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Conformally symmetric manifolds and
quasi conformally recurrent Riemannian manifolds

Carlo Alberto Mantica and Young Jin Suh

Abstract. In order to give a new proof of a theorem concerned with
conformally symmetric Riemannian manifolds due to Roter and Derdzin-
sky [8], [9] and Miyazawa [15], we have adopted the technique used in a
theorem about conformally recurrent manifolds with harmonic conformal
curvature tensor in [3]. In this paper, we also present a new proof of a suc-
cessive refined version of a theorem about conformally recurrent manifolds
with harmonic conformal curvature tensor. Moreover, as an extension of
theorems mentioned above we prove some theorems related to quasi con-
formally recurrent Riemannian manifolds with harmonic quasi conformal
curvature tensor.

M.S.C. 2000: 53C40, 53C15.
Key words: conformal curvature tensor; quasi conformal curvature tensor; confor-
mally symmetric; conformally recurrent; Ricci recurrent; Riemannian manifolds.

1 Introduction

Let M be a non flat n(> 4) dimensional Riemannian manifold with metric g;; and
Riemannian connection V. It is said to be conformally recurrent if the conformal
curvature tensor satisfies V;Cj1™ = \iCjry™ (See [1], [3] and [11]), where ); is some
non null covector and the components of the conformal curvature tensor [16] are given
by :

m m 1 m m m m
O™ = Rjig™ + —— (87" Rag — 6" Ryy + Ry gny — Ri'g51)
(1.1) - R

(n—1)(n
Here we have defined the Ricci tensor to be Rpp = —Rpp™ [23] and the scalar
curvature R = g% R;j. The recurrence properties of Weyl’s tensor has been analized
also in [13]. If V;C};™ = 0, the manifold is said to be conformally symmetric (See [5],
[8],[10] and [18]). If V,,C}x;™ = 0, the manifold is said to have harmonic curvature

—2) (5;71%1 - 511-”93'1)
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tensor (See [4]). If Cjp1™ = 0, the manifold is called conformally flat (See [16]). In
[13] the properties of some class of conformally flat manifolds are pointed out. It may
be scrutinized that the conformal curvature tensor vanishes identically if n = 3 and if
M is a space of constant curvature. A manifold is said to be Ricci recurrent if its non
null Ricci tensor is recurrent, ie. if ViR;; = BrR;; (See [11]) where (; is another
non null covector.

Recently a theorem concerning conformally recurrent Riemannian or semi-Riemannian
manifolds with harmonic curvature tensor was introduced in [3] (Theorem 3.4) and [19].
We refer to it as:

Theorem 1.1. Let M be an n(> 4) dimensional Riemannian manifold with Rieman-
nian connection V. Assume that M is conformally recurrent and has the harmonic
conformal curvature tensor. If the scalar curvature is constant (V,;R = 0), then M is
conformally symmetric, conformally flat or Ricci recurrent.

This theorem was used in [3] to give a complete classification of conformally re-
current Riemannian manifolds with harmonic curvature tensor. In the same reference
it was stated another Theorem ([3], Theorem 3.6) that refines Theorem 1.1. We refer
to it as:

Theorem 1.2. Let M be an n(> 4) dimensional Riemannian manifold with Rieman-
nian connection V. Assume that M is conformally recurrent and has the harmonic
conformal curvature tensor. If the scalar curvature is non zero constant, then M is
conformally flat or locally symmetric.

In [19] the authors extended Theorem 1.2 to the case of semi-Riemannian man-
ifolds. Moreover they also pointed out that the assumption of a constant scalar
curvature may be dropped in the case of a definite metric and stated the following
(see [19] Remark 3.3) :

Theorem 1.3. Let M be an n(> 4) dimensional Riemannian manifold with Rieman-
nian connection V. Assume that M is conformally recurrent and has the harmonic
conformal curvature tensor. Then M is conformally symmetric.

