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Abstract. Learning in a multiagent environment is complicated by the fact that as other agents learn, the envi-
ronment effectively changes. Moreover, other agents’ actions are often not directly observable, and the action
taken by the learning agent can strongly bias which range of behaviors are encountered. We define the conce
of a conjectural equilibriumwhere all agents’ expectations are realized, and each agent responds optimally to
its expectations. We present a generic multiagent exchange situation, in which competitive behavior constitutes
conjectural equilibrium. We then introduce an agent that executes a more sophisticated strategic learning stratec
building a model of the response of other agents. We find that the system reliably converges to a conjecture
equilibrium, but that the final result achieved is highly sensitive to initial belief. In essence, the strategic learner’s
actions tend to fulfill its expectations. Depending on the starting point, the agent may be better or worse off thar
had it not attempted to learn a model of the other agents at all.
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This article includes some material previously reported at
ICMAS-96 (Hu & Wellman, 1996).

1. Introduction

Machine learning researchers have recently begun to investigate the special issues that mi
tiagent environments present to the learning task. Contributions in this journal issue, alon
with recent workshops on the topic (Grefenstette et al, 1996, Sen, 1996, Sen, 1997), ha\
helped to frame research problems for the field. Multiagent environments are distinguishe:
in particular by the fact that as the agents learn, they change their behavior, thus effectivel
changing the environment for all of the other agents. When agents are acting and learnin
simultaneously, their decisions affect (and limit) what they subsequently learn.

1.1. Learning and Equilibrium

The changing environment and limited ability to learn the full range of others’ behavior

presents pitfalls, both for the individual learning agent and for the designer of multiagent
learning methods. For the latter, it is not immediately obvious even how to define the
goal of the enterprise. Is it to optimize the effectiveness of an individual learning agent
across a range of multiagent configurations, or to optimize the joint effectiveness of a
configuration of learning agents? Of course, either problem may predominate dependin
on the circumstance. In any case, we require a framework for characterizing a multiagen
learning process, and analyzing the behaviors of alternative learning regimes.
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We argue that a central element of such a multiagent learning frameworkdgidiprium
concept that is, a characterization of some steady-state balance relationship among th
agents. This follows by direct analogy from the static knowledge (i.e., no learning) case.
In single-agent decision theory, the agent’s problem is to maximize its utility. This remains
true in the multiagent (i.e., game-theoretic) case, but there all the agents are simultaneous
optimizing. The equilibrium (consistent joint optimization) thus represents the logical
multiagent extension of individual optimization. Although from any individual agent’s
perspective the other agents may well be treated as part of the environment, a decision ¢
the analyst’s part to accord all of thesgentstatus (i.e., to treat the system as multiagent)
imposes an essential symmetry on the problem.

Note that equilibrium is an idealization of multiagent behavior, just as optimization is
an idealization of single-agent behavior. Whether or not we actually expect a complicatec
system to reach equilibrium (or analogously, an individual to optimize successfully), it is
quite useful for analysts to understand what these equilibria are. Any nonequilibrium gives
at least one agent a motivation to change, just as a nonoptimum is a cause for change in tl
single-agent case.

Game theory bases its solutions on equilibrium actions (or more gen@aliyies. An
agent behaving within an equilibrium is often explained in terms of the agbelisfs
about the types or policies of other agents. How agents reach such beliefs through repeat:
interactions is what game theorists meandarning(Milgrom & Roberts, 1991), and that
is the sense of the term we adopt as well.

The distinction between learning and nonlearning agents, for our purposes, is simply tha
the former change their beliefs, whereas the latter’s beliefs are 5tatias, a learning
regime defines a dynamic process, and the outcomes achieved in likely trajectories of suc
processes distinguish the effectiveness of alternative regimes. In the multiagent contex
we are interested particularly in whether a learning regime leads to equilibrium behavior,
and if so, then how, and when, and which one.

In the approach to multiagent learning proposed here, we characterize an agent’s belie
process in terms aonjecturesbout the effects of their actions. We define learning in terms
ofthe dynamics of conjectures, and equilibrium in terms of consistency of conjectures within
and across agents.

1.2. A Study in Conjectural Equilibrium

We proceed in the next section to define our basic solution concept, tleanctural
equilibrium In the sequel, we investigate the concept by exploring a simple multiagent
environment representing a generic class of exchange interactions. We identify some inte
esting phenomena in this context that—while specific to the particulars of the environmen
and agent assumptions—we suspect to be prevalent in many other circumstances. Fc
lowing the empirical analysis of this particular environment, we undertake a theoretical
analysis that establishes some equilibrium and convergence properties within a somewh
more general setting.
In our basic setup, one class of agents (cafiizgdtegiq attempt to learn models of the

others’ behavior, while the rest learn a simple reactive policy. We find the following:
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1. The system reliably converges to a conjectural equilibrium, where the strategic agents
models of the others are fulfilled, all the rest correctly anticipate the resulting state, anc
each agent behaves optimally given its expectation.

2. Depending on its initial belief, a strategic agent may be better or worse off than had it
simply behaved reactively like the others.

The apparent paradox in this situation is that the learning itself is highly effective: the
other agents behave exactly as predicted given what the agent itself does. The paradox
easily resolved by noting that the learned model dussorrectly predict what the result
would be if the agent selected an alternative action. Nevertheless, it is perhaps surprisin
how easy it is for the agent to get trapped in a suboptimal equilibrium, and that the result is
often substantially worse than if it had not attempted to learn a model at all.

We refer to the above situation aslf-fulfilling bias because the revisions of belief and
action by the agent reinforce each other so that an equilibrium is reached. Here bias i
defined as in the standard machine learning literature—the preference for one hypothes
over another, beyond mere consistency with the examples (Russell & Norvig, 1995). In
reinforcement learning, the initial hypothesis is a source of bias, as is the hypothesis spac
(in multiagent environments, expressible models of the other agents). The combinatiot
of a limited modeling language (in our experiments, linear demand functions) with an
arbitrarily assigned initial hypothesis strongly influences the equilibrium state reached by
the multiagent system.

Much early work on multiagent learning has investigated some form of reinforcement
learning (e.g., (Tan, 1993, Weil3, 1993)). The basic idea of reinforcement learning is
to revise beliefs and policies based on the success or failure of observed performanc
(Kaelbling, Littman & Moore, 1996). The complication in a multiagent environment is
that the rewards to alternative policies may change as other agents’ beliefs evolve simult
neously (Claus & Boutilier, 1998, Ono & Fukumoto, 1996).

