterates of a point in the limit set,
J. In section 4, we apply these results to continued fraction systems. It turns out
that when these characterizations are applied to a continued fraction system, these
results have direct interpretations in terms of some arithmetic density properties
of the set I. So, in section 3, we discuss some of these density notions. Some of
these notions do not seem to have been discussed before. Again, in section 4, we
give the relationship between these density properties and Hausdorff measure and
dimension. In section 5, we give the corresponding properties for packing measure
and dimension. In section 6, we examine some particular continued fraction sys-
tems. Various examples are given throughout the paper. The results of this paper
include a detailed analysis of those continued fraction systems when the index set
I is an arithmetic progression, the set of powers of a given integer, the set of all
integers raised to a given exponent, and the set of prime numbers. Finally, we end
the paper with some problems which remain unsolved.

Many papers have been written on estimating or determining the Hausdorff
dimension of particular sets of continued fractions. The most detailed work has
concerned the case where the index set [ is finite. We mention here the papers
of T.J. Cusick [Cu], I.J. Good [Go], and D. Hensley [He]. However, none of these
papers have dealt with the finer geometry of these sets, e.g., whether the Hausdorff
measure in the dimension is positive or finite, but have mainly concentrated on
other interesting aspects of these finite systems. Also, none of these papers have
dealt with the corresponding properties of the packing measure. It is after all
a relatively new concept introduced independently by D. Sullivan and C. Tricot
in the 1980’s. We shall be using several theorems concerning packing measures as
presented in Mattila’s book [Ma]. If the index set I is finite, then both the Hausdorff
and packing measures are positive and finite and each is up to a multiplicative
constant the conformal measure corresponding to the system. Here we concentrate
on new phenomena which occur when the index set I is infinite. In this paper, we
demonstrate that there are many continued fraction systems where the Hausdorff
measure is trivial but the packing measure is, geometrically speaking, the correct
measure or conversely. We also provide examples for which none of these measures
is nontrivial.

We now recall the setting and some of the results developed in [MU] which
will be used in this paper. Let X be a nonempty compact subset of a Euclidean
space R?. Let I be a countable index set with at least two elements and let S =
{¢i : X — X :i € I} be a collection of injective contractions from X into X for
which there exists 0 < s < 1 such that p(¢;(z), ¢:(y)) < sp(x,y) for every i € T
and for every pair of points z,y € X. Thus, the system S is uniformly contractive.
Any such collection S of contractions is called an iterated function system. We are
particularly interested in the properties of the limit set defined by such a system.
We can define this set as the image of the coding space under a coding map as
follows. Let I* = J,,~, I™, the space of finite words, and for w € I, n > 1, let
o = Py 0Py 00y, . f w € I*UI™ and n > 1 does not exceed the length of w,
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we denote by w|, the word wiws...w,. Since given w € I°°, the diameters of the
compact sets ¢, (X), n > 1, converge to zero and since they form a descending
family, the set

) Por (X)
n=0

is a singleton and therefore, denoting its only element by 7(w), defines the coding
map 7 : I*° — X. The main object of our interest will be the limit set

J=n(I*)= ] [ Gun(X).

wel>*® n=1

Observe that J satisfies the natural invariance equality, J = (J;c; ¢i(J). Notice
that if [ is finite, then J is compact. However, our main interest centers on systems
S which are infinite. Some of the essential properties of J depend upon an object
which appears only when [ is infinite. Let X (00), the “asymptotic boundary,” be
the set of limit points of all sequences ¢;(X), ¢ € I’, where I’ ranges over all infinite
subsets of I. The geometric behavior of the system at X (co) directly affects the
geometric properties of the limit set J. For an infinite continued fraction system
the only element of X (c0) is 0.

An iterated function system S = {¢; : X — X : i € I} is said to satisfy the Open
Set Condition (abbreviated (OSC)) if there exists a nonempty open set U C X (in
the topology of X) such that ¢;(U) C U for every i € I and ¢;(U) N ¢;(U) = 0 for
every pair i,j € I, 1 # j.

An iterated function system S satisfying OSC is said to be conformal (c.i.f.s.) if
the following conditions are satisfied.

(a) X is a compact connected subset of a Euclidean space R? and U = Intga (X).

(b) There exist o, ! > 0 such that for every x € X C R there exists an open cone
Con(z, uy, a,l) C Int(X) with vertex z, direction vector u,, central angle of
Lebesgue measure «, and altitude .

(¢) There exists an open connected set X C V C R? such that all maps ¢;, i € I,
extend to C'*¢ diffeomorphisms of V into V and are conformal on V.

(d) Bounded Distortion Property(BDP). There exists K > 1 such that |¢/,(y)| <
K|¢l,(z)| for every w € I* and every pair of points z,y € V, where |¢! ()|
means the norm of the derivative.

Each continued fraction system S = {¢p(x) = 1/(b+x) : b € I} satisfies properties
(a)—(c). We take X = [0,1]. For V, we take an open interval such that X C
V C (—1/4,5/4). To check the bounded distortion property, we note that if w =
(b1, ..., by), then ¢ (x) = (—=1)"/(gn + vqn—1)?. Thus, |¢/,(y)| < 4|4, (z)|, for every
pair of points x,y € X. So, we may take the distortion constant K as close to 4
as we like by adjusting the open interval V. There is one small point about these
continued fraction systems. If 1 € I, then the system is not uniformly contractive,
since ¢} (0) = —1. However, this is not a real problem, since the system of second
level maps, {¢p,p, : b1,b2 € I}, has the same limit set and is uniformly contractive.

As was demonstrated in [MU], conformal iterated function systems naturally
break into two main classes, irregular and regular. This dichotomy can be deter-
mined from either the existence of a zero of a natural pressure function or, equiv-
alently, the existence of a conformal measure. The topological pressure function P
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4998 R. DANIEL MAULDIN AND MARIUSZ URBANSKI

is defined as follows. For every integer n > 1 define

Yalt) = D LI

wel™

and

P(t) = lim llogwn(t).
n—oo n

For a conformal system S, we sometimes set g = 11 = 1. The finiteness parameter,
fs, of the system S is defined by inf{t : () < o0} = 0g. In [MU], it was shown
that the topological pressure function P(t) is non-increasing on [0,00), strictly
decreasing, continuous and convex on [#,00) and P(d) < 0. Of course, P(0) = oo if
and only if I is infinite. In [MU] (see Theorem 3.15) we have proved the following
characterization of the Hausdorff dimension of the limit set J, which will be denoted
by dimpg(J) = hg.

Theorem 1.1. dimy(J) = sup{dimy(Jp) : F C I is finite} = inf{t : P(t) < 0}.
If P(t) =0, then t = dimpg(J).

We called the system S regular provided that there is some ¢ such that P(t) = 0.
It follows from [MU] that ¢ is unique. Also, the system is regular if and only if there
is a t-conformal measure. A Borel probability measure m is said to be t-conformal
provided m(J) =1 and for every Borel set A C X and every i € I

m(gi(A)) = /A 641t dm
and

m(i(X) N ¢;(X)) =0,
for every pair i,j € I, i # j.
A system S = {¢;}ier is said to be strongly regular if 0 < P(t) < oo for some
t > 0. As an immediate application of Theorem 1.1 we get the following

Theorem 1.2. A conformal system S is strongly reqular if and only if h > 6.

In [MU] we called a a system S = {@; };cs hereditarily regular or cofinitely regular
provided every nonempty subsystem S’ = {¢;};c1, where I’ is a cofinite subset of
1, is regular. A finite system is cofinitely regular and for an infinite system, we
showed in [MU] that whether a system is cofinitely regular can be also determined
from the pressure function:

Theorem 1.3. An infinite system S is cofinitely or hereditarily regular if and only
if PO) =0 y@) =0 {t: Pt) <o} =(0,00) & {t:9(t) < oo} = (6,00).

Theorem 1.4. Fvery cofinitely reqular system is strongly regqular.

Note that Example 5.4 of [MU] is a regular, but not strongly regular system.
Also, Example 5.3 of [MU] may be adjusted to yield a system S of similarity maps
of [0,1] into [0, 1] with ¢4 (t) = +oo, if t < 1/2 and ¢1(1/2) < 1. Now, add finitely
many similarity maps to S so that 11(1/2) > 1. This system is strongly, but not
cofinitely, regular.

We also need another characterization of the finiteness parameter 6, Theorem
3.23 of [MU]:

Theorem 1.5. 0g = inf{dimyu(Js/): S’ is a cofinite subsystem of S}.
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2. RESULTS FOR GENERAL CONFORMAL SYSTEMS
First, let us introduce another subclass of the regular conformal systems.

Definition. A system S = {¢;}ics is said to be absolutely regular if and only
if every nonempty subsystem of S is regular.

The following two statements are obvious.

Theorem 2.1. A system S is absolutely regular if and only if every non-empty
subsystem of S is cofinitely regular.

Corollary 2.2. FEvery absolutely reqular system is cofinitely regular.

Like cofinitely regular systems, whether an infinite conformal system is absolutely
regular can also be completely determined by the behavior of the pressure function.

Theorem 2.3. Let S = {¢;}icr be infinite. The following conditions are equiva-
lent:

(1) S is absolutely regular.
(2) s =0.

Proof. (2) = (1). Assume (2). Then for every infinite subsystem S’, 8s, = 0, and
since, ¥g/(0) = oo, S’ is regular. Thus, S is absolutely regular.

