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CONFORMING AND NONGONFORMING
FINITE ELEMENT METHODS FOR SOLVING

THE STATIONARY STOKES

EQUATIONS I

par M. CROUZEIX (*) and P.-A. RAVIART (*)

Communiqué par P.-A. RAVIART

Abstract. — The paper is devoted to a gênerai finite element approximation ofthe solution
of the Stokes équations for an incompressible viscous fluid, Both conforming and nonconfor-
ming finite element methods are studied and various examples of simplicial éléments well
suitedfor the numerical treatment of the incompressibility condition are given. Optimal error
estimâtes are derived in the energy norm and in the L2-norm.

1. INTRODUCTION

Let Q be a bounded domain of RN (N=2 or 3) with boundary I \ We
consider the stationary Stokes problem for an incompressible viscous fluid
confined in ù : Find functions u = (uu ..., uN) and/? defined over £2 such that

— vAw + grad p = ƒ in Q3

(1.1) d ivw-OinQ,

u = 0 on r ,

where u is the fluid velocity, p is the pressure, f are the body forces per unit
mass and v > 0 is the dynamic viscosity.

This paper is devoted to the numerical approximation of problem (1.1)
by finite element methods using triangular éléments (N = 2) or tetrahedral

(1) Analyse Numérique, T. 55 Université de Paris-VI.
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3 4 M. CROUZEIX ET P. A. RAVIART

éléments (N = 3). Clearly, the main difficulty stems from the numerical
treatment of the incompressibility condition div u = 0. Because of this addi-
tional constraint, and except in some special cases, standard finite éléments as
those described in Zienkiewicz [16, Chapter 7] appear to be rather unsuitable.
Thus, it has been found worthwile to generate special finite éléments which
are well adapted to the numerical treatment of the divergence condition.

Indeed, one can construct finite element methods where the incompressi-
bility condition is exactly satisfied (cf. Fortin [8], [9]) but this leads to the use
of complex éléments of limited applicability. Thus, in this paper, we shall
construct and study finite element methods using simpler éléments where the
incompressibility condition is only approximatively satisfied.

On the other hand, we have found it very convenient to use nonconforming
finite éléments which violate the interelement continuity condition of the
velocities. Thus, we shall develop in this paper both conforming and non-
conforming finite element methods for solving the Stokes problem (1.1).

An outline of the paper is as follows. In § 2, we shall recall some standard
results on the continuous problem and we shall give a gênerai formulation of
the finite element approximation. Section 3 will be devoted to the dérivation
of gênerai error bounds for the velocity both in the energy norm and in the
L2-norm. In §§ 4 and 5, we shall give examples of conforming and nonconfor-
ming éléments, respectively. In § 6, we shall dérive gênerai error bounds for the
pressure in the L2-norm. Finally, we shall constder in § 7 the approximation of
the Stokes problem with inhomogeneous boundary conditions

(1.2) u = g on T.

For the sake of simplicity, we have confined ourselves to polyhedral domains
£1 but it is very likely that our results can be extended to the case of gênerai
curved domains by using isoparametric finite éléments, as analyzed in Ciarlet
and Raviart [6], [7], Similarly, we have not considered the effect of numerical
intégration since this effect has been already studied : see Ciarlet and Raviart [7],
Strang and Fix [15].

In a subséquent paper, we shall describe and study both direct and itérative
matrix methods for numerically finding the finite element approximation of
the Stokes problem. Finally, let us mention that all the methods and results
of this paper can be extended to some nonlinear problems. In this respect,
we refer to a forthcoming paper of Jamet and Raviart [11] where the stationary
Navier-Stokes équations are considered.
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METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 35

2. NOTATIONS AND PRELIMINAIRES

We shall consider real-valued functions defined on Q. Let us dénote by

(2.1) («,!;)= f u(x)v(x)dx
Ja

the scalar product in L2(Q) and by

(2.2) ||t>|| = (vv)x/2

the corresponding norm. Consider also the quotient space L2(Q)/R provided
with the quotient norm

(2.3) \\v\\ = inf | | , + c| .
2 c€R 0,0

For simplicity, we shall dénote also by v any function in the class
v <E L2(ÇÏ)/R.

Given any integer m > 0, let

(2.4) Hm(Q) = { v | v <= L\Q), d*v € L2(D), |a | ^ m }

be the usual Sobolev space provided with the norm

(2-5) ^K^i^J^l
We shall need the following seminorm

/ _ \l/2

(2.6) \v\ - £ || 9^112

/n.a \ |a |=m 0,0/

In (2.4),..., (2.6), oc is a multiindex : a = (a l s . . . , aN), a4 > 0,

|a| = ax + ... + a^and 6a = 1̂ — ) ... U— 1 -

Let

r

Note that |i?| l j Q is anormover HQ(Q) which is equivalent to the H1(Q.)-normt

Let (L2(Q))N (resp. (Hm(Q))N) be the space of vector functions ï = (vl9..., %)

n°Idécembre 1973, R-3.



3 6 M. CROUZEIX ET P. A. RAVIART

with components vt in L2(Q) (resp. in Hm(Q)). The scalar product in (L2(Q))N

is given by

(2.8) (u, v) - f u(x) • v(x) âx = £ f «,(*)!>,(*) dx.

We consider the following norm and seminorm on the space (Hm(Q.))N :

\v\\ =

E |f,l2
î = l m,a /

Introducé now the space

(2.11) V - { v | v € (JïftQ))*, div ? - 0 }.

We extend the scalar product in (L2^))^ to represent the duality between
V and its dual space F'.

Let

(2.12) a(uj)= t ( ^(x)^
ij=i Ja vXj axj

be the bilinear form associated with the operator — A. A weak form of pro-
b l e m ( 1 . 1 ) i s a s f o î l o w s : Given a f u n c t î o n ƒ € V\ find f u n c t i o n s u G V and
p € L 2 ( Q ) / R s u c h t h a t

(2.13) va(u, v) + teâdpt1>) = (ƒ, v)for

or equivalently

(2.14) va(^ ») —(p, div^) - (f,ï)fo

Clearly, if (u,p) e V X L2(Q)/R is a solution of équation (2.13) (or 2.14)),
then u € V is a solution of

(2.15) va(£») = (ƒ, ï ) for ail 1 € F.

In fact, one can prove the following resuit (cf. Ladyzhenskaya [12], Lions
[13]).

Theorem 1, There exists a unique pair of functions (u,p) € V x L2(Q)jR
solution of équation (2.13). Moreover, the function tiç. V can be characterized
as the unique solution of équation (2.15).

For the sake of simplicity, we shall always assume in the sequel that D
is a polyhedral domain of RN and that ƒ belongs to the space (

Revue Française d'Automatique^ Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 37

In order to approximate problems (2.13) or (2.15), we first construct
a triangulation T5fc of the set Q with nondegenerate JV-simplices i£(i.e. triangles
if N = 2 or tetrahedrons if N = 3) with diameters < h. For any K € *BA, we let :

A(X) = diameter of K,

,_ t ^. p(iC) = diameter of the inscribed sphère of K,
(2.16)

,„. //(A)

y = sup

Note that, in the case N = 2, we have the estimate

sinö

where 6CK) is the smallest angle of the triangle K and 6 is the smallest angle
of the triangulation TSh. In the foliowing, we shall refer to h and er as parameters
associated with the triangulation %h.

Let k ^ 1 be a fixed integer. With any JV-simplex K € IS*,, we associate
a finite-dimensional space P K of functions defined on K and satisfying the
inclusions

(2.17) Pka PKŒ C\K\

where Pk is the space of all polynomials of degree k in the AT variables xu ...5 xN.
Next, we are given two finite-dimensional spaces Wh and W0>h<Z Wh of func-
tions vh defined on Û and such that vh\K£PK for all K € 7ih. We provide the
space Wh with the following seminorm

(2-18) Nl . = ( l hl
2
 Y'

2

\K6TS

REMARK 1. The spaces PFh and WOth will appear in the sequel as finite-
dimensional approximations of the spaces HX(Q) and # o ( ^ ) respectively. The
inclusions Wh C Hx{ü), WOfh C HQ(Q) occur when conforming finite éléments
are used and we get \vh\h = \vh\ 1>o for all vh € FFA. But, in the gênerai case of
nonconforming finite éléments, these inclusions are no longer true and we shall
need some appropriate compatibility conditions : see Hypothesis H.2 below.

