
J . DIFFERENTIAL GEOMETRY 

54 (2000) 303-365 

C O N N E C T I O N S IN P O I S S O N G E O M E T R Y I: 

H O L O N O M Y A N D I N V A R I A N T S 

RUILOJA FERNANDES 

Abstract 

We discuss contravariant connections on Poisson manifolds. For vector bun-
dles, the corresponding operational notion of a contravariant derivative had 
been introduced by I. Vaisman. We show that these connections play an 
important role in the study of global properties of Poisson manifolds and 
we use them to define Poisson holonomy and new invariants of Poisson 
manifolds. 

Introduction 

Let M be a Poisson manifold and suppose that we require the exis-
tence of a linear connection on M, compatible with the Poisson tensor 
IL Since parallel transport preserves the rank of the Poisson tensor, the 
Poisson manifold must be regular in order for such a connection to exist. 
Therefore, the usual notion of a covariant connection is not appropri-
ate for the study of Poisson manifolds, as some of the most interesting 
examples of Poisson manifolds are non-regular. For non-regular Pois-
son manifolds the symplectic foliation is singular and the dimension of 
the leaves varies, so one can only hope to compare tangent spaces at 
different points of the same symplectic leaf. 

One possible way around this difficulty is to use families of connec-
tions parameterized by the leaves. However, there are examples showing 
that the symplectic foliation can be wild, so the space of leaves will not 
be easy to parameterize. 
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A much more efficient and direct approach, to be introduced in this 
paper, is through the notion of a contravariant connection, a concept 
that mimics for the case of Poisson manifolds the usual notion of a 
covariant connection. 

Assume we are given a principal bundle over a manifold M: 

O G 

M 

then a covariant connection T on this principal bundle is defined by 
a G-invariant horizontal distribution u t-> Hu in P. Given a connec-
tion r , we have a notion of horizontal lift: h(u,v) G TUP is the unique 
tangent vector to Hu which projects to the vector v G Tp^M. Con-
versely, the horizontal lift h defines the horizontal distribution Hu = 
{h(u,v) : v G Tp(u)M}, so h completely determines the connection. 

We shall define a contravariant connection on a principal bundle 
over a Poisson manifold by defining analogously the horizontal lift of 
cotangent vectors. To formulate this notion, observe that h is defined 
precisely for pairs (u, v) in p*TM, the pullback bundle by p of the 
tangent bundle over M. Denote by p : p*TM —> TM the induced 
bundle map so we have the commutative diagram 

p*TM -^-^ TM 

^M 

Then we can define a covariant connection to be a bundle map h : 
p*TM -+ TP, such that : 

(CI) h is horizontal, i. e., the following diagram commutes: 

p*TM - ^ - * TP 

TM ^ T M 
id 

(Cil) h is G-invariant: h(ua,v) = (Ra)*h(u,v), for all a G G; 
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Assume now that M is a Poisson manifold. According to a general 
philosophical principle, in Poisson geometry sometimes the cotangent 
bundle plays the role of the tangent bundle. Hence, we replace TM by 
T*M in the diagrams above, whenever it makes sense. Thus we are lead 
to the notion of a contravariant connection on a Poisson manifold: this 
is a bundle map h : p*T*M ->• TP, such that: 

(CI)* The following diagram commutes: 

p*T*M-^-^TP 

T*M—-+TM 
# 

where # : T* M —>• TM is the bundle map induced by the Poisson 
tensor; 

(Cil)* h is (7-invariant: h(ua,a) = (Ra)*h(u,a), for all a G G; 

Given a point x in M and a covector a G T*M, the vector /j(«, a) G 
T„P will be called the horizontal lift of a to the point u in the fiber 
over x. On any fibration one can also consider generalized contravariant 
connections which satisfy only (CI)*. 

With such a definition at hand one can then develop the usual con-
cepts of parallelism, curvature, holonomy, geodesic, etc. In particular, 
for a contravariant connection on a vector bundle p : E —>• M, one ob-
tains in a way entirely analogous to the covariant case, the notion of a 
contravariant derivative operator D: for each 1-form a on M, Da maps 
sections of E to sections of E and satisfies 

i) Da+ß(p = Da(p + Dß(f); 

ii) Da{4> + ^) =Da<t> + Dail)\ 

iii) Dfa = fDa(f); 

iv) Da(f<l>) = fDa4> + #a(f)4>; 

where a, ß G fì1(M), 0, ^ are sections of £", and / G C°°(M). Con-
versely, every such operator is induced by a contravariant connection. 
Moreover, one can show that there always exists a linear connection 
preserving the Poisson tensor. In [11] Vaisman introduces the notion of 
contravariant derivative using i)-iv) as axioms. 
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In spite of its formal similarities with covariant connections, there 
are striking differences in contravariant Poisson geometry. For example, 
the holonomy of a connection may be non-discrete when the connection 
is flat, contravariant connections cannot be pushed back or forward, etc. 
However, just like in ordinary geometry, contravariant connections are 
useful to study global properties of Poisson manifolds. 

Recall that the local structure of a Poisson manifold is given by the 
Weinstein splitting theorem, also known as the generalized Darboux 
theorem (see [13], Thm. 2.1). In a neighborhood of a point, the Poisson 
structure splits as a direct product of a symplectic structure and a 
Poisson structure which vanishes at the point. So on the normal space 
to each symplectic leaf we have a notion of transverse Poisson structure. 

In global Poisson geometry one would like to understand the geom-
etry and topology of the symplectic foliation. Using generalized con-
travariant connections we show that we have a notion of Poisson holon-
omy of the symplectic foliation, analogous to the holonomy in the theory 
of regular foliations. The corresponding linear holonomy coincides with 
the linear Poisson holonomy introduced by Ginzburg and Golubev in 
[4]. The Poisson holonomy map is by Poisson automorphisms of the 
transverse Poisson structure. 

Poisson holonomy is not homotopy invariant, but factoring out the 
inner Poisson automorphisms one obtains a notion of reduced Poisson 
holonomy invariant by homotopy, and we can prove the following ana-
logue of the Reeb stability theorem: 

T h e o r e m . Let S be a compact, transversely stable leaf, with finite 
reduced Poisson holonomy. Then S is stable, i. e., S has arbitrarily 
small neighborhoods which are invariant under all hamiltonian auto-
morphisms. Moreover, each symplectic leaf of M near S is a bundle 
over S whose fiber is a finite union of symplectic leaves of the trans-
verse Poisson structure. 

We also discuss another related notion of holonomy, which we call 
strict Poisson holonomy, and which allows one to discuss global split-
ting of an entire neighborhood of a symplectic leaf. The corresponding 
stability theorem states that if S is transversely stable and has finite 
strict Poisson holonomy, there is a neighborhood of S which is Poisson 
covered by a product S x N, with S a finite cover of S. 

Linear Poisson holonomy in turn can be discussed from the point of 
view of linear contravariant connections and, for each symplectic leaf, 
there is a notion of Bott contravariant connection. For a non-regular 
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Poisson manifold, we do not have a normal bundle (over the whole 
of M) to the symplectic foliation. However, there is an appropriate 
notion of a basic connection on M: these are linear contravariant con-
nections which preserve the Poisson tensor and restrict in each leaf to 
the Bott contravariant connection. Comparing a basic connection to 
a riemannian connection one is lead to "exotic" or secondary Poisson 
characteristic classes. These are Poisson cohomology classes which give 
information on both the Poisson geometry and the topology of the sym-
plectic foliation of M. In degree 1, this class actually coincides with the 
modular class of M. This invariant was discussed recently by Weinstein 
in [12], where he shows that the modular class is an obstruction to the 
existence of measures in M invariant under the hamiltonian flows. 

As a final note we remark that the most general setup for con-
travariant connections is in the context of Lie algebroids. Although we 
have omitted any references to Lie Algebroids, the results discussed here 
should go through without any major changes, and this will be discussed 
elsewhere. 

