CONFORMAL RICCI SOLITONS AND RELATED INTEGRABILITY CONDITIONS

G. CATINO', P. MASTROLIA?, D. D. MONTICELLI® AND M. RIGOLI?,

ABSTRACT. In this paper we introduce, in the Riemannian setting, the notion of conformal Ricci soliton,
which includes as particular cases Einstein manifolds, conformal Finstein manifolds and (generic and
gradient) Ricci solitons. We provide here some necessary integrability conditions for the existence of
these structures that also recover, in the corresponding contexts, those already known in the literature
for conformally Einstein manifolds and for gradient Ricci solitons. A crucial tool in our analysis is the
construction of some appropriate and highly nontrivial (0, 3)-tensors related to the geometric structures,
that in the special case of gradient Ricci solitons become the celebrated tensor D recently introduced
by Cao and Chen. A significant part of our investigation, which has independent interest, is the
derivation of a number of commutation rules for covariant derivatives (of functions and tensors) and of

transformation laws of some geometric objects under a conformal change of the underlying metric.

1. INTRODUCTION

In recent years the pioneering works of R. Hamilton ([18]) and G. Perelman ([30]) towards the solution
of the Poincaré conjecture in dimension 3 have produced a flourishing activity in the research of self
similar solutions, or solitons, of the Ricci flow. The study of the geometry of solitons, in particular their
classification in dimension 3, has been essential in providing a positive answer to the conjecture; however,
in higher dimension and in the complete, possibly noncompact case, the understanding of the geometry
and the classification of solitons seems to remain a desired goal for a not too proximate future. In the
generic case a soliton structure on the Riemannian manifold (M, g) is the choice (if any) of a smooth
vector field X on M and a real constant A satisfying the structural requirement

1
(1.1) Ric+§ Lxg = Ag,

where Ric is the Ricci tensor of the metric g and Lx g is the Lie derivative of this latter in the direction of
X. In what follows we shall refer to A\ as to the soliton constant. The soliton is called expanding, steady
or shrinking if, respectively, A < 0, A =0 or A > 0. When X is the gradient of a potential f € C*°(M),
the soliton is called a gradient Ricci soliton and the previous equation (1.1) takes the form

(1.2) Ric+ Hess f = Ag.
Both equations (1.1) and (1.2) can be considered as perturbations of the Einstein equation
(1.3) Ric = \g

and reduce to this latter in case X or V f are Killing vector fields. When X = 0 or f is constant we call
the underlying Einstein manifold a trivial Ricci soliton. The great interest raised by these structures is

also shown by the rapidly increasing number of works devoted to their study; for instance, just to cite a
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few of them, we mention in particular [19], [29], [16], [28], [36], [3], [27], [31], [9], [6], [12], [32], [10], [11],
[8], [5], [25], [13] (and references therein) on Ricci solitons and [20], [2], [33], [34], [24] (and references
therein) on Einstein manifolds.

A natural question, which arises for instance in conformal geometry, is to construct conformally
FEinstein manifolds, i.e. Riemannian manifolds (M, g) for which there exists a pointwise conformal
deformation g = e?“g, u € C°°(M), such that the new metric g is Einstein. This problem has received a
considerable amount of attention by mathematicians and physicists in the last decades: just to mention
some old and recent papers we cite the pioneering work of Brinkmann, [4], Yano and Nagano, [35], Gover
and Nurowski, [17], Kapadia and Sparling, [21], Derdzisnki and Maschler, [15], and references therein.
In particular in [17] the authors describe two necessary integrability conditions for the existence of the

conformal deformation g realizing the Einstein metric. They are of course related to the system
(1.4) Ric = Ag,

where tilded quantities refer to the metric g, and they are expressed in terms of the Cotton, Weyl and
Bach tensors and the gradient of w in the background metric g (see Section 2 for precise definitions);
precisely, performing a computation in some sense reminiscent of the classical Cartan’s approach to the
treatment of differential systems, Gover and Nurowski show that if (M, g) is a conformally Einstein
Riemannian manifold, then the Cotton tensor, the Weyl tensor, the Bach tensor and the exponent u of
the stretching factor satisfy the conditions (see also Proposition 6.4)

(1.5) Cijr. — (m — 2)u Wiz = 0,
(1.6) Bi; — (m — 4)upupWigj, = 0.

On the other hand, Cao and Chen in [7] and [8] study the geometry of Bach flat gradient solitons,
introducing a (0, 3)-tensor D related to the geometry of the level surfaces of the potential f that generates
the soliton structure. The vanishing of D, obtained wia the vanishing of the Bach tensor, is a crucial
ingredient in their classification of a wide family of complete gradient Ricci solitons; in particular in their

proof they show that every gradient Ricci soliton satisfies the two conditions

(1.7) Cijk + [iWiijk = Diji,
1 m—3
(1.8) B;; = — |:Dijk,k + (M)ftcjit}

The above equations must be intended as integrability conditions for solitons, in the same way as (1.5) and
(1.6) are related to conformally Einstein manifolds. We observe that the aforementioned classification
result has been recently generalized by the present authors in [14] to a new general structure (which
includes Ricci solitons, Yamabe solitons, quasi-Einstein manifolds and almost Ricci solitons), called
(gradient) Einstein-type manifold, for which the corresponding integrability conditions have also been
computed.

In the present work we introduce for the first time the counterpart of the tensor D in the case of

generic Ricci solitons: we call it DX and we show that in this setting the integrability conditions take

the form
(1.9) Cijr + XiWiijn = D;-)j(-ky
1 m—3 1
(110) Bij = m (Di)]('k,k + thCjit + i(th - th)Witjk’)

(see Theorem 8.2). We explicitly note that, if X = Vf for some f € C*°(M), then DX = D and the
two previous equations become, as one should expect, (1.7) and (1.8) respectively.
Since Einstein metrics are trivial solitons, it is now natural to study conformal Ricci solitons, i.e. to

search for pointwise conformal transformations of the metric as above, such that the manifold (M, g) is
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a gradient Ricci soliton, that is for some f € C*°(M) and A € R we have the structural relation
(1.11) Ric + Hess(f) = Ag.

One of the main aims of the paper is to produce integrability conditions corresponding to these struc-
tures; in their study we introduce here for the first time a natural (0, 3)-tensor, which we denote by D(%f)
(see (7.8)) and which allows to interpret the corresponding integrability conditions as interpolations be-
tween those associated to conformally Einstein manifolds (1.5) and (1.6), and those related to gradient
Ricci solitons (1.7) and (1.8). Moreover, D(*f) vanishes identically in the case of a conformally Einstein
manifold, while it reduces to the tensor D on a gradient Ricci soliton. More precisely, in Section 7 we
obtain two integrability conditions for (1.11) (see Theorems 7.6 and 7.10), which tell us that if (M, g) is

a conformal gradient Ricci soliton then

(1.12) Cijr — [(m — 2)ue — f]Waig, = D3y
and
1 “ m—3
(1.13)  Bij = p— {Dl(]kfk) - <m — 2) [((m = 2)uy — fi]Cie + [fruk + frue — (m — 2)Utuk]Witjk}-

In Section 9 we further extend our results to the very general case of a conformal generic Ricci soliton,
that is a Riemannian manifold (M, g) such that, for a conformal change of the metric § = e?“g with
u € C®°(M), there exist a smooth vector field X, not necessarily a gradient, and a constant A such that
Ric + %cxg = \j.

In this case the integrability conditions that we produce (see Theorems 9.6 and 9.8) involve the con-
struction of the appropriate generalization of both the tensors DX and D) that we call D*X) and
which reduces to the previous ones in the corresponding cases. As one can expect, these new conditions
capture all those appearing in the aforementioned settings.

As it will become apparent to the reader, the analysis carried out in this paper is very heavy from
the computational point of view; in order to ease the comprehension and also to provide help for future
investigations, another aim of this paper is to present, in a organized way, a number of useful formulas
ranging from transformation laws for certain tensors to commutation rules for covariant derivatives that,
to the best of our knowledge, are either difficult to find or not even present in the literature. In performing
our calculations we exploit the moving frame formalism, that turns out to be particularly appropriate
for very long and involved computations like those appearing in our work.

The paper is organized as follows. In Section 2 we recall the relevant definitions and notation; in
Section 3 we compute the transformations laws of the previously introduced geometric objects under a
conformal change of the underlying metric, while in Section 4 we provide (and prove, in some particular
cases) a number of useful commutation rules of covariant derivatives of functions, vector fields and
geometric tensors. Sections 5 and 6 are brief reviews of results related to Ricci solitons and conformally
Einstein manifolds, respectively. In Section 7 we study conformal gradient Ricci solitons, introducing
the tensor D) and the related integrability conditions. The subsequent Sections 8 and 9 are devoted
to the analysis of generic Ricci solitons and their conformal counterparts, involving the tensors DX and
D®X)  In Section 10 we come back to the case of gradient Ricci solitons and we deduce the third
and fourth integrability conditions. We end the paper with a final section in which we describe some
interesting open problems, which - we hope - will inspire further investigations in these challenging but

stimulating lines of research.

2. DEFINITIONS AND NOTATION

We begin by introducing some classical notions and objects we will be dealing with in the sequel (see
also [26] and [14]).
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To perform computations, we use the moving frame notation with respect to a local orthonormal
coframe. Thus we fix the index range 1 < 4, j,... < m and recall that the Einstein summation convention
will be in force throughout.

We denote by R the Riemann curvature tensor (of type (1,3)) associated to the metric g, and by
Ric and S the corresponding Ricci tensor and scalar curvature, respectively. The (0,4)-versions of the
Riemann curvature tensor and of the Weyl tensor W are related in the following way:

S

1
(2.1)  Rijke = Wijre + m(RikCSjt — Rit0ji + Rjidir — Rjrdi) — m(5ik5ﬁ — 0it0jk)
and they satisfy the symmetry relations:

(2.2) Rijrt = —Rjirt = —Rijir = Ry

(2.3) Wikt = —Wiike = —Wijte = Wigij.