Let (Wh)
N (resp. (W0>h)

N) be the space of vector functions vh = (vlth, ...5 vNth)
with components vUh in Wh (resp. in WOth). We provide (Wh)

N with the seminorm

(2-19) h =

décembre 1973, R-3.



38 M. CROUZEIX ET P. A. RAVIART

Consider now the space OA of functions <ph defined on O and such that
<pAj K € Pk-1 for ail K€ H>h. Let us introducé the operator

div„ e Z((Wh)N; O„) n Z((HlmN; <DJ
by

(2.20) (div„ v, cp„) = £ I d i v » * ?* d * f o r a11 <P*I div »
Then, define the space

(2.21) Vh = {vh\vhe (W0,h)
N, div„ vh = 0 }.

With the bilinear form <Z(M, 1?), we associate

(2.22) a& 9) = E £ f | ^ g t dx, Î ? € (Z/1^))^ U

Notice that ah(uh, vh) = a(uh, vhl uh> vh € (JVh)
N

9 when WhC &(&). Then
the approximate problem is the following : Find a function uh € Vh such that

(2.23) wz„(4, ^ ) = (ƒ, rO for all ̂  € ^ , .

Theorem 2, Assume that \\vh\\h is a norm over WOth. Then, problem (2.23)
has a unique solution uh € Wh.

Proof. Since ||f?é||h is a norm over (WOth)
N, this result is an easy conséquence

of the Lax-Milgram Theorem.

3. GENERAL ERROR ESTIMATES FOR THE VELOCITY

Now, we want to dérive bounds for the error uh — u when the solution
« € V of (2.15) is smooth enough (For regularity properties of the solution u,
we refer to [12]). We begin with an estimate for \\uh — u\\h. We may write for
all vh € Vh

— vh9 uh — vh) = ah(uh — uyuh — vh) + ah(u — vh9 uh — vh)

and
.._, _• „ n_> _, „ \ah(uh — w, wh)\
\\uh-vh\\h^ \\u-vh\\h+ sup ' hK h > h)\

Thus, we get

(3.1) ||4-2|U<2 inf | | « - ^ + sup

Revue Française d*Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 3 9

In order to evaluate the term inf \\u — vh\\h appearing in (3.1), we need
th€Vh

some approximability assumption :

Hypothesis H.l. There exists an operator

rh € Z((H2(Q)f; (Whf) H £((H2(Q) D H^f; (W0,h)
N)

uch that

(i) (3.2) divh rhv = div* v for all v € (H2(n)f;

(ii) for some integer / ^ 1

(3.3) \\rhv — v\\k ̂  Cclhm\v\m+ua for all v <E (Hm+1(Ü)f, 1 < m ^ k,

where the constant C is independent of h and er.
By (2.20), condition (3.2) is equivalent to the following property :

(3.4) I q div r^v dx = q div v dxfor all q € Pk„1 and all
JK JK

Lemma 1. Assume that Hypothesis H.l holds. Then rh € £(F fl (H2(Cï))N; Vh)
and we have the estimate

(3.5) inf \vh — v\\h < Calhm\v\m+lfÇ1 for allveVH (Hm+\Q)f, 1 ^ m ^ k,
t€V

where the constant C is independent of h and er.

Now, for estimating the term ah(uh — «, wh), wh € Vh, we assume that the
solution (u, p) of (2.13) satisfies the smoothness assumptions :

From (2.23), we obtain

Qh&h — u, wh) = - / • wh dx — ah(ut wh).
v Ja

Clearly

f*whdx~ — v Au • wh dx + grad p • wh dx
Ja Ja Ja

and, by using Green's formula on each K € TS*, we get

ƒ • wh dx = vflA(3, wh) — YJ P d i v ™h dx

K€-Gh JBK Ö « KCTSA J 9 K

n° décembre 1973, R-3.



4 0 M. CROUZEDC ET P. A. RAVIART

where n dénotes the exterior (with respect to K) unit vector normal to the
boundary dK of K. Thus, we have

a$h — v>Wh) = —7: Z pdivwhdx— £ ^

: Z L

In order to evaluate the surface intégrais which appear in (3.6) (and which
are identically zero when WOth C HQ(Q), i.e. for conforming finite element
methods), we need first some compatibility assumption.

Hypothesis H.2. We assume the following compatibility conditions :
(i) For any (N—i)-dimensional face K1 which séparâtes two N-simplices Kl9
K2 € : TS*, we

(3.7) q(vh>l — vht2)da = 0 for ail q^Pk^1 and ail vh
JK'

where vhtî is the restriction ofvh to Ku i = 1,2;

(ii) For any (N—\)-dimensional face Kf of a N-simplex K€*Çh such
that K' is a portion of the boundary T, we have

(3.8) qvhda = 0 for allq£Pk^1 and ail vh € WOjh.
JK'

REMARK 2. Clearly, Hypothesis H.2 is satisfied when Wh C H\Q) and
W0>h C ffi(Û). When Wh * Hl(Q) and W0)h <fc HX(Q)9 i.e. for nonconforming
finite element methods, Hypothesis H.2 implies that, for second order elliptic
problems, ail polynomials of degree k pass the « patch test » of Irons (cf. [1],
[10] and [15] for a more mathematical point of view) so that the right order
of convergence can be reasonably expected.

As a conséquence of Hypothesis H.2, we can prove :

Lemma 2. Assume that Hypothesis H.2 holds. Then \vh\h is a norm over
the space Wöth.

Proef. Let vh be a function of Wö>h such that ||t>A||* = 0. From (2.18),

we get -—• = 0, 1 < i < N, in each K e 1Sft. Thus, vh is constant in each N-
OXi

simplex K € "6A. Using Hypothesis H.2 (i) with q = 1, we find that vh is constant
over H. Finally, by using Hypothesis H.2 (ii), we get vh = 0.

Besides Hypothesis H.2, we need an essential technical result. Let K be
a nondegenerate JV-simplex of RN and let K' be a (N— l)-dimensional face

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STÂTIONARY STOKES EQUATIONS 41

of K. Let us dénote by P^ the space of the restrictions to K' of all polynomials
of degree (jt and J{&, the projection operator from L2(K') onto P^ :

(3.9) q • JL^vàa = qvàa for all q € P^
JK' JK'

constant C > 0Lemma 3. For any integer m with 0 < m
independent of Ksuch that

(3.10)

for all 9 € tf ^iQ and all v € Hm+1(K).

Proof. Let £ be a nondegenerate iV-simplex of RN and let K ' be a (N — 1)-
dimensional face of K. Just for convenience, we shall assume that Kr and K'
have the same supporting hyperplane xN — 0. Let us dénote by

F^x-^ F(x) = Bx + b,B£ £(#*), b € RN,

an aflSne invertible mapping such that K = F(K), Kf = F{Kf), and by B ' the
(iV— 1) X (iV— 1) matrix obtained by crossing out the Nth row and the Nth

column of the N X N matrix B.

For any function ƒ defined on K(or on K'), we let : ƒ = ƒ o F. Then, we have

We may write for all 9 e H\K) and all v € Hm+i(K).

(3.11) f <p(t> — JtG^v) da = ldet(5 ') | fA cp(̂ 5 — J L | , Ï ; ) der

Consider, for fixed v 6 Hm+1(K), 0 ^ m < ^, the linear functional

A j A A i/ ^ A. ,

cp-> 9(Ü — X^o) da

which is continuous over H1^) with norm ^ ||£ — ^ | ^ | O , K ' a n ( i which
vanishes over Po by (3.9). By the Bramble-Hilbert lemma [3] in the form given
in [5, Lemma 6], we get

(3.12) A 9(t> — JLfav) Ü — JL&v\\

n° décembre 1973, R-3.