2. Conjectural Equilibrium

In game-theoretic analysis, conclusions about equilibria reached are based on assumptio
about what knowledge the agents have. For example, choice of iterated undominated strat
gies follows from common knowledge of rationality and the game setup (Brandenburger, 19¢
In the standard game-theoretic model of complete information (Fudenberg & Tirole, 1991,
Gibbons, 1992), the joint payoff matrix is known to every agent. Uncertainty can be ac-
commodated in the game-theoretic conceghobmplete informationwhere agents have
probabilities over the payoffs of other agents.

A learning model is an account of how agents form such beliefs. Notice that the beliefs
need not be expressed in terms of other agents’ options and preferences. In particular, ign
rance about other agents might be captured more directly, albeit abstractly, as uncertaint
in the effects of the agent’s own actiohs.

Consider am-player one-stage gant@ = (4,U, S,s). A = Al x -.- x A" is the joint
action space, wherd’ is the action space for agentU = (U}, ..., U") represents the
agent utility functions.S = S x --- x S™ is the state space, whe# is the part of the
state relevant to agent A utility function U? is a map from the agent’s state space to real
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numbers[J? : S — R, ordering states by preference. We divide the state determination
functions : A — S, into componentss’ : A — S?, allowing each agent's part of the state
to depend on the entire joint action. Each agent knows only its own utility function, and
the actions chosen by each agent are not directly observable to the others.

Each agent has some belief about the state that would result from performing its availabl
actions. We represent this by a functién,A* — S?, wheres(a?) represents the state that
agent; believes would result if it selected actieh Agenti chooses the actioaf € A it
believes will maximize its utility?

We are now ready to define our equilibrium concept.

Definition1.  IngameG defined above, a configuration of beliés*, . . ., 5*), together
with a joint actiona* = (a'*,...,a™"), constitutes aonjectural equilibriumif, for each
agenti,

5”(&1*) — Si*(al*, . an*)7

wherea™ € A* maximizesU*(5*(a?)).

If the game is repeated over time, the agents can learn from prior observation$(t).et
denote the action chosen by agéat timet. The state attime o (¢), is determined by the
joint action,

o(t) = s(a'(t), ..., a"(t)).

We could incorporate environmental dynamics into the model by definingsiagitions
as a function of joint actions plus the current state. We refrain from taking this step in order
to isolate the task of learning about other agents from the (essentially single-agent) probler
of learning about the environmehtn consequence, our framework defines a repeated game
where agents are myopic, optimizing only with respect to the next iteration.

The dynamics of the system are wholly relegated to the evolution of agents’ conjectures
Atthe time agentselectsiits action’(¢), ithas observed the sequend®), o (1), ..., o(t—

1). Its beliefs, 5, therefore, may be conditioned on those observations (as well as its
own prior actions), and so we distinguish beliefs at timeith a subscript3i. We say

that a learning regimeonvergesf lim; (3}, ..., 57) is a conjectural equilibrium. Our
investigation below shows that some simple learning methods are convergent in a versio
of the game framework considered above.

A Nash equilibrium for gamé is a profile of actionga®, . .., a™) such that for alk, o
maximizesU*(s'(a’, a~%)). Our notion of conjectural equilibrium is substantially weaker,
as it allows the agent to be wrong about the results of performing alternative actions. Nasl|
equilibria are trivially conjectural equilibria where the conjectures are consistent with the
equilibrium play of other agents. As we see below, competitive, or Walrasian, equilibria
are also conjectural equilibria.

The concept obelf-confirming equilibriun{Fudenberg & Levine, 1993) is another re-
laxation of Nash equilibrium which applies to a situation where no agent ever observes
actions of other agents contradicting its beliefs. Conjectures are on the play of other agent:
and must be correct for all reachable information sets. This is stronger than conjectura
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equilibrium in two respects. First, it applies at each stage of an extensive form game, rathe
than for single-stage games or in the limit of a repeated game. Second, it takes individue
actions of other agents as observable, whereas in our framework the agents observe or
resulting state.

The basic concept of conjectural equilibrium was first introduced by Hahn, in the context
of a market model (Hahn, 1977). Though we also focus on market interactions, our centra
definition applies the concept to the more general case. Hahn also included a specific mod
for conjecture formation in the equilibrium concept, whereas we relegate this process to th
learning regime of participating agents.

3. Multiagent Market Framework

We study the phenomenon of self-fulfilling bias in the context of a simple market model
of agent interactions. The market context is generic enough to capture a wide range ¢
interesting multiagent systems, yet affords analytically simple characterizations of conjec:
tures and dynamics. Our model is based on the framework of general equilibrium theory
from economics, and our implementation useswhe.rAs market-oriented programming
system (Wellman, 1993), which is also based on general equilibrium theory.

3.1. General Equilibrium Model

Definition 2. A pure exchange econonover m goods,E = {(X' U’ ¢') | i =
1,...,n}, consists ol consumer agents, each defined by:

e aconsumption seX* C R7, representing the bundles of thegoods that are feasible
for 4,

e adultility function U? : X* — R, ordering feasible consumption bundles by preference,
and

e anendowment’ € R, specifyingi’s initial allocation of them goods.

For example, each of a collection of software agents may have some endowment o
various computational resources, such as processing, storage, and network bandwidth. T
amounts of these resources controlled by the agent determine which tasks it can accomplis
and at what performance level. The consumption set would describe the minimal amount o
these resources required to remain active, and the utility function would describe the valu
to the agent of results producible with various amounts of the respective resources.

In an exchange system, agents may improve their initial situations by swapping resource
with their counterparts. For instance, one network-bound agent might trade some of it
storage for bandwidth, while another might use additional storage obtained to improve the
result achievable with even a somewhat reduced amount of procéssing.

The relative prices of goods govern their exchange. (e vector P ¢ R, specifies
a price for each good, observable by every consumer agettmpetitiveconsumer takes
the price vector as given, and solves the following optimization problem,



184 M. P. WELLMAN AND J. HU

max U'(z")st.P-2' < P-e'. 1)
rteX?
That is, each agent chooses a consumption buridie maximize its utility, subject to the
budget constrainthat the cost of its consumption cannot exceed the value of its endowment.
A competitive—also calledWalrasian—equilibriumis a price vector and associated al-
location,(P*, (x!,...,2™)), such that

1. at price vectoP*, z* solves problem (1) for each agenand
2. the marketsclealy_! ' =>"" €'

It is sometimes more convenient to characterize the agents’ actions in teersesfs
demandthe difference between consumption and endowment,

Zz:xz_ez’

and to write the market clearing condition 33" , z* = 0. Theexcess demand skir
consumet is Z* = {z" € R™ | e’ + 2" € X"'}.

