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This is an attempt to investigate the unsteady flow of a micropolar fluid with free

convection caused due to temperature and concentration differences. Micropolar fluid

is taken over a vertical plate oscillating in its own plane. Wall couple stress is engaged

at the bounding plate together with isothermal temperature and constant mass diffu-

sion. Problem is modelled in terms of coupled partial differential equations together

with some physical conditions and then written in non-dimensional form. Exact solu-

tions are determined using the Laplace transform method. For convenience, they are

expressed in simplified form using exponential functions and complementary error

functions. Using computational software MATHCAD, analytical results of velocity,

temperature, microrotation and concentration are plotted in graphs and discussed for

various embedded parameters. Results of skin friction, wall couple stress, rate of

heat transfer (Nusselt number) and rate of mass transfer (Sherwood number) are

also evaluated. Present results of micropolar fluid are graphically compared with

published results of Newtonian fluid. It is found that micropolar fluid velocity is

smaller than Newtonian fluid. C 2015 Author(s). All article content, except where

otherwise noted, is licensed under a Creative Commons Attribution 3.0 Unported

License. [http://dx.doi.org/10.1063/1.4938551]

I. INTRODUCTION

Newtonian fluids problems described by Navier Stokes equations are simple and convenient.

Because of this reason, they are extensively studied in the past few decades. However, in terms of

applications Newtonian fluids are limited.1–5 As there are many important fluids such as elastomers,

certain oils, blood, clay coating, soap, greases, suspensions and many emulsions are quite important

due to their industrial applications but unfortunately, we cannot use Navier Stokes equations to

describe them. Main reason is the linear relation between stress and rate of strain for Newtonian

fluids. This relation is nonlinear for above mentioned fluids. They are known as non-Newtonian

fluids in the literature. Since non-Newtonian fluids play a significant role in industry as well as in

various disciplines of engineering. In particular, some important applications are found in the fields

of biorheology, geophysics, chemical and petroleum industries.6–10

Rheological characteristics of non-Newtonian fluids are described by their constitutive equa-

tions. Because of complex nature of non-Newtonian fluids, several models or constitutive equations

have been suggested based on their empirical observations. Amongst them, one model was pro-

posed by Eringen11,12 using micromorphic fluid theory, known as micropolar fluids. Micropolar

fluids poses microrotation and microinertia effects and constitute a significant branch of fluids.

In literature micropolar fluids are used to describe flow characteristics of colloidal suspensions,

geomor-phological sediments, liquid crystals, polymeric additives, haematological suspensions,

lubricants and many other biological fluids.13,14 Combined transfer of heat and mass in micropolar

fluids plays an important role in chemical engineering, aerospace engineering and in industrial

manufacturing process. Eringen and Lukaszewicz discussed fascinating characteristics of theory

and applications of micropolor fluids.15,16 Agarwal et al.17 investigated heat transfer in micropolor
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fluid past a porous along a stationary wall. Ramachandran et al.18 studied micropolar fluid in stagna-

tion point flow. El-Arabawy19 presented the micropolar fluid in the presence of radiation effects of

suction/injection past a continuously moving plate. Nazar et al.20 examined boundary layer flow of

micropolar fluid past an isothermal sphere by taking the free convection. Cheng21 discussed natural

convection for micropolar fluids in combined transfer of heat and mass over a sphere accepting

constant wall temperature together with constant wall concentration.

Sherief et al.22 used the Laplace transform method and studied unsteady flow of a micropolar

fluid from with suddenly moved plate. However, for inverse Laplace transform, they used complex

inversion formula involving contour integration with several difficult and unsolved integrals. Au-

rangzaib et al.23 considered the unsteady MHD mixed convection flow of micropolar fluid with heat

and mass transfer over a vertical plate in a porous medium. Analysis of heat transfer from moving

surfaces with internal heat generation in a micropolar fluid is carried out by El-Hakiem.24 Hassanien

et al.25 investigated the natural convection boundary layer flow of a micropolar fluid. Ishak et al.26

discussed the micropolar fluids with heat transfer over a stretching surface with variable heat flux