42 M. CROUZEK ET P. A. RAVIART

for some constant ct = c^ÇK). Since Ji>^v = £ for ail v € P»,, we get as an
easy conséquence of the Bramble-Hilbert lemma (see also [5? Lemma 7]).

for some constant c2 = c2(JC). Combining (3.11),..., (3.13), weobtain

(3.14) I <p(v — Ji>K>v) du
JK' 1,K m+l,K

Since (cf. [5, formula (4.15)])

(3.15)

weget

(3.16)

v\t£ < |det (B)\~U1 \\B\l \v\ for ail vÇHl(K),

L (p(v — JL^'V) âa jdet CB') ||m+2

where
norm.

is the norm of the matrix B subordinate to the Euclidean vector

Dénote by eN the N^ vector of the canonical basis of RN. Then, the Nth

component of the vector B~xeN is given by

so that

(3.17) |det(2»')| < |det(iï) | H^"1!-

By (3.16) and (3.17), we may write

(3.18)

Since

(3.19) 11*1

da

< •

PW'

r« \\B-

p(^0

w\
m+l,K

(cf. [5, Lemma 2]), the desired inequality follows whit C == Cj^
which dépends only on K. (p(^0)m

In the sequel, we shall dénote by C or Cf various constants independent of
h and a. We are now able to dérive a bound for the error \\uh — M||A.

Revue Française d'Automatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 4 3

Theorem 3, Assume that Hypotheses H.l and H.2 hold. Assume, in addition,
that the solution (u,p) ofproblem (2.13) satisfies the smoothness properties

(3.20) u € V H (Hk+\Q))N
9 p € Hk(O).

Then, problem (2.23) has a unique solution ~uh 6 Vh and we have the estimate

(3.21) \\uh-u\\h^Ccjlhk(\u\ +\p\ )

Proof. Existence and uniqueness of the solution 7ih € Vh follow from Hypo-
thesis H.2, Lemma 2 and Theorem 2. Consider now équation (3.6) : we begin
with an estimate for the term

(3-22)

Let K' be a (N — l)-dimensional face which séparâtes two iV-simpIices
KUK2€ *6*. For ƒ = 1,2, let us dénote by whti the restriction wh to Kt and
by ~ht the unit vector normal to K' and pointing out of Ku The contribution
of ̂ ' in the expression (3.22) is given by- - — _ _

du -> du ->
+

According to Hypothesis H.2 (i), we have

and we may write

du - 3M - \ ( l du «jk-i 3 M \ / - - v ,

Now let K' be a (JV—l)-dimensional face of a iV-simplex K € TSft such
that K' is a portion of the boundary F. According to Hypothesis H.2 (ii),
we have

I I *M>K' x " I * Wt. der = O,

Thus, we may write

i ow -• , ! du « fe-i öw
I -r— * VVi, U(7 = I I d\\JK' TT—

AK* on JK> \ on dn

n° décembre 1973, R-3.



4 4 M. CROUZEIX ET P. A. RAVIART

In conclusion, we get as a conséquence of Hypothesis H.2

(3.23)

' du

By using Lemma 3 with m = k — 1, we get the estimate

(3.24)
TS

cxchk \u\ IIwh\h for ail wh € (W0,hf.

Similarly, we get

(3.25)

X f pwA.nda= Z Ea | (P — Jtf^

and by Lemma 3

pwh*nàG
JOK

< c2ahk \p\ ||wh\h for ail wh € (WOihf.(3.26)

It remains to estimate the term

\p f -*

(3.27) 2 J \ P ^1V wh àx, wh € Vh.

By définition of the space Vh, we have :

(3.28) wh € Vh o j q div wh dx = 0 for ail q^Pk-1 and ail # ç 'S,,.

Thus, we may write

I p div wh âx = l (p — q) div wh âx for ail q e i 3 ^ and ail K € *&..
JK Jic

By applying [5, Theorem 5], we get the estimate

and therefore

(3.29)

min \\p-g\\ <cMK))k\p\
eP 0,K lc,K

cjf\p\ Nl»foridiv wh âx

Française dyAutomatique, Informatique et Recherche Opérationnelle



METHODS FOR SOLVING THE STATIONARY STOKES EQUATIONS 45

Combining (3.6), (3.24), (3.26), (3.29), we obtain for all wh € Vh

(3.30) k & —«, wh)\ ^ C3^k(\u\ + \p\ ) \\wk\\h.

Then, the desired inequality (3.21) follows from (3.1), (3.30) and lemma 1.

REMARK 3. In the case of conforming finite element methods, the proof of
Theorem 3 reduces to the proof of inequality (3.29).

REMARK 4. When the solution (u, p) vérifies only

(3.31) u € Vr\ (Hm+1(Q)f, p € Hm(Q),

for some integer m with 1 ^ m ^ k, we similarly get the estimate

(3.32) ||MA — u\\h ^ Calhm (|«| + \p\ ).

Assume now that (3.31) holds with m = 0, i.e. (u,p) does not satisfy any
smoothness property. Then, by using the density of V f\ (3)(Q))N in V, one can
easily show that for bounded o-

(3.33) lim f»* —«|fA = 0.

We now come to an L2-estimate for the error ~uh — ~ii. To do this, we need
the following regularity property for the Stokes problem :

The mapping (<p3 x) -*"— v^9 + S r a d X i s a n

(3.34)
isomorphism from [Vf\ (H2(Q)f] x [H\Q)/R] onto (L2(CÏ))N.

Since Q is a polyhedral domain, this property holds for example when Q,
is convex.

Theorem 4. Assume that Hypotheses H.l, H.2, (3.20) and (3.34) hold. Then
we have the estimate

(3.35) \\ïch _ « | | o o ^ Ca2lhk+1 ( | « | J ; * + \P\ )•

Proof. We use and generalize to the nonconforming case the now classical
Aubin-Nitsche's duality argument. We may write

^••^0) \Uh — M|[o,Q = SUp i — -t

g€(L\Q.))N ||^||o,Q

Given ~g e (L2(Ü))N, we let (9, ^) be the solution of the Stokes problem

— vAcp + grad x ~ i iû ü ,

(3.37) div 9 = r 0 in^Ü,

9 = 0 on T.

n* décembre 1973, R-3.



46 M. CROUZEIX ET P. A. RAVIART

According to (3.34), we have ç e Vf) (H2(Q))N, % € H\QL) and

(3.38) i
2,Q

By using Green's formula over each K€ 7?^ we get

(wft — 5,1) = — v £ («A — «)*A$dx

+ E («* —
(3.39) =vaA(wA — 5, 9)— E { | xdiv(wA —«)

Combining (3.6) and (3.37), we obtain for ail

(wh — M, g) = vûth(«fc — M̂  <p — çfc)

(3.40)

— E 1 Lpdiv9hdx+
K€l5h K JK JE

— M) dx

Let us consider j&rst the expression

Using Hypothesis H.2, we may write as in the proof of theorem 3

K€-Çh JdK Vit K€lSh K-cdKJK' \ d W Ö « /

By using Lemma 3 with m = k — 1, we get for all

9» - .
(3.41)

Consider now

Française d'Automatique, Informatique et Recherche Opérationnelle
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Using again Hypothesis H.2, we may write

47

j _• _> 0 9 j V"1 v™1 j >-* -• ƒ 8 9 fc—1 ôcp

and therefore by using Lemma 3 with m = 0

(3.42) — u\\

Similarly, we can prove

(3.43)

1dc7

(3.44)

c3aA* |/?| ! 9A — 9 ! for all 9* € I
fc.a ft

h 1.O

f - -

y f . __ ^

Finally, we want to estimate

V f
2 J /? div 9A dx and

Since 9 € F, we get for all <pA € 7A (cf. (3.28))

f j . - j r J . - - r . - ^

I j? div 9A dx = I p div (9ft — 9) dx = 1 (p — q) div (cp/, — 9) *

for all q € P4_ 1 and all K € T5A, and therefore

SA 1

f^di
JK

p div 9A dx c5 inf ||/? —

Thus, we obtain

(3.45) E f Pdidiv <Qu dx all 9,,

JK

On the other hand,

= I (X — ?) div («& — «) f o r - i and all

n° décembre 1973, R-3.