In a follow up to this paper ([3]) we will discuss invariant connec-
tions. 

A c k n o w l e d g e m e n t s 

This paper was certainly influenced by some remarks made by Alan 
Weinstein after his talk at the Omega 99 Conference held in Lisbon, 
which showed he had the complete picture on contravariant connections 
on his mind. I also would like to thank my colleagues Ana Cannas da 
Silva and Miguel Abreu for additional comments and discussions. 

1. Contravariant connect ions on principal bundles 

1.1 C o n t r a v a r i a n t c a r t a n c a l c u l u s 

On a Poisson manifold there is a calculus on contravariant objects, anal-
ogous to the usual Cartan calculus on differential forms. We recall here 
some of the formulas and fix notation and conventions for later use. 
Proofs of the results stated in this introductory paragraph can be found 
in Vaisman's monograph [10]. 
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Let M be a Poisson manifold and denote by IT G X2{M){ ) the 
Poisson bivector field, so the Poisson bracket on M is given by 

(1.1) {/x, h} = n(d/x, d/2), / i , h G C°°(M). 

We also have a bundle map # :T*M —>• TM defined by 

(1.2) ß{#a) = n (a , ß), a,ß £ T*M. 

On the space of differential 1-forms Q1(M) the Poisson tensor induces 
a Lie bracket 

(1.3) [a, ß] = C#aß - C#ßa - d(U(a, ß)), a,ß£ Ci1 (M), 

and for this Lie bracket and the usual Lie bracket on vector fields, the 
map # : 01(M) —> Xl(M) is a Lie algebra homomorphism: 

(1.4) #[a,ß] = [#a,#ß]. 

We denote as usual by Xf = #(df) the hamiltonian vector field associ-
ated with the function / G C°°(M), and we have 

(1.5) [a, fß] = f[a, ß] + #a(f)ß = / [« , ß] - (iXfa) ß. 

The existence of a Lie bracket on the space of 1-forms allows one to 
mimic the algebraic definitions of d, %x and Cx, to obtain contravariant 
versions of these operators. 

First, one defines the contravariant exterior differential 

6: Xr{M) ^Xr+1{M) 

by: 

SQ(a0,... ,ar) 

1 r 

= ~rr Y\(-l)k+1#ak{Q((XQi • • •, ak,..., ar)) 

(1-6) r + lt* 
+ yiTJ ^(-^^Qi&ki ai],a0,...,ak,...,6ii,..., ar). 

k<l 
We denote by Slr (M) and Xr(M), respectively, the spaces of differential r-forms 

and r-multivector fields on a manifold M. 



CONNECTIONS IN POISSON G E O M E T R Y 309 

where «o? • • • ? cnr G il1 {M). This differential satisfies: 

(1.7) S2(Q) = 0, 

(1.8) 8{Ql A Q2) = (JQx A Q 2 + ( - l ^ g Q i Q i A 5Q2 . 

Moreover, if we extend the definition of # to forms of any degree by 
setting 

(1.9) # A ( a i , ...,ar) = ( - l ) r A ( # a i , . . . , # « r ) , 

we have 

(1.10) <J(#A) = #(rfA). 

The cohomology associated with ö is called the Poisson cohomology 
of M and is denoted by H^(M). This relation shows that there is 
a homomorphism from de Rham cohomology to Poisson cohomology 
# : H*(M) —> H^(M), which in the case of a symplectic manifold is an 
isomorphism. 

Next, for each form a G il1 (M) there is an operator of contraction by 
a, denoted ia : Xr(M) —> Xr~1(M), and an operator of Lie derivative 
in the direction of a, denoted Ca : Xr{M) —> Xr(M), given by 

(1.11) (iaQ)(oii,..., ar-i) = Q(a, « i , . . . , a r _ i ) , 

(1.12) (CaQ)(au ..., ar) = #a{Q(ai,..., ar)) 
r 

- ^Q(ai, • • • ,[a,ak],... ,ar). 

fc=i 

We have formulas analogous to the usual formulas from Cartan calculus: 

(1-13) i[a,ß] = £aiß - ißC-a, 

(1-14) £[a,ß] = £>a£>ß - £ß£a, 

(1.15) Ca=iaÖ + Oia, 

(1.16) 8Ca = Caö. 

In fact, the musical homomorphism relates these operators to the usual 
ones, so for every 1-form a G Çl1 (M), every r-form A G Qr(M) and 
every r-multivector field Q G Xr(M), one has: 

.17) 

.18) 

.19) 

*«(#A) = ( - l ) r # ( i # a A ) , 

£«(#A) = (-iy#(£#a\), 

£>dfQ = C-XfQ-
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We can also extend Ca to the exterior algebra Q* (M) by setting 

(1.20) Caß = [a,ß], ßt&iM), 

and requiring Ca to preserve type and act as a derivation. Finally, we 
recall that the contravariant differential can also be defined by 

(1.21) SQ = -\n,Q]s, 

where [ , ]s denotes the Schouten bracket. 

1.2 Contravariant connect ions 

Let P(M, G) be a smooth principal bundle over a Poisson manifold M 
with structure group G. We let p : P —> M be the projection, and for 
each u G P we denote by Gu C TU{P) the subspace consisting of vectors 
tangent to the fiber through u. If we denote by p*T*M the pullback 
bundle, so there is a bundle map p : p*T*M —>• T*M which makes the 
following diagram commutative 

p*T*M-!-^T*M 

•+M 

where on the vertical arrows we have the canonical projections. Recall-
ing that p*T*M = {(u,a) £ P x T*M : p(u) = n(a)}, we see that we 
have a natural right G-action on p*T*M defined by (u, a) • a = (ua, a), 
if a G G. 

Definition 1.2.1. A CONTRAVARIANT CONNECTION T in P(M,G) 
is a smooth bundle map h : p*T*M —> TP, such that: 

(CI)* The following diagram commutes: 

p*T*M • 

p 

T*M-
# 

-^TP 

P* 

-^TM 

(Cil)* h is G-invariant: h(ua,a) = (Ra)*h(u,a), for all a G G; 
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Given (it, a) G p*T*M, we call the vector h(u,a) G TUP the hor-
izontal lift of the 1-form a to u. The subspace of T U P formed by all 
such horizontal vectors is denoted by %u. The assignment u t-> T-Lu is a 
smooth, generalized, distribution on P called the horizontal distribution 
of the connection (by "smooth" we mean that for each point UQ G P 
there exists a neighborhood uo G U C P and smooth vector fields 
Xi,... ,Xr in U, such that 1-LU = s p a n { X i | „ , . . . ,Xr\u} for all u £ U). 
Note that , as opposed to the covariant case, the rank of the horizon-
tal distribution will vary, and that this distribution does not define the 
connection uniquely. 

It follows from (CI)* in the definition of a contravariant connection, 
that the horizontal spaces 1-LU project onto the tangent space TXS to 
the symplectic leaf S through x = p(u). In general, we have neither 
TUP = Gu + Uu nor Gu n Uu = {0}. As usual, a vector X G TUP will 
be called vertical (resp. horizontal), if it lies in Gu (resp. 'Hu). lî M is 
not symplectic, a vector does not split into a sum of an horizontal and a 
vertical component, so the usual definitions of lift of curves, connection 
form, etc., do not make sense in this context. 

Later on, we shall need to consider generalized contravariant con-
nections, by which mean that axiom (CII)* need not be satisfied. Of 
course, such connections can be considered on any fibration over a Pois-
son manifold. 

1.3 C o n n e c t i o n v e c t o r fields 

If g is the Lie algebra of G, we can express a contravariant connection in 
P by a family of g-valued vector fields, each defined in an open subset 
of M. One should have in mind that , in this theory, multivector fields 
play the role of differential forms. 