In this paper we give a new proof of a classical theorem about conformally symmetric
Riemannian manifolds using a technique adopted in [3] for Theorem 1.1. Now we
assert the following :

Theorem 1.4. An n(> 4) dimensional conformally symmetric manifold is confor-
mally flat or locally symmetric.

This result is fulfilled on a manifold with positive definite metrics. Miyazawa proved
this statement with the extra assumption of n > 4 in [15]. A proof of the general
case n > 3 was pointed out by Derdzinski and Roter in [9]. In section 2 of this paper
we reobtain Theorem 1.4 by a correction of the procedure employed in the proof of
Theorem 1.1 used in [3]. In section 3 we give an alternative proof of Theorem 1.3 and
provide extensions of Theorems 1.1, 1.3 and 1.4 related to quasi-conformal symmetric
or quasi-conformal recurrent Rimannian manifold.

Moreover, combining the results of Theorems 1.3 and 1.4, we can state another the-
orem as follows:
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Theorem 1.5. Let M be an n(> 4) dimensional Riemannian manifold with Rieman-
nian connection V. Assume that M is conformally recurrent and has the harmonic
conformal curvature tensor. Then M is conformally flat or locally symmetric.

2 The proof of Theorem B

In this section the procedure adopted in [3] is pursued to obtain a proof of The-
orem 1.4. It is worth to notice that the assumption of constant scalar curvature
mentioned in Theorem 1.1 and employed in [3] is not used here in the proof of The-
orem 1.4. Let M be an n dimensional conformally symmetric manifold. Then the
following relation is fulfilled :

1
viRjkIm = _777, — 2((5;”V2Rk1 — (SITVZRJI + VZR;"gkI - VZRZIQJI)
(2.1) V.R
+ m@- 9Kt — Ok 951)-

From the previous result we can state the following

Remark 2.1. Any conformally symmetric manifold with parallel Ricci tensor is sym-
metric in the sense of Cartan, that is, V;R;;;;™ =0 ( See [12], [16] and [18]).

From the notion of conformally symmetric manifold one easily gets (VyV, —
VaV3)Cjktm = 0. Then by the Ricci identity [23], we can write the following equa-
tion:

(22) Rbajp Cpklm + Rbakp ij[m + RbaIp Cjkpm + Rbamp CjkIP =0.

Performing the covariant derivative of equation (2.2) and taking account that V;Cjz™ =
0, one obtains:

(23) vinajp Okam + Vinakp ijlm + VinaIp Cjkpm + Vz‘Rbamp C’k[p = 0.

J
From (2.3) and the fact that the manifold is conformally symmetric we obtain :
(ViRp;Cakim + ViRokCjatm + ViRy Cikam + ViRemCikia)

—(ViRa;Cprim + ViRakCipim + ViRa 1 Cikom + ViRamCirs)

1
+mviR(gaijkIm + 9axCjvtm + 9a1Cjkbm + 9amCir1s)

(2.4)
1
_mviR(gbjCakIm + 90:Clatm + 961 Cikam + gomCikia)

_szg(ga]Ckam + gakijIm + gaICjkpm + gaijkIp)

J’_ViRg(gbijkIm + gbijpIm =+ gbICjkpm + gmejkIp) =0.
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Now transvecting the last equation with ¢7° taking account of the first Bianchi identity
for the conformal curvature tensor we have:

(n - 2)viRameIk,b + vinkCnLIab + VinICmakb + vinmCalkb

(2.5) b v
- (gaICmpk + gamelk )Vin =0.