48 M. CROUZEDC ET P. A. RAVLÀRT

so that

JL X div (uh — u) dx 7 inf \\x — q\\ \uh— w|
q€Po 0,K ltK

sh\l\ |«* — « |
1K 1K

and therefore

(3.46)
KelSh JK

X div (uh — u) dx cBh\\uh — u\\ \x\ •

Now, combining (3.40),..., (3.46), we obtain

(3.47) \(uk-u,g)\ < c9 { \\uh-u\\ Jnf ||9-<P*|
*• h <Ph€Vh h

h 2 , Q 1,Q

1 +H

Then, applying Lemma 1 and Theorem 3 gives

(3.48) \(uh-u,g)\<clov
2îhk+1(\U\ +\p\ |$|

fc+1,0 Jfc,Q 2,Q

The conclusion folîows from (3.36), (3.38) and (3.48).

4. APPLICATIONS I : CONFORMING FINITE ELEMENTS

Let us recall some gênerai définitions [5], Let iT be a iV-simplex belonging
to TSft with vertices aitK, 1 ̂  / < N + 1; we dénote by Xf(x) = X; , ^ ) ,
1 < i < iV + 1? the barycentric coordinates of a point XÇLF? with respect to
the vertices of JST. Let HK = {bî)K}t*l x be a set of M distinct points of ̂ T. We
shall say that the set S^ is PK-unisolvent if the Lagrange interpolation problem :
«Find p €PK such that p(bi)K) = af, 1 < / ^ M» has a unique solution
for any given set { af }J1 j of real numbers. If HK is P^-unisolvent, we dénote

t,K> 1 < i < M, the basis functions over the set K (i.e. /?it& € P
j M)

We shall consider now examples of conforming finite element methods
corresponding to the cases k — 1, 2, 3.

EXAMPLE 1. Just for simplicity, we shall restrict ourselves to the case N = 2
Dénote by a0%K the midpoint of the side [aîfK, aJ7K], 1 ̂  i < j < 3. Then,
as is well knownS^ = { aitK } U { aijiK } is a P2"u n i s°lv e n t s e t-

1<<3 ' Ki<j<3
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Moreover, the basis functions are given by

Pu. K = 4AX, 1 < ï < ƒ ̂  3.

49

(4.1)

<x a

Figure 1

Then, define the spaces :

(4.2) PK = P2

(4.3) Wh = {vh \vh € C°(Q), »A|i € P 2 for all K € 7?,, } C ff

Clearly, a function üft G PFh is uniquely determined by its values vh(aitK)9

1 < i < 3, and v^ai3^ l <$ i < j *Z 3, Ke*6h. We let

(4.4) ^o,ft = { ^ | ^ € f ^ ^ | =
r

Let us prove now that Hypothesis H.l
any K€ T5A, we define the operator IIX €

k = l = 1. First, for
;P 2 ) by

i < 35

(4.5) nK2; da = Ü der, 3.

By the Sobolev's imbedding theorem, we have H2(K) C C°(K) so that the
first condition (4.5) makes sense. On the other hand, the restriction p\[aitKia1tfc]
to the side [aisK,ajK] of any polynomial p € P 2 dépends only on p(aitg)9

P(ajtK)>P(aij,K)- Thus, since Pu,K^a i s > ®> ^ e ^as t condition (4.5)
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détermines UK v(aiJ>K). Clearly,

(4.6) UKv | dépends only on v\ f 1 < i < j < 3,
[ai,K aj,g\ [ai,K,ajtKl

Since UKv — v for all v e P2> we get by applying [5, theorem 5]

(4.7) | IlKv — v\ < Ca(K)(h(K))m \v\ for all v € Hm+1(K), m = 1,2,
1,K m+l,K

for some constant C > 0 which is independent of 7§T.

Now, for any v € 0ET2(Q))2, we let rhv be the function in (Wh)
z such that

(rftü)£| = I I ^ £ for ail Ke¥>k, / = 1,2. This définition makes sensé because

of property (4.6). Obviously, we have

rh € Z(H2(Q))2; (Wh)
2) H Z((H2(Q) fi

Moreover, using (4.5) and Green's formula, we obtain

(4.8) I div r^o dx = I r$ • « d<7 == ? • « dey = div ? dx
JK JÔK JBK JK

so that (3.4) (and (3.2)) holds with k = 1. On the other hand, by (4.7), we have

(4.9)

\\rhv — v\\ = \rhv — v\ < C<7Âm \v\ for ail ? € ( ^ m + 1 ( Q ) ) 2 , J m ' - 1? 2,

so that (33) holds with k = 1 (and also with k = 2), / = 1.

Since we are using conforming finite éléments, Hypothesis H.2 is trivially
satisfied. Thus, defining

(4.10) th)
2, f divüikdx = 0

JK

and applying Theorems 3 and 4, we obtain when M ç F fl (H2(Q))2
9 p € # x

(4.11) \uh — u\ <Cah(\u\ +\p\ )

and

(4.12) \\UM-U\\ ^Ca2h2(\u\ +\p\ )

provided (3.34) holds. The bound (4.11) is a slight improvement of a resuit
of Fortin [8] who first discussed this type of approximation. Notice however
that these error estimâtes are quite disappointing since we use polynomials
of degree 2 in each triangle K € T&h. This cornes from the low order of accuracy
in approximating the divergence condition. In fact, it is impossible to construct
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an operator rAÎ€ £((#2(Q))2, (Wh)
2) such that (3.4) holds with k = 2. We shall

see in § 5 how the use of nonconforming finite éléments enables us to obtain
the same asymptotic error estimâtes by using polynomials of degree 1 only
in each triangle K € *£?/,.

EXAMPLE 2. Now, we show that we can raise by one the asymptotic order
of convergence of the previous method by slightly increasing the corresponding
number of degrees of freedom. Assume for the moment that N = 2. We
introducé the centroid a12ïtK of the triangle K with vertices aitKi 1 ̂  z < 3.
Let us dénote by PK the space of polynomials spanned by

Then, P2 C PK and S K = { aUK } U { aijtK } U { a123>K } is a

PK-unisolvent set. Moreover, we can easily compute the basis functions :

pUK = X,(2X; — 1) — 3x^2X3, 1 ̂  ï < 3,

(4.13) pijiK = 4X£X/ — 12x^2X3, 1 < i < j < 3,

Pl23,K == 27X1X2X3.

a

Figure 2

Let us define the space

(4.14) Wh = { vh \vh e Co(0), vh\ ePK for all K € TSh } C
E

Here again, a function vh e Wh is uniquely determined by its values
1 < 1 < 3, vh{aij<K), 1 < 1 < j < 3, and üh(a123>K), ^ € 15h. We let

(4.15) W0>h = {vh\vheWh,vh\ = 0 } = J ^ n
r
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Let us show that Hypothesis H.l holds with k = / = 2. We begin with
a preliminary resuit.

Lemma 4* For any K € *GA, #*e équations

(i) n K ? ( ^ K ) = ü(ajfK), 1 < z < 3,

(4.16) (ii) f nKvda = f 2 d<r, 1 < / < 7 < 3,

(iii) je,, div nKtî dx = x£ div v dx, i = 1, 2,

define an operator llK€Z((H2(K))2;(PK)2). Moreover, IIKï | dépends

only on v\ ,1 < Ï < J < 3, a«c/ we /zave fAe estimate :

(4.17)

| I I ^ — »| < C(a(K))2(h(K))m \v\ for ail vÇ (Hm+ \K)f, m = 1 , 2
1,K m+l,K

Proof. Let ï? be in (H2(K))2. Since X1X2X3 vanishes on &K, the restriction
to any side of K of a polynomial p€.PK coincides with a polynomial of degree
^ 2. Thus, as in example 1, the first two équations (4.16) détermine

K * ) , i < i < 3S nK?(fll7jK)51 < i < j < 3,

and consequently the restriction Eljçjy of îlKv to 8̂ T. Moreover,

dépends only on ? . By using Green's formula, équation (4.16) (iii)

becomes

(4.18) — (ÏIgp)idx+ XJIKV • n de = — z?£ dx + I ^ « « d f f ,
JK: JBK JK JBK

Since p 1 2 3 K dx is > 0, this équation (4.18) détermines

Thus, équations (4.16) uniquely define a function I I X Ü € ( P K ) 2 - Clearly, the
operator UK belongs to t((H2(K)f: (PK)2).