Henceforth, we use the following notation: We denote by {Uj} an 
open cover of M, by ipj : p~l(Uj) —>• Uj x G a family of trivializing 
isomorphisms, and by ipjk : Uj fl Uk —>• G the associated transition 
functions. For each j , we let Sj : Uj —>• P be the section over Uj defined 
by Sj(x) = ip~ (x, e), where e G G is the identity. 

On each open set Uj we define a g-valued vector field Aj as follows: 
if a G Çïl(Uj), x G Uj, and u = Sj(x), then 

Xu = (sj)*#ax - h(sj(x),ax) G TUP 

is a vertical vector since, by (CI)*, we have: 

P*XU = p * • {sj)*#ax -p*h{sj(x),ax) = #ax - #ax = 0. 
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We let Aj(a)x be the unique element A £ g such that Xu — <r(^4)u, 
which exists by (CII)*. The {Aj} are called the connection vector fields 
of the contravariant connection I \ 

In order to state the transformation rule for the connection vector 
fields, it is convenient to introduce the following notation: if <f) : M —> N 
is a smooth map defined on a Poisson manifold M its contravariant 
differential is the bundle map 6<j> : T*M —>• TN defined by: 

(1.22) 6<f>(ax) = dx4> • #ax, ax G T*XM. 

If N = ffi this notation is consistent with the contravariant differential 
introduced above, if we think of 0-vector fields as functions. 

Propos i t i on 1.3.1. The connection vector fields {Aj} are related 
by 

(1.23) Ak = Ad(^)Aj + ^Si/}jk, on Uj n Uk. 

Conversely, given a family of g-valued vector fields, each defined in Uj, 
satisfying relations (1.23), there is a unique contravariant connection in 
P(M,G) which gives rise to the {Aj}. 

Proof. Given a contravariant connection, define the vector fields 
{Aj} as above. If Uj fl Uk is non-empty, we have Sk(x) = Sj(x)ipjk(x), 
for all x £ Uj nUk- If we set a = tpjk(x) G G, it follows from Leibniz 
rule that 

(1.24) skt.(X) = (RaUsjUX) + a ( ( L a - 0 * • (ipjk)*X)-

If we compute both sides on X = #a, we obtain 

v(Ak(a))ua = Sk*(#a)ua - h(ua, a) 

= (Ra)*{sj)*(#a)u + 0"((£a-1)* • {ipjk)*#a)u - {Ra)*h(u,a) 

= (Ra)*(r(Aj{a))u +a({La-i)„ • (ipjk)*#a)u 

= a{Aà{^)Aj{a))u + a ^ ^ ^ a ) ) « . 

as required. 
Conversely, given a family of fj-valued vector fields satisfying re-

lations (1.23), we define a contravariant connection Y by letting the 
horizontal lift be defined by 

(1.25) h{u,a) = Sj {#a)u - a{Aj(a))u, 
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whenever s3 is a section with Sj(x) = u. If sk is another section with 
sk(x) = ui it follows from (1.23) and (1.24), with ipjk(x) = a(x) = e, 
that 

Sfc*(#a)« - o-(Afe(a))„ = sjt(#a)u + cr((V>jfc)*#«)« - a(Afc(a))„ 

= S j * ( # ö ) u - ^ ( A j ( a ) ) u , 

so this definition is independent of the section used. Conditions (CI)* of 
the definition is easily verified. As for (CII)*, we note that if tpjk(x) = 
a £ G is constant, then A& = Ad(a_1)Aj and equation (1.24) gives 
Sk*(X) = (Ra)*(sj)*(X). Therefore, for any 1-form a, we find 

h(ua, a) = Sfe*(#a)«a - o(Kk(a))ua 

= {Ra)*Sj*{#a)u - a(Ad(a~1)Aj(a))ua 

= (Ra)*h{u,a), 

as wished. q.e.d. 

1.4 Curvature 

For a contravariant connection T with family of connection vector fields 
{Aj} we define a corresponding family of curvature bivector fields {Sj} 
by: 

(1.26) Z3=ÆA3 + ±[A3,A3}. 

Here, we are using the notation [£, Ç] for the g-valued multivector field 
defined by 

a,b,c 

where £ = ^ a £aea and Ç = ^2a £aea are g-valued multivector fields, 
relative to a basis {ea} for g, and Cgc are the structure constants of g 
relative to the same basis. 

Proposition 1.4.1. The curvature bivector fields of a contravariant 
connection are related by 

(1.27) Ek = Ad(^)Ej, on U3 n Uk. 

Moreover, they satisfy the Bianchi identity: 

(1.28) ÆE3 + [k3^3}={). 
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Proof. Set T}jk = ißjk Sipjk- Then we have the "Maurer-Cartan equa-
tions" 

(1-29) ôrjjk = --[r]jk,ìljk\-

On the other hand, if Ak and Aj are related by (1.23) we find, using 
(1.8), 

OAk = ö(Ad(tp-k
1)AJ) + ör1jk 

= AdWj^SAj - ^[n^Ad^-^kj] + -[Ad^-^Aj,^] + 8rljk. 

Therefore, we have 

ÔAk +
 l-[Akì Ak] = Ad^-k

l)8A3 + ^[AdWj^AdWj^Aj] 

= A d ^ ) ^ A3 + \[A31A^. 

so (1.27) holds. 
Bianchi's identity (1.28) follows from ô2Aj = 0 and the derivation 

property (1.8) of 6. q.e.d. 

Remark 1.4.2. The structure equation (1.26) and the Bianchi 
identity (1.28) show that one should think of the operator ö + [Aj,-] 
as a contravariant derivative acting on g-valued multivector fields. This 
comment will be made precise later. 

It follows from (1.27), that given 1-forms a, ß G il1 (M), we can 
define a g-valued function S(a, ß) in P by: 

-(a,ß)Sj(x) =^j(a,ß). 

S(a, ß) gives the following geometric interpretation of the curvature: 
Given a 1-form a G Q1(M), denote by h(a) the horizontal lift of a, so 
h(a)u = h(u,a) and 

K ^ K = {h{a)u : a G QX(M)} 

is the horizontal distribution. 

Proposition 1.4.3. Let a,ß G il1 (M). Then: 

(1.30) [h(a),h(ß)] - h([a, ß]) = -2a(E(a, ß)), 
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To prove the proposition we need the following lemma: 

L e m m a 1.4.4. For any a, ß <E ül(Uj) 

[IM) [h(a),a(AJ(ß))] = -a(#a(AJ(ß))). 

Proof. The flux of the vector field a(Aj(ß)) is 

$ t (u ) =uexp(tAj(ß)(p(u))), 

so we have: 

1 
[h(a), a(Aj (ß))]Uo = - lim ^ (h(u0, a) - d $ _ t • h($t(u0), a)) 

But: 

d$-t • h($t(u0),a) = dRexpitA.(ß}ip(u}y} • /fc($t(u0), a ) 

= h(uo, a) + cM' • /i(<I>t(uo), a ) , 

where ^ ( u ) = uo exp(tAj( /9)(p(n))). Let s H- 7 ( s , t ) be the integral 
curve of h(a) through Qt(uo). Then s t-> 7(5, £) = £>(7(s,i)) is an 
integral curve of # a , and we have: 

d t f - / i ($* (u 0 ) , a ) = ^ « o e x p ( t A j ( ) 9 ) ( 7 ( s , t ) ) ) | s = 0 . 

We conclude that 

[Ma),a(A,09))]Uo 
d_ 

~di 
— « 0 exp ( tA j (^ ) (7 ( s , t ) ) ) | s = 0 

t=o 

£a(Aj(j9)(7(a,0)))Uo|,=0 

= cr(#a(A J( /3))p ( u o))U o , 

and the lemma follows. q.e.d. 