A simple checking shows that the Weyl tensor is also totally trace-free and that it vanishes if m = 3.

According to the above the (components of the) Ricci tensor and the scalar curvature are given by

(2.4) Rij = Ritjt = Ruitj
and
(2.5) S = Ry.

The Schouten tensor A is defined as

(2.6) A =Ric fmg
so that its trace is
(2.7) tr(A) = Ay = M= g
2(m—1)

In terms of the Schouten tensor the decomposition of the Riemann curvature tensor reads as
1
(2.8) R=W+—-A0y,
m — 2
where @® is the Kulkarni-Nomizu product; in components,

1
(2.9) Rijre = Wijke + m(

We note that W (more precisely, its (1, 3)-version) is a conformal invariant (see e.g. [26]), hence the above

Airbjt — Aitdji + Ajrdin — Ajrdit).

decomposition shows that the Schouten tensor is crucial in the study of conformal transformations.
The Cotton tensor C can be introduced as the obstruction for the Schouten tensor to be Codazzi,
that is,
1
2(m—1) (

We recall that, for m > 4, the Cotton tensor can also be defined as one of the possible divergences of the

(2.10) Cijk = Aij,k — Aik,j = Rijr — Ri; — Skéi]‘ — Sjéik).

Weyl tensor:
m—2 m—2
2.11 Ciik = | ——= | Wit = —| ——= | Weijkt-
( ) Jk (m_3) tikj,t (m_3> tigk,t
A computation shows that the two definitions coincide (see again [26]). The Cotton tensor enjoys skew-

symmetry in the second and third indices (i.e. Cj;x = —Cjx;) and furthermore is totally trace-free (i.e.
Ciik = Cigi = Criz = 0).
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In what follows a relevant role will be played by the Bach tensor, first introduced in general relativity

by Bach, [1]. Its componentwise definition is

1
2.12 B = —— _
( ) J m—3 m — 2

A computation using the commutation rules for the second covariant derivative of the Weyl tensor

1
Wikt + mRleik]’l = (Cjikk + RiaWirjn)-

or of the Schouten tensor (see the next section for both) shows that the Bach tensor is symmetric (i.e.

B,; = Bj;); it is also evidently trace-free (i.e. B;; = 0). As a consequence we observe that we can write

1
Bij = p— Ciji e + RuWigji).-

2 (
It is worth reporting here the following interesting formula for the divergence of the Bach tensor (see e.
g. [8] for its proof)

m—4

(2.13) Bijj = ——5 RktChti-
(m—2)
We also recall the definition of the Finstein tensor, which in components is given by
S
(2.14) Eij=Ri; — 561']‘.

One of the main objects of our investigation are Ricci solitons, which are defined through equation

(1.1); we explicitly note that in components this latter becomes
1

and, in the gradient case,

(2.16) R + fij = )\(Sij, A€ R.

The tensor D, introduced by Cao and Chen in [6], turns out to be a fundamental tool in the study
of the geometry of gradient Ricci solitons and, more in general, of gradient Einstein-type manifolds, as

observed in [14]; in components it is defined as

(2.17)

1 1 S
Di' = — i — Jidv; — 51"_ 51 _— 57;'— 51 .
i m—2(fkR] TiBa) + (m—l)(m—2)ft(Rtk 5 = Rigou) (m—l)(m—Z)(fk 5~ Ji%u)
The D tensor is skew-symmetric in the second and third indices (i.e. D;jr = —D;y;) and totally trace-

free (i.e. Djjr, = Diri = Dyi; = 0). Note that our convention for the tensor D differs from that in [8]. A
simple computation, using the definitions of the tensors involved, equation (2.16) and the fact that, for

gradient Ricci solitons, the fundamental identity
Si =2ftRyi
holds (see Section 4), shows that the tensor D can be written in four equivalent ways:

(2.18)

1 1 S
= m(fkRij — [iRix) + mft(Rtk5ij — Ryj0ik) — m(

= g el = Jifte) + 3 m(ﬁc% — fidix)

Diji fxij — fidir)

(Sk0i; — S;0ik) —

(m—1)(m —2)
1 1
= m(kazj - fink) + mft(Etkéij — Etj(sik)
1 Af

1
= m(fjfik — frfij) + mft(ftjéik — furdij) — m(fﬁik — fidij)-
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3. TRANSFORMATION LAWS UNDER A CONFORMAL CHANGE OF THE METRIC

Let (M, g) be a Riemannian manifold of dimension m > 3. The moving frame formalism is extremely
useful in the calculation of the transformation laws of geometric tensors under a conformal change of
the metric and in the derivation of commutation rules, as we shall see in the next section. For the sake

of completeness (see [26] for details) we recall that, having fixed a (local) orthonormal coframe {6},

i=1,...,m with dual frame {e;}, i = 1,...,m, the corresponding Levi-Civita connection forms {9;-},
i,7=1,...,m are the unique 1-forms satisfying

(3.1) do' = 79;4 A6 (first structure equations),

(3.2) 0% + 6! =0.

The curvature forms {©%}, i,j = 1,...,m, associated to the coframe are the 2-forms defined through

the second structure equations
P .
(3.3) do% = —0;, N0 + ©7.
They are skew-symmetric (i.e. @3» + @{ = 0) and they can be written as

. 1 . .
(3.4) O = SR 0" AO' =) RI0% NG,

72
k<t

where Rz-kt are precisely the coefficients of the ((1,3)-version of the) Riemann curvature tensor.
The covariant derivative of a vector field X € X(M) is defined as

VX = (dX'+ X70) @ e; = Xj0" @ e,
while the covariant derivative of a 1-form w is defined as
Vw = (dw; — wﬂg) ® 0" = w;0F @ 6.
The divergence of the vector field X € X(M) is the trace of VX, that is,
(3.5) divX =tr (VX) = g(Ve, X, e;) = X[
For a function f € C*°(M) we can write
(3.6) df = fi6',
for some smooth coefficients f; € C°°(M). The Hessian of f, Hess(f), is the (0,2)-tensor defined as

(3.7) Hess(f) = Vdf = f,;6° 6,
with
(3.8) fij07 = dfi — 0]
and
fig = Jii

(see also next section). The Laplacian of f is the trace of the Hessian, that is

Af =tr(Hess(f)) = fii-

Now we are ready to recall (and prove, in some cases) the transformation laws that will be useful in our
computations.

We consider the conformal change of the metric (written in “exponential form”)
(3.9) g=€"g, ueC™(M);

e" is called the stretching factor of the conformal change. We use the superscript ~ to denote quantities
related to the metric g.
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It is obvious that in the new metric g the 1-forms
(3.10) 0i =c"0', i=1,...m,
give a local orthonormal coframe. It is easy to deduce that, if du = u:6%, the 1-forms
(3.11) 0 = 0% + ;0" — ;07
are skew-symmetric and satisfy the first structure equation. Hence, they are the connection forms relative

to the coframe defined in (3.10). A straightforward computation using the structure equations and (3.8)

shows that the curvature forms relative to the coframe (3.10) are
(3.12) 0% = 0 + |(ujn — wjur)d; — (uik — ugup)d — |Vul?5557 | 0% A 6",

Equation (3.12) is the starting point for the next transformation laws that we list without further

comments.

e Riemann curvature tensor:
(3.13)
e® Rijkr = Rijre+(wjn — wjug)di—(wjp — wjug)dip—(wir — witg )80+ (wi — Uiut)5jk—|vu|2(5¢k5jt — 00k

Proof. The previous equation follows easily skew-symmetrizing the coefficients of the wedge
products on the right hand side of (3.12), and recalling equation (3.4). O

Tracing (3.13) we get
e Ricci tensor:

(3.14) Ric = Ric —(m — 2)Hess (u) + (m — 2)du ® du — Aug — (m — 2)|Vul?g,
that, in components, reads as
(315) SQUE“ = Rij - (m - 2)’[1,” + (m - Q)UZ’U,] — Au 5ij - (m - 2)|V’UJ|2(SU

Tracing (3.14) we deduce
e Scalar curvature:

(3.16) €S =5 —2(m —1)Au— (m — 1)(m — 2)|Vu|>.

Next we derive the transformation laws for the
e Covariant derivative of the Ricci tensor:

(317) 63uf§ij7k = Rij,k - (m - 2)uijk - (uttk - QUkAU)(S”
— (2Rijur + uiRji + uj Rix) + ue(Rei0j5 + Rejir)
+ 2(m — 2)(uiujk =+ UjUik + ukuij) — (m — Q)Ut(uti(sj'k + utjéik =+ 2ut;€6ij)
—4(m — 2)uuju + (m — 2)|Vu|2(ui5jk + w0k + 2ugd;j).
Proof. The definition of covariant derivative implies that
(3.18) Rij 10" = dR;; — Ry;6) — R0
Now equation (3.17) follows from (3.18), from the fact that
R h0F — d(em ﬁij) B (ezu Etj) Gi — (ezu p;it) 6! — Rijd(e")

and from (3.15). O
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e Second Covariant derivative of the Ricci tensor:
(3.19)