(1) = (2). Suppose 8 = 0 > 0. Since S is infinite, we may assume that
I =N = {1,2,3,...}. Define inductively I,, an increasing sequence of finite
subsets of I, as follows. Set Iy = () and suppose that I,, has been determined.
Let M, = max1I,. Since ¥(6(1 —27")) = oo, there exists a finite subset A,, of
[M,,+1,00) such that ||¢}]|?2 " < 272! for alli € A, and 2" < Z |62

€A,
< 2"*1. Then by setting 1,41 = I, UA,,, we finish the recursion for the sequence
{L.}n>0. Set F = U I,. By construction, F' is infinite. Since Z ol <
n>0 1€A,

2-2n-1 Z [9]|°0=2"") < 27" we conclude that

€A,
vr@0) =YY P <Y 2 =2 <00,

n>0i€A,, n>0
Also for every 0 <t < 0 there exists k such that ¢ < 6(1 — 2_”“). Thus,
e =YY el =D D 4100 =Y 2 = oo
n>kicA, n>ki€A, n>k
Hence, 0 = 0 and ¢ p(0r) < 2 < co. Therefore, the subsystem generated by F' is
not cofinitely regular and the system S is not absolutely regular. O

For a regular conformal system with P(h) = 0, we know that H"(.J) < oo, where
H"(J) denotes the Hausdorff h-dimensional measure. It is possible for the measure
to be zero. In Lemma 4.11 of [MU] we gave a sufficient condition for H"(J) > 0.
In the next theorem we extend this result, by giving some necessary and sufficient
conditions for the Hausdorff measure to be positive.

Theorem 2.4. Let S = {¢;}icr be regqular. Then the following statements are
equivalent.

(1) H"(J) > 0.
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(1) 30 < L < 00 Iy > 1 such that for all i € T and for all r > ~diam ¢;(X),
there is some x € ¢;(X) such that

m(B(z,r)) < Ll

(2) 30 < L < 00 Iy > 1 and there exists a finite set F such that for alli € I\ F
and for all r > ~diam ¢;(X), there is some x € ¢;(X) such that

m(B(z,r)) < Lr".

(2") 30 < L < o0 Y7y > 1 there exists a finite set F' such that for alli € I\ F and
for all r > ~ diam ¢;(X), there is some x € ¢;(X) such that

m(B(z,r)) < Lr".

(3) 30 < L < 0o 3y > 1 and there exists a finite set F' such that for alli € I\ F
and for all r > v diam ¢;(X), for all x € ¢;(X)

m(B(z,r)) < Ll

(3") 30 < L < 0o Vv > 1 there exists a finite set F such that for alli € I\ F and
for all r > v diam ¢;(X), for all x € ¢;(X)
m(B(z,r)) < Lrh.

Proof. Obviously (3') = (3) = (2) = (1) and (3') = (2/) = (2) = (). It is
straightforward to show that (1’) = (2). Lemma 4.11 of [MU] shows that (1’) = (1).
In order to show that (1) implies (3') suppose that (3’) fails. Then for every L >
1/ dist" (X, V) there exists j € I such that m(B(z,r)) > Lr* for some x € ¢;(X)
and some r > diam(¢;(X)). Let Ji be the image under 7 of all words of I*° such
that each element of I occurs infinitely often. Consider z € Jy, z = m(w) € I*° such
that w,41 = j forsomen > 1. Then there exists z, € ¢;(X) such that z = ¢, (zn).
Since r < 1/L'" < dist(X,0V), all the geometric consequences of the bounded
distortion property listed in Section 2 of [MU] are applicable to the ball B(x,r).
In particular, we get |dy,|, (2n) = Pu|, ()] < D||¢:}|n||r and B ((bw‘n(x), ||¢;‘n||r) D
bu|, (B(@,r)). Therefore, B(z, (D +1)[|¢, |Ir) D by, (B(z,r)). By conformality
and (BDP), this implies that

m (B, (D+ D)lle i) = K"ll6l, |['m(B(e,1) = KLl |I"r"

w|n ’
h L
- ((D+ 1)||¢;‘n||7") KMD+1)F

Using Theorem 2.8(1) of [MU], we get H"(J;) < C/L, for some constant C inde-
pendent of L. Now, letting L — oo we conclude that H"(.J;) = 0. By Theorem 3.8
and Corollary 3.11 of [MU], m(J \ J1) = 0. This in turn, in view of Lemma 4.2 of
[MU], shows that H"(J \ J1) = 0. Thus, H"(J) = 0 and therefore (1) = (3'). The
proof is finished. O

Similarly, we have some necessary and sufficient conditions for the packing mea-
sure to be finite. We denote the h-dimensional packing measure by P". For its def-
inition and other information about packing measures and dimensions the reader
may look at the book [Ma] by P. Mattila for example.

Theorem 2.5. Let S = {¢;}icr be regular. Then the following statements are
equivalent.

(1) P(J) < .
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(1) 3L > 03¢ > 03y > 1 such that for all i € I and for all r with vdiam ¢;(X) <
r < & there is some x € ¢;(X) such that

m(B(z,r)) > L.

(2) 3L > 03¢ > 03y > 1 and there exists a finite set F such that for alli € I\ F
and for all r with vdiam ¢;(X) < r < & there is some x € ¢;(X) such that

m(B(z,r)) > Ll

(2) AL > 03¢ > OVy > 1 there exists a finite set F' such that for alli € I'\ F and
for all v with ~diam ¢;(X) < r < & there is some x € ¢;(X) such that

m(B(z,r)) > Lir".
(3) 3L > 03¢ > 03y > 1 and there exists a finite set F such that for alli € I\ F
and for all x € ¢;(X) and for all r with vdiam ¢;(X) <r < ¢
m(B(z,r)) > Lr".
(3) 3L > 03¢ > OV > 1 there exists a finite set F such that for alli € T\ F and
for all x € ¢;(X) and for all r with ydiam ¢;(X) <r < &
m(B(z,r)) > Lir".
Proof. Tt is straightforward to show that (2) = (1’). Lemma 4.10 of [MU] shows
that (1) = (1). Clearly, (3') = (3) = (2) and (3') = (2') = (2). Finally, by way of
contradiction, let us assume (1) holds and (3') fails. Fix L > 0,€ > 0. Then there
are ¥ > 1,4 € I and ydiam ¢;(X) < r < £ such that for some z € ¢;(X), we have

m(B(z,r)) < Ll

Since the system is regular, there is a Borel subset B of J with m(B) = 1 and such
that each point z of B has a unique code, w, and (0™ (w)) is in the ball B(x,r/2)
for infinitely many n’s. For such a point z and integer n > 1, we have

MG (B(m(0" (@), 7/2))) < [|0L,, [ m(B(w(a™ (@), 7/2)) < ||¢L,, 1" Lr".
But, by the bounded distortion property of the system,
Puln(B(m(0" (@), 7/2)) D B(z, 4], 1K~"r/2).

So, m(B(z, ||¢)Zd|n|\r/2K)) < (|\¢;‘n|\r/2K)h(2K)hL. Using Theorem 2.9(1) of [MU],
we get P(J) > PMJNB) > (2K)""L~'. Now, letting L — 0 we get P"(J) = oc.
This contradiction finishes the proof. O

We close this section with a stronger form of Lemma 4.15 of [MU]. This improved
version will be directly applied to continued fraction systems in Section 5. For
completeness, and to avoid confusion, we have included a proof since part of the
hypothesis was unfortunately left out of the statement of Lemma 4.15.

Theorem 2.6. Let {¢; : i € I} be a regular conformal iterated function system.
Suppose that there exists a subset ) # Z C X (00) such that for every z € Z there
exist i(z) € I and a set R(z) C (0,dist(X,0V)) such that

(a) ¢i(z)(B(z,sup R(2)) NJ) = ¢iz) (B(z,sup R(2))) N J,

(c) inf{% cz€Z,reR(z)} =0.
Then P"(J) = oc.
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Proof. First notice that since ¢;(.) is one-to-one, ¢;.)(F' N J) = ¢;)(F) N J, for
all z € Z and all F' C B(z,sup R(z)). Let Jo = m(Xw), where 3o C X is the
set of all sequences containing each finite word infinitely often. Of course, J, has
full measure. Fix € > 0 and take z € Z and r € R(z) such that m(B(z,r)) < erh.
Fix 2 = 7(w), w € Y. Then there exists ¢ > 1 such that ¢, ,,(X) C B(z,7/2)
and w, = i(2). Now, x = ¢, (7(0%w)), where o is the shift transformation on the
coding space, I"V. So, using (BDP.3) of [MU], we get

m(B(z, K7|¢y, 117/2)) < m(dy, (B(n(0%w),1/2))) < m(¢y|,(B(2,7)))-
Using the facts that ¢, (B(z,7)) C X, and condition (a) holds, we have

m(¢w|q(B(z,r)))=m(¢w|q1(¢wq(B(z,7"))):/¢ " ))ﬂJ”(bL;\q,l”hdm

-/ Iy, @I dm(a)
¢wq (B(z,r)NJ)

= [l G DI, W dm)

B(z,r)NJ
B B(z,r)NJ 6L, " dm < [1¢l,, [["m(B(z,7)) <||g], ||"er"
z,r))N
= (QK)_l(H(b;\q||7“)hg(2K)h'

Since we may require g to be as large as we wish and since r > 0 is bounded
from above, the numbers (2K)~'||@,,, ||r converge to zero and we finish the proof
applying Theorem 2.9(1) of [MU]. O

Recall that the Hausdorff dimension of a probability measure m is defined by
dimg(m) = min{dimg(E) : m(E) = 1}. In Theorem 3.24 of [MU] we have shown
that the Hausdorff dimension of the conformal measure of every regular system for
which the series Y, ; — log(||¢[)]|¢;[|" converges is equal to the Hausdorff dimen-
sion of the limit set. In the proof of Corollary 2.25 of [MU] we have demonstrated
that this class of systems comprises all the strongly regular systems. Here we shall
prove a complementary result for the packing dimension of the conformal measure
m, dimp(m) = min{dimp(E) : m(E) = 1}.

Theorem 2.7. If S is a regular system and the series ;- ; —log(||¢}||)[| ¢} || con-
verges, then dimp(m) = dimg(J) = dimg(m).