whereas Lok et al.27 reported the steady mixed convection flow near the stagnation point on a

vertical surface of a micropolar fluid. Boundary layer stagnation point flow past a moving wall of a

micropolar fluid by applying Runge-Kutta technique has been studied by Gorla.28 Srinivasacharya

and Rajyalakshmi29 illustrated the problem of creeping flow of a micropolar fluid past a porous

sphere. Abo-Eldahab and Ghonaim30 presented the radiation effect on heat transfer of a micropolar

fluid through a porous medium. Iyengar and Vani31 examined the oscillatory flow in a micropolar

fluid. Nadeem et al.32 analyzed the MHD stagnation flow of a micropolar fluid through a porous me-

dium. Analytic solution for heat and mass transfer problem of a micropolar fluid in a porous channel

by using Differential Transformation Method (DTM) is carried out by Sheikholeslami et al.33 The

problem of fully developed natural convective micropolar fluid flow with slip condition in a vertical

channel is presented by Ashmawy.34 Damesh et al.35 reported the micropolar fluid with unsteady

natural convection heat transfer over a vertical surface with constant heat flux using numerical tech-

nique. Modatheri et al.36 studied the oscillatory flow of a micropolar fluid over a vertical permeable

plate in a porous medium with MHD effects. Devakar and Iyengar37 discussed the Stokes’ second

problem for a micropolar fluid through by using state-space approach. Unsteady peristaltic flow of

micropolar fluid in a finite channel is carried out by Pandey and Tripathi.38 Javed et al.39 gave the

analytical solution for rotating flow of a micropolar fluid induced by a stretching surface. Mostafa

et al.40 illustrated the MHD flow and heat transfer of a micropolar fluid with slip velocity over a

stretching surface with heat generation (absorption). Sajid et al.41 analyzed the thin film flow of a

micropolar fluid whereas Zia ul Haque et al.42 examined the micropolar fluid behaviour on steady

MHD free convection and mass transfer flow with constant heat and mass fluxes, joule heating and

viscous dissipation. MHD micropolar fluid with unsteady free convection heat and mass transfer in

the presence of thermo diffusion and thermal radiation is carried out by Olajuwon and Oahimire.43

Abo-Dahab and Mohamed44 reported the unsteady flow of rotating and chemically reacting MHD

micropolar fluid in slip-flow regime with heat generation. Influence of heat with source or sink

on MHD flow of micropolar fluids over a shrinking sheet with mass suction has been discussed

by Sajjad and Farooq.45 Mohanty et al.46 numerically investigated heat and mass transfer effect of

micropolar fluid over a stretching sheet using Runge–Kutta fourth order method with a shooting

technique. Mishra et al.47 studied MHD free convection flow of a micropolar fluid with heat source.

The aim of the present work is to provide exact solutions for the unsteady free convection

flow of an incompressible micropolar fluid over an infinite vertical plate oscillating in its own plan.

More exactly, the combined phenomenon of heat and mass transfer when the bounding plate takes

wall couple stress with isothermal temperature and constant mass diffusion is studied. Mathematical

formulation of the problem with exact solution is given in Section II. Section III presents the closed

form solution in terms of exponential functions and complementary error functions, which are

obtained by using Laplace transform technique.48–51 Obtained solutions can be easily customized to

obtain similar solutions for Newtonian fluids and many other simpler problems as shown in Sec-

tion IV. Graphical results with detailed discussion are given in Section V followed by conclusion in

Section VI.
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FIG. 1. Flow configuration.

II. MATHEMATICAL FORMULATION

Consider the unsteady boundary layer flow of an incompressible micropolar fluid in the region

y > 0 driven by a plane surface located at y = 0 with a fixed end at x = 0. The physical configura-

tion of the problem is shown in Figure 1.47 It is assumed that at the initial moment t = 0, both the

plate and the fluid are at rest at the constant temperature T∞ and concentration C∞. At time t = 0+

the plate begins to oscillate in its plane (y = 0) according to

V = UH(t) cos (ω t) i; t > 0, (1)

where H(t) is the unit step function, U is the amplitude of the motion, i is the unit vector in the

vertical flow direction and ω is the frequency of oscillation of the plate. At the same time, the

plate temperature and concentration level are raised to Tw and Cw which are thereafter maintained

constants. Assume that the velocity, temperature and concentration are functions of y and t only.