Again the previous equation is transvected with ¢*™ to obtain:

1
(2.6) (n— Q)VmRameIkb + VmRbkaIab + VmRbICmakb + §(VbR)CaIkb

- gaICmpkbva;g — Cplk,bvaRi) =0.
Now it is well known that the divergence of the conformal curvature is given by ([8]
and [9]):

n—3
n—2

(2.7)  VanCj™ = Villjp = Vil + 5 {(ViR)gry — (ViR)gj1}-

1
(n—1)
So if the manifold is conformally symmetric, it is easily seen that :

1

This result allows us to examine the last two terms contained in equation (2.6). The
first term vanishes; in fact :

{(ViR)gry — (VeR)g;1}-

1
galcmpkbvaf = igalcmpkb(vag - vazn)
1

(2 9) = §galcmpkb(vapb - vamb)
' 1
= mgalcmpkb{(va)gpb - (VPR)gmb}
=0.

Moreover with similar procedure the last term results to be:
Cp1x"VaRY = CP13"V o Ry

1
= 0" [VpRas + 50— {(VaRgpn — (Vo R)gun}
(2.10)
= Cplkbvaab - mcplkb(va)gab

1

_ byom o
= Ymlk \Y Rab 2(71—1)(

Vi R)C™ ka

So equation (2.6) can be rewritten in the following form:
1
(n - S)VmRameIkb + vabkaIab + vabICmakb + 5

1 m
+ m(va)C Thka = 0.

(Vi R)Ca™
(2.11)

Now in [3] an interesting Lemma is pointed out (See also [9]):
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Lemma 2.2. Let M be an n dimensional conformally symmetric manifold. Then the
following equations hold :

RameIkb + RmbOIakb + RIbCamkb = 07
(2.12)
VsRameIkb + vsRmbCIakb + Vsf{IbC'a'mk:b = 0.

Transvecting the last of the previous relations with g¥™ one obtains:
1
(2.13) V™ RatCrnpi” — V™ Ry Crnak” = 5 (VmR)Caps™.

The equivalent relation —2VmRbaCmI;€b = —ZVmRbICmakb — (Vi R)Cqp™ is then
substituted in equation (2.11) to obtain:

1
(n— V™ RapCryi” + V" R Cr1a” — V" Ry Cra” — 5(va)caIkm

1 _—_—
+m(vm3)c tka = 0.

(2.14)

Again employing Lemma 2.2 with indices k£ and a exchanged gives:

1

(2.15) V™ RykCnta” — V™ Ry Crnka” = 5(v,,LR)OWm.

So equation (2.14) takes the form:

(2.16)

1
(n— 1)VmRameIkb + VmRbI(kaab - Cmakb) + §(va)(C’€Iam + CIakm)
1 m
+ m(va)C Tka = 0.

Recalling that Cyra® + Cram® + Cami? = 0, the previous equation may be written in
the following form :
(2.17)

1
(n— 1)VmRameIkb + VmRbIOakmb + *(VmR)O;mIm +

5 (VinR)C™ 11q = 0.

2(n—1)

1
Now recalling that V,, Ry; — Vi Ry = m{(va)gbI —(VuR) g1}, the second

term of the previous equation satisfies the following identities chain :

1
vabICakmb = vabICakmb = 5 Cakmb(vabI - vamI)

1 m
(2.18) ) b
“3m_1) {(V R)Cakm) — (VoR)Capy }
B 1 m ~ (V™R)
= m(v R) [Cakml Cak[m} = 2m=1) 1)C’akm1-
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So equation (2.16) takes the form:

o m b m
(TL 1)V RameIk + 2(?’L — 1) (V R)Cakml
(2.19) . .
+ §(VmR)0ka1 + m(v R)Crira = 0,
or better :
1
(2.20) (n— 1)V RaCry1e” + 5(va)c,mIT,,, =0.