Proof. We shall first show that

log([|¢r,,.II)
2.1 L Py TV I
(21) 2 Tog(1df,,. D

for almost every w € I*°. Indeed, applying Birkhoff’s ergodic theorem similarly as
it has been done in the beginning of the proof of Theorem 3.24 of [MU], we conclude
that for almost every w € I*° the limit

lim % log(m(¢wn(J)))

exists and is independent of w. Since for all w € I*° and all n > 1, K_h||¢;‘n||h <
m(y), (J)) < |6, ||, formula (2.1) is therefore proved. Denote the set of points

(1

satisfying (2.1) by Z. Fix € > 0. Consider w € Z. For ny sufficiently large, we have
log(l|¢},, 1) = (1+¢e)log(l[¢],, ,II) for all n>ng or equivalently [|¢7, [I/[l¢], Il =

Wln-1
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19, ,II°. For every r > 0, let n be the least number satisfying B(m(w),r)
bu|, (X). Then m(B(m(w),r)) > K_h||¢;‘n||h and r < D||(b;‘n71||, where D is
given by (BDP.2) of [MU]. If r is small enough, then n > ng and therefore

& 11"
m(B(r(w),r) = K¢, II"- H > (DK)~hp~hephthe,
W‘nfl
Thus, dimp(w(Z)) < h+ he and since m(Z) = 1, we conclude that dimp(m) < h.
Since dimp(m) > dimg(m), the proof is finished. |

Finally, we close this section by characterizing the packing dimension of the
limit set J of a conformal iterated function system. As recalled in Theorem 1.1, we
showed in [MU] that the Hausdorff dimension of J is given by dimg(J) = inf{t :
P(t) < 0}. It turns out the packing dimension is determined by the box counting
dimension of the “level one” portion of the orbits of points of J and the Hausdorff
dimension of J. For z € X,n € N, set L,(x) = {¢u(z) : w € I"}. We recall that
N, (E) is the minimum number of balls of radius < r needed to cover a set E. We
also make some notation. If ' C X and R C I*, we denote the set |J,,p ¢u (F)
by O(F,R). If R = I", n > 1, we write O(F,n) for simplicity. In the sequel, we
will need the following fact concerning conformal systems. Namely, from (BDP.2)
of [MU], there is some number D > 1 such that

diam(¢, (V) < D[],
for all finite words w.

Lemma 2.8. Let {¢; : i € I}ia conformal iterated function system. Then
dimp(J) = M = sup{dimg(J), dimp(L,(x)) : 2z € J, n € N}.

Proof. Recall from Theorem 3.1 of [MU] that dimp(J) = dimg(J). Fix t > M.
Since P(t) < 0, there is some @ such that if ¢ > Q, then ¢,(t) < 47% and if
lw| > @, then ||¢,|| < 1/4. Fix ¢ > @ and x € J. Choose A such that for all
D >r >0, N.(Ly(z)) < Ar~*. Now, choose B such that if 1 < r < D, then
N,.(J) < Br~' and such that B > 4" A/(1 — 4%4,(t)).

We will show by induction that for each n € N, if 1/n <r < D, then N,.(J) <
Br~t. This inequality holds for 1. Suppose it holds for n and 1/(n+1) <r < 1/n.

Let Cpy1 = {w € 17 : diam(¢,(J)) < 1/2(n+ 1)}. Since J = (Uwecm %(J)) U
(UwEIq\C7L+1 d)w(‘])) , We have

No(J) € Nijany (D) € Nyjsy | | ¢(D) | + Z N1y (@w(J))-

UJEC”+1 WEI‘I\C”+1

For w € I?\ Cy41, we have

N1y (@0 (1) < Nijaniion 1n(4) < Nujemrniio, i ()-
Since ||¢L]] < 1/4 < (1/2)(n/n + 1), we have 1/n < 1/(2(n + 1)||¢L,]]). Since
1/(2(n+1)) < diam(¢,(J)) < D||¢. ||, we have 1/(2(n + 1)||¢,,||) < D. So, by the
induction hypothesis, N1 /(n11)(¢u(J)) < B (2(n + D||6LID" . Next, we claim that
Nijn+1)(Upec, ; P0(J)) < Nijan+1))(Lq()). To see this, let B(y;,1/(2(n+1)))
be a collection of balls of radius 1/(2(n + 1)) covering Lq(x). Suppose z € ¢, (J),
where w € Cp41. Then |z — ¢, (z)] < diam(¢,(J)) < 1/(2(n + 1)). For some
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Ji|ow(x) —yj] <1/(2(n+1)). So, the balls B(y;,1/(n+ 1)) cover Uwecnﬂ b (J).
Our claim follows from this. Since n+1 < 2/r,

N,(t) < A2'(n+ 1) + 3 B2 n+ 1l lI" < 4[4 + By, ()]~ < Br.
lwl=q

This completes the induction argument. It now follows that dimg(J) < t. From
this we have, dimp(J) = M. O

Our goal is to show that we can replace the supremum in Lemma 2.8 with a
simple maximum. We use two propositions to accomplish this.

Proposition 2.9. If S is a c.i.f.s., then for all x,y € X, and alln > 1
dimp(O(x,n)) = dimp(O(y,n)).

Proof. First notice that it suffices to prove this equality for n = 1 since for every
n > 1 the collection of maps {¢, : w € I"} forms a conformal iterated function
system again. With this setting notice that
(2.2)
I>1% > 0Vz € RE#{i € T: B(z,7)N¢i(X) # 0 and diam(¢;(X)) > r/2} < M.
To see this (¢f. proof of Lemma 4.11, [MU]) denote the set of such i’s by F and
consider ¢ € F with this property and fix y € B(z,7) N ¢;(X). We repeat here a
crucial geometric condition from the definition of a conformal system. The “cone
condition” (2.10) of [MU] states: there exists 0 < 8 < « such that for all z € X
and for all w € I*
(2.3)

9.(Int(X)) > Con (6 (2). 8. D |6 ]]) > Con (6, (x). 8. D diam(9, (X))

where Con (¢u(z),3,D7|¢,||) and Con (¢u(z),3, D~? diam(X)) denote some
cones with vertices at ¢, (), angles 3, and altitudes D~1||¢.,|| and D=2 diam(X)
respectively. Thus, there exists a constant P > 0 such that

A(¢i(X) N B(z,2r)) > A (¢i(X) N Con(e;(x), B, min{r, D~ diam(¢;(X))})
> X (Con(¢i(x), B(2D*)"'r)) > Pr?,

where © € X is such that ¢;(x) € B(z,2r). Since all the sets ¢;(Int(X)) N
B(z,2r), i € E, are mutually disjoint, #E < % < Zd%. So, it suffices
to take M = 2dPVd. In order to prove the proposition, it is enough to show that
dimp(0(z,1)) < dimp(O(y, 1)). Towards this goal, take 0 < r < diam(X) and let
I, = {i € I : diam(¢;(X)) < r/2}. Then N,(O(y,I)) < N,/2(O(z,1)). Clearly,
we have N,.(O(z,I\ I,)) < #(I\ I,.), for all 2 € X. On the other hand by (2.2),
N (O(z,I\1.)) > #(I\ I,)/M. Hence,
N (O(y,1)) < Nr/Q(O(xv 1)) + N.(O(y, I \ 1))

Therefore,
— 1 . -— r ;
o 08N (0 1) _ o og N, (O, 1)
r—0 log r r—0 log r
The proof is finished. O
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Lemma 2.10. If S is a c.i.f.s., then for all x € X and for alln > 1,
dimp(O(z,n)) = dimp(O(z,1)).

Proof. By Proposition 2.9, we may assume that € Int(X), so B(x,p) C Int(X)
for some p > 0. First, we shall show that 0 < dimg(O(x,1)). To see this, fix
t>1t—s>dimg(O(z,1)). Then fix ¢ > 0 and consider the set

Ie)={icl:Kep™' <||¢i(z)|| < 2Kep™'}.

Since the balls B(¢;(z),e) with i € I(e) are disjoint, N.(O(x, 1)) > #I(¢). Since
for all € > 0 small enough e=% > e7*N_(O(z, 1)), we get for all k large enough, say
k > ko, the following:

ST gl < > 2K 2RI < 2 K pTt Y 27 M Ny (O(a, 1))
)

k>ko i€ l(2-F k> ko k>ko

< (2Kp~ 1! Z 27k < (2Kp_1)t1 < 0.

k>ko

— 92—s

Since limzen ||¢5|| = 0, the set I\ Uysy, I(27%) is finite, and therefore ¢ > 6.
Letting t — dimp(O(x, 1)), we get 05 < dimp(O(z,1)).

Now, fix t > dimg(O(z,1)) again. We shall show by induction that for all n > 1
there exists 0 < A,, < oo such that

N.(O(z,n)) < Ap,r™t,

for all 0 < 7 < 2D. Indeed, the existence of A; is immediate as t > dimp(O(z, 1)).
Suppose that 0 < A,, < oo exists. To prove the existence of A, 11,set [; = {w € I":
diam(¢,, (X)) < r/2}. Then N.(O(z,I1 x I)) < N, /2(O(z, 1)) < Ny jo(O(z,n)) <
20 A, r~t Ifw € I"\ I, then N,.(O(z, {w} x 1)) < N, jjj¢r |(O(x, 1)) < Al|],|[Fr77,
where the second inequality sign holds since r/||¢,|| < 2 diam(¢,, (X))/||¢L,]] < 2D.
Thus, since t > g,

No(O(z,n+1)) < 2" A" + Ayr™" Y Il < 2P Anr™" + Ay (B)r
weln\I
= (2'A, + Ay ()t
The proof is completed by setting A, 1 = 2tA,, + A1 (t). O

As a corollary of Lemma 2.8 and Propositions 2.9 and 2.10, we have a simple
means of obtaining the packing dimension of the limit set.