Taking the usual Boussinesq’s approximation, the unsteady flow is governed by the following

set of partial differential equations:40,45

ρ
∂u

∂t
= (µ + α)

∂2u

∂ y2
+ ρg β f (T − T∞) + ρg βc (C − C∞) + α

∂N

∂ y
, (2)

ρ j
∂N

∂t
= γ0

∂2N

∂ y2
, (3)

ρ cp
∂T

∂t
= k

∂2T

∂ y2
, (4)

∂C

∂t
= D

∂2C

∂ y2
. (5)

The appropriate initial and boundary conditions are given as

u (y,0) = 0, N (y,0) = 0, T (y,0) = T∞, C (y,0) = C∞ for all y ≥ 0, (6)

u (0, t) = H (t)U cos (ωt) , N (0, t) = −n
∂u

∂ y
(0, t) , T∞ (0, t) = Tw and C (0, t) = Cw, t > 0, (7)

u (∞, t)→ 0, N (∞, t)→ 0, T (∞, t)→ T∞ and C (∞, t)→ C∞ as y → ∞. (8)

Here u is velocity, µ is dynamic viscosity, ρ is density, g is gravitational acceleration, α is vortex

viscosity, t is time, T is the temperature, C is the species concentration, D is the mass diffusivity,
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β f is volumetric coefficient of thermal expansion, βc is volumetric coefficient of expansion with

concentration, N is the microrotation whose direction of rotation is in the x y-plane, j is microin-

ertia per unit mass, γ0 is spin gradient viscosity, cp is heat capacity at constant pressure, k is

thermal conductivity and ωt is phase angle. Three different values of 0 ≤ n ≤ 1, when n = 0, which

indicates N = 0 at the wall represents concentrated particle flows in which the microelements close

to the wall surface are unable to rotate, this situation is also known as strong concentration of micro-

elements. When n = 1/2, it indicates the vanishing of anti-symmetric part of the stress tensor and

denotes weak concentration of microelements. The last case when n = 1 is used for the modelling of

turbulent boundary layer flows.44 The spin gradient viscosity γ0, measures the relationship between

the coefficients of viscosity and micro-inertia, is defined as

γ0 =

(

µ +
α

2

)

j .

To reduce the above equations (2)-(8) into their non-dimensional forms, we establish the following

non-dimensional quantities,

y∗ =
U

ν
y, t∗ =

U2

ν
t, u∗ =

u

U
, N∗ =

ν

U2
N, θ =

T − T∞

Tw − T∞
, φ =

C − C∞

Cw − C∞
, ω∗ =

ν

U2
ω, j∗ =

U2

ν2
j.

(9)

Implementing equation (9) into equations (2)-(5), we obtain the following non-dimensional

partial differential equations (∗ symbol is omitted for simplicity)

∂u

∂t
= (1 + β)

∂2u

∂ y2
+ β

∂N

∂ y
+ Grθ + Gmφ, (10)

∂N

∂t
=

1

η

∂2N

∂ y2
, (11)

Pr
∂θ

∂t
=

∂2θ

∂ y2
, (12)

∂φ

∂t
=

1

Sc

∂2φ

∂ y2
. (13)

The corresponding initial and boundary conditions take the following non-dimensional forms:

u (y,0) = 0, N (y,0) = 0, θ (y,0) = 0, φ (y,0) = 0 for all y ≥ 0, (14)

u (0, t) = H (t) cos (ωt) , N (0, t) = −n
∂u

∂ y
(0, t) , θ (0, t) = 1, φ (0, t) = 1, t > 0, (15)

u (∞, t)→ 0, N (∞, t)→ 0, θ (∞, t)→ 0, φ (∞, t)→ 0 as y → ∞. (16)

where

Gr =
νg(Tw − T∞)βT

U3
, Gm =

νg(Cw − C∞)βc

U3
, β =

α

µ
, Pr =

µ cp

k
, η =

µ j

γ0

, Sc =
ν

D
,

are the Grashof number, modified Grashof number, microrotation parameter, Prandtl number,

dimensionless spin gradient and Schmidt number, respectively.