Now, notice that conditions (4.16) (ii) imply

I div nxï) dx = I div ï? dx.
JJC JKJK

Thus, we get as a conséquence of équations (4.16) (ii), (iii)

(4.19) j qdivTlKvdx= \ q div v dx for ail qeP^
JK JK
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A

Finally, let us dérive the estimate (4.17). We shall dénote by K a nondege-
nerate référence triangle of JR2 and we shall use the notations given in the proof

of Lemma 3. Since UgV ̂  ïl^v, inequality (4.17) is not a direct conséquence
of [5, Theorem 5]. Thus, let us introducé the operator ÜK € SL{(H2{K))2, (PK)2)
defined by

= v(aiiK), 1 < f < 3,

(4.20) f ÜKv da = f

ÛKV dx = \ v dx.

Observe now that

ÜKv = Üjjv for all v e (H2(K))2.

Thus, by using [5, Theorem 5], we get

(4.21)

If i r fT_ v\ < cxo(K)(h(K))m \v\ for all v €(Hm+1(K))2
9 m = 1, 2.

1>K m+l,K

It remains to estimate

Clearly, we have

(4.22) f l K v \ = K \
OK VK

Thus, we obtain

(4.23) ÏIKV — TIKV = p i23,K(UKV

and therefore

(4.24)

where || • || is the Euclidean vector norm in R2. By a change of variable, we get

(4.25) \Pl23>K\ < |det (B)\1/2 WB-'W \Pl23tK\ A < c2 [det (5 ) | 1 / 2 l ^ " 1 ! .
1 ,K 1 ,K

On the other hand, using (4.18), (4.20) and (4.22), we obtain

(ÏIKv — nKv)idx= XiitlgV — v)*ndG, i = 1, 2,
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and by (4.23)

Ü />123, — nKü)j(a123iK) = L Xi(ÏÏKV— ï?) • « d<T.

Since

we have

(4.26)

Jtf
= |det (B)\ ƒ•

Jx

P123.K c3 |det (B)\,

— ftK9)( («123>K) | < c4 |det (5)1 "* j ^ xt(UKv — v) • « , i = 1. 2

Let K' be a side of the triangle K. We may write

f ~ ̂  _> _» . . r ~ r r -

X;(ITKÎ? — Î?) • « dcr = det (5') A (Bx + b)i(Tl£v — v) • « dcr

= | d e t ( 5 ' ) | A (Bx)i(nkv — v)-nda

J K'

and therefore

(4.27) I, — y) • n da

Since n^i? = v for all Ü € (P2)2
?
 w e ê e t a s a conséquence of the Bramble-

Hilbert Lemma

(4.28) ||nkî? —v||A < 6̂ |» | A < ^6 |det

Thus, using (3.17), (4.27) and (4.28), we obtain

I x£(nxî? — t?) • n âa

and by (4.26)

(4.29) IKn^-n^Xa^aJl l < c8 |d

From (4.24), (4.25) and (4.29), we get

|
m+l,A

c7
m+l,K

m+l,K

i W W W W ^
1,K m+l,K
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and by (3.19)

(4.30) | n ^ — liKv | < clo(a(K))2(h(K))m \v\ for all v € (Hm+ \K))2
y

1,K m+l,K

m = 1,2. The desired estimate (4.17) follows from (4.21) and (4.30).

Now, for any ï € (H2(Q))2, we let r$ be the function in (Wh)
2 such that

rhv | = TlKv for all K € *EA. Again, we have

nC((^ 2 (Ü)n^(Q)) 2 ; ( ^ 0 ^) 2 X By (4.19), we have

(4.31) q div rhv óx = ^ div ? dx for all # € PA and all K € TS*,
JK JK

so that (3.2) holds with k = 2. On the other hand, we get from (4.17)

(4.32)

H v — Ü | | - \rhv — v\ < ca2Am |9 | for all v £(Hm+1(Q))2
9m = 1, 2

ft 1,O m+l,Q

so that (3.3) holds with A: = / = 2.

Defining

(4.33) FA = { ?A | vh€(JV0tà
2, f qdivvhdx= 0 for all

and applying Theorems 3 and 4, we obtain when u € V f) (Jf3(Q))2, /?

(4.34) | « f t - « | <ca2/*2(|«| + b | )
i f a 3,Q 2,a

and

(4.35) ||«k-«|| <«4A3(|«| +\p\ )
0,Q 3,Q 2 (Q

provided (3.34) holds.

The previous analysis can be now extended to 3-dimensional problems.
Here K is a tetrahedron with vertices aitK, 1 < i < 4. Let us dénote by aiJtK

the midpoint of the edge [aitK, aJtK], 1 < / < j ^ 4, by ûtOmK the centroid of
the triangle with vertices aiK, aJtK, amtK, and at2^^tK the centroid of the
tetrahedron K Let PK be the space of polynomials spanned by

À1A2A3, A2A3A4, ̂3X4X^5 A4AJA2, AJA2A3A4.

Then P2^PK and
s * = { Ö£,K } U { fly)X } U { fl..m(K } U

1<£<4
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is a PK-unisolvent set of R3. Moreover, the basis functions are :

PI,K = *i(2Xi — 1) — 3X!(X2X3 + X3X4 + X4X2) + 68X^2X3X4,...

( 4 3 6 ) Pi2,K = 4XjX2 — 12X!X2(X3 + X4) + 128X^2X3X4,...

P123.K = 27X^3X3 — 108X1X2X3X4>...

Let us define the spaces Wh and Wöth by (4.14) and (4.15) respectively.
Then, we can similarly show that Hypothesis H.l holds with k = l = 2.

This is easily done by introducing for any K € ¥>h the operator

nKZl((H2(K))3;(PK)3)

such that
TT ""*/• \ **V \ 1 * A

ïijrVicit j / \ === v(ci' p-), 1 ^ i ^ 4.

nx?(a0. (K) = v(aijtK), 1 ^ i < j < 4,
(4 37) f _> f _

UKv da == i; da for each 2-dimensional face K' of i5T,
JK' JK-

J X; div II^ü dx = X; div ? dx, i = 1, 25 3.
k Jk

Thus, defining again Vh by (4.33), the estimâtes (4.34) and (4.35) still remain
valid when u e V 0 (H\ü)f, p € H2(Q).

EXAMPLE 3. We can easily extend the ideas given in Example 2 in order to
construct conforming finite element methods of higher-order of accuracy.
We shall consider only a 2-dimensional example corresponding to k = 3.
With any triangle K€l5h, we associate the points altKi 1 ^ i < 12, whose
barycentric coordinates are :

aUK - (1, 0, 0), a2tK - (0, 1, 0), adtK = (0, 0, 1),

1 2 \ J 2
3 * 3 ' r 6>K \ ' 3 ' 3

r u ' 3 j 5

l _ a l _ a \ /l—a 1—a

r l _ a l _ a
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where 0 < a < l , a # - « Let ? K be the space of polynomials spanned by

Then P 3 C pK and SK = { at K } is a P^-unisolvent set of R1.
Ki<l2

ai W 4 "ST %

Figure 3

By an elementary calculation, one can verify that the basis functions au

"2
= \ *i(3Xx - l)(3Xi - 2) - 1 X1X2X3

'
- 2 7 a 2 + 1 8 a + 1 2

A

(4.38)

2a(l — a)2

9(3a + l)(a + 1) .
4a(l — a) l 2

4a(l — a) XzX3Î

9(3a + 1) ^ ,
4a

XiX2X3
1—a
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Let us define the spaces Wh and WOth by (4.14) and (4.15) respectively.
Then, a function vh € Wh is uniquely determined by its values vh(aitK),
1 < i ^ 12, AT€ *Gft. Moreover, one can easily show that Hypothesis H.l holds
with k = 3, / = 2. The proof is similar to that given in Example 2 : for each
K e T&H, we consider the operator UK € Z((H2(K))2; (PK)2) defined by

J ^nKï? der = ^ d<j for ail q € P t , 1 ^ i < j < 3,

(4"39) f ^divnKüdx= f ?divïdxforall?€P2 ,
JK JK

[^i(n^)2 — *2(n^)i] dx = (XJÎ;2 — x2Vi) dx.
JK JK

Thus, putting

(4.40) FA= {^ |^€ (PF 0 , f t )
2 , £^d iv^dx-0 fo r all

and ail

we obtain when ÜeFf i (i?4(O))2, j? 6 if 3(Q)

(4.41) | ^_S | ^caV(\u\ +\p\ )
i,n 4,Q 3,a

and

(4.42) | |«*-«| | < cff
4A4 (|tt| +\p\ )

0,Q A-yCï 3tn

if property (3.4) holds.