Proof of Proposition 1.4-3. Over Uj we have 

( s j ) * # a = a(Aj(a)) + h(a), 
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so we find: 

[h(a),h(ß)] = (s^#[a,ß] - [(sj^a^iAjiß))] 

- [ a (A , (« ) ) , ( ^ )*#^] + k(A,(«)),a(AJ(/5))] 

= h([a,ß]) + a(Aj([a,ß})) - [h(a),<j(A^))] 

- [a(Aj(a))Mß)] - MM«))MMß))]) 
= h([a,ß])+a(Aj([a,ß})-#a(Aj(ß)) + #ß(AJ(a)) 

- a ( [ A » , A , ( / ? ) ] ) 

= h([a,ß])-a(20Aj(a,ß) + [AJ,AJ}(a,ß)) 

= h([a,ß])-a(2Ej(a,ß)). 

q.e.d. 

By a flat contravariant connection we shall mean a connection whose 
horizontal distribution is integrable. 

Proposition 1.4.5. A contravariant connection is flat iff its cur-
vature bivector fields vanish. 

Proof. By a result of Hermann [6], a generalized distribution as-
sociated with a vector subspace V C X{M) is integrable iff it is invo-
lutive and rank invariant. Taking V = {h(df) : f G C°°(M)} so that 
1-LU = {X(u) : X G V}, Proposition 1.4.3 shows that V is involutive iff 
the curvature bivector fields vanish. Hence, all it remains to show is 
that if the curvature vanishes and j(t) is an integral curve of h(df) then 
dim%7(t-) is constant, for all small enough t. 

Let $t be the flow of h(df) and let <f>t = p o $ ( be the flow of 
#df = Xf. If a G ft1 (M) we claim that 

($t)*h(<x) = H$*_ta), 

for small enough t. In fact, the infinitesimal version of this relation is 

[h(df),h(a)] = h(£Xfa) = h([df,a\), 

which by (1.30) holds, since we are assuming that the curvature vanishes. 
Therefore, the flow $< gives an isomorphism between %7(o) and 

%7(t)) for small enough t, so V is rank invariant. q.e.d. 
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1.5 P a r a l l e l i s m a n d h o l o n o m y 

Parallel displacement of fibers can be defined along curves lying on a 
symplectic leaf of M. 

If 7 : [0,1] —> M is a smooth curve lying on a symplectic leaf S, then 
7 is also smooth as map 7 : [0,1] —> S. This follows from the existence 
of "canonical coordinates" for M as given by the generalized Darboux 
theorem. Also, by the same theorem, we can choose a smooth family 
tt-> a(t) G T*M of covectors such that #a(t) = ^(t). Following [4], we 
shall call the pair (-y(t),a(t)) a cotangent curve. 

Propos i t i on 1.5.1. Let (7( t ) ,a ( t ) ) be a cotangent curve. For any 
uo in P withp(uo) = 7(0) there exists a unique horizontal lift') : [0,1] —> 
P, which satisfies the system 

fy(t) = h(j(t),a(t)), 

7(0) =u0. 

Proof. By standard results from the theory of o.d.e.'s with time 
dependent coefficients, system (1.32) has a unique maximal solution. 
We claim that this solution exists for all t G [0,1]. 

By local triviality of the bundle we can find a curve 7 : [0,1] —> P 
with 7(0) = uo and p(^(t)) = j(t). We look for a curve a(t) G G, such 
that 7(t) = 7(t)a(t) satisfies (1.32). Differentiating, we have 

fy(t)=j(t)a(t)+j(t)â(t). 

We therefore require a(t) to satisfy the equation 

*f(t)a(t) +j(t)ä(t) = h(j(t)a(t),a(t)), 

or, equivalently, 

*{{t)à{t)a-l{t) = h(j(t),a{t)) - 7 ( t ) . 

The right hand side of this equation belongs to G^ since 

p*(M7(t), «(*)) - ^(*)) = #«(*) - ^P f r (* ) ) = #«(*) - 7(<) = 0. 

Therefore, there exists some curve A(t) : [0,1] —> g such that 

j(t)ä(t)a-1(t)=j(t)A(t). 

(1.32) 



318 RUI LOJA FERNANDES 

Since the initial value problem 

à{t)a~l{t) = A(t), a(0) = e, 

always has a solution, defined wherever A(t) is defined, our claim follows. 
q.e.d. 

Now using the proposition we can define parallel displacement of 
the fibers along a cotangent curve ('j(t),a(t)) in the usual form: if 
uo G P _ 1 ( T ( 0 ) ) we define r(ito) = 7(1), where 7(f) is the unique hori-
zontal lift of (7(f), oc(t)) starting at uo, We obtain a map r : £>_1(7(0)) —> 
p _ 1 ( 7 ( l ) ) , which will be called parallel displacement of the fibers along 
the cotangent curve (7(i), a(t)). It is clear, since horizontal curves are 
mapped by Ra to horizontal curves, that parallel displacement com-
mutes with the action of G: 

(1.33) ToRa = RaoT. 

Therefore, parallel displacement is an isomorphism between the fibers. 
Ifx £ M lies in the symplectic leaf S, let Q(S, x) be the loop space of 

S at x. Then for each cotangent loop (7,0;), with 7 G Q(S,x), parallel 
displacement along (7, a ) gives a an isomorphism of the fiber p~l(x) 
into itself. The set of all such isomorphisms forms the holonomy group 
of r , with reference point x, and is denoted $(x). Similarly, one has 
the restricted holonomy group, with reference point x, denoted <&°(x), 
defined by using cotangent loops in S which are homotopic to the trivial 
loop. 

If u G p~l(x) then we can also define the holonomy groups <&(u) 
and Q°(u). Just as in the covariant case, <fr(u) is the subgroup of G 
consisting of those elements a £ G such that u and ua can be joined by 
an horizontal curve. We have that $(u) is a Lie subgroup of G, whose 
connected component of the identity is $° (u) , and we have isomorphisms 
$(u) ~ $(x) and $(u)° ~ $(x)°. 

If a;, y G M belong to the same symplectic leaf then the holonomy 
groups $(x) and 3>(y) are isomorphic. This is because if it, u G P 
are points such that , for some a G G, there exists an horizontal curve 
connecting ua and v, then $(w) = Ad(a~1)^(u), so $(u) and $(v) are 
conjugate in G. However, if a;, y G M belong to different leaves the 
holonomy groups <&(x) and $(y) will be, in general, non-isomorphic. 

The holonomy groups can be given an infinitesimal description as in 
the Ambrose-Singer holonomy theorem. Suppose that 7 G T*M satisfies 
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# 7 = 0. If u G p l(x) we set 

A(7)u = Aj(7) x , 

whenever Sj(x) = u. It follows from the transformation rule (1.23) that 
A(7) is well defined. Denoting by P{UQ) the set of points u G P that 
can be joined to uo by a piecewise smooth horizontal curve, we have: 

T h e o r e m 1.5.2. (Holonomy Theorem) Let T be a contravariant 
connection in P(M,G), uo G P. The Lie algebra of the holonomy group 
$(uo) C G is the subalgebra of g spanned by all elements of the form 
{E(a,ß)u,A('j)u}, where u G P(u0) anda,ß,j G T*^M, with # 7 = 0. 

Proof. Let g(uo) denote the subalgebra of g spanned by all elements 
of the form {E(a,ß)u,A(^)u}, where u G P(uo) and a,ß,-y G T*,^M, 
with # 7 = 0. We claim that the generalized distribution u *-> Vu in 
P(M,G), where 

Vu = {h(u,a)+(j(A)u : a G T*(u)M, A G g(w0)} , 

is integrable and that P(uo) is the integral leaf through itg. 
Assuming that this is the case the proposition follows, for we have 

for any A G Q 

at = exp(L4) G $ (ito), Vi 

u0at G P _ 1 ( P ( M 0 ) ) n P ( u 0 ) , V i 

a(A)Uo G GUo n TUoP(u0) = GUo n P„0 

A G g(«o), 

since /i(a)U o + a(A)Uo is vertical iff j^ct = 0, and in this case h(a) = 
-<j(A(a)U0). 