III. EXACT SOLUTIONS

Applying the Laplace transforms to equations (10)-(13), and using conditions (14-16), the

following solutions in the transformed (y,q) plane

ū(y, q) = a4

q

(q2 + ω2)
e−y
√

β0q + a5

q

(q2 + ω2)
e−y
√
ηq + a6

1

q2
e−y
√

β0q

+a7

1

q2
e−y
√
ηq − a8

1

q2
e−y
√

Prq − a9

1

q2
e−y
√

Scq,

(17)



127125-5 Khalid et al. AIP Advances 5, 127125 (2015)

N(y, q) =
a1
√

q
e−y
√
ηq −

a1ω

2i

1
√

q (q + iω)
e−y
√
ηq +

a1ω

2i

1
√

q (q − iω)
e−y
√
ηq

+
a2

q
√

q
e−y
√
ηq,

(18)

θ̄ (y, q) =
1

q
e−y
√

qPr, (19)

φ̄ (y, q) =
1

q
e−y
√

Scq. (20)

By taking the inverse Laplace transforms of above equations, see (i), (ii), (iii) and (iv),

u (y, t) = u1 (y, t) + u2 (y, t) − u3 (y, t) − u4 (y, t) + u5 (y, t) + u6 (y, t) − u7 (y, t) − u8 (y, t) . (21)

N (y, t) = N1 (y, t) + N2 (y, t) , (22)

θ (y, t) = θ1 (y, t) , (23)

φ (y, t) = φ1 (y, t) , (24)

with

u1 (y, t) =

(

a4

4

)

H (t) e−iωt

e
−y
√
−iωβ0erfc *,

y

2



β0

t
−
√
−iωt+- + e

y
√
−iωβ0erfc *,

y

2



β0

t
+
√
−iωt+-

 ,

u2 (y, t) =

(

a4

4

)

H (t) eiωt

e
−y
√
iωβ0erfc *,

y

2



β0

t
−
√
iωt+- + e

y
√
iωβ0erfc *,

y

2



β0

t
+
√
iωt+-

 ,

u3 (y, t) =

(

a5

4

)

H (t) e−iωt


e−y

√
−iωηerfc

(

y

2



η

t
−
√
−iωt

)

+ ey
√
−iωηerfc

(

y

2



η

t
+
√
−iωt

)
,

u4 (y, t) =

(

a5

4

)

H (t) eiωt


e−y

√
iωηerfc

(

y

2



η

t
−
√
iωt

)

+ ey
√
iωηerfc

(

y

2



η

t
+
√
iωt

)
,

u5 (y, t) = a6


(

t +
y2β0

2

)

erfc *,
y

2



β0

t
+- − y



β0



t

π
e−

y2β0
4t

 ,

u6 (y, t) = a7


(

t +
y2η

2

)

erfc

(

y

2



η

t

)

− y
√
η



t

π
e−

y2η
4t

 ,

u7 (y, t) = a8


(

t +
y2Pr

2

)

erfc *,
y

2



Pr

t
+- − y

√
Pr



t

π
e−

y2Pr
4t

 ,

u8 (y, t) = a9


(

t +
y2Sc

2

)

erfc *,
y

2



Sc

t
+- − y

√
Sc



t

π
e−

y2
Sc

4t

 ,

N1 (y, t) = a1


1
√
πt

e−
y2η
4t


− a3


1

2
√
iω

eiωt


e−y

√
iωηerfc

(

y

2



η

t
−
√
iωt

)

− ey
√
iωηerfc

(

y

2



η

t
+
√
iωt

) 

N2 (y, t) = a3


1

2
√
−iω

e−iωt


e−y

√
−iωηerfc

(

y

2



η

t
−
√
−iωt

)

− ey
√
−iωηerfc

(

y

2



η

t
+
√
−iωt

) 