5. APPLICATIONS II : NONCONFORMING MNITE ELEMENTS

We now come to nonconforming finite element methods for solving the
stationnary Stokes équations. We shall give two examples which correspond
to the cases k = 1 and k = 3.

EXAMPLE 4. For N = 2,3, let ^ ç ^ b e a iV-simplex with vertices aiyK,

1 ^ i ^ N + 1. Dénote by if/ the (JV— l)-dimensional face of K which is

opposite to aiK and by bitK the centroid of K[, 1 ^ Ï < N + 1. Then,

= { è£>£ } is a Pj-unisolvent set and the basis function piK asso-
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ciated with the point bisK is given by

(5.1) pïtK^ 1-JVX„1 ^i

59

Let us define the space Wh as follows : a function vh defined on Q belongs
to Wh if and only if

(5.2) vh 1 € Px for any K € T5A,

(5.3) i;A is continuous at the points bitKÇ.Q, 1 < f < 7V+ l,

Thus, a function vh € fFA is uniquely determined by its values vh{bt K),
^ i ^ N+ I 5 ^€75 f t . We let

Wh, vh(biiK) - 0 for all bitK € T }.(5.4)

Observe that Wh et i J^Q) and ^0>fc *

Let us show that Hypothesis H.l Ao/rfs WÏ7À k — l= 1. For any
we define the operator 11^ € t ^ 1 ^ ) ; Px) by

(5.5) UKv da = I vda,
JK'i JK'i

Since

JK
Pj,K d°=

K'i
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the équation (5.5) détermines IIKz;(2>fjK) :

v da
(5.6)

Since IlKt? = i? for ail v € P i 3 we get by applying [5, Theorem 5]

(5.7) \UKv — v\ ^ ca(K)(h(K))m\v\ for ail v Ç. Hm+\K), m = 0, 1,
1JC + l K

for some constant c > 0 which is independent of iT.

Now, for any v € (fl^Q))*, we let rAt; be the function in (PTJ^ such that
(rhv)t\ = n x üi for ail i^€ T5A, 1 < i < N. Then

rA € C « f f W * ; (^,)N) H C((^(D)f ; (W0>hf)

and, by (5.5), we have

div r^ âx = rA? • « dcr — 2J rAï? • « da

(5.8) ^ + 1 f ^ ^ /*
= 2 J Ü • n da = I div v dx

î=i JKU JK

so that (3.4) holds with k = i. Using (5.7), we obtain

(5.9) H v || |i;[ + 1 N
|| | [
ft m+l,n

so that (3.3) holds with k = l = 1.

On the other hand, let us show that Hypothesis H.2 /ro&& w#A Â: = 1.
For any {N — l)-dimensional face K[ of a iV-simplex Ke^Sh and any function
ĥ € Ff*, we have

= 0 o f

so that (3.7) and (3.8) hold with k = 1.

Thus, defining

(5.10) ^h - { 4 | vh € ( JToX ƒ div vh dx = 0 for ail

as in Example 1 and applying Theorems 3 and 4, we obtain when

(5.11) ||«*-«|| < Cah(\u\ +\p\
h 2,n i
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and

(5.12) | f t-«| | <Cc2h2(\u\ +\p\ )
o,n 2,n i,n

provided (3.14) holds.

In conclusion, the nonconforming finite element method discussed here
appears to be more attractive than the conforming method of Example 1
which involves more degrees of freedom without improving the asymptotic
order of accuracy.

EXAMPLE 5. Here again, it is possible to construct nonconforming finite
element methods of higher-order of accuracy. For the sake of simplicity, we
shall confine ourselves to a spécifie 2-dimensional example corresponding to
k — 3. With any triangle K€tih, we associate the points biiK, 1 ^ z < 12,
whose barycentric coordinates with respect to the vertices aitK9 1 ^ i < 3, of
K are given by

bUK = (gu gz, 0), b2$K = I - , - , 0 ) » b3tK = (g29gi> 0),

K = (0, gu 5tK = (o, y 2)

7,K = (gi> 0, gt)9 bStK = I Y °' 2 ) ' ^9'K = ^ l s °' '

1 — a l — a\ , (1 — a 1 — a

l — a 1 — a

where 0 < a < 1, a ^ - and

Notice that g2, r- ? gx are Gaussian quadrature points on (0,1).

As in Example 3, let us dénote by PK the space of polynomials spanned by

By an easy but tedious calculation, one can verify that 2 K = { bitK }
l<<

is a Px-unisolvent set of i?2. Moreover, one can compute explicitly the corres-
ponding basis functions.

n° décembre 1973, R-3.



6 2 M. CROUZEIX ET P. A. RAVIART

Let Wh be the space of functions vh defined on ù and such that

(5.13) vh\KZPKforanyKe*Gh9

(5.14) vh is continuons at the points bi)K ÇU, 1 < i ^ 9, K € 1SA

Then clearly, a function vh € Wh is uniquely determined by its values
vh(bUK\ 1 ^ i < 125 ̂ € 1 5 ^ We let

(5.15) W0>h = { vh\vh € Wh, vh(bisK) = 0 for ail 6 l t Z € T }

Let us prove first that Hypothesis H.l holds with k = 3, / = 1.

Lemma 5, For awy UT Ç IS^, Âe équations

(5.16)
(i) ^r l l^ dcr == for allqÇ. P2, 1 ^ i < j < 3,

(ii) q^Kv der ™ qv àa for all q \
JK JK

define an operator HK ç Z{HX{K)9 PK). Moreover ïlKv\ dépends only

On v\ , 1 ^ i < j ^ 3, and we have the estimate

(5.17) |t;| - -forallveHm+1(K),0 < m ^ 3.
tX m+lfK
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Proof, We only sketch the proof. First, we remark that the restriction to
each side of K of any polynomial of PK is a polynomial of degree ^ 3. Thus,
if/? €PK vanishes at points bitK, 1 < i ^ 3 for instance, we get

qp der = 0 for all q €P2

since the points bîfK, 1 ^ z < 3, are Gaussian quadrature points. Then, for

fixed q€P2, the intégral qp da dépends on p(biiK), 1 < i < 3,

p 6 PK. Now, one can easily verify that

qp dei — 0 for all q €P2

'P(bUK) = 09l < i< 3 .

Thus, équations (5.16) (i)uniquely détermine îlKv(bi>K), 1 < i < 9. Finally,
équations (5.16) (ii) détermine HK^(bitK)9 10 ^ i < 12.

Since II KÜ = Ü for anyp € ^ 3 , the estimate (5.17) is obtained byapplying
again [5, Theorem 5].

For any v € (H1^))2, we let r^v be the function in (Wh)
2 such that

= UKvt for all K€ ^ i = 1,2. Then

rh e C((J5r W ; (^,)
2
) n

and, by (5.16), we get for all q € P2 and all K € T5A

# div /y? dx = — grad q • rAï dx + ^rh9 • « d<r
(5.18) J K J K J X

= — grad q • ï dx + ^ • n da = ^ div ~v dx.

Using (5.17), we obtain

(5.19) \\rhv — v\\ < Cahm \v\ for aU v € (/Tm+1p))2, 0 < m ^ 3.
A m+l,Q

Now, Hypothesis H.2 Ao&fc w/Y/i /: = 3 since for any K € 7Sft and any
function i?ft € PFh we have :

vh(bi)K) = 0 , U f O < > ^ A da = 0 for all q € iV

Thus, defibiing

(5.20) F f t= ( ï J ^ € ( ^ 0 h ) 2 , f ?divpAdx = 0 for all qeP2

and all
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(as in Example 3) and applying Theorems 3 and 4, we obtain when

(5.21) | |«»-«1 < Ca/i3(|«| +\p\ )
h 4,Q 3,0

and

(5.22) \\uh-u\\ ^ Ca2h4(\u\ + \p\
0,0 4,O 3f

provided (3.14) holds.