To prove the claim we observe that the smooth distribution u H-
T>u is integrable becouse it is involutive (use Lemma 1.4.4) and rank 
invariant. Let G-n be the group of diffeomorphism generated by the 
horizontal vector fields h(a). A theorem of Sussmann [9], shows that 
the G-#-invariant distribution % generated by % is integrable and that 
P{UQ) is a leaf through uo of T-L. Moreover, Ì-L is the smallest integrable 
distribution containing 7i. Therefore, the claim will follow if we can 
show that T>u = ji. 

On one hand, V is involutive and % C V, so we must have %u C Vu. 
On the other hand, we have: 

A G Lie($(«o)) 
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(a) % contains all horizontal vector fields since they also belong to V.; 

(b) % contains all vector fields a(A) for A = A(7)„, with # 7 = 0, 
since in this case we have that A(7)u = — h(^)u is horizontal; 

(c) % contains all vector fields a(A) for A = S (a , ß)u, since by Propo-
sition 1.4.3 a(A) is sum of an horizontal vector field and the Lie 
bracket of two horizontal vector fields; 

We conclude that Vu C i-Lu and the claim follows. q.e.d. 

Note that the presence of the extra term A(7) implies that a con-
nection can be flat and have non-discrete holonomy. 

1.6 M a p p i n g s of c o n n e c t i o n s 

Recall that a homomorphism <f) : P(M,G) —> P'(M',G') of princi-
pal bundles is a mapping of the total spaces <f) : P —>• P' such that 
4>(ua) = (j)(u)ip(a), u G P , a G (7, where </? : G —> G' is a Lie group ho-
momorphism. We also have an induced map between the base spaces, 
denoted here by the same letter: <f> : M —> M'. If this map is a 
diffeomorphism and Sj : Uj —> P is a local section of P(M, G) then 
S'A : (f>{Uj) —> P' defined by s'- = cj> o Sj o cf>~1 is a local section of 
P'(M',G'). 

Propos i t i on 1.6.1. Let M and M' be Poisson manifolds and 
<f) : P(M,G) —> P'(M',G') a homomorphism such that the induced 
map <f) : M —> M' is a Poisson isomorphism. Given a contravariant 
connection T in P(M, G) there is a unique contravariant connection V 
in P'(M',G') such that <f) maps horizontal subspaces of T to horizontal 
subspaces ofV. The connection vector fields and the curvature bivector 
fields of r and V are related by: 

A ; . ( « ) = ip.Ajifa), Z'jfaß) = ip.Ejifa^fß), 

a^ßGQ1^). 

If u £ P and u' = <f)(u) G P', then tp : G —>• G' maps the holonomy 

groups <fr(u) (resp. <fr°(u)) onto Q(u') (resp. Q°(u')). 

Proof. To define the connection I"", given u' G P' we choose 
u G P and a' G G' such that u' = <j>{u)a', and set 

h'(u',a') = (Ra, o(P),h(u,fa'). 
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One checks that this definition is independent of the choice of u and a''. 
If b' G G, then 

h'(u'b',a') ={Ra'b> o c/>)*/i(u, (/>*«') = Rb^(Ra> o (/>)*/i(u, (/>*«') 

= Rb',,h'(u',a'), 

hence T' is invariant. By invariance, we can now assume <fi(u) = u', and 
we have: 

p'„h'[u', a') = p^(fiji{u,<fi*a') 

= (f)*p*h(u, (f)*a') 

= f#(fi*a' = #'«', 

since (fi : M —> M' is a Poisson map. Therefore, V is a contravariant 
connection. 

From the relation 

and the fact that the infinitesimal actions are related by 

a'(<p*A) = (fit.a(A), A G g, 

we obtain formulas (1.34) for the connection vector fields. As for the 
curvature bivector fields we have: 

Z'j(a,ß) = Æ'A'j(a,ß) + ±[A'j,A'j\(a,ß) 

= <p.ÆAj(cfi*a, <fi*ß) + -[<p*Aj, <p*Aj](<ß*a, <fi*ß) 

= ipÆAjW^fß) + -v*[Aj,Aj] (fa, fß) = ip.Ejifa^fß), 

for any forms a, ß G fì1 ([/'). 
Finally, if (7', a') is a cotangent loop at x' = p'(u') lying in the 

symplectic leaf through x', then (7, a) = (<fi~l o 7', < *̂a) is a cotangent 
loop at x = p(u) lying in the symplectic leaf through x. Therefore, if 7 
is a horizontal lift of (7, a) then </> o 7 is a horizontal lift of (7', a') and 
so the holonomy groups must be related as stated. q.e.d. 

In the situation of the previous proposition we say that (fi maps the 
connection Y to the connection V. There are two important special 
cases to note: 
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a) if P'(M', G') is a reduced sub-bundle of P(M, G), so M = M', cf> : 
M —?• M is the identity map, and //. : G —> G' is a nionomorphism, 
we say the connection r" is reducible to the connection T; 

b) if P'(M',Gr) = P{M,G), M = M ' and r = V we say that the 
connection T is invariant by (/>, or simply (/»-invariant. This means 
precisely that: 

(1.35) h(<ß(u),a) = <f>*h(u,<ß*a), V(^(«) ,a) Gp*T*Af; 

For a general Poisson map it is not possible to pullback or pushfor-
ward a contravariant connection, but there is still an obvious definition 
of mapping of connections. 

1.7 C o n n e c t i o n s o n fiber s p a c e s 

If G acts on the left on a manifold F we shall denote by 

PE : E(M, F, G,P) ->• M 

the fiber bundle associated with P(M, G) with standard fiber F. 

Given a connection V in P(M, G) with associated horizontal lift h : 
p*T*M ->• TP, we define the induced horizontal lift hE • p*ET*M ->• T.E 
as follows: given w E E choose (u,Ç) £ P x F which is mapped to w, 
and set 

(1.36) tiE(w,a) = Ç*h(u,a), 

where we are identifying £ with the map P —>• E which sends u to the 
equivalence class of (it, £). One can check easily that this definition does 
not depend on the choice of («,£), so we obtain a well defined bundle 
map HE '• p*ET*M —> TE which makes the following diagram commute: 

p*ET*M^^TE 

PE PE* 

T*M—-^~TM 
# 

As before, we can define horizontal and vertical vectors in TE, hori-
zontal lifts to E of curves lying on symplectic leaves of M, and parallel 
displacement of fibers of E. We shall call a cross section a of E over 
an open set U C M parallel if <T*(D) is horizontal for all tangent vectors 
v G TjjM. 
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T h e o r e m 1.7.1 (Reduction Theorem). Let P = P(MJG) be a 
principal fiber bundle over a Poisson manifold M with a contravariant 
connection F, and H C G a closed subgroup. There exists a one to one 
correspondence between parallel cross sections a : M —>• E(M, G/H, G, P) 
and sub-bundles Q(M, H) C P(M, G) such that F is reducible to a con-
nection r" in Q. 

Proof. Suppose we are given a parallel cross section a : M —> 
E(M,G/H,G,P). Let vr : P ->• E be the natural projection. Then 
we define a sub-bundle Q(M, H) by setting: 

Q = {u G P : 7r(u) = a(p(u))} . 

Given u G Q and a G T*,^M let (7(i), o>(t)) be a cotangent curve with 
7(0) = p(u) and a(0) = a. The horizontal lift 7 of this cotangent 
curve to P satisfies /z(7(i)) = cr(7(i)), since a is parallel. If follows that 
h(u,a) G TUQ for every u G Q, so T is reducible to Q. 

Conversely, suppose we are given a sub-bundle Q(M,H) such that 
r is reducible to Q. Then we can define a section 

a: M ->• £ ( M , G/fT, G, P ) 

by setting <r(a;) = 7T(M), where u G Q is any point satisfying p(u) = x. 
If 7(i) is an horizontal curve in P starting at M G Q, then 7(f) G Q 
since r is reducible to Q. If 7(f) = p ( 7 ( i ) ) , it follows that /i(7(i)) is an 
horizontal lift of 7 to E and that 7r(7(t)) = a(^y(t)), so a is flat. q.e.d. 