A basic result of general equilibrium theory (Takayama, 1985) states that if the utility
function of every agent is quasiconcave and twice differentiable, fiidras a unique
competitive equilibriunt.

Observe that any competitive equilibrium can be viewed as a conjectural equilibrium, for
an appropriate interpretation of conjectures. The action sgacd agents is its excess
demand setZ’. Let the state determination functignreturn the desired consumptions
if they satisfy the respective budget constraints with respect to the market prices, ant
zero otherwise. Utility functiod/? simply evaluates's part of the allocation. The agents’
conjectures amountto accurately predicting the budget constraint, or equivalently, the price:
In competitive equilibrium, each agent is maximizing with respect to its perceived budget
constraint, and the resulting allocation is as expected. Thus, the conditions for conjecture
equilibrium are also satisfied.

3.2. lIterative Bidding Processes

The basic definition of competitive behavior (1) implicitly assumes that agengsvaathe
prices used to solve their optimization problem. But it is perhaps more realistic for them to
form their own expectations about prices, given their observations and other knowledge the
may have about the system. Indeed, the dynamics of an exchange economy can be descrik
by adding a temporal component to the original optimization problem, rewriting (1) as

max U'(z'(t)) s.t. Pi(t) - z'(t) < Pi(t) - €'(t), 2

wherez'(t) denotes’s demand at time, and P’ (¢) denotes it€onjecturedprice vector at
that time”

A variety of methods have been developed for deriving competitive equilibria through
repeated agent interactions. In many of these methods, the agents do not interact directl
but rather indirectly through auctions. Agents submit bids, observe the consequent price:s
and adjust their expectations accordingly.
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7(P)

Y

Figure 1. An aggregate excess demand curve for gﬂoﬁ’]f is the market clearing price.

Different ways of forming the expected pridé(t) characterize different varieties of
agents, and can be considered alternative learning regimes. For exampgieypglecom-
petitive agentakes the latest actual price as its expectation,

Pi(t) = P(t—1). 3)

More sophisticated approaches are of course possible, and we consider one in detail in tt
next section.

In the classic method afztonnement, for example, auctions announce the respective
prices, and agents act as simple competitors. Depending on whether there is an exce
or surfeit of demand, the auction raises or lowers the corresponding price. If the ag-
gregate demand obeggoss substitutabilitfan increase in the price of one good raises
demand for others, which hence serve as substitutes), then this method is guaranteed
converge to a competitive equilibrium (under the conditions under which it is guaranteed
to exist) (Negishi, 1962).

ThewaLRrAs algorithm (Cheng & Wellman, 1998) is a variant of tatonnementvin.-

RAS, agent; submits to the auction for goggdat timet its solution to (2), expressed as a
function of P;, assuming that the prices of goods other thidake their expected values.
In other words, it calculatesdemand function

2L (P(t), ..., P}, ..., PL(t)).
The bid it then submits to the auctioneer is its excess demand forjgood

2(Py) = 2 (Pi(t), ..., Py, L (1)) — €i(1).

J m

The auctioneer sums up all the agents’ excess demands to aggegate excess demand
function,
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Figure 1 depicts an aggregate demand curve. We assume(tRatis downward sloping,
the general case for normal goods. Given such a curve, the auctioneer determines the pri
Pj such that;(P;) = 0, and reports thislearing priceto the interested agents.

Given the bidding behavior described, with expectations formed as by the simple com-
petitive agent, thevALRAS algorithm is guaranteed to converge to competitive equilibrium,
under the standard conditions (Cheng & Wellman, 1998). Such an equilibrium also repre:
sents a conjectural equilibrium, according to the definition above. Thus, the simple com:-
petitive learning regime is convergent, with respect to both the tatonnememtarchs
price adjustment protocols.

4. Learning Agents

As defined above, agentsarn when they modify their conjectures based on observations.
We distinguish alternative learning regimes by the form of the conjectures produced, anc
the policies for revising these conjectures.

4.1. Competitive Learning Agents

An agent iscompetitiveif it takes prices as given, ignoring its own effect on the clearing
process. Formally, in our learning framework, this means that the conjectured prices
do not depend on the agents’ own actions—the excess demands they submit as bids. F
example, the simple competitive agent described above simply conjectures that the la:
observed price is correct. This revision policy is given by (3).

Adaptive competitive agerdsljust their expectations according to the difference between
their previous expectations and the actual observed price,

Pi(t) = Pi(t — 1)+~ (P(t 1) - Pi(t - 1)) .

This updating method is a kind of reinforcement learning method. The learning parameter
~, dictates the rate at which the agent modifies its expectations. Whken, this policy is

identical to the simple competitive agent’s. Variations on this adaptation, for example by
tracking longer history sequences, also make for reasonable conjecture revision policies.

4.2. Strategic Learning Agents

In designing a more sophisticated learning agent, we must take into account what informa
tion is available to the agent. In our market model, the agents cannot observe preferenc
endowment, or the complete demand functions of other agents. What the agent does obser
is the price vector. It also knows the basic structure of the system—the bidding process an
the generic properties we assume about demand.

This fragmentary information is not sufficient to reconstruct the private information of
other agents. In fact, it provides no individual information about other agents at all. The
best an agent can do is learn about the aggregate action it faces.

Because they know how the auctions work, the agents realize that their individual demand
can affect the market price. This effect will be significant unless the agent is of negligible
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size with respect to the aggregate system. An agent that takes its own action into accou
in forming its expectation about prices is callgitiategic For a strategic agerit P’ is a
function of excess demanet,(t), and thus’s optimization problem is subject to a nonlinear
budget constraint.

In our experiments with strategic learning, we adopt a simple model of an agent’s influence
on prices. Specifically, the agent assumes that its effect on price is linear for eacl good

Pi(t) = a’(t) + B;(t)z;(t), whereg;(t) > 0. 4

As in our usual reinforcement-learning approach, the coefficients are adjusted according t
the difference between the expected price and actual price,

o (1) + 7 (Pi(t) = Pj(1)) . (5)

i _ i 2 () _ P
Ait+1) = B0+ 3 (Pt - Pj®), ®)
where~; and~, are positive constants.