Theorem 2.11. Let {¢; (i€ I} be a conformal iterated function system. Then
dimp(J)=max{dimy(J), dimp(L1(z)) : x € J}=max{dimgu(J), dimp(L1(z0))},
where xg s any given point in X.

3. ARITHMETIC RELATIONS

In this section we collect some basic arithmetic definitions and relations. We
begin with the following notation. If I is a subset of N and 1 < p < ¢ < oo are two
real numbers, then by #I(p, ¢) we denote the number of elements of the intersection
IN|p,q]. If p=1, we frequently use the notation Sq(I) for #I(p, q).
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Lemma 3.1. If I C N and 0 < k <1 < 2k, then for all s > 0

(kD) <= Li(n) _ #1(k,D)
(l—/c)sn;c n2 = (1—k)s’

where the comparability constant depends only on s.

Proof. The proof follows immediately from the following computation.

k)* = 1i(n) 12 K 1i(n)
(l—k)sz n2s “(z—k)sz n2s

n=~k n==k
2 1 #(I(k,n)
= — Inlk _—. O
TNk ==
Lemma 3.2. For each I C N and for each 0 <t <1
n—)oo 7’1, n— 00 n

Proof. We may assume that lim,,_ . #17(11’") > 0. Let d = (1 —27)]limy, oo #Ifllt’n).
#I( k 2k+1)

Suppose on the contrary that hm < d. Then there exists ¢ < d such

k00 9kt
that for every k > 1 large enough, say k > .S, we have M < ¢. So, for every
k>S5,
#1(23 2’f+1 2’“: 1(27 2J+1) 20—k}t z’“: Gkt 1
— — - 1 — 2=t

Thus,

T (C B » (Ct Lo BRI

e

Now, since for every n > 2,
#I(Ln) _ #1(1, 2008 )

nt — (2[log2 n] )t ’
we get
— #I1(1,n) c — #I(1,n)
lim,, 0 o < e < hmn_,OOT.
This contradiction finishes the proof. O

We now provide the reader with several definitions of objects and properties
associated with infinite subsets of N which are intended to measure the ”size” of

those sets.
We first define the lower density dimension of a set I C N. Given ¢t > 0, let
o #1(k,1) 2kl
o,(1) —lll_Iil_l)I(li{ — b :k <l and A(k+l)ﬂl7é®

where given ¢ > 0, A(t) = NN [t — 1,¢ + 1]. Notice that
inf {t 1o,(I) < oo} = sup {t:gt(l) > O}.

This common value will be called the lower density dimension of I and will be
denoted by oD(I).
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Similarly, we define 3D(I), the upper density dimension of a set I C N, as
follows. For each ¢t > 0, set

i #1(k,1) Y #1(k,1)
gt(I)—lllfrliiLiE{(l_k)t k<lklel —lll_II]:il(l)g (= h) k<.

Notice that
inf {t:9,(I) < oo} =sup{t:g,(I)>0}.

This common value will be called the upper density dimension of I and will be
denoted by 9D(I). Clearly oD(I) < oD(I), and if these two numbers are equal,
the common value will be denoted by oD(I).

A subset I C N is said to have the strong arithmetic density 0 if for every ¢ > 0,

lim Sn(1)

n—oo M

=0.

We say that two subsets of N are strongly equivalent if their symmetric difference
is finite.

Suppose that I C N. A subset A C I is said to be a cluster of [ if and only if
AN[min(A),sup(A4)] = A. By the length of A we mean the number sup(A4)—min(A4).

A subset A C [ is said to be a punctured cluster of I if and only if there is
x ¢ A with min(A) < = < sup(A) such that [min(A4),sup(A4)] \ {z} = A. Notice
such an z is determined uniquely and by the lower length of A we mean the number
min{z — min(A),sup(4) — x}.

The following lemma, whose straightforward proof is left to the reader, provides
some elementary properties of the notions introduced above.

Lemma 3.3. Suppose that I,I' CN. Then

(a) 0 < oD(I) <TD(I) < 1.
b) If I' is strongly equivalent with I, then oD(I") = oD(I) and 9D(I") =2D(I).
¢) If I contains arbitrarily long clusters, then gD(I) = 1.
d) If N\ I contains arbitrarily long punctured clusters, then oD(I) = 0.

)

(S

—~ N~

If p is a polynomial of degree d > 1, then the set I, = {[p(n)] : n € N} has

density dimension 1/d.

(f) If I is equivalent with a subset of a geometric sequence, then it has arithmetic
density dimension and 9oD(I) = 0.

(g) If I is an infinite subset of N with upper densily dimension zero, then I has

strong density zero. If in turn I has strong density zero, then it is of lower

density dimension zero.

Let us relate the density dimensions of I to the finiteness parameter of the
continued fraction system with index set I.

Lemma 3.4. If I C N, then oD(I) < 20(I) <2D(I).

Proof. Since I is infinite, there exists an infinite subset F' of I such that [n/2,2n]N
[m/2,2m] = ), for all distinct elements m and n in F'. Since 67 > 0, in order to prove
the first inequality we may assume that ¢D(I) > 0. Fix then any 0 < s < oD(I).
By the definition of the lower density dimension there exists a constant M > 0 such

that #1(k,1) > M(l—k)°, for all k < [ with [ —k large enough with A(g—f_ll)ﬁf # 0.
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Assuming the first element of F is large enough, we then make the estimates

P1(s/2) < Z 5722—11 —-—#I( n2n)

nel nEF k=2n

1 /4 \° M2s
>M — | = 1=00
2k (5 - sy

nekr

Hence, s/2 < 6(I) and the first inequality is proven. In order to prove the second
inequality fix ¢ > gD(I) and then auxiliarily 9D(I) < s < t. By the definition
of the upper density dimension there exists a constant 0 < M < 4oc0 such that
#I1(k,1) < M(l —k)*® for all k£ <. Then

2n+1

1 n n
=YY = 3 ey
n>0 k=2 n>0
1 ns s—t)n
SMY gm2m=) 27 <o
n>0 n>0
Hence, t/2 > 6(I) and we are done. O

We end this section with some basic results concerning sets of density zero.

Theorem 3.5. Let [ = {n; < na < n3 < ...} be an infinite subset of N. The
following four statements are equivalent.

(1) I has strong arithmetic density zero.

1
(2) For each t >0, Znel < 00.

v
(3) For eacht >0, hm — =0.

k—oo N

(4) The continued fraction system S = {¢p}per is absolutely regular.

Proof. For each t > 0, we have by summation by parts

" 1 1
(3.1) ;11( Zsk [E‘ (kﬂ)t} + (n+1)t5n(1).

So, Sor_, 11(k)k1—t < tZk 1 k kf + (n+1)tS Assume I has strong density zero.

Then M; = sup,,5, 228 < oo, limy, oo 220 = 0, end for all ¥, Sell) < Dz
now follows that Ek:l 1(k)gr < tMyjo Y 4_ ) 77 and consequently oner ot <
oo. Now, assume statement (2) holds. Then from (3.1), it follows that for each
t > O,m% < 00. This in turn implies that that for each ¢ > 0, lim,, Sfl’}) =0.
Hence (1) and (2) are equivalent. Now, given n > n; take k such that ny < n <
Ng+1. Then

Eo_Sul) _k+1

t t -
nk+1 n le

Thus (3) and (1) are equivalent. Since condition (2) means that ; = 0, the
equivalence of (2) and (4) is established by Theorem 2.3. The proof is finished. O

One can use the summation by parts formula to obtain another characterization
of the finiteness parameter of a continued fraction system:
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Theorem 3.6. Let I C N. Then the finiteness parameter 01 of the continued frac-
tion system with index set I satisfies:

—5

0r = inf{t : lim — < oo},
n—oo n
The following example completes the part (g) of Lemma 3.3.

Example 3.7. Consider I = {2" +4i:n > 0,0 <4 < n — 1}. Then I has positive
upper density dimension equal to one and also has strong density zero.

4. HAUSDORFF MEASURES AND DIMENSIONS

We begin this section with the following general theorem linking arithmetical
properties of the set I and geometrical properties of the corresponding limit set.

Theorem 4.1. For a reqular continued fraction system with index set I, the fol-
lowing conditions are equivalent:

(a) Hh(J]) =0.

(b) For some ~ > 1, sup{w

rh

m(B(¢i(X),r))

rh

el r Z’ydiam(cpi(X))} = o0.

(c) For each ~v>1, sup{ el r> ”Ydiam(‘Pi(X))} = 00.

1
(k1)" Li(n)
d = 00.
R 2 e =
Proof. First, let us assume statement (a) holds and fix ¥ > 1. Since statement
(2) of Theorem 2.4 is false, the ratios m(B(z,7))/r" with € ¢;(X) and r >
~vdiam(¢(X)) can be made arbitrarily large. Thus, (a)=-(b). Clearly, (c)=(b).

Next, let us assume vy > 1 is such that the supremum in statement (b) is
oo. Let L > 0. We will show that condition (3") of Theorem 2.4 fails with v =
7o + 1. First, note that if j € I and r > ydiam(p;(X)), then m(B(¢;(X),r))/r" <
(ydiam(¢;(X)))™". Let F C I be finite. Let

T = max {th, (ydiam p;(X))™":j € F}.

Choose i € I and rg > ~pdiam(p;(X)) such that m(B(¢;(X),r0)) > (T + 1)rf.
Thus, i € I\ F. Let © € ¢;(X) and r = (1 4+ 1/v)ro. Then r > v diam ¢;(X) and
B(z,7) D B(pi(X),70). So, m(B(x,r)) > Lr". Thus, by Theorem 2.4, H"(J;) = 0.
So, (b)=(a).

Now, assume statement (d) holds. We show that statement (b) holds with v = 1.