1.8 R e l a t i o n s h i p t o o r d i n a r y c o n n e c t i o n s 

Let M be a symplectic manifold and F a contravariant connection on 
P(M, G) with horizontal lift h : p*T*M -+ TP. Then we have a bundle 
map h : p*TM ->• T P defined by 

h{u, v) = h{u, # - 1 i> ) , (u, v) G p ' T M . 

This map is obviously G-invariant and makes the following diagram 
commute 

p*TM - ^ TP 

v v* 

TM ^ ^ T M 
id 
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It follows that h is the horizontal lift of a covariant connection on M. 
Let UJ be the connection 1-form and let O be the curvature 2-form of 
this connection. Also, given trivialization isomorphisms {ipj}, inducing 
local sections {SJ}, set uij = S*LO and ilj = s%i. Then it is clear from 
the definitions given above that the connection vector fields {Aj} and 
the curvature bivector fields {Sj} are given by: 

(1.37) Aj = # a ; „ S , = # % . 

For a general Poisson manifold with a contravariant connection T on 
P(M,G) and horizontal lift h : T*M ->• TP, we say that T is induced 
by a covariant connection if 

h(u,a) = h(u,#a), («, a ) £ p*T*M, 

where h : p*TM —> TP is the horizontal lift of some covariant connec-
tion on M. Note that in this case the lift h satisfies: 

(1.38) # a = 0 = • h(u, a) = 0, (u,a) £p*T*M. 

This construction shows that there are always contravariant connections 
on any principal bundle P(M, G) over a Poisson manifold M. 

Not all connections satisfy property (1.38), so we set: 

Defini t ion 1.8.1. A contravariant connection T on a principal bun-
dle P(M, G) is called a ^ - C O N N E C T I O N if its horizontal lift satisfies 
condition (1.38) 

Assume we have a contravariant jF-connection Y on P(M,G). If 
« : S H M is a symplectic leaf, then on the pull-back bundle p : 
i*P —> S we have an induced connection Ts- on the total space i*P = 
{(y, u) G S x P : i(y) = p(u)} we define the horizontal lift hs : p*sT*S —> 
T(i*P) by setting 
(1.39) 

hs({s,u),a) = (jp*h(u,ß),h(u,ß)), {s,u) G i*P,(u,a) £p*T*M, 

where ß G TZ.M is such that (dsi)*ß = a, and we are identifying 
T(i*P) = {(v,w) €TS xTP:v =p*w}. If (dsi)*ß' = (dsi)*ß, then 
#/? ' = #ß, so we get the same result in (1.39) and so T is well defined. S 

being symplectic, the connection Ts is induced by a covariant connection 
on i*P. Since the trivialization maps ipj : p~l(Uj) —>• Uj x G induce 
trivialization maps ipj : p~l(Uj fl S) —> (Uj fl S") x G of the pull-back 
bundle i*P(M, G), writing Sj(y) = ip~l(y, e) for the associated sections, 
we have: 
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Propos i t i on 1.8.2. Let F be an T-connection in P(M,G). If x G 
M and i : S <—^ M is the symplectic leaf through x, denote by LOS 
and Qs the connection 1-form and the curvature 2-form for the induced 
connection on i*P(M,G). Also, let LOJ = S*LOS and Qj = s%is- Then 
Aj and S j are i-related to #ujj and # % : 

(1.40) i*#u>j = Aj, i*#Qj = Ej. 

Therefore, a contravariant J-- connect ion in P can be thought of as 
a family of ordinary connections over the symplectic leaves of M. The 
(local) connection vector fields {Aj} and the (local) curvature bivector 
fields {Sj} are obtained by gluing together the (local) connection vec-
tor fields {#ooj} and the (local) curvature bivector fields {#Qj} of the 
connections on the symplectic leaves of M. 

For an jF-connection, horizontal lifts of cotangent curves (7, a) de-
pend only on 7. Therefore, one has a well determined notion of hor-
izontal lift of a curve lying on a symplectic leaf. It follows that for 
these connections, parallel displacement can also be defined by first re-
ducing to the pull-back bundle over a symplectic leaf and then parallel 
displacing the fibers. Hence, the holonomy groups &(x) and Q°(x) co-
incide with the usual holonomy groups of the pull-back connection on 
the symplectic leaf S through x. 

1.9 Flat connect ions 

Let M be a Poisson manifold and P(M, G) = M x G the trivial princi-
pal bundle. The canonical contravariant flat connection in P(M, G) is 
defined by taking as horizontal lift h : p*T*M —> TP the map 

h(u, a) = (#a, 0), (it, a) G p*T*M 

where we identify TP = TM x TG. This connection is a jF-connection. 
It is clear that a connection is the canonical flat connection iff it 

is reducible to the unique contravariant connection in M x e, where 
e £ G is the identity. For the canonical flat connection and the natural 
trivialization the connection vector field is A = 0, and so the canonical 
flat connection has zero curvature. Conversely, we have the following 
obvious proposition: 

Propos i t i on 1.9.1. For an ^-connection F the following state-

ments are equivalent: 

i) F is flat; 



326 RUI LOJA FERNANDES 

ii) every point has neighborhood U such that the induced connection 
in P\u is isomorphic to the canonical contravariant flat connection 
in U x G; 

iii) every point has neighborhood U such that there exists a parallel 
section a : U —^ P. 

Moreover, a flat T-connection has discrete holonomy. 

If r is not an jF-connection the conclusions of the proposition, in 
general, do not hold. 

2. Linear contravariant connections 

2.1 Contravariant connect ions on a vector bundle 

Let P(M, G) be a principal bundle over a Poisson manifold M with a 
contravariant connection I\ Suppose that G acts linearly on a vector 
space V, so on the associated vector bundle E(M, V, G, P) we have the 
notion of parallel displacement of fibers along cotangent curves (7, a) 
(see section 1.7). 

Given a section $ of E defined along a cotangent curve (7,0;), we 
define the contravariant derivative Dr^^cj) to be the section 

(2.1) D^a)</>(t) = lim \ k + X 7 ( i + h))) - 0(7(t))' 
rt—S>0 h L J 

where r t
t+ : p^ (-y(t + h)) —> p~^ (7(f)) denotes parallel transport of the 

fibers from ^{t + h) to 7(f) along the cotangent curve (7, a). 

Proposition 2.1.1. Let <fi and ip be sections of E and f a function 
on M defined along 7. Then 

i) -0(7,0) (^ + Ì>) = D(-y,a)(l> + D{~t,a)ll>; 

») D{^a)(f4>) = (/°7)£(7)a )0 + 7(/)të°7); 

Proof, i) is obvious from the definition. On the other hand, we have 

rì+h(f(l(t + h))4>W + h))) = f(l(t + h))rth(Hl(t + />))), 

and ii) follows by the Leibniz rule. q.e.d. 
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Now let a £ T*M be a covector and <f) a cross section of E defined 
in a neighborhood of x. The contravariant derivative Da<f) of <f) in the 
direction of a is defined as follows: choose a cotangent curve (7(f), ce(t)) 
defined for t G (—e, e), and such that 7(0) = x and a(0) = a. Then we 
set: 

(2.2) A ^ = £(7)a)^(0). 

It is easy to see that Da<j> is independent of the choice of cotangent 
curve. Clearly, a cross section <j> of E defined on an open set U C M is 
flat iff Dacf> = 0 for all a G T^M, x G M. 