+a2

2


t

π
e−

y2η
4t − y

√
η erfc

(

y

2



η

t

) ,

θ1 (y, t) = erfc *,
y

2



Pr

t
+- ,

φ1 (y, t) = erfc *,
y

2



Sc

t
+- ,

where



127125-6 Khalid et al. AIP Advances 5, 127125 (2015)

a1 =

�
n
√
β0

�
(η − β0)�

η − β0 + nβ β0

√
η β0 − nβ0βη

� ,
a2 = A1nGr



β0

(η − β0)�
η − β0 + nβ β0

√
η β0 − nβ0βη

� + A2nGm


β0

(η − β0)�
η − β0 + nβ β0

√
η β0 − nβ0βη

�
−A1nGr

√
Pr

(η − β0)�
η − β0 + nβ β0

√
η β0 − nβ0βη

� − A2nGm
√

Sc
(η − β0)�

η − β0 + nβ β0

√
η β0 − nβ0βη

� ,
a3 =

a1ω

2i
, a4 = 1 − A0a1, a5 = A0a1, a6 = Gr A1 + GmA2 − a2A0,

a7 = a2A0, a8 = Gr A1, a9 = GmA2, β0 =
1

1 + β

A0 =
β β0
√
η

η − β0

, A1 =
β0

Pr − β0

, A2 =
β0

Sc − β0

.

It is obvious from the solutions of velocity and microrotation given by equations (21) and

(22), are valid for Pr , β0, and Sc , β0. The corresponding solutions for Pr = β0, and Sc = β0, can

be easily obtained by substituting Pr = Sc = β0 into equations (12) and (13), and follow a similar

procedure as discussed above.

The skin friction co-efficient at the wall is

τ = −
(

1 +
1

α

)

∂u

∂ y
|y=0 + αN |y=0,

and dimensionless form obtained as

Cf =
2τ∗w

ρU2
= 2 [1 + (1 − n) + β] u′ (0) . (25)

Similarly, the dimensionless couple wall stress co-efficient at the plate is expressed as:

Cm = γ0

∂N

∂ y

����y=0
,

and in dimensionless form,

C∗m =
Cm

µ jU
= (1 + β) N ′ (0) . (26)

The Nusselt number and Sherwood number can be calculated as:

Nu = x
(∂T/∂ y∗) y∗

T∞ − Tw

= 0,

NuRe−1
x = −θ

′ (0) , (27)

Sh = x
(∂C/∂ y∗) y∗

C∞ − Cw

= 0,

ShRe−1
x = −φ

′ (0) , (28)

where Rex =
v x
U

is the local Reynolds number.

IV. PARTICULAR CASES

A. Stokes first problem

By taking the phase angle ωt = 0, which correspond the impulsive motion of the plate, then

equation (21) and (22) yields

u (y, t) = u5 (y, t) + u6 (y, t) − u7 (y, t) − u8 (y, t) + u9 (y, t) − u10 (y, t) , (29)

N (y, t) = N3(y, t), (30)
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where

u9 (y, t) = a4H (t)

erfc *,
y

2



β0

t
+-
 ,

u10 (y, t) = a5H (t)


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(

y

2



η

t

)
,

N3 (y, t) = a1


1
√
πt

e−
y2η
4t


+ a2

2


t

π
e−

y2η
4t − y

√
η erfc

(

y

2



η

t

) .

B. Without thermal and mass concentration effects

In the absence of free convection, which numerically corresponds to Gr = 0 and Gm = 0, the

relevant result for velocity is obtained as:

u (y, t) = u1 (y, t) + u2 (y, t) − u3 (y, t) − u4 (y, t) . (31)

C. In case of Newtonian fluid

In the absence of microrotation parameter, which is numerically corresponds to β = 0, alterna-

tively β0 = 1, the solution for velocity reduce to the corresponding solution for Newtonian fluid.

uN (y, t) = u′1 (y, t) + u′2 (y, t) + u′5 (y, t) − u7 (y, t) − u8 (y, t) , (32)

where

u′1 (y, t) =

(

a4

4

)

H (t) e−iωt

e
−y
√
−iωerfc *,

y

2



1

t
−
√
−iωt+- + ey

√
−iωerfc *,

y

2



1

t
+
√
−iωt+-

 ,
u′2 (y, t) =

(

a4

4

)

H (t) eiωt

e
−y
√
iωerfc *,

y

2



1

t
−
√

iωt+- + ey
√
iωerfc *,

y

2



1

t
+
√

iωt+-
 ,

u′5 (y, t) = a6


(

t +
y2

2

)

erfc *,
y

2



1

t
+- − y



t

π
e−

y2

4t

 .