(k1)"

e
on T will be specified later. Choose ¢ € I such that the distance from 1/i to
1/2(1/k 4+ 1/1) is minimum and let r = max {|1/(i+1)—1/({+1)],|1/k — 1/i|}.
So, r < 1/k—1/l and

m(B(gi(X),r))
rh

l
1
Choose k < [ such that - E ISZ) > T > 0, where a positive lower bound
n
n=~k

> (KM

!
(k)" Li(n) o oo
(1 — k)" Z n2h 2 KT
n=k
h l
1
L)h 3 Tflgf) with 7 < diam(¢;(X)) =
n=k
1/i(i + 1), where r is chosen as above have a uniform upper bound. To see this

kl
Let us note that the quantities (l(
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note that in this setting k = ¢ and I < i(i +1)/(i — 1). S PR Z n2h i
(kDM 1 2 (kl)h

- Il < 2k, then ———— < -

bounded above by I—RF 2 =) 1 < 2k, then =0 = (kl) and us

ing the bounds on I, we get the quantity uniformly bounded above. If 2k < [,
(kD)? i(i+1)
<

(l—khr =\ i-1
Therefore, we also have r > diam(¢;(X)), for T' sufficiently large. Thus, (d)= (b)

Finally, let us assume statement (c) holds and take v = 1. Let m(B(¢;(X),r))/r"
> T, with r > diam(¢;(X)). Choose k < [ such that [1/(I — 1),1/k + 1] C
B(¢:(X),r) and 1/k,1/1 gé B((bi(X),r). Then 1/k — 1/l < 4r and

then , and again the quantity is uniformly bounded above.

ny U(B(0:(X), 7))
k)h Z th > (47" o :
From this, we see (c) = (d). O
Corollary 4.2. If I C N generates a regular continued fraction system and if
— I(1
llmn—>oo # (h’ n) == 5
n
then H"(Jr) = 0.
Proof. For every k > 1 we have
(k- 2k)h & _ g i’“: 10(1) g #L2K) o #1, 28)
(2k — k)h 4 th = n2h (2k)2h kb

Thus an 1mmed1ate application of Theorem 4.1 and Lemma 3.2 finishes the proof.
|

As an immediate consequence of this result we get the following.

Corollary 4.3. Let I be a base for a regular continued fraction system and let h
be the dimension of the system. If for some t > h, limsup,,_, . W > 0, then
HA(J) = 0.

Proposition 4.4. If I is a base for a continued fraction system and H"(Jr) > 0,
then h > 26.

Proof. Since the Hausdorff measure is a conformal measure, the system is regular.
By Corollary 4.2, M = sup,, #I(l ") < 0. Suppose by way of contradiction that
h < 26. Thus 6 > 0 and there ex1sts 0 <t < @ such that h < 2t. Then we can write

I[2n, 2+t
YLy oy 4 z#wﬂ

nel n=0 keIn[2n,2n+1)

Z #I| 2" 2 ") gzt o 2"M

71_2 @i=h) < 0.

Hence, 1)1 (¢) is finite Wthh contradicts the definition of § and finishes the proof. O

Since by Theorem 4.7 of [MU], h < 1if I # N, as an immediate consequence of this
proposition, we get the following
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Corollary 4.5. IfI # N is a base for a continued fraction system and H"(Jr) > 0,
then 6 < 1/2. In particular, if I is the set of all prime numbers, then H"(J;) = 0.

Proof. Since p,, < nlogn, it easily follows that if I is the set primes, then 6; = 1/2,
¥1(1/2) = 0o and the system is strongly regular. |

Let us also note the following, in a sense stronger, consequence of Proposition 4.4.

Corollary 4.6. Let the infinite set I be the base for a continued fraction system.
If H'# (Jp) > 0, for every cofinite subsystem F of I, then I has strong density 0.

Proof. Since the Hausdorff measure is a conformal measure, the system is regular.
Suppose that I does not have strong density 0. Therefore by Theorem 2.3 and
Theorem 3.5, §(I) > 0. Thus, applying Theorem 1.5 and Lemma 3.19 of [MU] we
see that there is a cofinite subsystem F of I such that hp < 20(F'). This contradicts
Proposition 4.4 and finishes the proof. O

Lemma 4.7. Suppose I C N, I # N and I contains arbitrarily long blocks; then
H"(Jr) = 0.

Proof. By way of contradiction, suppose H"(.J;) > 0. By Theorem 4.1.7 of [MU]J,
the system is regular. If I has a block from & to [, then

l l
(k0)" li(n) (kD) 1 (k)" (1—k) _ k., 1—h
U— k)" ; nh (I — k)P n; w2 Gy () U=k
If additionally [ < 2k, then (%)"(I1—k)'=" > 27"(1—k)*~". Since h < 1 and since I

has arbitrarily long blocks (I — k — oo) with the property that | < 2k, we complete
the proof by invoking Theorem 4.1. O

Lemma 4.8. If I CN and h = dimg(Jr) > oD(I), then H"(J;) > 0.

Proof. Since h > gD(I), there exists a constant M > 0 such that #I(k,1) <
M(l — k)" for all 0 < k < [. Thus, it follows from Lemma 3.1 that

!
(k)" 1;(h)
S < .
0 T 2 T <%

If 1> 2k > 0, then (2 =< B0 — k* and therefore, for | > 2k,

l l 0o
(k)" L(h) _ o~ Li(h) e Li(h)
(l_k)hnZ:anh Akén% Skén%
co 29t1Eg—1

=khz Z 1;7(h gkhi #(mgj‘:ﬁmk])

j=0 n=2ik =0
#(I N [27k, 271 K))
kh 4 272h kP

8

By Lemma 3.4, h > 9D(I) > 26 > 0 and, therefore, by Theorem 1.2, I induces a
regular system. Thus, an application of Theorem 4.1 finishes the proof. O
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Corollary 4.9. If I is strongly equivalent to {a™ : n € N}, for some a € N;a > 2,
then H"(Jr) > 0.

Remark. As it follows from the proof of Lemma 4.8, it suffices to require the exis-
tence of a constant M > 0 such that #1(k,l) < M (I — k)" for all 0 < k < [ which
is weaker than the assumption h = dimy(Jr) > oD(I).

Remark. Since there exist absolutely regular systems I with arbitrarily long blocks,
it is possible to have H"(J;) = 0 for an absolutely regular system.

Theorem 4.10. If oD(I) < 1, then the strong equivalence class of I contains an
element F with H"* (Jp) > 0. More precisely, there exists a number q > 1 such
that if F is strongly equivalent with I and F D 1 U [1,q|, then H"F (Jg) > 0.

Proof. In view of Theorem 1.1 there exists ¢ > 1 such that dimu(Jp) > 0D(I)
provided F' 2 [1,¢]. So, we finish the proof applying Lemma 4.8. |

Remarks. Notice that combining Theorem 4.10 and Lemma 3.3(e) and (f) gives rise
to a method of producing a large class of sets I with H"(.J;) > 0. We also note
that the property of being cofinitely regular is invariant under strong equivalency

whereas regularity is not.

Lemma 4.11. Let I C N, k > €2, and | > k. The function gi, defined by t —
kD'l 1i(n) - . )

U=k Y ek e 18 mon-increasing.

Proof. One simply calculates

¢ ! —Inn
dhalt) = 2 (2 —2)2_: L)~ lan)

If k> e thenIn(£-)—2>0and 1 —Inn < 0 for all n > k > 2. Thus, 9, (1) <0
and we are done. (]

One may generalize Proposition 4.4:

Lemma 4.12. Let I C N. If ((kl) Z;:k 1711(2?) < M < o0, for some s > 0, then
s > 20.

Proof. Fix t > s/2. Then

00 2n+1 2n+1 00

14(
2n(s—t I s 2n(s—t —ns
1=3 5 L < Shen S M) <o Sy
n=0 j=2" j=2n n=0
275M
§—1_2S_2t<oo.
Thus, t > 6 and letting ¢ \, s/2, we get s/2 > 6. O

Theorem 4.13. If I C N and H"'(J;) > 0, then H"=(Jg) > 0, for every system
E D I such that E\ I is finite.

Proof. As hg > hy, it follows from Theorems 4.1 and 4.11 that

_ 11n
sup k hEZ%hE)<oo

k>1 sk

. 1 1 - 1

Since nEz,(lZ) = sk ngﬁj;), for k large enough, sup;~; k he Dok nEg,(lZ) <
00. Also, the system E is regular, since every system containing a regular system as
a cofinite subset is regular. Invoking Theorem 4.1 again, we get H"#(Jg) > 0. O

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



ITERATED FUNCTION SYSTEMS AND CONTINUED FRACTIONS 5013

5. PACKING MEASURES AND DIMENSIONS

We begin this section by giving some necessary and sufficient conditions for the
packing measure to be finite for regular systems. Since the packing measure is more
complex than Hausdorff measure, we must analyze separately those index sets [
which are cofinite and those which are not. It is in the proof of Theorem 5.1 that the
use of the harmonic mean of k and [, H(k,l), in connection with packing measure
becomes essential.

Theorem 5.1. For a reqular continued fraction system with index set I, the fol-
lowing three conditions are equivalent:

(a) Ph(J) < oo.

(b)
l 00
: (kD) 17(n) e N Li(n)
B g2 e 70 and Y S >0
A(ZE)NTAD n=~k n=k

(¢) For some ko, no,
l S
. (k)" 11(n) - eon N (1)
ko<k}££no<l = k)h Z 2R >0 and 111§1£k Z T > 0.
A(ZL)nIA n=k n=k

Proof. Clearly, (b)=(c). Suppose (c) holds for some given kg, ng. Since the quanti-
ties in the first infimum in (b) are uniformly bounded away from 0 if [ — k& < ng, we
need consider only the quantities where k < kg and [ > k + ng. If the infimum of
these quantities is 0, then there are some fixed k < ko and an infinite sequence of I’s
such that the quantities converge to 0. But, the limit of this sequence of quantities
is k" x (¢1(h) — X F 21 L0y which is positive. Thus, (¢)=(b).