Thus, by substituting (4) into (2) and omitting the time argument, we obtain the optimiza-
tion problem of the strategic agent,

a;(t +1)

max U’ (2" 4 e') s.t. (' + f72%) - 2* < 0. 7)

P

In the appendix, we prove that this problem indeed has a unique solution.

5. Experimental Results

We have run several experimentswnLRAS, implementing exchange economies with
various forms of learning agents. Our baseline setup explores the behavior of a singlt
strategic learning agent (as described above), included in a market where the other ager
are simple competitors. Additional trials consider different numbers of strategic agents,
and varying initial conditions.

Agents in our experiments have logarithmic utility functions,

U(xy,...,&m) = Zaj Inz;.
J

This utility functionis strategically equivalentto the Cobb-Douglas form, whichis a standard
parametric family often employed for analytic conveniefder the experiments, we set
a; = 1forall j, for all agents.

Because its price conjecture is a function of its action, the strategic agent faces a nonline:
budget constraint, and thus a more complex optimization problem (7). This special form fa-
cilitates derivation of first-order conditions, which we solve numerically in our experimental
runs to calculate the strategic agent’s behavior.

In our simulations, the competitive agents form conjectures by Equation (3). The strategic
agentforms conjectures by (4), and revises them given observations according to (5) and (6
with vy, = 9 = % Agents bid according to the solutions of their optimization problems.
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The auctioneer in each market receives bids from agents, and then posts the price that clez
its market. The process terminates when the price change from one iteration to the ne»
falls below some threshold.

We performed a series of experiments for a particular configuration with three goods
and six agents. The agents’ endowmetitsvere randomly generated from a uniform
distribution, with results displayed in Table 1. Figure 2 presents results for the case wher:
agent 1 behaves strategically, and the rest competitively. Each point on the graph represer
one run of this economy, with various settings of the strategic agent’s initial conjecture.
The vertical axis represents the utility achieved by the strategic agent when the syster
reaches equilibrium. The horizontal axis represents the strategic agent’s starting valu
for its 3 coefficient. For comparison, we also ran this configuration with the designated
agent behaving competitively, that is, forming expectations independent of its own behaviol
according to (3). The utility thus achieved is represented by the horizontal line in the graph

Table 1. Initial endowments for agents in
the example experiment.

Agents Goodl Good2 Good3

Agent 1 231 543 23
Agent 2 333 241 422
Agent 3 43 21 11
Agent 4 33 24 42
Agent 5 431 211 111
Agent 6 12 23 87

As Figure 2 demonstrates, the learning agent can achieve higher or lower payoff by
attempting to behave strategically rather than competitively. @) < 0.03, the agent
improves utility by learning the strategic model. Greater than that value, the agent would be
better off behaving competitively. (We also ran experiments for higher valyg'g of than
shown, and the trend continues. In some other instances of the market game, the stratec
agent also does worse than competitive for excessively low valy@®of Intuitively, the
initial estimate of the agent’s effect on prices moves it toward a demand policy that would
fulfill this expectation.

The utility achieved by the other agents also depends on the jfiibithe strategic agent.
Figure 3 depicts the results for the competitive agents, using as a measure the ratio of utilit
achieved when agent 1 is strategic to that achieved when it is competitive. For these agent
we find that two (3 and 5) are better off when agent 1 behaves strategically, and the rest a
worse off. Moreover, their resulting utilities are monotonesir{0). Note that the agents
that do better have endowment profiles (see Table 1) relatively similar to agent 1, and thu
agent 1’s effect on the price turns out to their benefit. The other agents have relatively
differing endowment profiles, and thus opposing interests.

In general, results need not be so uniform. We have observed cases where competitiy
agents do not perform uniformly better or worse as another becomes strategic, and indee
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Utility of Agent 1

O Agent 1 strategic
— Agent 1 competitive

| | | | . . . . .
0 0.01 0.02 003 004 0.05 0.06 007 008 0.09 0.1
Initial Beta of Agent 1

Figure 2. Utility achieved by the strategic agent, as a functiobf0). (Since utility is only ordinally scaled, the
shape of the curve and degrees of utility difference are not meaningful. Hence, we do not report numeric value:
on the vertical axis.)

it is possible that aggressive strategic behavior can even make all agents worse off. |
contrast, it is not possible that strategic behavior can simultaneously make all better off, a
competitive equilibria are guaranteed to be Pareto efficient.
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Figure 3. Performance of the competitive agents, as a functigf'@f). The vertical axis measures the ratio of
utility when agent 1 is strategic versus when it is competitive.



190 M. P. WELLMAN AND J. HU

As we increase the number of competitive agents, the general patterns of Figures 2 and
still hold. We also ran experiments with multiple strategic agents in the system. For
example, Figure 4 compares strategic agent 1's performance profile for the cases whel
agent 3 behaves strategically and competitively. In most of our experiments, the syster
reliably converges to a conjectural equilibrium, although the particular equilibrium reached
depends on the initial model of the strategic learning agTite exceptions are cases where
the combined power of the strategic agents is relatively large, opening the possibility tha
markets will not clear for significantly erroneous conjectures. This situation is explained
in more detail in Section 6.2.

Utility of Agent 1

O Agent 3 Strategic
X Agent 3 Competitive

| | | | | | | | |
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
Initial beta of Agent 1

Figure 4. Utility achieved by strategic agent 1, as a functionsdf0), with agent 3 strategic and competitive,
respectively.

6. Theoretical Analysis

The sensitivity of outcomes to initial conjectures arises from lack of information. When an
agent has incomplete knowledge about the preference space of other agents, its interacti
with them may not reveal their true preferences even over time. Nevertheless, agents adoy
ing myopic decision rules (e.g., best response) may well achieve conjectural equilibrium
anyway.

In this section, we specialize the concept of conjectural equilibrium to the multiagent
exchange setting. We define thmarket conjectural equilibriummand discuss its existence
and multiplicity for particular classes of learning agents. We then consider the dynam-
ics of strategic learning in this framework, and conditions for convergence to conjectural
equilibrium.
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6.1. Market Conjectural Equilibrium

Our experimental analysis considered agents whose conjectures were either constant (col
petitive) or linear (strategic) functions of their actions. Using Hahn'’s notiorcofgecture
function(Hahn, 1977), we provide some more general notation for characterizing the form
of an agent’s conjectures.