V. GRAPHICAL RESULTS AND DISCUSSION

In this section final results are computed for different physical parameters which are presented

by mean of graphs. Parameter of physical interest are microrotation parameter β, dimensionless

FIG. 2. (a) Velocity profiles for different values of β, when Pr= 0.3,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,

ωt = π
3

and t = 0.6; (b) Microrotations for different values of β, when Pr= 0.3,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,

ωt = π
3

and t = 0.6 .
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FIG. 3. (a) velocity profiles for different values of η, when Pr= 0.3,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,ωt = π
3

and

t = 0.6; (b) Microrotations for different values of η, when Pr= 0.3,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,ωt = π
3

and

t = 0.6 .

spin gradient viscosity parameter η, microelement n, Prandtl number Pr, Grashof number Gr , modi-

fied Grashof number Gm, Schmidt number Sc, phase angle ωt and time t. Note that the direction of

the arrow shows the increasing values of the involved parameter.

Influence of microrotation parameter β on velocity u (y, t) and the microrotation N (y, t) is

depicted in Figures 2(a) and 2(b). These graphs show that velocity decreases whereas microrota-

tion increases with increasing β. Obviously, velocity satisfies the imposed boundary conditions in

equations (15) and (16). It is clear that the velocity is greater for a Newtonian fluid (β = 0) with

the flow as compared with micropolar fluids until its peak value reaches. On the other hand, the

microrotation N (y, t) takes the negative values of the gradient of velocity at the plate surface and

approaching to zero as one move away from the plate surface as shown in Figure 2(b). This fact

totally aggresses with imposed conditions on microrotation (see equations (15) and (16)). The influ-

ence of microrotation parameter β on velocity u (y, t) and microrotation N (y, t) is identical with

published results of Abo-Dahab and Mohamed.44 The effect of spin gradient viscosity parameter

η on the velocity and microrotation is plotted in Figures 3(a) and 3(b). It is observed that velocity

increases with increasing η, while reverse effect is observed for microrotation.

Figures 4(a) and 4(b) depict the effects of parameter n, which relates to the microgyration

vector and the shear stress on the linear velocity and the microrotation profiles. It is found that

velocity increases with increasing values of n, whereas the magnitude of the microrotation increases

with an increase of n close to the plate but decreases with increasing distance from the plate. It can

be further seen from Figure 4(a) that variation in the thickness of the momentum boundary layer

due to the microgyration vector is smaller. From microrotation condition in equation (15), we can

FIG. 4. (a) Velocity profiles for different values of n, when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,Sc = 2,

ωt = π
3

and t = 0.2; (b) Microroations for different values of n, when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,Sc = 2,

ωt = π
3

and t = 0.2 .
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FIG. 5. (a) Velocity profiles for different values of Pr, when β = 0.5,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,

ωt = π
3

and t = 0.6; (b) Microrotations for different values of Pr, when β = 0.5,η = 1.5,n = 0.6,Gr =Gm = 5,Sc = 0.2,

ωt = π
3

and t = 0.6; (c) Temperature profiles for different values of Pr, when t = 0.6.

see that when n = 0,N (y, t) = 0 for all values of y greater than or equal to zero. This fact is shown

in Figure 4(b). Figures 5(a), 5(b) and 5(c) present plots for velocity, microrotation, and temperature

for different values of Prandtl number Pr. These graphs show that the influence of increasing values

of Pr result in decreasing of the velocity, magnitude of the microrotation, and temperature as well.