Now, suppose that condition (a) is satisfied. We will show that the first inequality
in (c) holds with kp = 6 and ng large enough (we will indicate that no < 49
suffices). Consider k + 49 < I, k > 6 and such that A(,f—_’f_ll) NI#Q. Letielbe
a point closest to 2kl/(k +1). Then k < i < [ and there exists x € (H%l, 1) N Jr.
Set r = min{1/k — z,x — 1/I}. Tt can be shown under these conditions that the
inequalities 1/(: +1) — 1/l > 1/i(i+ 1) and 1/k — 1/i > 1/i(i + 1) hold. It now

follows that r > diam(p;(X)). Also, l%l <z—r<z+r <+ and therefore

1 1 11
B(z,r)NJ; C {——} ni= J [——} N.J.
I+17k JE[kJINI j+1 J

It also follows from the conditions on k£ and [ that the following inequalities hold:
1/k =1/l < 4(1/k —1/i) and 1/k — 1/l < 4(1/i + 1 — 1/1). From this we get
1/k—1/1 < 4r. Since condition (2') of Theorem 2.5 with v = 1 holds, we find there
is a positive number L such that

0
n=~k

- ’f’h‘

So, the first infimum in (c) is positive. To see that the second infimum is positive,

note that for each k, W = kP Z;:k 1;l§§f>. Consider two cases. First,

suppose that there exists 2 < j € I such that j — 1 ¢ I. If the infimum is
zero, then the assumptions of Theorem 2.6 are satisfied with Z = {0}, i(0) = j,
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and R(0) = {1/k : k > 4}. Hence, P"(J;) = co and we have a contradiction.
Otherwise, ] = Nor I =N\ {1}. Then § = 1/2 and for all k > 2

kh i 11(”) _ kh i % — khk1_2h _ kl_h.
n
n=~k

— n2h
Since limy_,o0 k'~ = 00, our infimum is also positive in this case.

Finally, suppose that condition (b) is satisfied. We will show condition (2) of
Theorem 2.5 holds. Let M > 0 be the first infimum appearing in (b). Fix v > 1
which will be specified later on. Consider ¢ € I and v/i(i + 1) < r < 1/i. Set
k=[1/(+7)]+1andl=[1/(} —r)] -1 Then 5 + } < 2 < 25 + 5 which
equivalently means that H(k—1,{+1) <14 < H(k,l+2), where H(a,b) = 2ab/a+Db,
the harmonic mean of a and b. Since H(k — 1,1+ 1) < H(k,l+ 1) < H(k,l + 2)
and H(k,l +2) < H(k,1+1)+1 < H(k — 1,1l + 1) + 2, there exists (a,b) €
{(k=1,14+1),(k, 1 +1),(k,l + 2)} such that |H(a,b) — 4| < 1 which means that

i € A(a,b)NI. Moreover, r < 3 (27— 5) < 4(2—%). Choosex € JN(1/i+1,1/i)

so close to 1/i that B(z,r) D U;jc[l/j +1,1/4]. We get

m(B@,1) | 4n_(ab)" <lz h(n))

h = PRV 2h
r (b—a) —n

(@) [ 11(n) 1 1 1 1
> 4" (b—a)h (; 2 (k=12 (k)2 (1+1)2 (l+2)2h>

ab)" " 1s(n 1 ab)"
24 (b(_fm (; ;2,}) - (b—a)(h(l)c— Tz

Now,
(ab)h < (ab)h < ( a )h_

(b—a)r(k—1)2" = (b—a)r(a—1)2" a—1 (b —a)hal
provided that k and [ — k are large enough (depending only on M) and then
m(B(z,r))/r" > 47"M/2. But k will be as large as we wish by taking 4 suf-
ficiently large and since | — k > ri® > Hilz > /2, I — k will be as large as
we wish choosing 7 large enough. Applying now Theorem 2.5(2) we finish the
case when r < 1/i. In case r > 1/i, set k = [1/(} 4+ 7)] + 1 as before. Then
1/i+r > 1/k and therefore taking = € J N (1/(i + 1), 1/i) sufficiently close to 1/,
we get B(z,7)NJ D (0,1/(k+1))NJ =U,>p1[1/(n+1),1/n] N J. Thus

<

bh M
87

m(B(z,r)) _ K" X 17(n)
P D Dl
n=k+1
Since 1/r > %ir >k—1,
m(B(@,r) _ nn N L) oy (R 1) n N Lin)
— oz KM=t Y = KT () (D" D S
n=k+1 n=k+1
Taking 7 large enough, we get £ > 2 and ’Zﬁ > 1/3. Since the second infimum in
(b) is positive, the proof is completed. |

Lemma 5.2. If P"(J) < oo, then h < 26.
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Proof. Let A > 0 be the first infimum appearing in Theorem 5.1(b). If [ € I is

large enough and k = [21/3], then |2kki22ll) —1] < 1. So,

A Hh & W HLCU3,20) _ #1(21/3,20)
k—I—ZZ h Z th = 12h 1h )

Since I is infinite, there exists an infinite sequence F C I such that [21/3,2]] N
[25/3,25] = 0 for all distinct elements ! and s of F. Hence,

V1 (h)2) = Z >> Z —vz 2lh#121/3 20) >_Z2—

lel IEF n=21/3 leF leEF
Thus, h/2 < 0 and we are done. O

Combining this lemma and Proposition 4.4 we get the following
Proposition 5.3. If H"(J) > 0 and P"(J) < oo, then h = 26.

The proof of the following consequence of Lemma 5.2 is similar to the proof of
Theorem 4.9.

Theorem 5.4. Let I C N induce a reqular continued fraction system and suppose
0 < 1/2. Then there exists a number q > 1 such that if F is strongly equivalent
with I and F D [1,q], then P (Jp) = oo

Proof. In view of Theorem 1.1, there exists ¢ > 1 such that dimg(Jp) > 26 if
F D [1,q]. Now applying Lemma 5.2 along with the fact that strongly equivalent
sets have the same finiteness parameter, 6, finishes the proof. O

We shall now prove the following.

Lemma 5.5. If N\ I contains punctured clusters of arbitrarily large lower lengths,
then Ph(J;) =

Proof. By assumption, I contains an infinite sequence of triples (a,n,b) and a <
n < b, I N[a,b = {n} such that min(b — n,n — a) — oo. For each such triple,
let » = inf{s : 3/4 < s < 1l,a < [sn],[rn/2r — 1] < b—1}, let k = [rn] and
Il =1[rn/2r —1]. Then k — oo and | — k — oo. Also, if n is large enough, then

A(,f_]f_ll) NI#0,and [k,]]NIis a singleton contained in A(,f_]f_ll) Therefore,

M khlh Z g khzh k+0\" _ (k+D*
T n2h T U=k \ K T (= k)P (k)P
2h

lh

l
U ——| R E—
- (I —=k) (k)" kh(l — k)
Since max{k,! — k} > 1/2 and since both numbers k and (I — k) diverge to oo,
it follows from this estimate that M} ; — 0 over such pairs of k£ and [. Thus an
application of Theorem 5.1 finishes the proof. O

Corollary 5.6. Let I be the set of prime numbers. Then P"(J;) =

Proof. Tt is known that the primes have arbitrarily large two sided gaps (see
[E],[M]). The corollary follows. O

Theorem 5.7. Let I C N be a proper infinite subset of N. If #1(k,1) = (I—k)" for

all k < 1 with A( ]3_’7_[1) NI # 0, then the first infimum in Theorem 5.1(b) is positive.
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Proof. Consider k < [ such that A( ) N1 # (). Suppose first that [ < 2k. Then

l
kl o2 1 (—k)"
lo)h Z n2h = k)h#f(k’l)ﬁ > (- k)P =1

If I > 2k, then we can find j such that [k,I] D [4,24] and A(,f_’ill) (j+2j) # 0.

Since the points of A(,f_’f_ll) are of order k and % = 24, we see that the numbers

k and j are of the same order. Hence
1

1 2
@WAZQWZQ

n=k n=j
h oy L h:h —2h k"
= kH(5,2)) -y = KT = =
J J
= 1.
This implies the first infimum in Theorem 5.1(b) is finite. O

Lemma 5.8. If liminf, ST" > 1-—
5.1(b) is positive and 0 =1/2 .

%, then the second infimum in Theorem

Proof. Tt is straightforward to check that ¢(1/2) = co. By summation by parts
and the fact that h > 1/2, we have

o 17(n) — 2hS,  Sj-
h I h n k—1
& Z n2h 2k [Z n2h+1 " L2k
=k

n==k

Now, there exists ¢ > 1 — ﬁ such for all sufficiently large k,

> 17(n) =1 Sk—
h I h k—1
o3> et 3 |- 5
n=k n=k
°h S 2h
> pl-h _ Pkl S p1-h _
K [Zh—lc P R Pt

Since 2h 7¢—1 > 0, this implies the second infimum in Theorem 5.1(b) is positive.
O

Corollary 5.9. If I C N has bounded gaps, in particular, if I contains an infinite
arithmetic progression, then P"(J) < co.

Proof. If I has gaps bounded by d, then the lower arithmetic density of I is > 1/d.
Also, we have #I(k,l) = (I — k) for k and [ — k large enough. So, by Theorems
5.7 and 5.8, both infima in Theorem 5.1(c) are positive and P"(J) < cc. O

Remark. There are subsets I with bounded gaps and which do not contain an
infinite arithmetic progression.

We shall now formulate a sufficient condition for the first infimum in Theo-
rem 5.1(c) to be positive.