1
Now one can observe that V,, Rap = VR + ﬁ{(va)gab — (VaR)gms} and
n—

thus we can write:

V™ Ray O = Vi RapC™ 14"

(2:21) = VR, C™ 1" ! Vo R)C™ .0 V.R)C™ 0
= Vo RmpC™ 11 +m[( mB)C™ 11" gab — (VaR)C™ 11" Gms | -
This fact implies that :
2.22 Mol = Ml (VT :
( ) vaabC 1k va}%rnbc( 1k + 2(n — 1) (v R)leka

1
If the equivalent relation (n—l)VmRameIkb = (n—1)VaRmmeIkb+§(VmR)CmIka
is substituted in equation (2.20), one obtains that the following holds:

(2.23) (n— 1)VaRpmpyC™11," = 0.
At last equation (2.5) takes the form:
(224) (0 —2)ViRaCrn1s” + ViRokCrnia” + ViR Crnar” + ViRym Capi,” = 0.

Now Lemma 2.2 is again employed in the form ViRmbC’aIkb+ViRabC1mkb+ViRImeakb =
0 to equation (2.24) to obtain:

(2.25) (n—1)V;RapCrn1i” = = ViRt Crna”-

Now exchanging the indices k and a in the previous result gives immediately :

(2.26) (n— 1)ViRkmeIab = —ViRameIkb.

This implies that (n — 1)*V; RasCrnik’ = ViRapCrayi” and so as in [3] and [19] that :
(2.27) ViRpiCr1a” = 0.

Transvecting the previous result with ¢?* it follows immediately that :

1
(2.28) §VbRCm1ab = 0.
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Transvecting (2.4) with V; Ry; or with Cq1,, and applying (2.27), one can obtain the
following results :

ViRy V'R Copyn =0 or  ViRp;CopymnC*™ =0.

In fact if equation (2.4) is transvected with V?R" one obtains:
o 1 .
(2.29) (VIRYV, Ry — mV’RViR)CakIm =0.
On the other hand if equation (2.4) is transvected with C**™ one easily obtains:

1
) ) aklm ) )
g VRO Vi R{gai Coeym

— 9;Cartm — 90k Catm — 91 Cikam — GomCixta yCHI™ = 0.

Transvecting this last result with g%/ and making use of equation (2.28) one comes to
the following;:

n

-3 akm] _
(2.31) st 33 Vo RCuin O =0

Thus we obtain that the manifold is conformally flat or the manifold has constant
scalar curvature and employing (2.30) it is Ricci symmetric. In this way we have
proved that the following Theorem holds:

Theorem 2.3. Let M be an n dimensional conformally symmetric manifold. Then
it is Ricci symmetric or conformally flat.

Now recalling Remark 2.1 and Theorem 2.3, we have just proved that V; R;;;™ = 0
or O]klm =0.

Remark 2.4. It is worth to notice that from Theorem 2.3 we recover a result of
Tanno ([20], Theorem 6): any non conformally flat conformally symmetric manifold
has constant scalar curvature. This result was used in [9] for the proof of Theorem 1.4.
In the present paper it has been recovered in our main argument.

3 An alternative proof of Theorem 1.3 and gener-
alizations of Theorems 1.1, 1.3 and 1.4

In this section we provide an alternative proof of Theorem 1.3 given in [19] and
consider a possible generalization of Theorems 1.1, 1.3 and 1.4.

Theorem 1.3. Let M be an n(> 4) dimensional Riemannian manifold with Rieman-
nian connection V. Assume that M is conformally recurrent and has the harmonic
conformal curvature tensor. Then M is conformally symmetric or conformally flat.
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Proof. Tt is well known ([1] eq. 3.7) that the second Bianchi identity for the conformal
curvature tensor may be written in the following form :

VlC’]kIm + Vjckilm + chijlm
1

(3.1) = —= [0V, Chit” + 0V, Cigt? + 67V, Cig”

+ gk VpCii™ + gi1 VpCi; ™ + ngVpCikmp]

Thus on a manifold with harmonic conformal curvature tensor [4], the second Bianchi
identity reduces to:

(32) Vicjklm + VjC’;”-Im + VkCijIm =0.

If the manifold is also conformally recurrent, i.e. V;Cjp™ = X\iCjr™, the last
equation takes the form :

(33) )\iCjkIm + )ijkilm + )\kcijlm == O .