6, ERROR ESTIMATES FOR THE PRESSURE

Let us consider again the gênerai finite element approximation of the
Stokes équations as it has been described and studied in §§ 2 and 3. A discrete
analogue of problem (2.13) is the following : Findfunctions ~uh ç Vh and ph € Q>JR
such that

(6.1) vah(uh, vh) - <j>h, divA \) = <ƒ, vh) for ail vh € {WOihf.

In order to prove that problems (2.23) and (6.1) are equivalent and to
estimate the error ph —p, we need the following assumption.

Hypothesis H.3. With any function cpft çOA such that <pA àx — 0, we can
Jn

associate a function ~vh € (^o^)^ w*th the following properties :

(i) (6.2) divA vh = <pA;

(ii) for some integer X ̂  0

(6.3) \\vh\\ <Ca*\\9h\\
h o,a

where the constant C is independent of h and or.

REMARK 5. Dénote by VL the orthogonal complement of V in (Ho(Q))N, i.e.
the space of vector functions v € (üT^Ü))* such that

a (v, w) = 0 for ail w € V.

Then? Hypothesis H.3. appears to be a discrete analogue of
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Lemma 6. Given any function 9 € L2(Ü) such that I 9 djc = 0, there

exists a unique function vÇV1 such that

(6.4) div t? = 9 in Q.

Moreover, there exists a constant C > 0 such that

(6.5) \v\
1,0 a,a

ƒ. We sketch the proof. First, we show that a function v € (HQ(Q))N is
in VL if and only if there exists a function 9 € L2(Q) such that

(6.6) AÜ = grad 9 in O.

Since Ö(Ü, W) = — (A^ w) for ail £ € (#d(Q))", a function
is in V1 if and only if (Av, v?) = 0 for ail w € K By de Rham's duality theorem
(cf. [14]), this exactly means that there exists a distribution 9 in Ci (9
such that (6.6) holds. Moreover, one can prove (cf. [2]) that

Thus, grad is a one to one operator on L2(Q)/^ onto A(F1). By Banach*s
theorem, grad is an isomorphism on L2(Q)/R onto A(K1). But it is an easy
matter to verify that the dual space A(FT)' of A(F1) can be identified with
V\ So, the adjoint operator-div of the opérator grad is an isomorphism on
V1 onto (LZ(Q)/Ry and the lemma is proved.

Dénote by V£ the space of vector functions rh £ (WOfh)
N such that

& "h) == 0 for ail wh € Vh.

Clearly, we might assume that in (6.2) and (6.3) 15A 6 Vfc but this is
unnecessary.

Lemma 7. Assume that Hypothesis H.2 and H.3 (i) hold. Then, a
linear functional vh^L{vh) defined on (WOth)

N vanishes on Vh if and only if
there exists a unique function 9A €OA/iî such that

(6.7) L(vh) = (9h, divA vh)for ail vh € (WOthf.

Proof The « i f» part is obvious. Let us prove the «only if» part. By
définition of Vk, the space of îinear functionals defined on (WOth)

N and vanishing
on Vh is spanned by the linear functionals

J

q div vhdxyq S Pk_uK(=lSh.
K
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Thus, given a linear functional vh -> L(vh) on (WOth)
N which vanishes on Vh,

there exists a function <pfc € O* such that (6.7) holds. Let us show that this
function <pA is uniquely determined up to an additive constant. On the one hand,
using Hypothesis H.2, we obtain for ail vh

 N

(lsdivA^)- X div^dx- £ V«da = 0.
Xe^A J K XeTSA JOK

On the other hand, let q>fc € <&h be such that

9* d* = 0,L
(9,, div* îft) = 0 for ail

By Hypothesis H.3 (i), we may choose vh e {WQ^f such that

divA vh = cpft.

Then, we obtain cpft = 0.

Theorem 5. There exists a unique pair of fonctions (uh9ph) € Vh X
solution of problem (6.1). Moreover, the function uh € FA ca« è^ characterized
as the unique solution of problem (2.23).

Proof Let (wA,/?A)€ Fft x $>h/R be a solution of problem (6.1). Then,
cîearly wft is the solution of problem (2,23). Conversely let uk € Vh be the
solution of (2.23). Then, the linear functional defined on

(vh9 iïh) — (ƒ, ^

vanishes on Vh. By the previous lemma, there exists a unique function ph

such that
vah(uh, vh) — (ƒ, vh) = (ph9 divA t^) for ail vh e (W0%h) N.

Therefore (uh, ph) is the solution of (6.1).
We now estimate the error \\ph—p\\

Theorem 6. Assume that Hypotheses H.l, H.2 and H.3 hold. Assume, in
addition, that the solution (u,p) of problem (2.13) satisfies the smoothness
properties (3.20). Then, we get the estimate

(6.8) \\PH-P\\ , < Cal^hk(\u\ + \p\ ).
L2(O)/R & + l Q fcQ

. We may assume that

I phdx= pdx^O.
Ja Ja
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Let pfj? be the orthogonal projection in L2(Q) ofp upon <I>A. Then we have

PkPdx= pdx = 0
Ja Ja

and

\\ \\p — q\\ ^C^IP]
0tK qePk-l 0,K k,K

so that

(6.9) WP-PMPW <cxh*\p\ .

Let vh be in (W0J)
N. Applying (6.1) and Green's formula, we obtain

(Pk> divA vh) = vaft(wft, ïTA) — (ƒ vh)

S — w, ij)

Thus, we may write for all vh

(P* — 9hP, divh o j = (p — php, divA ^ ) + vah(uh — uy vh)

+ v E L â="^*dff— E L P»*-»dcr.

(/?ft — php) dx = 0. Hence, by Hypothesis H.3, we may choose

c2a
x\\ph — php\\ .

Then, using Theorem 3 and the estimâtes (3.21), (3.24) and (3.26), we obtain

(6.10) H A - P A P I I <\\P-?HP\\ +c 3 f f l + V(j i î | +\p\ ).
on on fc+in jfeo

The desired inequality follows from (6.9) and (6.10).

REMARK 6. More generally, we can easily prove the following resuit. Assume
that (iï,p) satisfies the smoothness properties (2.31) for some integer m with
1 < m < k. Then, we get the estimate

(6,11) || A-.pl <CaI+V(|«| +\p\ ).
La(O)/Jl m+l,Q m,Q
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In order to apply the previous theorem to the examples considered ir»
§§ 4 and 5, it remains to verify that Hypothesis H.3 holds. This is easily done
for the nonconforming examples of § 5. On the other hand, for the conforming
examples of § 4, the dérivation of the inequality (6.3) appears to be rather
technical. Thus, we begin with the

(i) Nonconforming Case. In each Example 4 or 5, we have built an operator
rh € l((Hl(£ï)f; (WOth)

N) which satisfies for all v €

divA rj> = divA v,

T h e n , g i v e n a f u n c t i o n <ph € OA w i t h cph dx — 0, the re exists b y L e m m a 6

a unique function % € F 1 such that

divA v = div v = <pA,

Therefore, the function ~vh = r^e(WOfh)
N satisfies

divA vk = <pA,

cr||9A||

so that Hypothesis H.3 holds with X = 1. We may now conclude that the
following estimâtes hold :

(6.12) | | A —p\\ ^ Ca2h (|21 + \p\ ) in Example 4
2(C n

and

(6.13) | |ft —/>|| < Ca2A3 ( |2 | + \p\ ) in Example 5.
û(n)jR 4,n 3(n

We next consider the

(ii) Conforming case. The previous analysis cannot be used hère since
in each conforming example of § 4 the operator rh is defined on (JÏ2(O) fl Hl(Q))N

only. For the sake of brevity, we shall confine ourselves to a spécifie example,
namely Example 2 with N = 2, but the corresponding analysis can be easily

extended to the other conforming examples. Let cpA € $ * satisfy cpft djc == 0.
Ja
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We construct a fraction vh € (W0th)
2 in the following way. By Lemma 6, there

exists a unique function v € VL such that

(6.14) d i v h v = <ç>k9

(6.15) \v\ < CJI94 •
1,Q O.Q

Let wh be the orthogonal projection in (Hl(£ï))2 of? upon (W0th)
2, i.e.

(6.16) a(wh — v, zh) = 0 for all zh e (WQ,hf.