Proposition 5.10. Let I = {a, : n > 1} be a subsequence of positive integers such
that if ap, — 1 ¢ I, then I N [apn,0) D [an,2a,]. Then with h =1 the first infimum
in Theorem 5.1(c) is positive.
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Proof. Let us fix k,l € N such that A(Z2)N 7T # @ and | — k > 10. Choose

k+1
ce A(lf_’fl) N1 # () and then fix a cluster of the form [a,2a] containing c. Let us
explore several cases:
Case 1. [k,1] C [a,2a]. Then
il Li(n) kL I—k k1
l—k n? I—k 2 1 =2

Case 2. [a,2a] C [k,1]. Since a < ¢ < 2k, we get

>

Q|

N
OO|}—l

1
kl 17(n) a 1kl
== >
l_k; n? l—anQ l—k4a2 4(l—k)a —

Case 3. k ¢ [a,2a] and | € [a,2a]. Since ¢ € A(g—_’f_ll) we get, [ — ¢ > l(ll;:) — 1.
Since also 2k > ¢ > a > 1/2, we get

!
kl 17(n) 1 kl l—a
>
l—knzzk n? *l—k 2*1 k12
k(- c) kl(l—k) k k k
> — = —
By —ll-k)(I+k) W(I-k 1+k II-k)

I
— e~
—~
o~

I

Case 4. k € [a,2a) and | ¢ [a,2a]. Since L > 2!:5??, we get

= >
l—k n?2 T c+l-k — 27 c+1-k 4a®
20*(2a—k) 1 2a—k

a?(c+1—k) 2c+1—k

l 2a
kl 17(n) < 2k(c+1) Z 1 2k(c+1) 20—k
n==k

c—k
c+1—k

v

1
2

The proof is finished. O

Remark. By Lemma 4.11, the infimum considered in Proposition 5.10 is positive
forall0 < h <1.

We shall now construct two examples showing that in general the two inequalities
in Theorem 5.1(c) are mutually independent.

Example 5.11. Here we construct an example of a regular system showing that
the second infimum in Theorem 5.1(c) may happen to be zero although the first
one is positive. It goes as follows. Fix 1/2 < s < 1. We will define by induction
an infinite sequence {a, : n > 1} such that for Iy = (J,,~[an,2ay], the second
infimum, taken with this s, in Theorem 5.1(c) fails to be positive. Indeed, set
a1 = 1 and suppose that a,, is already defined. The first restriction on a,; is that
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Gn+1 > 2ap,. Then

> 1 =1 1
(2a, +1)° Z 5 < 3%a; Z 5% < 3%, G,?l.;_zls
j=2an+17 jmant1 25 -1

26 — 1 CLnan—i-l

Since 1 —2s < 0, we can find a,,4+1 > 2a,, so large that

3821—25 o 1-2s 1

9s 1 nfnl S T

The construction of I is finished. The first infimum in Theorem 5.1(c) is positive by
Proposition 5.10 and the second one is zero by (5.1). We now define the set I adding
to I; an initial segment of the form [1,2p] so long that dimg(Jr) > maz{s,0r}.
Then I induces a regular system (see Theorem 1.2), I continuous to satisfy the

assumptions of Proposition 5.10 and the second infimum in Theorem 5.1(c) is zero
by (5.1), Lemma 4.11 and since I N[2p + 1,00) = I; N [2p + 1, 00).

(5.1)

Example 5.12. We shall now describe a regular system for which the first infi-
mum in Theorem 5.1(c) is zero but the second one is positive. Indeed, let I =
Unso (47,247 U{3-2"}). Then the complement of I contains arbitrarily long
punctured clusters and therefore the first infimum in Theorem 5.1(c) is zero by
Theorem 5.5. In order to check that the second infimum is positive, given k > 1,
consider n > 0 such that 4™ < k < 4*+!. Then

2.4mF1

Ool](j) n 1 n n+1 1 _1
k; 2 24 > AT T T

j=an+t
Since ; = 1/2 and ¥;(1/2) = oo, the system generated by I is cofinitely regular.
We are done.
Example 5.13. Consider I = |J,-q ([4",2-4"] U {3-2"}). Then I has posi-
tive arithmetic density, unbounded gaps and P"(J;) < oco. This is so, since the
assumptions of Proposition 5.10 are satisfied and since the second infimum in The-
orem 5.1(c) is positive which we check in exactly the same way as in Example 5.12.
Notice that the sets I considered here and in Example 5.12 differ only by a rather

thin set {3 - 2"} but the limit sets they generate have substantially different geo-
metrical properties.

Theorem 5.14. If P"(J;) < oo, then limsup,, .., % > 0.
Proof. By summation by parts,

zl:h(n)_ : g (L 1 LS5 S
— n2h - . n n2h (n+1)2h (l+1)2h (k)?h'

n=

If limsup,,_, o % =0, then, for each k,

= 17(n) - 1 1 Sk Spn Sk-
h I h k—1 n k—1
K =k ZS”(W_(n—i—l)?h)_ k2h‘| jsggm— L
n==k n=~k n=

But, the right-hand side converges to 0 as k — oco. Thus, the second infimum in
Theorem 5.1(b) is not positive and we have a contradiction. (]
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Corollary 5.15. If I is the base for an absolutely regular system, then P"(Jr) = oco.
Question. Does 0 < P"(J;) < oo imply liminf, o £ > 07

Lemma 5.16. Let I C N. If, for some s > 0, we have k* Z;:k % > L >0, for
all k> 1, then s < 26.

Proof. For all k > 1,
1](TL) 11(n)k5 1](71)
> =k° > L.

n>k n>k

Therefore, ¢y (s/2) = 32°° 20 — o6 S0, 0 > /2. 0

n=1 ns

Theorem 5.17. IfI C N and P (J;) < oo, then P"E(Jg) < oo, for every cofinite
regular subsystem E of L

Proof. Let ko be such that F N [kg,00) = I N [kg,00). Using Lemma 4.11 we see
that condition (c) of Theorem 5.1 is satisfied for the system with base E. Thus,
Phe(Jg) < oo. O

We finish this section with its most constructive theorem whose proof shows how
to produce sets of arithmetic density zero, but whose limit sets have finite packing
measure.

Theorem 5.18. There exist infinite sets I C N such that the induced continued
fraction systems are strongly regular, H"(J;) = 0, P"(Jr) < 0o, and both numbers
0r and hy are arbitrarily close to zero.

Proof. Fix an integer p > 4 and 3 < a < p — 1. We will show that if the integer w
is large enough, then the systems generated by the sets of the form

I=1I(p,aw) = U [nP + n?]
n>w

satisfy the requirements of our theorem. We shall show first that the system gen-
erated by the set of entries I = I(p, @, w) is strongly regular and 07, .w) = 1;—;‘.
Indeed, this follows from the following computation:

nP4+n® 1 1 1
OEDEDY 2 > = > n2pt—a’
n>w j=nP n>w n>w

Let, as usual, h denote the Hausdorff dimension of Jy, the limit set generated by
the set I(p, o, w). By Lemma 4.7, H"(J;) = 0. In order to prove that P"(Jr) < oo,
we shall demonstrate that the assumptions of Theorem 5.1(c) are satisfied. Indeed,
in order to verify that the second infimum in Theorem 5.1(c) is positive it suffices

to check that liminfy o My > 0, where M, = kP» 32,0, S0 1= We do it

j=np
as follows.
nP4+n®
Mk _ kph E E j_2h — kph E n—2phno¢ _ kph E na—2ph
n>k j=npP n>k n>k
[ele] kph
= kph xa—2ph dr = [xa—2ph+1]zo'
k a—2ph+1

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



5020 R. DANIEL MAULDIN AND MARIUSZ URBANSKI

Notice now that since h > 0; = 1;—;‘, we have a — 2ph + 1 < 0, and therefore
M, < kE*~Ph+1 Hence

(a.1) liminf My, > 0 & o > ph+ 1.

In order to check that the first condition of Theorem 5.1(c) is satisfied, set
1

Mk 1= (kl)h Z n_2hﬂ1 (n)
) (1— k)h _ (pyw,c)

We want to show that Mj; with A(,f_’fl) NI(p,w,a) # @ are bounded away from

zero. Let m be the only integer with (n — 1)? < k < nP, and let m be the only
integer with mP <1 < (m + 1)P. We shall consider several cases:

Case 1. m > n+2. Then we may estimate the number M}, ; from below as follows.

hml]+] 1

kl m—1
My = k)" > 2 2 PR Z 2ph']

j=n s=jP

h m§ ! 2 h kl)h ot 2ph
SQX— 2P Qa—zp
(I—k)h — k)" /n v e

(kl) 1 ae am
IR o aphp(m DO =t
(nm)ph 1 a—2ph+1 a—2ph+1
(Y ey Y
(nm)Ph lta—2ph _
T (mt 1 —(n-1) )h((m—l)p—np)x T
for some x, where n? < z < (m — 1)P. We continue the above estimates as follows.

—_

1+a—2ph—p
P

My, > =(nm)P'z (mP —nP)t=h,

\]

Since 1 4+ o — 2ph — p < 0, we get
My = (nm)P"m

- n”h(m” — n”)l_hm

itetehop (mP — nP)t="

1+a—2pz+p2h—p

Thus, if

(a.2) 1+ a—2ph+p*h—p >0,

then the quantities My ; with m > n + 2 are bounded away from zero.

Case 2a. We now assume that (n — 1)? <k <nPand (n+ 1)P +(n+1)* <1l <
(n+2)?. Then

n2vh = (I— k) " 2ph

=D ((n+2) — (n—1)p)" = e

. ( ki )h (n+1)« n2ph n®
My =
' k

[e3

So, if

then My ; is bounded away from 0.
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1)¢. We shall show

Case 2b. (n—1)? <k<nPand (n+1)P <I< (n+1) +(n+
= (). And indeed, for this

that in this case if n is large enough, then A( 5_’3)
intersection to be empty it suffices to know that

2kl
Pppe < S0 LN | 1)?.
n’ +n <k+l and k+l+ <(n+1)

But the harmonic mean ,3—_’7_3 takes on its minimum if £ and [ are minimal and it

takes on its maximum if k and [ are maximal. Thus our task reduces to check that

2(n1)P(n+1)? L and 2nP((n+1)P + (n+ 1))
- ol

(n=1)P 4+ (n4+1)? nP+ (n+ 1P+ (n+ 1)

provided n is large enough. This can be verified by a straightforward computation.

n? +n® <

<(n+1)"

Case 3. (n—1)? <k <n? and n? <1 < (n+1)P. We shall consider three subcases.