€M Rijne = Rijre — (M — 2)uijne — UssprOij + 3(Uptssk + Uptisst)dij — g(Vu, VAW)S; ;05
+ 2Au(ukt — 4upuy + |Vu|26kt>5ij
+w Ry 165k + wiRij e0ik + wiRi 105 + wRij k0ir + wRij 10k + Riwiedjn + Rjiwdik
— (Wi Rkt + wj Rikt + wiRje ) + wjRi ) + 3urRij e + 3w Rij 1)
— (uiRjk + wj Rik + 2upe Rij)
+ (m — 2)(2ustjpe + Ustjer + 2U5Uike + Uik + SUpUije + SUrijr)
+2(m — 2) (wijure + wirwje + ujrie) — (M — 2) (2upuredij + wugedie + wgidr)
— (m — 2) Quiuidij + wjiwdir + wiwied;i)
— (Ruwuid i + Ruywu;dik + 3Rywud ik + 3Rjwudik) + Ric (Vu, Vu) (8,50 + 0ikdji)
+ 4(usue Rjr + wjueRig + 2upw Rij) + (2uu; Ry + 3usup Ry + 3ujupRi)
— 8(m — 2)(ujtjusk + UsUpUjr + UjUpUsr + Ui Uik + UjUL UK + UpUpUyj)
— (m — 2)(wugjk0i + wwkd e + wij0k) — |vu|2(lec5it + R0t + 2R;;0k¢)
— (ujug Rik0ir + wity Ry b + wiwg Ryjope + wjug Ryidne + 2upug Rijos + 2upu Ryidje)
+ 3(m — 2) (uwu 05 + wjwuedin + 2uruinds; + w0 + wijwudiy + 2urudi;)
+ 2(m — 2) (wiwund e + w0 + Wity Oge + Ujuug O + Uruidj + wptiug;0i)
+ (m = 2)|Vul® (wiedj + wje0in + 2upeli + 20ij0ks + 2uindje + 2 0it)
— (m — 2) Hess (u)(Vu, Vo) (0;50i + 05kt + 20;0kt)
+ 24(m — 2)uujuRuy
—4(m — 2)\Vu|2(ujuk5it + wugdp 4+ Uit Ok + i Ok + wjurdik + 2ukud;;)
+ (m — 2)| V| (85050 + Girdje + 20:0k)-
The proof of (3.19) is just a really long computation, similar to the one performed to obtain
equation (3.17).
e Differential of the scalar curvature:

(3.20)
€S = Sk — 2(m — Dugr — 2(m — 1)(m — 2)uguge — 2 {S —2(m —1)Au — (m — 1)(m — 2)|Vul? | ug.

Proof. Tt follows from the fact that ¢34S,0F = ¢2vdS = d(ezug) — gd(e%) and from (3.16). O

e Hessian of the scalar curvature:
(3.21)

" Skt = Skt — 2(m — Dugar — 2(m — 1)(m — 2upstige — 2(m — 1)(m — 2)ustigr + 6(m — 1) (wktisst + rtissk)
+6(m — 1)(m — 2)(ususpus + ustigug) — 3(Sgur + Sgpu)
—2[8 —2(m —1)Au— (m —1)(m — 2)|vu|2} (ukt — dugug + |w|25kt)
+ [9(VS, Vu) — 2(m — 1)g(Vu, VAu) — 2(m — 1)(m — 2) Hess(u) (Vu, Vu)|0x:-
Proof. Equation (3.21) follows from the fact that ¢! S8 = d(e%S,) — Sya(e*) — 15,0

and from (3.16) and (3.20). Alternatively, (3.21) can be obtained tracing (3.19) with respect to
7 and j. O

Tracing (3.21) and using (4.9) (see next Section) we deduce
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e Laplacian of the scalar curvature:
(3.22)
e*AS = AS — 2(m — 1)A%u — 2(m — 1)(m — 2)|Hess(u)|?
—2(m — 1)(m — 2) Ric (Vu, Vu) —4(m — 1)(m — 4)g(Vu, VAu))
—2(m —1)(m — 2)(m — 6) Hess(u)(Vu, Vu) 4+ (m — 6)g(VS, Vu) — 25Au + 4(m — 1)(Au)’
+2(m — 1)(3m — 10)|Vu|*Au + 2(m — 1)(m — 2)(m — 4)|Vu|* — 2(m — 4)5|Vu>.
e the Hessian of a function f € C*>°(M):
(3.23) Hess(f) = Hess(f) — (df ® du + du ® df) + g(V f, Vu)g,
which in components reads as
(3.24) e fij = fij — (faug + fyus) + (frue)dig
Proof. From du = ;0" = ﬂigi we deduce that
(3.25) u; = e ‘u;.

Now (3.24) follows from a straightforward computation using (3.25), (3.8) and (3.11). O

Tracing (3.24) we get
e the Laplacian of a function f € C*°(M):

(3.26) A f = Af + (m—2)g(Vf,Vu) = fu+ (m—2)fru,.
o the third derivative of a function f € C*(M):
(3.27)

e i = fige — 2(figwe + firwy + Firus) — (Fouge + frua) + 3(fowg + frus)un + 2usu; f
+u(firdij + frj0in + fridjn) + frumdi; — (frue)(uidjn + o + 2updi;) — \VU|2(fi5jk + fidir);
in particular,

(3.28) > fun = fren — 20 fur + (m = 2)[fewer + we fore — 2(fowe)ug).
Proof. By definition of covariant derivative we have
Finb* = dfij — fu;0! — fiubl,
which can be written as
eguﬁjkﬁk = ezudﬁj - ezuﬁjéf - ezuﬁt@ = d(ezuﬁj) — ]ﬂ";jd(e2 ) — 2“ftj6‘t - eQuﬁt@.

Now equation (3.27) follows using (3.24), (3.11) and simplifying. O

e Schouten tensor:
(3.29) A=A — (m—2)Hess (u) + (m — 2)du ® du — <m2—2) [Vul’g,
which in components reads as
(3.30) U A = Ay — (m — 2)ug; + (m — 2)ugu; — (”12_2) Vul?s,;.

The proof of (3.29) follows easily from the definition of the Schouten tensor and from (3.14) and
(3.16).
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e Covariant derivative of the Schouten tensor:
(3.31) 63"&‘]‘,1@ = Aijr — (m — 2)uijp + wAudje + wAdie — (uiAje + uj Ak + 2upAsj)
+2(m — 2)(wiujk + ujuig + ugtig) — (m— 2) (wuedi; + wug i, + wwdjx)
—4(m — 2)uuju + (m — 2)\Vu|2(ui5jk + w;0; + uRdij).
Proof. The definition of covariant derivative implies that
(3.32) Ay k0" = dA;; — Ay0) — A6l
Now equation (3.31) follows from (3.32), from the fact that
e?’“gijﬁk = d(ezugij) — (62“11”)9:? - <62"/~1it)63§ - le-jd(e%)

and from (3.30). O

e Second Covariant derivative of the Schouten tensor:
(3.33)
™ Ay ke = Aijr — (M — 2)ugjne
+ w Ay 65 + wi Ay 1 0ik + wiAi k050 + WAy ki + WA 0k + Auwidir + Ajiuibig
— (WAt +ujAip s + il + wi A + 3ugAij e + 3ucAij k)
— (witAjg + wjAi + 2w Aij)
+ (m = 2)(Quitjre + uithjer + 2UjUike + UjUigk + SUrije + 3Ustiji)
+2(m — 2)(uijune + wirtje + uruie) — (m — 2)(wugee iy + wgedix + Wi djr)
— (m — 2)(upuiedij + wjiwi ik + wiied;i)
— (Apwuidjk + Aywu;oi + 3Agwud ke + 3A;wudix) + A(Vu, Vu) (0,50 + 0i10;4)
+ A(usur Ajr + ujugAig + 2upuiAig) + (2uuy Ak + 3ujur A + 3ujupAi)
—8(m — 2)(uiujutk + UgUR UG+ UjUE UG + UUg Uk + UjUL U + ukutuij)
— (m — 2) (w0 + wwindie + wijidge) — |Vul* (Ajr8i + Aigdje + 24:50k)
— (wjug A 0is + witg A0 + wiug Ay Oge + wiwg Ay + 2wk Ay di + 2upuyAgidje)
+ (m — 2) Buswudjr + 3ujwuidin + 3upuds; + 2wl + 2w 0k + 200
+ 2upugugdir + 2uuu0k: + 20 + 3uustgds; + 3ugupug; 0k + 3wusudy)
+ [Vl (m — 2) (b, + we0ik + upei + 20ij0ks + 2uindje + 20t
— (m — 2) Hess (u)(Vu, Vu)(0,50i + 0ik0jt + 0i50kt)
+ 24(m — 2)uujupue
—4(m — 2)|Vu|2(ujuk6it + U0t 4+ Wit Ot + Uik + Ujurdip + UpUis)
+ (m = 2)|Vul (10 + dirje + 0ij0ke)-

The proof of (3.33) is just a really long computation, similar to the one performed to obtain
equation (3.32).

Remark 3.1. Equations (3.31) and (3.33) can be also obtained from the corrisponding relations
for the Ricci tensor, with the aid of (3.16), (3.20) and (3.21).

e Weyl tensor ((1, 3)-version):
(3.34) GQuW;kt = W]’th

For the proof of (3.34) we refer to [26], Chapter 2.
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e Cotton tensor:
(3.35) e Cije = Cijie — (m — 2)usWiji.
Proof. From the definition of the Cotton tensor and from (3.32) we have
e Cyj = € Ayjp— e Aipj = Aijr— Aij — (m—2) (Wi — Wing) +ue(Ag;Oir — Andij) +u;Agy —up Aij.

Equation (3.35) now follows using (4.5) (see next section) and simplifying. O

e Bach tensor:
~ 1
(3.36) e*Bi; = Bij + (m — 4) |:UtukWtik,j + m(cijt + Ojit)ut:| .

Proof. (sketch) From the definition of the Bach tensor we have
4u

D € ~ ~ o~ 1
Bi»:i[C’i- Ry W; »}:
€ J m— 2 gt T Lkt Wikt m —

5 [84" (Zij,tt - Avit,jt) + (64"151«1%%]‘1)}-
The second term on the right hand side is easily computed using (3.15) and (3.34):
€4u}~3leikﬂ = RiiWikji — (m — 2)u Wik + (m — 2)upwy Wigji.