It is also true physically because, smaller values of Pr increase the thermal conductivity of the fluid

and consequently heat is able to diffuse away more rapidly for higher values of Pr from the heated

surface. This in the case of smaller Prandtl numbers, the rate of heat transfer is reduced and thermal

boundary layer becomes thicker and rate of heat transfer is reduced. Figures 6(a) and 6(b) show

variations in velocity and microrotation profiles for various values of Grashof number Gr . It is

observed that an increase in Gr leads to an increase in velocity due to enhancement in the buoyancy

FIG. 6. (a) Velocity profiles for different values of Gr , when Pr= 0.3, β = 0.5,η = 1.5,n = 0.6,Gm = 5,Sc = 2,

ωt = π
3

and t = 0.2; (b) Microrotaions for different values of Gr , when Pr= 0.3, β = 0.5,η = 1.5,n = 0.6,Gm = 5,Sc = 2,

ωt = π
3

and t = 0.2 .
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FIG. 7. (a) Velocity profiles for different values of Gm, when Pr= 0.3, β = 0.5,η = 1.5,n = 0.6,Gr = 5,Sc = 2,

ωt = π
3

and t = 0.2; (b) Microroations for different values of Gm, when Pr= 0.3, β = 0.5,η = 1.5,n = 0.6,Gr = 5,Sc = 2,

ωt = π
3

and t = 0.2 .

force. Besides that magnitude of microrotation decreases for large values of Gr . For positive values

of Gr correspond to cooling of the surface by natural convection whereas Gr = 0 shows the absence

of heat transfer due to free convection. On the other hand, the plots of velocity and microrotation

for different Gm, are presented in Figures 7(a) and 7(b). We noted that velocity distribution attains a

maximum value in the neighborhood of the plate because of an increase in the buoyancy force due

to concentration gradient and then decreases accurately to approach a free stream value. The curve

corresponding to Gm = 0 represents the absence of free convection due to mass transfer. More

exactly, the curves corresponding to Gr = Gm = 0 specifies, that the buoyancy force arising due to

gradients of heat and mass transfers is absent.

Aim of Figures 8(a), 8(b) and 8(c) is to show the influence of Schmidt number Sc, on veloc-

ity, microrotation, and concentration profiles respectively. It is found from these figures, that with

FIG. 8. (a) Velocity profiles for different values of Sc, when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

ωt = π
3

and t = 0.2; (b) Microrotations for different values of Sc, when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

ωt = π
3

and t = 0.2; (c) Concentration profiles for different values of Sc, when Pr= 0.3 .
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FIG. 9. (a) Velocity profiles for different values of ωt , when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

Sc = 1 and t = 0.2; (b) Microrotaions for different values of ωt , when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

Sc = 1 and t = 0.2 .

increasing Sc, velocity is tending to decrease across the boundary layer. Besides that Figure 8(b)

shows that the magnitude of microrotation decreases as Sc increases. Figure 8(c) depicts that an

increase in Sc leads to a decrease in concentration profile. This figure reveals that an increase in Sc

leads to a decrease in the concentration distribution, because the smaller values of Sc are equivalent

to an increase in the chemical molecular diffusivity. In Figures 9(a) and 9(b) graphs are sketched for

velocity and microtation profiles u (y, t) and N (y, t) for four different values of phase angle ωt. It

is found that the velocity presents an oscillatory behaviour. Instead, the magnitude of microtation

shows an increasing behaviour. Figure 9(a) reveals that velocity satisfies the imposed boundary

condition (15). This figure can easily help us to check the accuracy of our results. Both velocity and

microrotation have maximum values near the plate and decreasing with increasing distance from the

plate and approaches zero as y → ∞.