Proposition 2.1.2. Let a,ß £ T*M, <fi and ip cross sections of E 
defined in a neighborhood U of x. Then 

i) Da+ß(f) = Da(j) + Dß4>; 

ii) Da{4> + ^) =Da(f> + Datl); 

Hi) Dca = cDa(f), for any scalar c; 

iv) Da(f(j)) = f(x)Da(j) + #a(f)(/)(x), for any function f G C°°(U); 

Proof, iii) is obvious, while ii) and iv) follow from Proposition 2.1.1. 
To prove i) observe that any section <f> of E, defined in a open set U, 
can be identified with a function F : p~l(U) —> V by letting 

F(u) =u-
1((l)(p(u))), uep-\U), 

where we view u G P as a linear isomorphism u : V —> p^ (u). Then, 
as in the covariant case, we find 

Da(j) = u(h(u, a) • F). 

From this expression for the contravariant derivative, i) follows imme-
diately. q.e.d. 

Now let a G il1 (M) be a 1-form and cf> a section of E. We define the 
contravariant derivative Da<f) to be the section of E given by: 

(2.3) Da<f>{x) = DaJ. 

Proposition 2.1.3. Let a, ß G il1 {M), (f> and ip cross sections of 
E, and f G C°°{M). Then 
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i) Da+ßcf> = Dacf> + Dß4>; 

ii) Da((t> + ìl)) =Da(f> + Datl); 

Hi) Dfa = fDacf>; 

iv) Da{f4>) = fDa4> + #a(f)4>; 

Proof. From Proposition 2.1.2 we obtain immediately that i)-iv) 
hold. q.e.d. 

It is also true that the contravariant derivative uniquely determines 
the connection. The proof of the following proposition is similar to the 
covariant case and so it will be omitted. 

Propos i t i on 2 .1 .4 . Suppose for each 1-form a G il1 (M) there is 
a linear operator Da acting on sections of E and satisfying i)-iv) of 
Proposition 2.1.3. Then there exists a unique contravariant connection 
r on the associated principal bundle P(M, G) whose induced contravari-
ant derivative on E is D. 

In the case where the contravariant connection is induced by a co-
variant connection, the contravariant derivative D and the covariant 
derivative V are related by 

(2-4) Da = V # a . 

On the other hand, J-- connect ions can be characterized by the con-
dition: 

(2.5) #a = 0 =*• Da = 0, V « e T * ( M ) . 

Moreover, by Proposition 1.8.2, for an T- connect ion, on each symplectic 
leaf i : S <—^ M there is a covariant connection on the pullback bundle 
i*P, inducing a covariant derivative V on i*E, with the following prop-
erty: if ip is any cross section of E, then 

(2.6) i*Dai, = V # î * a i*V, 

where i*ip denotes the section of the pullback bundle i*E induced by ip. 
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2.2 Linear contravariant connect ions 

A linear contravariant connection is a contravariant connection on the 
coframe bundle P = F*{M) over M, so G = GL{m) where m = dim M. 
If u = ( « i , . . . , am) G F* (M) is a coframe, we can view u as a linear 
isomorphism u : (Rm)* —> T*, -.M by setting 

u ( 0 ( « ) = £ ( a i (« ) , . . . , am(«)), vGTp{u)M, Ç G (Rm)*. 

We define the canonical vector fields 0j on an open set Uj, with triv-
ializing isomorphism ipj : p~l(Uj) —> Uj x G, and associated section 
Sj(a;) = ip~ (x,e), to be the (Mm)*-valued vector fields defined by 

(2.7) Oj{a)x = sj (x)-1 (a), x£Uj. 

These allows us to define the torsion bivector fields Qj to be the (Rm)*-
valued bivector fields given by 

(2.8) Qj(a,ß) = Sej(a,ß) + A3(a) • 6(ß) - A3(ß) • 93(a). 

Proposition 2.2.1. The canonical vector fields and the torsion 
bivector fields of a linear contravariant connection are related by 

(2-9) ek = ^ 1 - % , 

(2.10) &k =^jk
1-er 

Moreover, they satisfy the Bianchi identity 

(2.11) oe3(a,ß,7) = O SAj(<*>ß) • ÖJ(T) - O A » • SW^)-
a,ßa a,/3,7 

where the symbol Q denotes cyclic sum, over the subscripts. 

Proof. Relation (2.9) follows immediately from the definition of the 
canonical vector fields. To prove (2.10), we take the contravariant dif-
ferential of (2.9): 

sek(a,ß) =^~l • se3{a,ß) - V'-fc1^«)^1 • W ) 
+ ^-k

l8^k(ß)^jk
1-e3(a). 

From the transformation rule (1.23) for the connection vector fields, we 
find 

A*(a) • ek(ß) = V ^ A » • 00) + V - f c 1 ^ « ) ^ 1 • 00). 
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Therefore, we compute: 

@k(a,ß) = oek(a,ß)+Ak(a) • 6{ß) - Afe ( / ? ) # » 

= ^SOjia,ß) + ^ A » • e3(ß) - ^-k
lh3(ß) • e3(a) 

= ^ . 0 J . ( a , 0 ) . 

The Bianchi identity follows from taking the contravariant differen-
tial of (2.8). q.e.d. 

For the standard contragradient action of G = GL (m) on F = 
(Rm)*, the bundle associated with the coframe bundle P = F*(M) is 
the cotangent bundle T*M = E(M,F,G,P). Sections of T*(M) are 
just differential 1-forms and so the contravariant derivative associates 
to each 1-form a a linear operator Da : Q1(M) —> ill(M) such that : 

(2.12) Dfiai+f.20l2 = fiDai + / i-Dan 

for all fi G C7°°(M), a{ G QX(M), 

(2.13) Da(fß) = fDaß + #a(f)ß, 

for all / G C7°°(M), a,ß£ O x (M) . 

One can also consider other associated vector bundles to F*(M) 
which lead, just us in the covariant case, to contravariant derivatives of 
any tensor fields over M. For example, if X is a vector field, then DaX 
is the contravariant derivative of X along the 1-form a. It is completely 
characterized by the relation 

(2.14) (DaX, ß) = #a({X, ß)) - {X, Daß) , 

which holds for every 1-form ß G Q1(M). One has similar formulas for 
the contravariant derivative of any tensor field on M. 

Local coordinate expressions for linear contravariant connections can 
be obtained in a way similar to the covariant case. Let (x1,..., xm) be 
local coordinates on a neighborhood U in M. Then we define Christoffel 
symbols T^ by 

(2.15) Ddxidx3 =Yi
k
jdxk. 

It is easy to see that under a change of coordinates these symbols trans-
form according to 

(2 16) Ylm = dyl dym dxk Tij I dyl d2ym dxJ 7vik 

n dxi dxi dyn k dxi dxidxk dyn 
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where n are the components of the Poisson tensor. Conversely, given a 
family of symbols that transform according to this rule under a change of 
coordinates, we obtain a well defined contravariant derivative/connection 
on M. 

Using these symbols, it is easy to get the local coordinates expres-
sions for the contravariant derivatives: given a 1-form a = ajdx1 and a 
tensor field K, of type (r,s), with components K1,1"'1! -, we have 

dKh-ir r / 
(DaK)%;;% =^lak-^- _ £ (lf«akK^ 

(2.17) s
 a-x 

+ E(r^*41:::bJ-
6=1 

Given a tensor field K of type (r, s) we shall write, as in the covariant 
case, DK for the tensor field of type (r + 1, s) such that 

(2-18) (DK)l::^ = (DdxkK)l;X. 

A tensor field K on M is parallel iff DK = 0. 