Case 3a. n? +n® <1< (n+ 1)?. Then

s (K L | _onh
e T P i
_n“ o n® _n°
(=K~ (n+1) —(n— 1)p)h np—1h
_ na—(p—l)h'

So, again if & — (p — 1)k > 0, then we are done.
Case 3b. n? <l <nP4+n*and (n— 1)+ (n—1)* < k. Then

kO\" 1 I —nP
M= (—) = (—nPs1)s —
k’l—(l—k> (=" ) = =

But since A(2% 2kl YN 1T # B, we conclude that 2L > P — 1. So, l—nP >1—q— 1.

Kt T+l
But since | — ,f_’fl > (1 —k)/3, we get
1l-k)—1
Mkl>Mx(l—k)l_htl.

T (I—=k)h
Case Sc. n? <l <nP+n*and (n—1)P <k < (n—1)?+ (n—1)* Then for all n
large enough
2nP(n —1)6p > (n” + (n — 1)) ((n — 1) + (n — 1)* + 1)
or
% S (=17 4 (n— 1)+ 1.
So,
2kl 2nP(n —1)P
k+1 = nP+(n—1)p

>n—1)P+n-1)%+1

and consequently A( ﬁ_ll) > nP. But then

k" 1 W (1—a\" _ /1\" N
= [ — e (e = | — > | = — >
Mk,l (l—k) kh(l q) (l—k) = (3> (l k) _1,

and we are done in this case.
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Case 4. (n —1)? < k <1 < nP. In order for A(,f_’fl NI#0, (n—1PF <k <
(n—=1P+(n— 1)~

Case 4a. | < (n—1)? + (n—1)*. Then

k" 1 -
<|—) -=U-k)=U—-k) ">
My, <l_k) arl=k) = (=R =1,

and we are done.

Case 4b. (n—1)P + (n —1)® < l. Let ¢ = #%. We then get
K\" 1
Mk,lt< ) ' m—1)P4+n-1)*—k
L=k ((n—l)p—l—(n—l)a)%( )
>(n—l)p—i—(n—l)o‘—k q—k
- (L= k)" (=R
Now, ¢ —k > (I — k)/3, so Mg, = (I — k)'=" > 1 and we have finished this last

case.

Since @ > pf + 1 and h — 0 as w — oo, if w is large enough o > ph + 1. The
proof is completed. O

6. DIMENSION RELATIONS AND FURTHER EXAMPLES

In this section, we give some examples of strongly regular systems with dimy(J)
< dimp(J) and some examples with equality of these two dimensions.

Theorem 6.1. Let I, = {n? : n > 1}. If p > 2, then dimp(J,) = hy, >
1/p, H"(J1,) >0 and P"(J;)) =

Proof. Since N\ I, has punctured clusters of arbitrarily long lower lengths, P"(J;)
= oo follows from Lemma 5.5. We will show that h > 1/p by showing that P(1/p) >
0. Since it is easy to calculate that dimp(L1(0)) = 1/(p+ 1), it would then follow
from Theorem 2.11 that the box and Hausdorff dimensions of J;, are equal. First,
we estimate 1,11 (t) from below as follows:

Z Z Qn + qn— 1

PYnt1(t) = Z Ll = Z G @)”
weln bel

w61"+1 welntl

1 1
- %ZW]M@ZW

welm In bel bel

Qn-i-l

Therefore, by induction we have

1 1 !
bEZI b ; b+1)

2/p
So, if Y ; W > 1, then P(t) > 0. It can be checked that >, ; (k++1) > 1,

for all p > 2. Finally, since gD (I) = 1/p, it follows from Lemma 4.8 that H"(J;,) >
0. O

Theorem 6.2. For every p > 2, therﬂists q > 1 such that if | > q and I} = {nP :
n > 1}, then dimy(J;) < dimg(J;) < dimp(J;) = dimp(J;).
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Proof. First notice that for every [ > 1, 6, = 1/2p and [ is a regular subset of N.
According to Theorem 1.5, lim;_, o dimy(J;) = 1/2p and since 1/2p < 1/(p + 1),
there exists ¢ > 1 so large that dimu(J;) < dimg(J;) for all I > ¢. The last
two equality signs in Theorem 6.2 are consequences of Theorem 3.1 in [MU] and
Theorem 2.11. O

Remark. Notice that in contrast to the case p > 2, for p = 1 and every system
strongly equivalent with I, we have dimy (J;) = dimp(J;) = dimp(J;). This follows
from Corollary 5.9 and Theorem 3.1 in [MU].

Theorem 6.3. If S = {¢; : i € I} is a conformal iterated function system and the
index set I is infinite, then for every 0 < t < 0 there exists a set Iy C I such that
dimg(Jy,) =t.

Proof. Without losing generality we may assume that I = N. First we shall show
that for every set £ C N such that N\ F is infinite and for every ¢ > 0 there exists
k € N\ E such that dimu(Jpuqry) < dimu(Jg) +e¢. Indeed, let h = dimu(Jg). By
Theorem 1.2, Pg(h+¢) < 0 and by the definition of pressure there exists 0 < a < 1
and jo > 1 such that ¢g j(h+¢) < a’, if j > jo. But, for every k € N\ E, we have

Yruya(h+e) <Y <2L> Upj(h+ e)l|gh ]| ) | () re)
=0

Jo

< Z (T_L)wEJ(h + E)K(n—j)(h-i-a) ||¢;€||(n—jo)(h+a) + (a+ (K||¢;€||)(h+a))n
; J
7=0

< jo sup {¢E ;(h + E)}njOK”(h+5)||¢;€||(”—J'0)(h+€) + (a+ (K||¢;€||)(h+s))n.
0<5<

Since ||¢y,]| is sufficiently small for & sufficiently large, we have ¢¥gygry,n(h +¢) <
1 for all n large enough. This implies Pgrygry(h +¢) < 0 and consequently
dimu(Jpugry) < h+e. The claim is proved.

Passing to the actual proof, fix 0 < ¢t < fy. We shall build the set I; by con-
structing inductively an increasing sequence I, of finite subsets of I satisfying
dimu(Jr,) < t for all n > 1. We then will show that setting I; = (J,,~; In we
have dimy(J;,) = t. Indeed, let I; = {1} and suppose that I,, is constructed and
dimu(Jr,) < t. By the claim proved above there exists k > max{I,} such that
dimu(Jr,ugey) < t. Let k,y1 be such minimal & and let Iny1 = Iy U {kpy1}-
The inductive construction is finished. Let I; = |J,,~; I,. This set is infinite. By
Theorem 1.2 dimy(J;,) < t. If the set N\ I; were finite, then because of Theo-
rem 1.3 dimy(J;,) > 6Oy > t, and we would have a contradiction. Thus, N\ I; is
infinite. If dimp(Jy,) = ¢, we are done. Otherwise, due to our claim we can find
an element ¢ € N\ I; such that k,41 > ¢ > k, and dimu(J;,uqq) <t . But
then dimu(J1,u{q)) < dimu(Jr,uiqy) <t which contradicts the choice of k11 and
finishes the proof of our theorem. O

In general Theorem 6.3 fails to be true for ¢ > 6. Indeed, below we provide an
example.

Example 6.4. Consider a system of similarity maps on the interval [0,1] given by
two generators ¢ and v with contraction coefficients 1/4 and the maps ¢, with
contraction coefficients ¢", where ¢ is so small that the sets ¢([0,1]), ([0, 1]), and
#n([0,1]), n > 1, are mutually disjoint. Then dimg(J{4,43) = 1/2 but the Hausdorff
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dimension of any subsystem missing either ¢ or v is bounded from above by the
solution to the equation (1/4)! + ct/(1 — ¢t) = 0. But t = t(c), the solution to this
equation converges to 0 if ¢ — 0. Therefore if ¢ is taken so small that ¢ = t(c) < 1/4,
we have a gap of Hausdorff dimension between ¢(c) and 1/4.

Example 6.5. We give an example of an irregular continued fraction system. First
notice that if I C N is an index set, we may obtain upper bounds on the the
functions ¥, (t) by a similar method to that given in Example 6.1 for obtaining
lower bounds. Thus, using the Bounded Distortion Property with K = 4 and using
the facts that b < b+ ¢n—1/¢n < b+ 1 and b+ 1 < 2b, we have

(Z %) > 1hy () > 4~ (7D <Z %) |

bel bel

From this we have

! 1
log <Z ﬁ) > Pr(t) > —tlog4 + log <Z ﬁ) .

bel bel

In particular, if p > 1/2 and we set I = {[n(logn)?] : n > ng}, then 3, ., 1 < 1,
provided ng is large enough and Y, ; & = oo, if s < 1. Thus, P;(1/2) < 0 and
Pr(t) = 00 if t < 1/2. So, this system is irregular.

7. SOME PROBLEMS

1. Is there a nontrivial subset I of N such that 0 < H"(J;) and P"(J;) < oo? If

there is such an I, we know that 0 < limsupn_,oo% < 0.

2. Is there a Hausdorff gauge function g of the form g(t) = t" L(t), where L is a
slowly varying function such that 0 < H"(J;) or P"(J;) < oo, where I is the set of
prime numbers? Since some detailed information is known about the distribution
of the two sided gaps in the primes, one can at least determine a class of g for which
these measures are either 0 or oo.

3. By Theorem 6.3 we know that for every 0 < ¢ < 1/2 there exists a continued
fraction system whose limit set has dimension t. We conjecture that this remains
true for all ¢t € (0,1].
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