FIG. 10. (a) Velocity profiles for different values of t , when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

Sc = 1 andωt = π
3

; (b) Microroations for different values of t , when Pr= 0.3, β = 0.5,η = 1.5,Gr = 5,Gm = 10,n = 0.6,

Sc = 1 andωt = π
3

; (c) Temperature profiles for different values of t , when Pr= 0.3 .
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Figures 10(a), 10(b) and 10(c) exhibit the effects of time t on velocity, microrotation and

temperature profiles. It is seen that velocity and microtation have opposite relation with increasing

values of t, whereas temperature increases with increasing t. Figure 11 is sketched in order to show

the comparison of micropolar fluid velocity given by equation (21) with Newtonian fluid velocity

given by equation (32). It is obvious from this figure that the boundary layer thickness of micropolar

fluid velocity is smaller than the boundary layer thickness of Newtonian fluid. More exactly, veloc-

ity is smaller for micropolar fluid compare to Newtonian fluid. In this comparison graph, we found

that our results are identical to those reported in (Ref. 40, see Figure 10).

FIG. 11. Comparison of micropolar fluid velocity (when β = 1), with Newtonian fluid velocity (when β = 0) and ωt = π
3

.

FIG. 12. Comparison of the present results (when β = 0), with results obtained by Chaudhary and Jain,5 see Equation (19),

when t = 0.2, ωt = 0 and M = 1
K
= 0.

TABLE I. Numerical results for skin friction.

β n Pr Gr Gm Sc ωt t τ

0.5 0.6 0.3 5 5 0.2 π/4 0.6 3.2386

2 0.6 0.3 5 5 0.2 π/4 0.6 3.3057

0.5 0.9 0.3 5 5 0.2 π/4 0.6 2.5837

0.5 0.6 0.7 5 5 0.2 π/4 0.6 3.4454

0.5 0.6 0.3 7 5 0.2 π/4 0.6 2.9142

0.5 0.6 0.3 5 7 0.2 π/4 0.6 2.6354

0.5 0.6 0.3 5 5 0.5 π/4 0.6 3.5012

0.5 0.6 0.3 5 5 0.2 π/2 0.6 3.4441

0.5 0.6 0.3 5 5 0.2 π/4 0.9 2.9097
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TABLE II. Numerical results for wall couple stress.

β n Pr Gr Gm Sc ωt t τ

0.5 0.6 0.3 5 5 0.2 π/4 0.6 2.1322

2 0.6 0.3 5 5 0.2 π/4 0.6 1.9754

0.5 0.9 0.3 5 5 0.2 π/4 0.6 1.4587

0.5 0.6 0.7 5 5 0.2 π/4 0.6 1.6312

0.5 0.6 0.3 7 5 0.2 π/4 0.6 0.7485

0.5 0.6 0.3 5 7 0.2 π/4 0.6 1.3651

0.5 0.6 0.3 5 5 0.5 π/4 0.6 2.0392

0.5 0.6 0.3 5 5 0.2 π/2 0.6 1.9929

0.5 0.6 0.3 5 5 0.2 π/4 0.9 1.0834

In order to check the accuracy of present results, the velocity profiles of present result, equation

(21) is compared with existing results in literature Chaudhary and Jain.5 This comparison is shown

in Figure 12. Excellent agreement is found. Numerical results for skin friction and wall couple

stress are shown in table I and table II, respectively.

VI. CONCLUDING REMARKS

In this work a combined phenomenon of heat and mass transfer in the unsteady flow of an

incompressible, homogeneous micropolar fluid past an oscillating vertical plate with isothermal

temperate and constant mass diffusion has been investigated. The governing equations of the flow,

together with initial and boundary conditions were written in the non-dimensional forms. By means

of the Laplace transform technique the closed forms solutions for the velocity, microrotation,

temperature, and concentration have expressed in terms of exponential and complementary error

functions. Based on the obtained solutions and using some graphical illustrations generated with the

MATHCAD software, the following main points are concluded.

• Velocity across the boundary layer increases with increasing η, n, Gr, Gm and t whereas

decreases with increasing values of β, Pr,Sc and ωt.

• Magnitude of microrotation on the plate is decreases with increasing η, n, Gr, Gm and t,

while increases with increasing β, Pr, Sc and ωt .

• Temperature increases with increasing t, whereas concentration decreases with increasing Sc.

• The velocity is smaller for micropolar fluids than for Newtonian fluids.

• Solution (21) is found in excellent agreement with those obtain by Chaudhary and Jain.5
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