Definition 3. The conjecture functionC’ : ™ — R, specifies the price system,
C'(z*), conjectured by consumeto result if it submits excess demand

Note thatC*? defines a conjecture about prices, whereas conjectural equilibrium is defined
in terms of agent’s conjectures about the effects of their actions. In the multiagent exchang
setting, actions are excess demands, and an agent’s conjecture about the resultifig state,
is that it will receive its demanded bundle if and only if it satisfies its budget constraint.

i 2 if Oz - 28 <0
7 7\ =
() = { 0 otherwise. (8)

Theactualresulting state is as demanded if the aggregate demands are fé&§ibteall

Z’y

si(z17...7z”):{2i it 30 2% <0 9

0 otherwise.

In conjectural equilibrium, the expected and actual consequences of optimizing behavio
coincide.

Definition 4. A market conjectural equilibriunfior an exchange economy is a point
(C1,...,C™) such that for alk, 5°(2%) = ¢, where

2t =argmax U' (2" + ¢€") s.t. O (2") - 2* = 0,
and)", 2* <0.

Intuitively, C*(z*) = P, whereP is the price vector determined by the market mechanism.
However, nothing in the definition actually requires that all agents conjecture the same price
as the price is not part of an agent’s action or the resulting state (9). It is nevertheless wort
noting that equivalent price conjectures with overall feasibility is a sufficient condition for
market conjectural equilibrium.

THEOREM 1 LetFE be anexchange economywhere allagents are allowed to form arbitrary
price conjectures. Theanyfeasible allocation in which each agent prefers the result to its
endowment can be supported by a market conjectural equilibriuf in

Proof: Letz*!,...,2*" represent a set of excess demands satisfying the conditions, that
is, 2% € Z' andU"(2*" + €*) > U'(e’) for all i, and)_, 2** < 0. Consider &* that agent
i prefers toz*?, that is, U (2" + €') > U'(z* + €). Itis easy to construct a conjecture
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function for agent such thatCi(z?) - z* > 0 for any suchz?, in which case believes
that choosing’ would violate its budget constraint and therefore result in consumption of
et. SinceU®(z*" + et) > Ut(e'), z** maximizes utility with respect to the conjecture.

]

With restrictions on the form of individual conjectures, the set of equilibria may be
somewhat constrained, but not very much. More realistic situations account for the fac
that agents’ conjectures are connected to each othepsicies

If prices are observed by the agents in an exchange economy, then conjectures inconsiste
with the observed prices represent implausible agent behavior. We can capture the notic
of consistency among price conjectures in a stronger equilibrium concept.

Definition 5. A market conjectural equilibriundC, ... C") is price-ratifiedif there
exists a price vectoP such that at the equilibrium actions,

2" = argmax U' (2" 4+ €') s.t. O (2") - 2* = 0,
C¥(z") = P for all i.

Because prices are known by agents in typical market settings (albeit often with some
delay), price-ratified equilibrium is usually the more relevant concept. Indeed, the equilibria
reached in our experiments of Section 5 are all price-ratified. We can now characterize thi
existence of price-ratified market conjectural equilibria in terms of the allowable conjecture
functions.

THEOREM 2 Supposé has a competitive equilibrium, and all agents are allowed to form
constant conjectures. Thdnhas a price-ratified market conjectural equilibrium.

Proof: Let P* be a competitive equilibrium foE. ThenC*(2*) = P*, for all 2* € 77,
1=1,...,n,is a market conjectural equilibrium, ratified 5. [ |

THEOREM 3 Let E be an exchange economy, with all utility functions quasiconcave and
twice differentiable. Suppose all agents are allowed to form constant conjectures, anc
at least one agent is allowed to form linear conjectures. Thehas an infinite set of
price-ratified market conjectural equilibria.

Proof: Without loss of generality, let agent 1 be the agent with linear conjectures. A
linear conjecture functio®! may be decomposed into conjectures for individual goods
C'(z') = (Cl(#1),..-,Ch(2))), whereC}(zf) = a; + (;zj. Agent 1 is therefore
strategic, with an optimal excess demand expressible as a funciicarafs.!! Let agents
i # 1 adopt constant conjectures of the fofi(z/) = P;. In equilibrium, the markets
must clear. For alf,

zjl (o, B) + ZJL(P) =0. (10)
1=2
For price-ratified equilibrium, we also require that agent 1's price conjecture for all goods
j be equivalent to the other agents’ conjectutesy ﬁjz} = P;. We define a function
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1 nooi
F(P,(a,8)) = | <O;3fzzjz_izgjjf(lg) ’
p J

wherej = 1,...,m—1. From the discussion above we have thaP, («, 5)) = 0 implies
price-ratified market conjectural equilibrium. Sinees, and P are eachm-vectors with

m — 1 degrees of freedon#; represents the mappirg : R~ x R2(m-1 _, R2m-1),

The conditions on utility functions ensure that excess demand functions are continuous
and thus thaf' is continuously differentiable. The conditions also ensure the existence
of a competitive equilibriumP*, and therefore there is a poiP*, (P*,0)) such that
F(P*,(P*,0)) = 0. Then by the Implicit Function Theorem (Spivak, 1965), there exists
an open sef containing P* and an open se containing(P*,0) such that for each

P < P, there is a uniqug(P) € B such thatF'(P,g(P)) = 0. All of these points

(P, g(P)) constitute market conjectural equilibria fér [ |

Note that the conditions of Theorem 3 are satisfied by our experimental setup of Section 5
In that situation, the initia3 determined which of the infinite conjectural equilibria was
reached. Adding more strategic learning agents (those that could express non-consta
conjecture functions) can only add more potential equilibria.

6.2. Dynamics

The dynamics of a multiagent market system are dictated by how each agent changes i
conjecture functionC*, as it observes the effects of its choséron the price vector.

The strategic learning process given by Equations (5) and (6) can be transformed into th
following system of differential equations, assuming that we allow continuous adjustment.
For all j,

&; = n(Pj—a; — Bizj),
Bi = 7P — o — Bjzj) /2.