As far as the first term is concerned, we trace (3.33) with respect to the third and fourth indices
and then with respect to the second and the fourth, then we simplify with a lot of patience.
Summing up we finally obtain (3.36). O

Using the previous relations (in particular equations (3.24), (3.15), (3.17), (3.20)) and the fact

that e“ft = fi, we can prove, with a really long but straightforward calculation, the tranformation
laws for D and VD.
e D tensor: If (M,q, f,\) is a soliton structure, then

(3.37)

U T 1 1 5
e*“Dyj = m(fk:Rij — fiRix) +

RN s M B R S
+ ui(fruj — fiug) + fium — fruig

(frdij — [f0ix)

1
+ 7m 1 [Au(fk&] — fj5ik) + ft(utjéik — utkéij) + (ftut)(uk&j - Uj(yik) — |VU|2(fk5Zj — fjaik)] .
Viceversa, if (M, g, f, A) is a soliton structure, then we have

(3.38)

N S 1 ~/~ ~ S ~ -
e’ {m2 (fkRij - ijik) + mﬂs (Rtk5ij - Rtj5ik) R )] (fk@'j - fjéik)}
= Dijr + ui(fruj — fjur) + fiwin — fewi;

+ 77’711— 1 [Au(fk57] — fj5ik) + ft(utj&k — utkéij) + (ffut)(uk(sm — u](szk) — |vu|2(fk§ij — fjéik)} .
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e Covariant derivative of the D tensor: If (M,g, f, \) is a soliton structure, then

(3.39)

~ 1
e Dijpe = m[(fktRij — fitRik) + (fuRije — [iRik,t)]

1
+ m[fst(Rsk5ij — Rsj0ir) + fs(Rsk,t0ij — Rsj10ik)]
1

— m[&(fk@j — fj(sik) + S(fkt(sij - fjt5ik)]

+ (wik fit — wij fre) + (Wine f5 — wije fr) + (i foe — viug fie) + Usst (frbij — fi0ir)

3
m— 2

1
m—1
fe(urRij — ujRiy)

1
u(feRij — [ Rix) 1fs(uskt5ij — Ugjt0ik) — pre

Cm— 2
+ m(fsus)(Riﬁkt — Rixdji) + musRsi(fk(sjt — fidke) + p— 2us5it(fkst — [iRsk)
+ 3 (frwij — fjwin) + fe(uruig — wjui) — (fss) (WijOpe — windje) + (fsts)wi(uiops — urdj)

1
T T (Au - |VU|2)(fkt5z‘j — fitbix) — Bugur(u; fro — uk f;)

— % (Au — |VU|2)ut(fk5ij — [0ik) — ﬁ (Au — |Vu|2>ft(uk(5ij — w;0i)

+ %AU (8430t — SikSje) + [Vul*wi (fudje — fi0ke) + |Vl Gir (s S — wr f5)

- ml_ 2Ui(fkRjt — fiRit) — ﬁRit(ujfk —ur fj) + 2ui(fruse — fiune) + 2 (uj fro — ur fj)
— UsUsi (fkOje — fj0rt) — wsie (frusy — fiusk) — %Usust(]ﬂkdij — fj0ik)

1 3
musfst(ukéij - Uj5ik) - (

mutfs (Rsk5ij - st5ik)

1
- mfst(ukséij — Ujs0ik) +

1 3

- mfsl%st(m% = ujlin) + ——= fous (uskij — us;din)

4 1 2

- m(fsus)ut(ukfsij — u;0ik) + m(fsus)(uktéij — wjik) + mfsust(ukéij — u;dik)
1 . 1

T Dm=2 Ric (Vf, V1) (0redij = 8jedine) — —— Hess(u)(Vu, V) (8120ij — 6500
3 1

—+ msut(fkéz] - fj51k> + met(Ukéij — uﬂzk)
1

- m(fsus)s(éktéij — 8;10k).

e Covariant derivative of a vector field and Lie derivative of the metric (see [26], Lemma

(3.40)

(3.41)

(3.42)

2.4)

Lemma 3.2. Let X € X(M) be a vector field on the Riemannian manifold (M,g), and let

g = e*g, a conformally deformed metric. Then

Lx§=e*[Lxg+29(X,Vu)g].

Proof. Let {e;},i=1,...,m be the frame dual to the local coframe {#'}. From (3.10) we deduce

that €; = e “e;; moreover,
X = X’ei = Xlgi,
thus

X! =e* X",



(3.43)

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)
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From the definition of covariant derivative of a vector field we have
VX:X,inQ@ei, %X:)’Zigk@a‘,

with X} 0% = (dX' + X70?) and )?}ﬁk = (X + )?35;) A computation using (3.43) and (3.11)
now shows that

Xi = X+ (X' + X u;6 — u X*),
which implies
Xi+ XF = Xi+ XF 42X 0,6,
Equation (3.40) now follows easily from (3.45) and from the fact that
(ﬁxg)ij = ij: + Xij = Xij + Xji.

From equation (3.45) we deduce, tracing with respect to ¢ and k,
Divergence of a vector field X € C*°(M):

divX = div X + mg(X, Vu).

Finally, from equation (3.44) we can obtain the following transformation law for the second
covariant derivative of a vector field X € X(M):

" Xijr = Xign + (Xiwje — Xjuin) — (Xjn + Xaj)ui — (Xowy — Xjug)ug + (Xowgy + e Xo) 33
+ ue(Xitdjn + Xij0ir) + (Xewe) (wioin — widjn) + \VU|2(Xi5jk — X0ir);
in particular,

eu)}ttk = X + m( Xeuer + w Xer).

Remark 3.3. If the vector field X is the gradient of a function with respect to the metric g, i.e.
X =Vf =e 2uVf, it is not hard to verify that (3.47) becomes equation (3.27) .

4. COMMUTATION RULES

In this section we compute commutation rules of covariant derivatives of functions, vector fields and

of the geometric tensors introduced in Section 2. Some of these results are well-known in the literature,

some already appeared in [14, Section 4] or in [26], for instance, while for many of them we are not aware

of any good, exhaustive reference. We collect all of them here for the sake of completeness. We begin

with
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Lemma 4.1. If f € C*°(M) then:

(4.1) fis = fji;
(4.2) figr = fiins
(4.3) fije = fing + feBReijrs
1
(4.4) fijk = firg + [iWeijn + m(fthj(sik — fiRukbij + [iRix — fruRij)
S
- m(fjéik — [k0ij);
1
. ijk = fikg + [iWiige + ———= (fe A0k — [tAwdis + f3Air — fudij);
(4.5) f fiki + [t Wi —|—m_2(fA5 fiAwbi; + [;A feAij)
(4.6) fijre = Jijer + fuRijre + FjRikes
(4.7) fijie = finje + fstRsije + fsRsijie;
(4.8) fijkt = frtij + fisRorjt + [isRskit + fusRsije + fesRsiji + fo(Rsijit — Roktij)-
In particular, tracing (4.3) and (4.8) it follows that
(4.9) fitt = fui + [eBus
(4.10) fijer = freig + fieRej + fieRei — 2f st Risje + fe(Reji + Ruij) — [eRijes
(4.11) fijtt = freij + fitRej + fj2Rei — 2fstRisjt + feRij e — fe(Rsitj,s + Rsjtis)-

Remark 4.2. Clearly Lemma 4.1 still works if f is at least of class C*(M).

Proof. Let df = f;0%. Differentiating and using the structure equations we get
0=df; NO" + fid6" = (fi;67 + fr07) N6 — fi0} N O"
= f;0° NO'
1 o
= §(fz'j — fi)¢? N O,

thus
0= Z (fij = f3)67 N O%;
1<j<i<m
since {#7 A 0"} (1 <j <i<m)is a basis for the 2-forms we get equation (4.1). Equation (4.2) follows
taking the covariant derivative of (4.1). By definition of covariant derivative

(4.12) Figud® = dfi — fii07 — fir0]-
Differentiating equation (3.8) and using the structure equations we get
dfire NOF — [,;00 NO% = —dfy AOL + fLOF AOF — f,OF =

1 ,
= —(fur0" + fu0F) N OL + fu0F N OL — gfka NN

jt
thus .
(dfik — fix0f — fi0}) N OF = —iftRﬁijj A6*,
and, by (4.12),
‘ 1 ,
fikjgj A ek = _iftRfjkej A\ Qk

Skew-symmetrizing we get

1 . 1 )

g ik = fip)0 N = =5 3,67 10",
that is (4.3). Equations (4.4) and (4.5) follow easily from (4.3), using the definitions of the Weyl tensor

and of the Schouten tensor (see Section 2). To prove (4.6) we start from (4.3) and we take the covariant
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derivative to deduce

ijkt — Ji — Js sij silsijk, t-
(4.13) fijiet = fikjt = [stRsijk + [sRsijk, ¢

Differentiating both sides of (4.12), using the structure equations and (4.12) itself, we arrive at
1
fijmb' A OF = _i(fthtilk + iR )0 A O,

from which, interchanging k and ! and adding, we have the thesis. Equation (4.8) now follows using all
the previous relations, starting from (4.7) . O

For the components of a vector field and for their covariant derivatives the commutation relations are

similar to the ones proved for functions in Lemma 4.1; in particular we have the following

Lemma 4.3 (Lemma 2.1 in [25]). Let X € X(M) be a vector field. Then we have

(4.14) Xijk — Xij = XiRyijrs
(4.15) Xijki — Xikji = ReijuXu + ReijeiXe;
(4.16) Xijei — Xijie = R Xej + RejraXar.

Concerning the Riemann curvature tensor, we begin with the classical Bianchi identities, that in our
formalism become

(4.17) Rijkt + Ritji + Rike; = 0 (the First Bianchi Identity);
(4.18) Rijitq + Rijik,t + Riju, =0 (the Second Bianchi Identity).

For the second and third derivatives we prove

Lemma 4.4.

