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Abstract

For a sequence (c,,) of complex numbers, we consider composition of
polynomials of type F4. The aim of this article is to study the topolog-
ical properties and stability of the Julia set J(.,) of the composition of
polynomials of type Ejy.
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1 Introduction

We first recall some terminology and definitions in holomorphic dynamics(see[?]).
let f: C — C be a polynomial self-map of the complex plane. For each z € C,
the orbit of z is

Orby(z) = {2, f(2), f(f(2),- -, f"(2), -}

The dynamical plane C is decomposed into two complementary sets: the filled

Julia set
K(f)={2€C: Orbs(z) isbounded},

and its complementary, the basin of infinity
Af(o0) = C = K(f).

The boundary of K(f), called the Julia set, is denoted by J(f).
When f is a quadratic polynomial, say f(z) = P. = 2%+ ¢, the Mandelbrot set
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M, is defined as the set of parameter values ¢, for which K (P.) is connected,
that is
My ={ce C:K(F.) is connected}.

More generally, for the family f.(z) = z(z + ¢)?, the Connectedness locus My,
or what is the same, the Mandelbrot set, is defined by

Mg={ceC: K(f.) isconnected}.

2  Polynomials of type £,

Let us recall (see[?]) terminology and definitions in monic family of higher
degree polynomials. Consider the monic family of complex polynomials f.(z) =
2(z +¢)¢, where ¢ € C* = C — 0 and d > 2. Each f. has degree d + 1 and has
exactly two critical points: —c with multiplicity d—1, and 5 with multiplicity
one. Moreover, f.(—c) =0 and 0 is fixed. It is proved (see[?]) that polynomials

with these features, can always be expressed in the form f,:

Definition.[?] A monic polynomial f of degree d > 2 is of type Eq if it satisfies
the following properties:

—C

d+1

1. f has two critical points: —c of multiplicity (d—1) and of multiplicity

one.
2. f has a fixed point at z = 0.
3. f(—=c)=0.

Proposition 1. Any monic polynomial f(z) of degree d + 1 which is of type
Ey is of the form

fo(2) = 2(z 4 ).
Moreover, if f. and fo of type Eq are affine conjugate with d > 2, then ¢ = wc
for some w® = 1.

The proof is straightforward and is omitted. O

2.1 The Composition of Polynomials of type E;,

For a sequence (c¢,) of complex numbers, we consider the polynomials f., (z) =
2(z+¢,)?, and the sequence (F},) of iterates F}, := f., o---0 f.,. we say that a
point z € C belongs to the Fatou set if (F},) is normal in some neighborhood
of z. We call the set
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Flen) = {7 € C; (F,,)is normal in some neighborhood of z}

the Fatou set and its complement J(.,) := C — F(.,) the Julia set, according to
the classical iteration theory. Similar to the classical case, one can easily prove
that the Julia set is not empty. Components of the Fatou set are called stable
domains. If oo belongs to the Fatou set, we denote the corresponding stable
domain by A, )(c0). This domain need not be invariant(i.e. f., (A, (00)) C
A(eny(00) for all n) or back ward invariant (i.e. f;'(A(e)(00)) C Afe,)(0)
for all n). but there exists an invariant domain M = M,y C A(,)(0)
which contains the point co and which satisfies pe, Fi, '(M) = A, (00).
Therefore, the filled Julia set K.,y := C— A(,)(c0) and the Julia set 7., are
compact in C, and IC(.,) is the set of all z € C such that (F}(z));2, is bounded.
Furthermore, we have J.,) = 0A,)(00) = 0K(,). Also, J(,) and K, are
perfect sets.

The function g, defined by

Gien) (2) = limp_oo w log™ | Fy.(2)]

is continuous in C, g(,)(z) = 0 for z € K,), and it is the Green’s function of
K(c,) with pole at infinity. Furthermore, the functional equation

to(2) = Jim o (F(2) )

k—o0

holds.

3 Main Results

Denote pp = {7%, —¢.}, the critical points of f,, (z) = z(z + c)%. Let Cp..y :=
d+1 k (en)

Ure, Fi '(pr+1), be the critical set of sequence (Fy).
Theorem 3.1 The Julia set J.,) is connected if and only if Ci..y C K(c,)-
(cn) (en) (en)

proof. From equation (1) we obtain

gradg,)(z) = limy_o ﬁgradg(cn)(Fk(z))F,;(z).

For a given z € A(.,)(00) we have gradg,)(Fi(z)) # 0 for k large enough and,

therefore, J(.,) is connected if and only if F}(2) # 0 on any compact subset of
A,y (00) for k sufficiently large. For every k € N we have

Fi(2) =TI (F(2) + ¢i41) 1 ((d + 1) Fj(2) + ¢j41).
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therefore, F}(z9) = 0 for some zy € C if and only if ((d+ 1)Fj(z0) + ¢j+1) =0
or (Fj(z0) + ¢j+1) = 0 for some j € {0,1,---,k — 1}, ie. 29 € C(,). O

Consider the following sets:
Kj':= K5 x --- x K;' (N times),
such that
K == {z € C;|z| < &} for some & > 0,D := {(c,) € K : T, is connected ,
and 7 such that (d+2)y <1
Theorem 3.2 The set D is a dense open subset of K} provided that § > 7.

Proof. Let (¢)) € D. There exists zp € C such that F,(z) = (fw 0--- 0
fo)(20) = pm+1 € Cm+1 for some m € N and F,(z9) — oo(n — oo) which
implies that (fg o0 fo  (pm+1)) — co(n — 00). Therefore we may choose
R so large and N € N, N > m such that |(fg o+ 0 fo  )(pomi1)| > R.
Since (fo © -+ o fo  )(pm+1) depends continuously on cpi1,---,cy there
exists a neighborhood U = Uy X -+ x Uy C K™ of (¢ .4,-++,c%) such
that [(fey 0 -0 feri)(Pmt1)| > R for all (cm+1,~ cy) € U. Weset U :=
K7 x U x K§'. Then U is a neighborhood of () Wlth respect to the product
topology of K A
In order to show that U C D, let (¢,) € U. We choose ¢ € C with (f.,, o
-0 fe)(€) = pmy1. We have (¢py1,---,cn) € U and thus [(fe, ©
ferii(pm+1)] > R which means that |(fe, o--- o f,,)(¢)] > R. This implies
that |(fey © -0 fe,)(¢)] — oo(n — o0) and thus (¢,) € D.
Finally, to show that D is dense in K}, Let (%) € K}'. We define a sequence
fem e, in Kby

0 _
¢, forn=1,---,m,

=
n {cforn>m,

where ¢ € KJ' — M, Then (¢™) — (2)(m — oo) and J(f.) is discon-

nected. Since Jiem) = (fieo,) 0+ -0 fi9)) (T (fe)), the Julia sets J(em are also
disconnected which means that (c;”) € D for all m € N, O
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