Note that all variables are functions of time. Theolve the strategic agent’s optimization
problem (7), thus each is a function @fand3.12

Since the market determines prices based on specified demands, we can usually expre
P; as a functiorv and 3 as well. The exception is when Equation 10 has no solution, for
example when the strategic agent demands resources that the competitive agents are |
willing or able to supply at any pricE This can happen only when the strategic agent's
conjecture is highly inaccurate—but this is not ruled out by the system dynamics. An
alternative price-adjustment algorithm—one that does not require an exact market clearin
at each stage—may not be as sensitive to this problem.

For cases where the market always clears, the system of differential equations can b
rewritten as

dj = ’Vlfj(O‘?ﬁ)
/Bj = 'Vij(avﬁ)/zj(aaﬁ)v
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Wherefj (Oé, 5) = Pj (Oﬁ, ,6) — Q5 — ﬂij (Oé, 5)
The equilibrium(a, ) of this system is the solution of the following equations:

fj(a,ﬂ):(), ]:1,,m71

Since there aren — 1 equations witl2(m — 1) unknowns, the equilibrium is not a single
point but a continuous surface, expresserasi(a)), wherea ¢ R 1.

Characterization of conditions under which this learning process converges to a stabl
equilibrium remains an open problem.

6.3. Perfect Conjectures

Our experiments demonstrate that a learning agent might be rendered better or worse @
by behaving strategically rather than competitively. However, the ambiguity disappears if
it has sufficient knowledge to make a perfect conjecture. In the case where all the othe
agents are effectively competitive, perfect conjectures correspond to perfect knowledge c
the aggregate demand function faced by the agent.

THEOREM 4 Let economyt satisfy conditions for existence of competitive equilibrium.
Then knowledge of the aggregate excess demand function of the other agents is a sufficie
condition for an agent to achieve utility atleast as great as it could by behaving competitively.

Proof: Letagent 1 be the strategic agent, ahdts excess demand. Suppose the strategic
agent knows the aggregate excess demand function of the other ageiif3). Agent 1
knows that in market equilibrium,

247N (P)=0. (11)

Therefore, the choice sé&tfor the strategic agent consists of all excess demand bundles
that could make the markets clear:

[ ={-2"4(P): PeRm.

If agent 1 behaves competitively, then any outcome it obtains must be part of a competitive
equilibrium at some priceB*. But by the market clearing condition (11), such an outcome
must be contained in the strategic choice Bet Therefore, by optimizing over', the
knowledgeable strategic agent can achieve utility at least as great as obtained throuc
competitive behavior. ]

Intuitively, if the agent makes a perfect conjecture, then it makes its choice based on the
actual optimization problem it faces. Any other choice would either have lower (or equal)
utility, or violate the budget constraint.

As we have seen, however, when a strategic agent has imperfect information of the
aggregate excess demand—for instance, a linear approximation—it may actually perforn
worse than had it used the constant approximation of competitive behavior.
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7. Related Work

There is a growing literature on learning in games, much of it concerned with condi-
tions under which particular protocols converge to Nash equilibria. Numerous stud-
ies have investigated the behavior of simple learning policies such as Bayesian updat
or fictitious play, or selection schemes inspired by evolutionary models. Researcher:
typically explore repeated games (especially coordination games), and have tended f
find some sort of convergence to coordinated, equilibrium, or near-equilibrium behav-
ior (Claus & Boutilier, 1998, Gilboa & Akihiko, 1991, Shoham & Tennenholtz, 1997).

Economists studying bidding games (Boyle, 1985, Samples, 1985) have noticed that bi
ased starting bid prices strongly influence final bids. More generally, researchers have ot
served that the results of learning or evolution in games are often path-dependent (Young
1996), with selection among multiple equilibria varying according to initial or transient
conditions.

Most models in the literature assume that agents observe the joint action, as well a
the resulting state. Our framework allows unobservable actions, and in the market gam
studied in depth, agents can reconstruct only an aggregate of other agents’ actions. Boutili
(Boutilier, 1996) also considers a model where only outcomes are observable, demonstratir
how to adapt some of the methods for the observable-action case to this setting. Interesting|
he finds that in some circumstances, uncertainty about other agents’ actions actually spee
up the convergence to equilibrium for simple coordination games.

The last five years has seen some study of learning methods for agents participating i
simple exchange markets. (Cliff's recent contribution (Cliff, 1998) includes a substantial
bibliography.) Some of this work directly compares the effectiveness of learning strate-
gic policies with competitive strategies. Vidal and Durfee examine a particular model
of agents exchanging information goods (Vidal & Durfee, 1998), and find that whether
strategic learning is beneficial (or how much) is highly context-dependent. We provide
further data distinguishing the cases in our recent experiments within a dynamic trading
model (Hu & Wellman, 1998a).

Finally, Sandholm and Ygge (Sandholm & Ygge, 1997) investigate a general-equilibrium
scenario very similarto ours. Like us, they find that strategic behavior can be counterproduc
tive when agents have incorrect models. Moreover, their study quantifies the costs of actin
strategically and competitively as a function of model error, confirming that competitive
behavior is far less risky for a range of environment parameters.

8. Conclusion

The fact that learning an oversimplified (in our case, linear) model of the environment
can lead to suboptimal performance is not very surprising. Perhaps less obvious is th
observation that it often leads to results worse than remaining completely uninformed, an
adopting an even more oversimplified (constant) model. Moreover, the situation seems t
be exacerbated by the behavior of the agent itself, optimizing with respect to the incorrec
model, and thus “self-fulfilling” the conjectural equilibriuth.

Future work may shed some light on the situations in which self-fulfilling bias can arise,
and how it might be alleviated. Random restart of the learning process is one straightforwar
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approach, as is any other deviation from myopic optimization aimed at trading exploitation
for exploration. One could also expand the space of models considered (e.g., admittin
higher-order polynomials), although it is clear that extending the class of conjecture func-
tions can only add to the possible equilibria.

Another way to handle self-fulfilling bias is to transform this problem into a more tradi-
tional problem of decision under uncertainty. Agents that form probabilistic expectations
may be less prone to get trapped in point equilibria. However, there is certainly a possibility
of non-optimal expectations equilibrium even in this expanded setting.

A simple lesson of this exercise is that attempting to be a little bit more sophisticated thar
the other agents can be a dangerous thing, especially if one’s learning method is prone
systematic bias. From a social perspective (or that of a mechanism designer), the prospect
disadvantageous conjectural equilibria might be a desirable property—discouraging agen
from engaging in costly counterspeculations and potentially counterproductive strategic
behavior.