(419) Rijkt,lr - Rijk:t,rl - stktRsil'r + Risktstlr + RijstRsklr + RiijRStlT;
(420) Rijkt,lrs - Rijkt,lsr = R'ujkt,lRm"rs + Rivkt,ZRvj'r's + Rijvt,lR'ukrs + Rijk'u,letrs + Rijkt,vvars~

Proof. By definition of covariant derivative we have

(4.21) Rijke10" = dR;jrs — Rijpifl — Rilkteé' — Rijit0, — Rijrif)
and
(4.22) Rijkt 170" = dRijie) — Rijreit; — Rirke10) — Rijre a0y — Rijrri0f — Rijrer0] -

Differentiating equation (4.21) and using the first structure equations we get
(4.23)
dRijkt,s NO° — Rijrea0 N O° = —dRyjey A 05 + Rijre (04 A 05 — ©F) — dRaie A 05 + R (04 1 05 — OF)
— dRijit N0+ Rijie (0L N 05 — OL) — dRyjiy A0+ Rijri (04 A 0 — ©1).
Now we repeatedly use (4.22) and (3.4) into the previous relation; after some manipulations we arrive at
(dRijrt,s — Rijie,s0; — Ritke.s05 — Rijie, o0}, — Rijii o0 — Rijie %) A 6° = —% (Rijrt Riirs + Rikt Rijrs
+Rijit Rikrs + Rijii Rigrs) 07 N 6°.

Renaming indices and skew-symmetrizing the left hand side, which is precisely R;jks,s-0" A 0°, we obtain
(4.19). A similar computation shows the validity of (4.20). d

For the Ricci and the Schouten tensors we have the following
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Lemma 4.5.

(4.24) Rijr — Rirj = —Ryijr = Riinjt
(4.25) Rijkt — Rijun = R By + Rijre Ry
(4.26) Rijrtt — Rijrie = Rsj e Rsin + Ris 1 Rsjnt + Rij s Rspat-

Proof. The previous relations follow easily tracing equations (4.18), (4.19) and (4.20), respectively. O

A simple computation using the definition of the Schouten tensor, Lemma 4.5 and equations (4.1) and

(4.3) applied to the scalar curvature shows the validity of

Lemma 4.6.

m—2
(4.27) Ajj — Ay = Ciji = <m_3>Wtikj,t
(4.28) Aijre — Aijee = Riike Ay + RijreAs
(4.29) Ajjrer — Aij ke = Agj e Reivt + Ais k Roju + Aij s Roru-

A direct consequence of the definition of the Weyl tensor and of the First Bianchi identity for the
Riemann curvature tensor is the First Bianchi identity for W:

(4.30) Wikt + Wigirx + Wik = 0.

As far as the first derivatives of W are concerned, we have

Lemma 4.7.

1
(4.31)  Wijkea + Wijin,e + Wijuk = F(Citl(sjk + Ciurdjt + Cirtdji — Ciudire — Ciindit — Ciredar).

2
Proof. We start by taking the covariant derivative of (2.1):
(4.32)

1
Rijreg = Wijke, + Pt

S

(Riadje = Rivadsn + Rjuadin = Rjnad) = o309y

(0ik0jt — 0i0jk)-

Permuting cyclically the last three indices, summing up and using (4.17) we deduce

—(Wijkey + Wijikr + Wijug) = ﬁ[(Rik,l — Rit )05t + (Rirt — Rit1)0jk + (Rite — Rik,t)0j1]

— ﬁ[(Rjk,l — Rj1 k)it + (Rji,e — Rje1)0ir + (Rje ke — Rjne)dul)

— m[51(5ik5jt — 0it0jk) + Se(0:10;k — 0i0j1) + Sk(8:51 — 0:1054)].
Using the fact that R, — Rik,j = Cijr + m(&cdij — S;0;1), after some manipulation we get (4.31).

O

For the second and third derivatives of W, a computation similar to the one used in the proof of

Lemma 4.4 shows that

Lemma 4.8.

(433) Wijkl,st - Wijkl,ts = erkerist + Wirkerjst + Wijrerkst + Wijkrerst;
(434) Wijkl,trs — Wijkltsr = vjk:l,thirs + Wivk:l,thjrs + Wijvl,tR'ukrrs + Wijkv,tR'ulrs + Wijk:l,vthrs-

Using the definition of the Weyl tensor in equation (4.33) we obtain
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Lemma 4.9.

(435) Wijkl,st - Wijk:l,ts = erlerist + Wirlerjst + Wijerrk:st + Wijkrerst
1
+ m [erkl(Rrs(sit - th(sis + Rit(srs - Ris(srt)
+ Wirkl(Rrs5jt - thajs + Rjt(srs - st(srt)
+ Wijrl (RTSékt - th(sks + Rktérs - Rksért)
+W’ijkT (RTS(Slt - th(;ls + thérs - Rlsért)]
S

- m [erkl((srs(sit - 6rt5is) + Wirkl(5rs5jt - 5Tt5js)

+Wijrl(6rs(5kt - 5Tt6k8) + Wijkr(érsalt - 5rt6ls>] .

Tracing the previous relation we also get

(4.36) Wiikt,st = Wejkies = RstWijkt + WerkiWiist + WeiriWikst + Wejrr Wirist
1
+ m(RtTWtjrkéls - RtTWtj’l‘lék)S)
1

+ m(RtkWtjsl + RuWijks + RejWisr)-
Using the definition of the Weyl tensor in equation (4.34) we obtain

Lemma 4.10.
(4.37)

Wijkl,trs — Wijkltsr = vjkl,thirs + Wivkl,thjrs + Wijvl,thkrs + Wijkv,thlrs + Wijkl,vatrs

b s Wt (Ruris — Rusdiy + Risdir = Riydi)
+ Wivki,t(Rordjs — RysOjr + RjsOur — Rjr0ys)
+ Wijoi,t (RorOrs — RusOkr + RisOur — Rirdys)
+ Wijkot (Ruoris — RusOir + RisOur — Rir0ys)
+Wijki,w(RorOts — RysOtr + RisOpr — Rirdys)]
~ g Wttt i = o) + Wans o008y = 808)

Wijvl’t(évréks - 61)56]”) + Wijk%t(évr&ls - 51;5517“)
+Wijkt,o (OurOts — Ousbir)] -

The First Bianchi Identities for the Weyl tensor immediately imply

(4.38) Cijk + Cjki + Crij = 0.
From the definition of the Cotton tensor we also deduce
1
(4.39) Cijip = Aijit — Aikjt = Rij e — Rikje — m(skt%‘ — Sjt0ik);

since, by Lemma 4.5 and Schur’s identity S; = %Rik,lm

1
(4.40) Rig ik = Rikkj + ResjuBRer + Rejr Ry = §Sij — R Rigjr + Rt Ry,
we obtain the following expression for the divergence of the Cotton tensor:
m — 2 1
(441) Cz’jk,k = Rij,kk — m&j + Rthitjk — Rithj — mAS&U

The previous relation also shows that

(4.42) Cijkk = Cjik,k,
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thus confirming the symmetry of the Bach tensor, see (2.12).

Taking the covariant derivative of (4.38) and using (4.42) we can also deduce that
(4.43) Crijr = 0.
5. SOME USEFUL RELATIONS FOR RICCI SOLITONS

The aim of this short section is to recall a number of useful relations, valid on every Ricci soliton,
that have been consistently exploited in the literature to obtain several well known results.
First we have (see also [25], Lemma 2.2 and Lemma 2.3, [16]):

Proposition 5.1. Let (M,g,X) be a generic Ricci soliton structure on (M,g). Then the following
identities hold:

(5.1) Rij + 3(Xij + Xji) = Ay

(5.2) S+ div X = m;

(5.3) Sk = —Xiik;

(5.4) Ri; Xt = — Xitr;

(5.5) Rijk — Rikj = — 3 RujXi + 5(Xnij — Xjin);
(5.6) Rijk — Riji = 3RijriXi + 5(Xnji — Xijn);
(5.7) 1AS = 1g(X,VS) + AS — |Ric|”.

If X =V f for some f € C>°(M) then

5.8) Rij + fz‘j = )\5”‘;
5.9) S+Af=m\
5.10 Sk = 2fthk;;

Rije — Riji = — [t Reijins
S+|VfP—2xf=C, CeR;
IAS = Lg(Vf,VS) + AS — |Ric|*.

From the work of Cao and Chen (see [8], Lemma 3.1 and equation (4.1); see also [14]), we have the
validity of the following integrability conditions:

Theorem 5.2. If (M, g, f) is a gradient Ricci soliton with potential function f, then the Cotton tensor,
the Weyl tensor, the Bach tensor, the potential and the tensor D satisfy the conditions:

(5.14) Cijk + fiWhijk = Dij,

(5.15) B;; = ﬁ {Dijk,k + <z_g)ftcjit}
Remark 5.3. From (5.14) we deduce

(5.16) [tCij = ftDuij.

Moreover, letting [ijk] denote a summed cyclic permutation of ¢, j, k (for example T}z = Tijr +Tjri+
Tki;), a long but straightforward calculation shows that for the tensor D the following holds:

Lemma 5.4. Let (M, g,V f) be a gradient Ricci soliton structure on (M, g). Then the following identities
hold:

(517) D[ijk] = 0;

1
(5.18) Dijjr, = m[fl(olktéij + Citjbir + Cljidit) — (fiCint + frCitj + f:Ciji)]
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(5.19)
1
Dijjr, = m[fl(let(;ij + Dijdir + Dijidir) — fi(Dire — fsWiine) — fe(Ditj — fsWaitj) — ft(Dijie — fsWaijn)]-

(5.20) Cijk,g) = RsjWisikt + Rsi Wity + Rt Wi
m—06
(5.21) Dijjg = m(stWsikt + RopWiitj + RstWaijk — Cifjkg))

1
+ m[fl(clktdij + Cuyj0ik + Cijrdit) — (fiCine + fxCitj + fiCijr)]-

6. CONFORMALLY EINSTEIN METRICS

In this short section we first recall the definition of a conformally Einstein manifold; then we present the
integrability conditions of Gover and Nurowski and we prove equation (6.5), which relates the Laplacian
of the scalar curvature of a conformally Einstein manifold to u (the exponent of the stretching factor)

and its covariant derivatives.