Then, we define the function "vh by

(0 »»(<*«) — ̂ I , K ) » 1 < Ï < 3,

«O f ^da-f »d«, ! < / < / < 3,

fiii) I Xi div ÏA djc = x( div v dx, i = 1, 2,

for any triangle K € 'S/,.
Clearly, using (6.17) (ii) and (iii), we obtain

q div (vh — t;) d̂ r = 0 for all q€Px and all K € 13/,,

i»e.
divA vh = divft ?.

Thus, by (6.14) we get

(6.18) divA vh = 9à.

The next step consists in proving the

Lemma 8, Assume that the following hypotheses hold:

(6.19) h ^ Ch{K)for all K € T5h;

(6.20) — Ajs on isomorphismfrom H2(ü) D Hl(£ï) onto £ 2 (ü)

Then, we have the estimate

(6.21) | r â | ^ Ca2 \\9h\\ .

Proof Letting

(6.22) z = v — wh, zh == vh — whi
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we get from (6.17)

0) \{aifK) = 0, 1 < î « 3,

(6.23) (ii) ~zk da =- z da, 1 < i < j ^ 3,

(iii) xt div % dx = x£ div 3 dx, ƒ = 1, 25
JK JK

for ail TsT € TSA. In order to estimate \zh\ , we write
i,n

(6.24) Zh= X { E /'y.K^V.Jc) +^123^^123^) f '
K€*6A ^ l < i < i < 3 J

Let AT be a triangle of *BA. We have to estimate

Dénote by K a nondegenerate référence triangle of R2 with vertices
ai9 1 < i < 3, and use the notations given in the proof of Lemma 4. According
to (6.23) (i) and (ii), we may write

J zA d<r = M p i J t K dcj I zh(aij)K)

r
= I z dcr.

J\flitKtOjtKi

Then, by a change of variable, we get

so that

(6.25) jkh(<Zi7,K)|| ^ C2 \\z\\ A = C2 (\z\ A + il2 II A) •
1,K 1,*: 0,K

Using (3.15), we obtain

(6.26)
1/2(j|B||2 |l |2 + P | | 2 )1/2,1 < / < j * 3.

Let us estimate now ||3ft(aj23,jc)ii- According to (6.23) (ii) and (iii), we get
by using Green's formula

J

1A: = zdx
K JK
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and

Ü Pi23xax\zb(a123tK)= zdx — £ I Pij,Kdx\zh(aiJtK).
K I JK l<i<j<3\JiC /

By a change of variable, we get

so that

)K) = \APl23,K dX j I I Z dx— X \*PiJ,K dx) ^h{aijlK) f

\\Uai23>K)\\<c3{\\ï\\ A + E «z,K,K
\ 1,K l<t<i<3

and by (6.25)

Thus, we have

(6.27) |ft(a123,*)|| < c4 Idet (B)|~1/2 ()|l?||2 121

On the other hand, we may write

(6.28) \pUàK\ ^ |det(5) |" 1 / 2 l l^ - 1 ! \pihK\ A ̂  c5 \dct(B)\:

and similarly

(6.29) \PI2S,K\ < ?<> |det(5)|1 / 2 \\B~%
1>K

Combining (6.24), (6.26), ..., (6.29), we obtain

and by (3.19)

(6.30) \zh\ < c8a(K) (|l|2 + (h(K)T2 \\W ) m for all

Thus, using the hypothesis (6.19), we obtain

(6.31) VzA ,

Finally, by using (6.16), the hypothesis (6.20) and the classical Aubin-
Nitsche's duality argument, we easily get

(6.32) PI <c10a* |z| .
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Then, applying (6.16), (6.31) and (6.32) gives

(6.33)

\vh\ < \ZH\ + |w*| < ctla
2 \wh — v\ + \wh\ < cX2a

2 \v\ .
I,Q i,n i,o i,n i,n i,o

Thus, the desired inequality follows from (6.15) and (6.33).
In conclusion, assume that the triangulation *BA vérifies the uniformity

condition (6.19) and that Q is convex for instance (so that (6.20) holds). Then,
in Example 2 with N = 2, Hypothesis H. 3 holds with X = 2 and we get the
estimate

(6.34) ||/»*-/»| , <c^h2(\u\ +\p\ ).

7. THE CASE OF I3NHOMOGENEOUS BOUNDARY DATA

Consider the stationary Stokes problem with inhomogeneous boundary data

— vAu + grad/7 = ƒ in Qt

(7.1) div u = 0 in Ü,

M = g on T.

Assume that the vector-valued function g can be extended inside £1 as
a function u0 € (H1^))1* such that div u0 = 0. In other words, the function
"g satisfies the two conditions :

(7.2) £€(/ /

(7.3) f g*nda = 0
Jr

(see. Cattabriga [4]), Then, a weak form of problem (7.1) is as follows : Given
a function fz(L2(Q))N (or fç. V% find fonctions u € (H\C1))N andp € L2(Q)fR
such that

(7.4) « - « o € F ^

M», v) + (grad p, v) = (/, o) /or ail v € (^(Ü)f.

As a corollary of Theorem 1, we get the following resuit. If g satisfies
the conditions (7.2), (7.3), there exists a unique pair of fonctions

solution of problem (7.4).
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Let us introducé the space y0Wh of the restrictions over F of the functions
of Wh and the space Gh of the restrictions over F of the functions vh € (Wh)

N

such that div/, vh = 0. Then, we have the following characterization of the
space Gh,

Lemma 9. Assume that Hypotheses H.2 (i) and H.3 (i) hold. Then

(7.5) Gh

Proof. Let ~vh € (Wh)
N. Using Green's formula, we may write

divA vh dx = YJ d i v vh dx = — £ t?A • n da
•/n Ü:€*6A JK K€-Gh JOK

and by Hypothesis H. 2 (i)

(7.6) divh vh dx = — I t;A • « der.
J« J r

Thus, any function ~gh c Gh satisfies

(7.7) f ifc.«da = 0.
Jr

Conversely, let ^h€(y0Wh)
N verify condition (7.7). Let yft be a function

in (Wh)
N such that ïvA| = ^A. Using (7.6), we obtain

Lr

Then, by Hypothesis H.3 (i), there exists a function zft

divA zh = — divA wh.

Now, the function ~vh = vv/, + zA satisfies

A discrete analogue of problem (7.4) is the following : Given a function
€ G^ifind functions uh € W ) * andph €®hIR such that

vflfcfo vh) — ( A , divA o») - (ƒ, ?*)/or a// UA € (W0,h)
N,

(7.8) divA wft - 0,

r
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Let us introducé a function uOth € (Wh)
N such that

(7.9) divhu0>h =

Then, problem (7.8) can be equivalently stated as follows : Find fonctions
\ € iW^f andph €®h/R such that

Vh,

h9 vh) - (ph, divA vh) = (ƒ , ?„

We rewrite the 2nd équation (7.10) in the form

(7.11) vah(uh — uOik9 vh) — (phi divA vh) = (f, vh) — vah(u0>h, vh).

Since vh~>(f, vh) — vaA(w0(ft, vh) is a linear functional on (JVOth)
N, we get

as a corollary of Theorem 5 : Given a function ~gh € Gh9 there exists a unique pair
offonctions (uhy ph) € (Wh)

N X <&h/R solution ofproblems (7.8).
It remains to choose the function ~gh € Gh. To this purpose, we assume

that u0 € (H2(Q))N. Then, by Hypothesis H.l, the function rftï/0 satisfies
divA rAw0 = divA w0 — 0« So, we may choose

(7.12) & = rhu0\ .
r

Note that, in each exampie considered in §§ 4 and 5, rAw0 j dépends onîy
r

upon'g. Thus, the choice (7.12) appears to be practically relevant. Moreover,
we obtain if M € (H2(Q)f

Now, using équation (7.11) with w0 h = rAw, it is an easy matter to prove
that Theorems 5, 4 and 5 hold without any modification.

Since, in all the examples of §§ 4 and 5, the détermination of gfc = rhw0|
r

involves the exact computation of surface intégrais, the choice (7.12) can be
inconvénient in some cases. An alternative procedure consists in defining
first an approximation gh ofg in (YoWh)

N (for example, gh can be a sui-
table interpolate of g). Then, we let ~gh to be the orthogonal projection in

( ^ ( r ) ) ^ of gh upon Gh. We shall not give here the correspondingerroranalysis
since it involves further technical results.
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