More generally, our investigation serves to illustrate the role of equilibrium concepts—
and specifically the application of conjectural equilibrium—in the analysis of multiagent
learning. The interaction among dynamically evolving conjectures is what distinguishes
the multiagent problem from its single-agent counterpart, and is thus arguably the learnin
phenomenon most worthy of the attention of multiagent systems researchers.

Appendix
The Strategic Agent’s Optimization Problem

The nonlinear budget constraint faced by our strategic agents presents a problem mol
complicated than that of the standard competitive consumer. The specific form of the
constraint depends on the conjecture function; our results below apply to strategic agent
with linear conjectures, and thus quadratic budget constraints.

THEOREM 5 Let the consumption set include all nonnegative bundles Ke= R7),
and letU be a continuous function o. Then there exists a solution to the strategic
agent’s optimization problem (7):

max U(z+e)st(a+pz) -2 <0. (A1)

Proof: To establish the existence of an optimum, we apply Weierstrass's Maximum
Theorem (Horst, Pardalos, & Thoai, 1995): Sfis a nonempty compact set &, and
f(z) is a continuous function off, then f(z) has at least one global optimum pointin
By assumption, the objective functidi is continuous onX, and therefore also on
7Z ={z|z + e € X}. LetS be the constraint set specified by (A.1), that is

S=Zn{zl(a+ pz) -2 <0}.

We need to prove thatis a nonempty compact setii”. S is nonempty, sinc), ..., 0) €
S. To show thatS is compact is equivalent to showing thiis bounded and closed. It is
obvious thatS is closed. We prove théft is bounded.
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From the constraint (A.1),

> (o2 + B;27) < 0, which implies
J

Z(ﬁg(zj 25, )2) < K,

J

whereK = Zﬂ]4ﬁ2 Let8 = min{fl1,...,O0m}-

K
) —_J _
z#—ﬂ < <E>%
S
|Zj‘ S (5)5"‘1‘ &
B 20;

Thus S is bounded. By Weierstrass’s theorebhhas at least one global maximum$h
Therefore there exists a solution to the stated optimization problem. ]

THEOREM 6 LetU be a continuous, strictly concave function &h= R’". Then the
optimization problem defined by (A.1) has a unique solution.

Proof: Given the strict concavity of the objective function, and the existence of a solution
(Theorem 5), it suffices to show that the constraint%et convex.

Letz', 2" € S,andz = Az’ + (1 — \)z”, where\ € [0, 1]. We need to show thate S.
Let

Ay = ZO&ij‘f’ﬁjZ]Q‘
J
= Do a0+ (1= 22) + 505 + (1= 0)2f)°

By = AN (035 + B,(5)°) + (=) X (o) +35()°)

g J
Sincez’, 2" € S, we have
D (5% + 85(2)°)

J

> (o2l + B;(2)?)

J
thusA, < 0. Therefore,

A < A=Ay
= -A1-2X Zﬁj 2} —z”

< 0,

IN

0,and

IN
k=)
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sinceg; > 0 forall j. A; < 0impliesz € S. Thus we proved tha$ is a convex set.
Therefore the solution is unique. ]

The logarithmic utility function used in our experiments (Section 5) satisfies the condi-
tions above, and thus our agent’s problem has a unique solution. We solve the probler
numerically using Lagrangean techniques.
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Notes

1. Where exactly one draws the line between a change in beliefs and a simple update (incorporation of observz
tional evidence) is fundamentally a matter of definition, and often quite arbitrary. We take no position, except
to argue that any study that purports to characterize a learning process must clearly define this line, as doe
the framework proposed here.

2. Elsewhere, following Vidal and Durfee (Vidal & Durfeee, 1997, Vidal & Durfee, 1998), we have distinguished
between 0-level learning agents, which form models of the effects of their own actions, and 1-level learning
agents, which form models of other agents (as 0-level agents). Recursive application defines higher levels. Tt
question of which hypothesis space to adopt for multiagent learning problems is an interesting current researc
issue. Our investigations to date suggest that the appropriate form of target model can be highly problem spe
cific, depending on observations available, and relative sophistication of other agents (Hu & Wellman, 1998a)
We formulate our conjectural equilibrium concept in 0-level terms, to which higher levels can be reduced.

3. A more sophisticated version of this model would have agents form probabilistic conjectures about the effect:
of actions, and act to maximize expected utility.

4. Investigations of multiagent learning within the Markov game framework brings state dynamics to the
fore (Filar & Vrieze, 1997, Hu & Wellman, 1998b, Littman, 1994).

5. The relationship between basic computational resources and results of computation can be modeled explicitl
by extending the exchange economy to inclpaeluction See our prior work for detailed examples of general-
equilibrium models of computational problems (Mullen & Wellman, 1995, Wellman, 1993, Wellman, 1995).

6. Itis possible to express somewhat more general sufficient conditions in terms of underlying preference orders
but the direct utility conditions are adequate for our purposes.

7. In the standard model, no exchanges are executed until the system reaches equilibrium. In smwealled
tatonnement process¢¥akayama, 1985), agents can trade at any time, and so the endowrnsealso a
function of time. In either formulation, we still assume that agents are myopic, optimizing only with respect
to the current time period.

8. Cobb-Douglas utility is a limiting case of the CES form (constant elasticity of substitution),

1
»
U1, s2m) = Zajx? s
J
with p — 0 (Arrow, et al., 1961). CES is commonly used in general equilibrium modeling (Shoven &
Whalley, 1992), including some of our prior work. We also performed experiments with CES ageﬂté,(
anda; = 1 for all 5), with results qualitatively similar to those reported for the logarithmic case.

9. For configurations with only competitive agents (whether adaptive or simple), the system converges to the
unique competitive equilibrium regardless of initial expectations.
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10. In both (8) and (9), violation of feasibility results in consumption of the agent’s own endowment. Reasonable
definitions differing in the “otherwise” condition are also conceivable.

11. Here we refer to the vectorss= (a1, ..., am) andgB = (81, ..., Bm), since the excess demand for good
7 generally depends on conjectures about the prices for all goods.

12. For a proof that a unique solution exists, see the appendix.

13. For example, the strategic agent’s demand could exceed total endowments. For our example case of uniform
weighted logarithmic (Cobb-Douglas) utility, any demand exceeling- 1) /m times the total endowment
of the competitive agents for any good is infeasible.