Definition 6.1. A Riemannian manifold (M,q) is said to be conformally Einstein if there erists a
conformal change of the metric g = e?*g, u € C°(M), such that (M,q) is Einstein, i.e.

(6.1) Ric = ﬁg: Aj,  AeR.
m

Since in an orthonormal frame (6.1) becomes

S
(6.2) Rz’j = E(Sw = )\513',

using equations (3.15) and (3.16) we can easily deduce that (M, g) is conformally Einstein if and only if

there exists a solution u € C*°(M) of the equation

(6.3) Ri; — (m — 2)us; + (m — 2)usu, = % [5— (m —2) A+ (m —2)|vuf] 53,
with
(6.4) S —2(m —1)Au — (m — 1)(m — 2)|Vu|*> = Ame*™.

Equation (6.3) can be also written in terms of the Schouten tensor as

1[(m-2)8
Remark 6.2. Note that equation (6.4) is just the trace of (6.3). The system (6.3)-(6.4) is equivalent to

the single equation

—(m—2)Au+ (m — 2)|Vu|2} 8ij-

(6.6) Ri; — (m — 2)ugj + (m — 2usu; = [Au + (m— 2|Vl + Aeﬂ 5ij.
Remark 6.3. The global version of equation (6.3) is

1
(6.7) Ric —(m — 2) Hess (u) + (m — 2)du ® du = o [S —(m—2)Au+ (m — 2)|Vu|2} g.

We have the following proposition, reported in Gover and Nurowski ([17], Proposition 2.1), which

describes the integrability conditions of conformally Einstein metrics:

Proposition 6.4. If (M,g) is a conformally Einstein Riemannian manifold, then the Cotton tensor,
the Weyl tensor, the Bach tensor and the exponent u of the stretching factor satisfy the conditions:

(6.8) Ciji. — (m — 2)usWiijp, = 0,
(6.9) Bij — (m — 4)upupWigj, = 0.

The proof of (6.8) starts from the covariant derivative of (6.5); one then skew-symmetrizes, traces
and rearranges (after a lot of simple but long calculations). Taking the divergence of (6.8), using the
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definition of the Bach tensor (3.36) and equation (6.3) one gets (6.9). We do not provide the details here
since we shall consider later a general computation including this proposition as a particular case (see
7.6 and 7.10). The interesting fact is that (6.8), (6.9) and (5.14), (5.15) are strictly related, as it will
become apparent in a short while.

Taking the covariant derivative of (6.4) and using (6.3) to substitute the Hessian of u we deduce the

interesting relation

_ Sk‘ 1 m+2 m— 2 2
(6.10) Uppl = m —1) wu Ry, mm —1) Sug + ( - >Auuk + ( - )|Vu| U,
which implies
(6.11)
1 . 1 m+2

Now we use the fact that S is constant and thus
(6.12) e*AS = 0;
Moreover, we observe that, from equation (6.3),
(6.13) Ric(Vu, Vu) — (m — 2) Hess(u)(Vu, Vu) = %WUF S —(m—2)Au— (m —1)(m — 2)|Vu|2].
Using (6.12), (6.13) and (6.11) in (3.22) and simplifying we deduce the following

Proposition 6.5. Let (M, g) be a conformally Einstein manifold. Then
(6.14)

%[AS — (m —2)g(VS, Vu)] = (m — 1)A%u + (m — 1)(m — 2)|Hess(u)|* + SAu — 2(m — 1)(Au)?

+(m7;r2>|V ? [ 2(m _1)Au_(m_1)(m—2)\Vu|2]

Remark 6.6. Equation (6.14) can also be obtained by taking the Laplacian of both sides of (6.4), using

the divergence of equation (6.10) and the classical Bochner-Weitzenbock formula (see e.g. [2]).

Remark 6.7. Since, by equation (6.4),
2
(m; >|V ? [ 2(m —1)Au—(m—1)(m—2)\Vuﬂ (m + 2)Ae*|Vul?,

equation (6.14) can also be written as
(6.15)

1

§[AS — (m —2)g(VS, V)] = SAu — 2(m — 1)(Au)® + (m — 1)A%u + (m — 1)(m — 2)[Hess(u)|?

+ (m + 2)Ae?|Vul.

Remark 6.8. If we take u = logvﬁ, for some v € C*° (M), v > 0, equation (6.4) becomes the classical

Yamabe equation

4(m
!A — Sv+ Sv? =0,

m—2
while equation (6.3) becomes
v; 2m wviv; 1 Av 2m  |Vol?
Ry — 24 L A O e . L L S
/ T2 m—2 v? m v * m—2 v? !

7. CONFORMAL GRADIENT RICCI SOLITONS

In this section we introduce the notion of a conformal gradient Ricci soliton, inspired by the two
particular cases of Ricci solitons and conformally Einstein metrics, in order to create a link between
them.
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Definition 7.1. A Riemannian manifold (M, g) is said to be a conformal gradient Ricci soliton if there
exist a conformal change of the metric § = e*“g, u € C*(M), a function f € C°(M) and a constant
A € R such that (M,q) is a gradient Ricci soliton, i.e.

(7.1) Ric + Hess(f) = Ag.
In terms of the geometry of the manifold (M, g), (7.1) leads to the following

Lemma 7.2. (M,g) is a conformal gradient Ricci soliton if and only if there exist u € C*°(M), a
function f € C*(M) and a constant A € R such that

(7.2) Ric —(m — 2) Hess (u)+(m — 2)du @ du + Hess (f) — (df @ du + du @ df) =
%[S — (m—2) (Au - |Vu|2) +Af —29(VF, Vg

and

(7.3) S —2(m —1)Au— (m—1)(m —2)|Vul> + Af + (m — 2)g(V.f, Vu) = mie>*.

Proof. In an orthonormal frame (7.1) becomes

(7.4) Rij + fiy = oy,
while tracing (7.1) we deduce that

(7.5) mA=5+Af.

Multiplying both sides of (7.5) through e?* and using (3.16) and (3.26) we get (7.3); multiplying both
sides of (7.4) by e*, using (3.15), (3.24) and (7.3) we deduce

(7.6)
Rij—(m—2)uij+(m—2)uzuj+fij—(fiug + fiu:) = % [5 —(m—2) (Au - \VU|2) +Af—29(Vf, VU)} Oij
that is (7.2). O

Note that equation (7.6) can be written, using the Schouten tensor, as
(7.7)

Aij—(m—=2)usj+(m—2)usuj+fi;—(fivy + fju) = i [zm -2

— ms —(m— 2)(Au — IVu|2> +Af—29(Vf, Vu)} 0ij-

For a conformal gradient Ricci soliton we define the tensor D(“/) as follows:

(7.8)
(wp) _ 1 e 1 RS — S psps
Dijk - m(fkRZ] fJRZk) + (m — 1)(m — 2) ft(Rtk(SZj Rt](szk) (m — 1)(777, _ 2) (fké’bj f]ézk)
A
T _ul(fk%' = fidik) = (fewij — fiwir) + wi(fou; — fiup) — ml_ 1*(ftutk5z‘j — frugdik)

1 1
+ g (Frue) (undiy — ;i) — m|vu|2(fk5ij — fj0ik).

Remark 7.3. A computation using equation (7.6) shows that the tensor D(*f) can also be written as
follows:

(u.f) _ 1
(1.9) D! S Dm—2

- ﬁ[fijfk — fief; + filurf; —ujfe)] +

[ft(ftj(sik — fik0ij) — |vf|2(uj5ik — urdij) + (frue)(f50i — fk(sij)]

Af
We have the following

Proposition 7.4. If the conformal gradient soliton is a conformal FEinstein manifold (i.e. f is con-
stant) then D(“7f)|f=const. = 0, while if the conformal gradient soliton is a soliton (i.e. uw = 0) then
D(u,f)| 0= DO = D.
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Proof. The proof is straightforward using the definition of D(*/) given in (7.8). Using instead the
definition (7.9), for the first condition we just observe that the right hand side of (7.9) vanishes when f
is constant. If w = 0 then equation (7.9) becomes

(7.10)

1 1
Df;)kf) = m[ﬂ(ﬂﬂm = fwdi)] = —— (fij fu = finf5) +

_aF
(m—1)(m — 2)

Now the conclusion follows using the solitons equation (2.16) and its traced version S + Af = Am.

(frbij — fidir)-

O

From the definition (7.8) of D(*f) and from equation (3.37) we immediately deduce the following

Lemma 7.5. If (M, g) is a conformal gradient Ricci soliton then

(7.11) Dwf) = 3D,
The first main result of this section is the following

Theorem 7.6. If (M, g) is a conformal gradient Ricci soliton then

(7.12) Cijie — [(m — 2)uy — fi]Weige = DD

Remark 7.7. Equation (7.12) is the first integrability condition for a conformal gradient Ricci soliton.
Moreovoer, using Proposition 7.4, when f is constant we recover equation (6.8) of Gover and Nurowski,
while when u = 0 we recover equation (5.14) of Cao and Chen.