We note also that if the manifold has the harmonic conformal curvature tensor, i.e.
VimCiiy™ = 0, then A,,,Cj;1™ = 0. Now equation (3.3) is multiplied by A to obtain
the following result :

(3.4) ANCji™ + XA Chip ™ + XA Ciyp™ = 0.

In the previous equation the second and the last terms vanish. In fact for example
one easily obtains X'\;Cri1™ = g™ NN Critp = g™ PAjA' Cppr; = 0. Then equation
(3.4) give the following result :

(3.5) ANXiCip™ = 0.

We have thus obtained that the manifold is confromally flat. In the same manner
equation (3.3) is multiplied by C7*%1,, and the following is fulfilled :

(3.6) XiClkMCIM L+ X Criy ™ORN Gy O, = 0.

Thus following the same procedure employed previously we have that the relation :
(3.7) XiClp ™, = 0.

So we have A\; = 0 and the manifold is conformally symmetric. |

It is worth to notice that the class of conformally symmetric spaces includes the
class of conformally flat spaces. The version of Theorem 1.3 proved in the present
paper is slightly different from [19].

Now we consider a possible generalization of Theorems 1.1, 1.3 and 1.4 in the direction
of quasi-conformal symmetric or quasi-conformal recurrent Riemannian manifold. In
order to do this, first we need the definition of the concircular curvature tensor (See
[17] and [21]), that is:

m m R m m
(3.8) City™ = Rjpp™ + m(éj 9Ky — 0k 951)-
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Contracting m with j gives the so called Z tensor, i.e. Z = —C’mklm, that is:

R

It may be noted from (3.8) that the vanishing of the concircular tensor implies the
manifold to be a space of constant curvature and from (3.9) that the vanishing of the
Z tensor implies the manifold to be an Einstein space. So the concircular tensor is a
measure of the deviation of a manifold from a space of constant curvature and the Z
tensor is a measure of the deviation from an Einstein space (See [14]).

In 1968 Yano and Sawaki [22] defined and studied a tensor W;;;™ on a Riemannian
manifold of dimension n, which includes both the conformal curvature tensor Cj;;™
and the concircular curvature tensor C’jklm as particular cases. This tensor is known
as quasi conformal curvature tensor and its components are given by :

(3.10) Wig™ = —(n = 2)bCjx;™ + [a+ (n — 2)b] Cjp ™.

In the previous equation a # 0, b # 0 are constants and n > 3 since the conformal
curvature tensor vanishes identically for n = 3. A non flat manifold is said to be
quasi-conformally recurrent if V;Wj1™ = ;W™ for a non null covector a;. It is
said to be quasi-conformally symmetric if V;W;;1™ = 0 and has the harmonic quasi
conformal curvature tensor if V,,Wj1™ = 0. Z recurrency or Z symmetry are de-
fined in analogous ways. Clearly the class of quasi conformally recurrent Riemannian
manifolds includes all the class of quasi conformally symmetric and quasi conformally
flat manifolds. In [2] Amur and Maralabhavi proved that a quasi conformally flat
Riemannian manifold is either conformally flat or Einstein. A similar remark can be
proved for quasi conformally symmetric manifolds.

Remark 3.1. Let M be an n(> 4) dimensional quasi conformally symmetric Rie-
mannian manifold. Then it is either conformally symmetric or Ricci symmetric.

Proof. In fact the condition V;Wj;1™ = 0 implies:
(3.11) (n - 2)bViCjkIm = [a + (n - Q)b] Viéjklm.