14. Kephart et al. (Kephart, Hogg, & Huberman, 1989) describe another setting where sophisticated agents th:
try to anticipate the actions of others often make results worse for themselves. In this model, the sophisticate
agents’ downfall is their failure to account properly for simultaneous adaptation by the other agents.

References

K. J. Arrow, H. B. Chenery, B. S. Minhas, & R. M. Solow. (1961). Capital-labor substitution and economic
efficiency. Review of Economics and Statistid8, 225-250.

Boutilier, C. (1996). Learning conventions in multiagent stochastic domains using likelihood estinfates.
ceedings of the Twelfth Conference on Uncertainty in Artificial Intellige(me 106-114). Portland, OR.

Boyle, K. (1985). Starting point bias in contingent valuation bidding garhasd Economics61, 188-194.

Brandenburger, A. (1992). Knowledge and equilibrium in game®urnal of Economic Perspectives(4),
83-101.

Cheng, J.Q. & Wellman, M.P. (1998). The WALRAS algorithm: A convergent distributed implementation of
general equilibrium outcomeLomputational Economic42(1), 1-24.

Claus, C. & Boutilier, C. (1998). The dynamics of reinforcement learning in cooperative multiagent systems.
Proceedings of the National Conference on Atrtificial Intelligerfpe. 746—752). Madison, WI.

Cliff, D. (1998). Evolving parameter sets for adaptive trading agents in continuous double-auction markets.
Agents-98 Workshop on Artificial Societies and Computational Mariggts 38—47). Minneapolis, MN.

Filar, J. & Vrieze, K. (1997).Competitive Markov Decision Process&dpringer-Verlag.

Fudenberg, D. & Levine, D.K. (1993). Self-confirming equilibriuBconometrica6l, 523-545.

Fudenberg, D. & Tirole, J. (1991)Game Theory MIT Press.

Gibbons, R. (1992)Game Theory for Applied EconomistBrinceton University Press.

Gilboa, I. & Akihiko, M. (1991). Social stability and equilibriunEconometrica59, 859-867.

Grefenstette, J.J., et al. (Eds.). (1998)AAl Spring Symposium on Adaptation, Coevolution, and Learning in
Multiagent SystemsAAAI Press.

Hahn, F.H. (1977). Exercises in conjectural equilibrium analysgcandinavian Journal of Economjcg9,
210-226.

Horst, R., Pardalos, P. & Thoai, N. (1993htroduction to Global OptimizationKluwer Academic Publishers.

Hu, J & Wellman, M.P. (1996). Self-fulfilling bias in multiagent learnin§econd International Conference on
Multiagent Systemgpp. 118-125). Kyoto, Japan.

Hu, J & Wellman, M.P. (1998a). Online learning about other agents in a dynamic multiagent sySezond
International Conference on Autonomous Agep&ges 239—-246, Minneapolis.

Hu, J & Wellman, M.P. (1998b). Multiagent reinforcement learning: Theoretical framework and an algorithm.
Fifteenth International Conference on Machine Learnigp. 242—-250). Madison, WI.

Kaelbling, L.P., Littman, M.L. & Moore, A.W. (1996). Reinforcement learning: A survadgurnal of Artificial
Intelligence Research, 237—285.

Kephart, J.0., Hogg, T. & Huberman, B.A. (1989). Dynamics of computational ecosysRgsical Review A
40, 404-421.

Littman, M.L. (1994). Markov games as a framework for multi-agent reinforcement learkiegenth Interna-
tional Conference on Machine Learningp. 157-163).

Milgrom, P & Roberts, J. (1991). Adaptive and sophisticated learning in normal form gar@esnes and
Economic Behaviqr3, 82-100.

Mullen, T. & Wellman, M.P. (1995). A simple computational market for network information servi¢ést
International Conference on Multiagent Systelpp. 283-289). San Francisco, CA.

Negishi, T. (1962). The stability of a competitive economy: A survey artiEleonometrica30, 635-669.



200 M. P. WELLMAN AND J. HU

Ono, N. & Fukumoto, K. (1996). Multi-agent reinforcement learning: A modular appro&ebond International
Conference on Multiagent Syster(igp. 252-258). Kyoto, Japan.

Russell, S. & Norvig, P. (1995)Atrtificial Intelligence: A Modern ApproachPrentice Hall.

Samples, K. (1985). A note on the existence of starting point bias in iterative bidding gevastern Journal of
Agricultural Economics10, 32—40.

Sandholm, T. & Ygge, F. (1997). On the gains and losses of speculation in equilibrium matkateedings of
the Sixteenth International Joint Conference on Artificial Intelligeripp. 632—-638). Nagoya, Japan.

Sen, S. (1996). IJCAI-95 Workshop on Adaptation and Learning in Multiagent Systéinslagazine 17(1),
87-89.

Sen, S. (Ed.). (1997)AAAI-97 Workshop on Multiagent LearningAAl Press.

Shoham, Y. & Tennenholtz, M. (1997). On the emergence of social conventions: Modeling, analysis, and
simulations. Artificial Intelligence 94, 139-166.

Shoven, J.B. & Whalley, J. (19927pplying General Equilibrium Cambridge University Press.

Spivak, B. (1965).Calculus on Manifolds Benjamin/Cummings.

Takayama, A. (1985)Mathematical EconomicsCambridge University Press.

Tan, M. (1993). Multi-agent reinforcement learning: Independent vs. cooperative adgemtseedings of the
Tenth International Conference on Machine Learnidgnherst, MA: Morgan Kaufmann.

Vidal, J.M. & Durfee, E.H. (1997). Agents learning about agents: A framework and analysis. In Sen (Sen, 1997).

Vidal, J.M. & Durfee, E.H. (1998). Learning nested agent models in an information econaloyrnal of
Experimental and Theoretical Artificial Intelligenck0(3), 291-308.

Weil3, G. (1993). Learning to coordinate actions in multi-agent systenoceedings of the Fourteenth
International Joint Conference on Artificial Intelligengpp. 311-316).

Wellman, M.P. (1993). A market-oriented programming environment and its application to distributed multicom-
modity flow problems.Journal of Artificial Intelligence Research, 1-23.

Wellman, M.P. (1995). A computational market model for distributed configuration desighEDAM, 9,
125-133.

Young, H.P. (1996). The economics of conventidournal of Economic Perspective)(2), 105-122.

Received February 1997
Accepted
Final Manuscript July 1998