Proof. There are two ways to prove (7.12).
First proof (the direct one).
We start from (7.7). Taking the covariant derivative and skew-symmetryzing with respect to the

second and third index we get

(7.13)  Cijk —(m— 2)uthijk + fiReiji + (m — 2)(wiguj — uijug) + fijup — fiwwg + wij fo — wirfj =
Lme frek Sj fetg
m {2 Wt+m—J&J{ﬂm—D weg g |

m 2 {2ut |:<Utk - fie 2>5ij - (Utj - mft_j 2)&%} - %ft(utkdij - Utj5ik)}~
3)

Tracing equation (7.1

S

with respect to i and j we deduce the following interesting relation, which will
come in handy later:

(7.14)
S m 1 m — 2 1
S )~ g = g (el = ) = (2 Jow o

Sl\.’)
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Substituting equation (7.14) in (7.13), using the definition of the Weyl tensor (see equation (2.1)) and

rearranging we arrive at
(7.15)
1
)
1 S
+ o (Bij fio — R fi) + D=2 [(m = 2)(ukdij — u;dir) — (fdij — f50u)]
+ uk[(m — 2)ui; — fiz] — wjl(m — 2)uwie — fie] + (fjuwie — frouis)

m—2
+ (1)Ut(utk5¢j — wi0ik) +

m —

Cijr — [(m = 2)uy — fi]Whiji = [(m — 2)uy — fi](Rij0ir — Rerdij) + (Ripuj — Rijug)

1
1Ut(ftj§ik — fx0ij)

_|_

1 1
o 1ft(utj(5ik — utkéij) + m[(m — Z)Au — Af](Uj(Sik — ukéij)

1
+ mAu(fk&'j — fidik)-

Now we use (7.6) every time the Hessian of u appears in equation (7.15); rearranging and simplifying
(with a lot of patience) we deduce (7.12).

Remark 7.8. The same argument obviously works in the case of conformally Einstein manifolds, leading

to equation (6.8).

Second proof (sketch). Since (M, g) is a conformal gradient Ricci soliton we have the validity of (5.14)
with respect to the metric g, i.e.
Cijk + [iWiijk = Dijs
multiplying both members through e3* we get
e3u6ijk + (6“]};) (eQHWtijk) = e3ul~)ijk.
Now using (3.34), (3.35), (3.37) and the fact that e f, = f, we obtain (7.12). O

Remark 7.9. The first proof of Theorem 7.6 is long but elementary, using only the definition of the
Cotton tensor and the equation defining a conformal Ricci soliton. The second proof is obviously shorter,

but requires a lot of preliminary work to deduce the necessary transformation laws.
As far as the second integrability condition is concerned we have

Theorem 7.10. If (M, g) is a conformal gradient Ricci soliton then

(7.16) Bj; = ml_{Dz%fk) - <m—3) [(m —2)uy — fe]Cie + [frug + frue — (m — 2)Utuk]Witjk}§

2 m—2
Equivalently,

7.17 By = 2 4 4 m=3 Wi,
(7.17) ) (m —2)(m — uguy, — (m — 4)(ur fi + froue) + po—1 fe S| Wit
m—3 “ w,

- (m—2) [(m — 2)us — ft]D§i£f) + Dz(jt,{,)} .

Remark 7.11. Equation (7.16) is the second integrability condition for a conformal gradient Ricci soliton.
Moreover, if f is constant we recover equation (6.9) of Gover and Nurowski, while if u = 0 we recover

equation (5.15) of Cao and Chen.
Proof. Again, there are two ways to prove (7.16).
First proof (the direct one). We take the covariant derivative of equation (7.12) to get

(7.18) Cijia — [(m = 2)ua — fulWaij — [(m — 2)us — flWaijna = Diy?)s
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tracing with respect to k and ! and using the definition of the Bach tensor and the fact that Wyx =
Wijite = — (@>Cjit we deduce

m—2

(7.19) (m —2)Byj — [Ru — (m — 2)ugr + fer)Wigjn + <m) [(m = 2)uy — fi]Cjix = Dz(;lkflg

Now we note that, by equation (7.6),
1
Ry—(m—2)ug+ fir = —(m—2)utuk—|—ftuk+fkut+g {S —(m—-2) (Au - |Vu|2> +Af—29(Vf, Vu)} Oth;

substituting in (7.19) and computing we obtain (7.16). Equation (7.17) can be now obtained using (7.12)
in (7.16) and rearranging.
Second proof (sketch). Since (M, g) is a conformal gradient Ricci soliton we have the validity of (5.15)

with respect to the metric g, i.e.
~ ~ m—23\ ~ ~
(m—2)B;j = Dijis + <m_2>fthit§

the thesis now follows from (3.36), (3.39) (traced with respect to k and t), (3.35) and a long computation.
]

Remark 7.12. Following the second proof of Theorem 7.10 it is possibile to show that

(7.20) DY) — e Dy — (m — 4)u, D%

of
17t,t 15t )+ utD;'?t )

We observe that equation (7.14) gives a relation between V.S, VAu and VA f for a conformal gradient
Ricei soliton. On the other hand, taking the covariant derivative of equation (7.3), we deduce that

(7.21)
Sk Jttk m—2 m—2
_ __JUE -9 - = —2A
2(m —1) Utk + 2(m —1) (m JUgter — 2(m )ft th — 2(m )Utftk+ _1uk U U
m —
- =2V A (222 (G
Subtracting (7.21) from (7.14) and rearranging we obtain
(7.22)
2 (m —2)?
fetk = 2(m — 2)us Rep — 2 Rep, — 2(m — 2) wgugy + (m — 2)uy fr + (m — 2) frug, + QTAU uy,
-2 -1 —2)2 4 —2)2
—2M5uk+2(m )ém ) |Vu|2uk+EAfuk+2Aufk —2M(ftut)uk.

Now using equation (7.6) to substitute every term containing the Hessian of u and rearranging we deduce

the following

Proposition 7.13. Let (M, g, f,\) be a conformal gradient Ricci soliton; then we have

(m—2)(2m —1) 3m —2

(7.23)  fur = fefie — [iRa — (m — 2)ug fre + |Vu|2fk + 2Af uy, + < >Aufk

(S+Af)

+(m —2)g(V 1, Vuui — |9 P ~ o ("2 oV T

Inserting now (7.23) into (7.14) and rearranging we obtain the following, interesting expression for
VAu.
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Theorem 7.14. Let (M, g, f,\) be a conformal gradient Ricci soliton; then we have

S 1 m— 2 m— 2
(7.24)  upp = 27k —up Ry — ug for + Jefere + () |VU|2“k + ()g(Vf, Vu)uy,
(m—1) m—1 m m

_ L(uk + )+ <m+2>Auuk _ ;\Vﬂzuk + iAfu;ﬁ— MWUFJ%
m(m — 1) m m—1 m m
m— 2 2 1

8. GENERIC RICCI SOLITONS: NECESSARY CONDITIONS

Af fk.

In this section we construct, for a generic Ricci solitons(M, g, X, A), two integrability conditions which
are a direct generalization of the ones in section 5, valid for a gradient Ricci solitons. To state them we
first need to define the tensor DX as follows:

(8.1)

1

1 1
= (Xji — X)) + ———
3 (Xks ”)+ﬂm—n

Remark 8.1. If X = Vf for some f € C°°(M), then DY/ = D (since Xiji = frji = Xjki = fiki)-

1 S
m(Xthk(sij - Xthj(Sik:) - m(

[(Xtrt — Xioer)0i5 — (Xejr — Xjer)dik)-

Xkéij — X](Slk)

+

The following theorem shows that DX is the natural counterpart of D in the generic case:

Theorem 8.2. If (M, g, X, \) is a generic Ricci soliton with respect to the smooth vector field X, then
the Cotton tensor, the Weyl tensor, the Bach tensor, X and the tensor DX satisfy the conditions:

(8.2) Ciji + XiWeije = Dy,

1 m—3 1
(83) Bz] = m (ng('k‘,k + thO‘”t + i(th - th)Witjk) .

Remark 8.3. If X = V[ for some f € C°(M), equations (8.2) and (8.3) become, respectively, (5.14)
and (5.15).

Remark 8.4. From (8.2) we deduce
(8.4) XiCyij = X;Dyij.

We omit here the proof, since Theorem 8.2 will be a consequence of Theorems 9.6 and 9.8 of the next
section.

9. CONFORMAL GENERIC RICCI SOLITONS

As a further step toward generalization, not unexpectedly, in this section we define the notion of a

conformal generic Ricci soliton.

Definition 9.1. A Riemannian manifold (M, g) is said to be a conformal generic Ricci soliton if there
exist a conformal change of the metric § = e*“g, u € C®(M), a smooth vector field X € X(M) and a
constant A € R such that (M,q) is a generic Ricci soliton, i.e.
— 1
In terms of the geometry of the manifold (M, g), (9.1) leads to the following

Lemma 9.2. (M, g) is a conformal generic Ricci soliton if and only if there exist u € C°(M), a smooth
vector field X € X(M) and a constant A € R such that

(9.2)
1 1
Ric —(m — 2) Hess (u)+(m — 2)du ® du + 562“5)(9 = [S —(m—2) (Au - |Vu|2) +e*divX|g
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and

(9.3) S —2(m — 1)Au— (m — 1)(m — 2)|Vul* + € (div X + mg(X, Vu)) = mre®".
Proof. In an orthonormal frame (9.1) becomes

(9.4) Rij + %(f(,»j +)~(jz-) = \dij,

while tracing (9.1) we deduce that

(9.5) mA =S+ divX.

Multiplying both sides of (9.5) by e?* and using (3.16) and (3.46) we get (9.3); multiplying both sides
of (9.4) by €2, using (3.15), (3.45) and (9.3) we deduce

1 1
(96) Rij—(m—2)uij—|—(m—2)uiuj+762“(Xij + in) = E |:S - (m - 2) (AU - |VU|2> + 62u leX:| 5@',

2
that is (9.2). O
Remark 9.3. If u = 0 equations (9.2) and (9.3) give
1 1
(97) Rij + i(XZ] + Xﬂ) = %(S + diV X)(SZ] = )\5“',

that is the equation of generic Ricei solitons; if in addition X = V f for some f € C°°(M), we obviously
recover the equation of gradient Ricci solitons. On the other hand, if v £ 0 but X is the gradient of
some function f with the respect to the metric g, we recover equations (7.2) and (7.3). To prove this we
observe that

X =Vf=fi&=fie "e; = e fies,
so we deduce
X =Vf=e2"Vf.