Contracting m with j in the previous equation gives [a +(n— 2)b] =0or V;Zy; =0,
that is, by the equation (3.11) the manifold is conformally symmetric or Z symmetric.
Now Z symmetric implies V; Ry = %(ViR)gkI and transvecting with ¢’* one gets
ViR =0 and thus V; Ry =0 O

We note that the class of Z symmetric spaces includes the class of Einstein spaces.
The previous remark allows us to state a modified version of Theorem 1.4 whose proof
follows immediately from Remark 3.1 and Theorem 1.4 itself:

Theorem 3.2. Let M be an n(> 4) dimensional quasi-conformally symmetric man-
ifold. Then it is conformally flat or locally symmetric.

The statement of the previous theorem is due to the fact that local symmetry
implies Ricci symmetry. We can also state the following modified version of Theo-
rem 1.1.
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Theorem 3.3. Let M be an n(> 4) dimensional Riemannian manifold of with Rie-
mannian connection V. Assume that M is quasi-conformally recurrent and has the
harmonic quasi conformal curvature tensor. Then M is conformally symmetric, con-
formally flat or generalized Ricci recurrent [6].

Proof. If ViWjp1™ = a;Wj;™, then one has:
(3.12) ~ .
—(n—2)bViCjkIm+ [a—|—(n—2)b] ViCjkIm = —(n—2)baiCjkIm—|— [a—l—(n—Q)b] OéiCjkIm.

Contracting m with j in the previous equation gives:
(3.13) [a+ (n—2)b]ViZy = [a+ (n — 2)b]a; Zy;.

That is, the manifold is Z recurrent or [a + (n — 2)b] = 0. In this case we get from
(3.10) that :

(3.14) VijkIm = —(n — Q)bvajkIm + [a + (n - 2)[)} Vméjklm.

This fact implies that V,,,Wji;™ = —(n—2)bV,,,Cjp;™ and hence that V,,,Cjp;™ = 0
because V, W™ = 0. From (3.12) we have also in the same case [a+ (n—2)b] =0

that :
(3.15) —(n = 2)bV;Cj;™ = —(n — 2)ba; Cjy ™.

That is the manifold is conformally recurrent.
On the other hand, if the covariant derivative with respect to the index m is applied
on the definition of quasi conformal curvature tensor, one obtains straightforwardly

2a — b(n —1)(n —4)
2n(n —1)

(3.16) VW™ = [a+ 5]V, Ry ™ + (ViR)gri — (ViR)gji |-

Now if V,,, Wjx1™ = 0, transvecting the previous equation with ¢*1 after some calcu-
lations it follows that

(3.17) (n—2)2tbn=2)

V,R=0.
This means that V;R = 0 if a + (n — 2)b#0 or a + (n — 2)b = 0. Inserting the latter
case in (3.16) we obtain the following

(3.18) Vo Rjuy™ = %1) (VkR)gi1 — (ViR)gu .

2(n

From this, we recover obviously VmCﬁCI = 0. Now if the conditions V; W]?ZI = ozz-W;ZI
and vijTZl = 0 are taken in conjunction, we have two cases. One is obtained from
(3.12) that V;CT; = o;CJ; with V., CTy = 0 when a + b(n — 2) = 0. The other case
can be given by (3.13) that V;Zi; = ; Zi; with V,;R = 0 when a + (n — 2)b#0.

In the first case we are in the hypothesis of Theorem 1.3. Accordingly, M is
conformally symmetric or conformally flat.

In the second case, we have a Z-recurrent manifold with V;R = 0 and thus
ViR = a;(Ri — %gkl), that is, a generalized Ricci recurrent manifold [6]. O
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Combining the results of Theorems 3.3 and 1.5, we can state the following modified
version of Theorem 1.3:

Theorem 3.4. Let M be an n(> 4) dimensional Reimannian manifold of with Rie-
mannian connection V. Assume that M is quasi-conformally recurrent and has the
harmonic quasi conformal curvature tensor. Then M is conformally flat, locally sym-
metric, or generalized Ricct recurrent.

Acknowledgement. The second author is supported by grant Proj. No.
BSRP-2010-0020931 from National Research Foundation of Korea.
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