Moreover we have

Xi = 6_2uf7;,

Xij = e 2 (fi5 — 2fing), Xji = e >“(fi5 — 2fjus),

divX = Xy = e 2(Af — 29(Vu, V f)).

Substituting the previous relations in (9.6) we get (7.6).

Note that equation (9.6) can be written, using the Schouten tensor, as
(9.8)
1 2 1 m— 2 2 2 ¢
Aij—(m—2)uij+(m—2)uiuj+§e (X + Xji) = — mS —(m—2) (Au — |Vl ) + e div X | §;5.

For a conformal generic Ricci soliton we now define the tensor D(*X) as follows:

(9.9)
D) = e ;( kRij — XjRix) + ;(Xtﬁ’/tk(si‘ — X Ryj0:k) — ¥(Xk5i' — X;0ir)
ik m—2 / / (m—1)(m—2) J / (m—1)(m—2) / I
1 1 1
+ i(iji — Xjri) + 27[(th15 — Xt )0i5 — (Xeje — Xjue) O] — = [(Xaj + Xja)ur — (Xiw + Xpa)uy)
(m—1) 2
1 .
_mut[(){tk + th)éij — (th + th)éik] + m(dlv X)(ukéij - ujézk)} .

We have the following

Proposition 9.4. If the conformal generic Ricci soliton is a conformal Einstein manifold (i.e. X =0)
then D(“7X)|XE = D9 = 0, while if the conformal generic Ricci soliton is a generic Ricci soliton
(i.e. w=0) then D®X)| _ = DOX) = DX,
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Proof. The proof is just a straightforward calculation. O

A computation similar to the one leading to equation (7.11) shows the validity of the following

Lemma 9.5. If (M, g) is a conformal generic Ricci soliton then

(9.10) DX) = BupX,

We now come to the main result of this section, i.e. the first integrability condition for conformal
generic Ricci solitons.

Theorem 9.6. If (M, g) is a conformal generic Ricci soliton then

(9.11) Cijk — [(m — %)y — GZuXt]Wtijk _ plwX)

ijk

Remark 9.7. If u =0, (9.11) becomes equation (8.2); if X = 0, we recover equation (6.8); if X = ef
for some f € C°>°(M), we have equation (7.12).

Proof. As in the case of Theorem 7.6, there are two equivalent ways to prove (9.11).

First proof (the direct one).

We start from (9.8). Taking the covariant derivative and skew-symmetryzing with respect to the
second and third index we get

(912) Cijk — (m — Z)Uthijk + (m — 2)(uikuj — uijuk)
1 1
+ GQU[(XZ‘j + in)uk — (X’Lk + in)uj} + 562uXthijk + §€2U(Xj¢k — Xkﬂ)
1 { (m —2)

m | 2(m —1)
+2(m — 2) (upuii; — urue;dir) + 262 (div X) (ugdiy — udir) } = 0.

(Skdij — Sjdir) — (m — 2)(uprdij — wpOin) + €**(Xeendij — Xejoin)
Note that, using the first Bianchi identity (4.17) and Lemma 4.3, we have
Xjike — Xiji = Xjki — Xiji + X Reiji,
so that
1 2u 1 2u 2u 1 2u
(913) 56 Xthijk + 56 (ink — iji) = e Xthijk: + §€ (Xj]“‘ — iji)~

Tracing equation (9.12) with respect to ¢ and j we deduce the following interesting relation (compare it
with equation (7.14)):

(9.14)
m — 2 m m— 2 2 9 '
2((ml))5k — (m = 2ugk + € Xy = — [(m = 2)u — e X | Ry — %uuutk + = 1eQ“(dlv X) ug
m(m — 2 m m
- %Auuk - m— 1€2uut(th + th) + m€2u(tht — tht)~
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Now we insert (9.14), (9.13) and (2.1) into (9.12); after some manipulation we arrive at
(9.15)

v
(m—1)(m—2)

1 u 1 u
+ lek [(m - 2)Uj - 62 X]] - mR” [(m - 2)uk - 62 Xk]

Cijk — [(m —2up — BQUXt] Wik = [(m — 2up — €2uXt] (Rtjdik — Rtkaij)+

m{ [(m - Q)Uk - €2uXk] (5@' - [(m - Q)Uj - CQUXj](Sik}

+
+ (m — 2)(uijuk — uikuj) + €2u[(Xik + in)uj — (Xij + in)uk.]

m—2

T ) w(Uerdij — wejOir)

m —

2
1 ) Au(uk&j — Uj(sik)

162u(diVX)(uk5ij — Uj(sik) — <

1
1€2uut[(th + Xit)dij — (X5 + Xje)0ik)

m—
+ ﬁew[@ﬁkt — Xiett)0ij — (Xije — Xjue)Oin]-

Using (9.6) every time the Hessian of u appears in equation (9.15), rearranging and simplifying (with a
lot of patience, again) we deduce (9.11).

Second proof (sketch). Since (M, g) is a conformal generic Ricci soliton we have the validity of (8.2)
with respect to the metric g, i.e.

éijk + Zank = ng

Now one should multiply both members through e**, use (3.34), (3.35), the fact that X, = e*X,; and
the computation producing equation (9.10). O

As far as the second integrability condition is concerned we have

Theorem 9.8. If (M, g) is a conformal generic Ricci soliton then

(9.16)

1 w m—3 1
B = {nglj,? — <2> [(m —2)uy — equt] Cjit + 562“(Xt;€ — X)) + 2€2%(Xpug,) — (m — 2)utuk] Witjk}.

m—2 m —

Remark 9.9. If u = 0, (9.16) becomes equation (8.3); if X = 0, we recover equation (6.9); if X = Vf
for some f € C°°(M), we have equation (7.16).

Proof. Taking the covariant derivative of equation (9.11) we get

Cijig — [(m — 2uy — 2e* Xuy — 62“Xﬂ} Wik — [(m — 2uy — eQ“Xt] Wik = Dl(;‘k)l()
Now we trace with respect to k and [ and we use the definition (2.12) of the Bach tensor to deduce
(m—2)Bij — RyeWijn + [(m — 2)uy, — 26> Xyuy, — € X | Wigje — [(m — 2)uy — e Xy | Wiijn e = Dz(;é,)?

Inserting (2.11) and (9.6) in the previous relation, simplifying and rearranging we get (9.16). O
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10. HIGHER ORDER INTEGRABILITY CONDITION FOR GRADIENT RICCI SOLITONS

In this short section we present the third and the fourth integrability conditions for gradient Ricci

solitons of dimension m > 4. Starting from equation (5.15) in Theorem 5.2 we get the following

Theorem 10.1. If (M, g, f) is a gradient Ricci soliton with potential function f, then the Cotton tensor,

the Bach tensor and the tensor D satisfy the condition

(10.1) RitCri = (m — 2)Djgge 1,
or, equivalently,
. m—4
(10.2) (divB); = Bikx = (M)Ditk,tk~

Proof. We take the covariant derivative of equation (5.15), obtaining

m-—3

— DBy = Dy
(m — 2)Bij i yt,tk+(m2

>(ftk0jit + f:Cjit k),

which implies, using the soliton equation,
m—3
m— 2

(m —2)Bijk = Dijen + < )()\Cjik + RuCiti + f:Clit k).

Tracing with respect to j and k, using equation (4.43) and the fact that the Cotton tensor is totally
trace-free we get

m—3
(m —2)Bik i = Dikt.tr + (m?) R, Cyi.
Now we exploit (2.13) in the previous relation, obtaining (10.1). To get (10.2) we simply insert again
(2.13) into (10.1). O

Theorem 10.2. If (M, g, f) is a gradient Ricci soliton with potential function f, then the Cotton tensor,
the Bach tensor and the tensor D satisfy the condition

1
(10.3) §|C|2 + (m —2)R;jB;j — Rij Rt Wikje = (m — 2)Disie thi
or, equivalently,
m—4
(10.4) Bik ki = (M>Ditk,tki-

Proof. Equation (10.4) follows by taking the divergence of (10.2). To get (10.3) we take the divergence
of (10.1),
Ryt iCrti + Rkt Crtii = (m — 2)Dis ki

Now we use the symmetry of the Cotton tensor and the definition of the Bach tensor, obtaining
1
§(Rkt,i — Ryit)Crti + Rie[(m — 2) By — RijWikje] = (m — 2) Diggo s,

from which we immediately deduce (10.3). O

11. OPEN QUESTIONS

We conclude the paper with a brief overview of interesting open problems.

First of all, sufficient conditions for a generic Riemannian manifold to be conformally equivalent
(locally or globally) to a Eistein manifold have been found by several authors, see for instance Gover-
Nurowsky [17] and Listing [22], [23]; it would be of great interest to find similar results in the Ricci
soliton case.

Another interesting result would be to deduce some a priori estimate on scalar curvature for confor-
mally Einstein manifolds or conformally Ricci solitons, using PDE methods to study scalar equations
obtained from their structure; a similar approach has been used for instance in [25] and [13].



30 CRS

In the spirit of [8] and [5], rigidity and classification results for Bach-flat gradient Ricci solitons can
be derived using the first and the second integrability conditions, see also [14]. It is then natural to ask
if it is possible to obtain similar results under weaker assumptions, such as div B = 0, exploiting also
the third and fourth integrability conditions provided in the previous section. We explicitly remark that
in dimension three the condition div B = 0 is sufficient to obtain the classification, see [5]. Moreover,
in obtaining the aforementioned classification results, a key role is played by the vanishing of the tensor
D; it would be significant to identify weaker requirements on the Bach tensor and/or its divergence that
could ensure this condition.
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