2.3 Curvature and torsion tensor fields 

For a linear contravariant connection on a Poisson manifold M we define 
the torsion tensor field T and the curvature tensor field R, respectively, 
to be the tensor fields of types (2,1) and (3,1) given by 

(2.19) T(a,ß) = sj(x)(Gj(a,ß)), 

(2.20) R(a, ß)j = Sj (x) [z* (a, ß) • sj^x) (7) 

where x G Uj, a,ß,-y G T*(M), and we are denoting by S*(a, ß) the 
endomorphism of Qi(m) dual to Ej(a,ß). Note that if a; G Uj fl Uk and 
sk(x) = ipjk(x)sk(x) w e obtain the same values in formulas (2.19) and 
(2.20), so these really define tensor fields on all of M. These tensor 
fields can be easily expressed in terms of contravariant derivatives: 

Proposition 2.3.1. In terms of contravariant differentiation, the 
torsion T and the curvature R can be expressed as follows: 

(2.21) T(a, ß) = Daß - Dßa - [a, ß], 

(2.22) R(a, ß)j = DaDßl - DßDal - £ > M ] 7 . 
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Moreover, the Bianchi identities (2.11) and (1.28) can also be expressed 
as 

(2.23) © ( A * W 7 ) + R(T(a,ß),'y))=0, 
a,ß,7 

(2.24) © (ß("'ßh -T(T(«' ft'i)- D»T(P>/y)) = °-
a,ß,7 

From formulas (2.21) and (2.22), we obtain immediately the follow-
ing local coordinates expressions for the torsion and curvature tensor 
fields: 

ßjrV 
O 9r\ rjilj _ -pi] V]l u n 

[Z.ZÖ) l k - l k - l k - —£, 

(2.26) Rf = i f i f - r f T j * + j * - ^ - ^_±_ _ ^ _ r [ f c . 

Remark 2.3.2. Expressions (2.20) and (2.22) remain valid for any 
contravariant connection on a vector bundle E provided we replace 7 by 
a section of E. In this case Bianchi's identity (1.28) can be expressed 
as 

Q Dai(R(a2,a3))- Q R([ai, a2], a3) = 0. 
«1,02,03 «1,02,«3 

If it happens that the contravariant connection is related to some 
covariant connection by: 

#Daß = V # a # / 3 , 

(e. g., if D is induced by a covariant connection and II is parallel, so 
Da = V#a and Dil = 0) the torsion and curvature tensor fields are 
transformed by the musical homomorphism to the usual torsion and 
tensor fields of V: 

T v ( # a , #ß) = #TD(a, ß), i ? v ( # a , #ß)#J = #RD(», ßh-

2.4 Geodesies 

For contravariant connections parallel transport can only be defined 
along curves lying in symplectic leaves of M. The same restriction 
applies to geodesies: 
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Definition 2.4.1. Let ('j(t),a(t)) be a cotangent curve on M. We 
say that (7, a) is a GEODESIC if: 

(2.27) (A,«)7(t) = 0. 

In local coordinates, a curve 

(7(i), a(t)) = (x^t),..., xm{t), a i ( t ) , . . . , am(i)) 

is a geodesic iff it satisfies the following system of ode's 

^ = tfi(x1(t),...,xm(t))aj(t), 
(2.28) (i = l , . . . , m ) 

^ = -T}k((xHt),...,xm(t))ajak. 

From this we have: 
Proposition 2.4.2. Let M be a Poisson manifold, with a con-

travariant connection F, and xo G M. Given aXo G T*QM, there is 
a unique maximal geodesic t t-> (7(f), ce(t)), starting at xo G M, with 
a(0) = aX0. 

Proof. Choose a systems of coordinates (x1,..., xm) centered at XQ. 
By standard uniqueness and existence results for ode's, system (2.28) 
has a unique solution such that (œ1(0),... ,xm(0), a i ( 0 ) , . . . , am(0)) = 
(0,...,0,aXoA,...,aXOim). q.e.d. 

The geodesic given by this proposition is called the geodesic through 
xo with cotangent vector aXo. Note that if S is the symplectic leaf 
through xo and v G TXoS is a vector tangent to S, there can be several 
geodesies with this tangent vector at XQ. However, for an .T7-connect ion 
geodesies are uniquely determined by tangent vectors and coincide with 
the geodesies of the covariant connection induced on S. 

The following result is the analogue of a well known result in affine 
geometry: 

Proposition 2.4.3. Let F be a contravariant connection on M. 
There exists a unique contravariant connection on M with the same 
geodesies and zero torsion. 

Proof. Choose local coordinates on M so D has symbols T^, and 
consider the set of functions 

(2-29) *rf = \ (if + if +1£) 
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One checks that if T^ and Tl™ are related by the transformation law 

(2.16), then *Tl£ and *Yn are also related by the same transformation 
law. It follows that we have a well defined contravariant connection 
D* on M. From the local coordinate expressions for the torsion (2.25) 
and the geodesies (2.28), we see that D* has zero torsion and the same 
geodesies as D. 

For uniqueness, let D and D* be two connections with the same 
geodesies and torsion 0. We let 

(2.30) S(a,ß)=Daß-D*aß, <*,£ E fi^Af). 

Then S is C°°-linear, so it is a tensor. Since the connections have 0 
torsion, we have: 

S(a, ß) - S(ß, a) = (Daß - Dßa) - (D*aß - D*ßa) 

= [a,ß]-[a,ß]=0. 

so S is a symmetric tensor. Now if ap G T*M, we can choose the 
geodesic (for D and D*) with cotangent vector ap and associated 1-
form a along 7. We have 

(2.32) S(ap, dp) = Daa — D*aa = 0, 

so S = 0 and D = D*. q.e.d. 

2.5 P o i s s o n c o n n e c t i o n s 

Linear contravariant connections for which the Poisson tensor is parallel 
play an important role. Recall that a covariant connection for which the 
Poisson tensor is parallel exists iff the Poisson manifold has constant 
rank (see e. g. [10], thm. 2.20). On the other hand, for contravariant 
connections a simple argument involving a partition of unity shows that 
we have: 

Propos i t i on 2 .5 .1 . Every Poisson manifold has a linear contravari-

ant connection with contravariant derivative D such that DIT = 0. 

Proof. Let Ua be a domain of a chart (x1,... ,xm). On Ua, the 
contravariant connection D^a> with symbols 

p ' j 
k ßxk 
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satisfies D^U = 0. If we take an open cover of M by such chart domains 
and if ^ a (f)(ai = 1 is partit ion of unity subordinate to this cover, then 
D = ^ a (j)ya>D^a> is a connection on M for which II is parallel. q.e.d. 

We shall call a contravariant connection on M such that the Poisson 
tensor IT is parallel a POISSON C O N N E C T I O N . In the symplectic case, 
these coincide with the symplectic connections. 

Suppose a Poisson connection has vanishing torsion. Since DIT = 0, 
we have D # = #D, and from T = 0 we conclude that for a, ß G Q1(M) 

#a = 0 =*• #Daß = #Dßa + #[a, ß] 

= Dß#a+[#a,#ß}=0. 

This should be compared with condition (2.5) for an jF-connection. 
On the other hand, if we do have a Poisson jF-connection with van-

ishing torsion, then for each symplectic leaf % : S <—^ M there exists a 
unique covariant symplectic connection Vs on S, such that 

i*Daß = V%i.ai*ßi a,ß£Sl\M). 

As we pointed out above, a non-regular Poisson manifold does not admit 
covariant connections for which the Poisson tensor is parallel. Therefore, 
in general, it is not possible to glue together the covariant connections 
V s to get a connection on M. As the following example shows, the 
family formed by these connections will develop singularities at points 
where the rank drops. 

E x a m p l e 2 .5 .2 . Consider a 2-dimensional non-abelian Lie algebra 
g and choose a basis {001,002} such that : 

[wi,w2] = wi. 

On g* we take the Lie-Poisson bracket which relative to the coordinates 
(xl,x2) defined by the dual basis satisfies {a;1 ,^2} = x1. Now consider 
the contravariant connection on g* defined by: 

Ddxidx = Ddx2dx = Ddx2dx = 0, Ddxidx = dx . 

One checks easily that D has zero torsion and Dn = 0. On the other 
hand there is no globally defined covariant connection V on g* such that 
Da = V # a . In fact, if such a connection existed, then denoting by Y^-
its Christoffel symbols, we should have 

1 k — n l l k - > 
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where T^ are the symbols of D. Taking i = k = 1, j = 2, this would 
give 

1 - rlV2 

1 — X 1 2 1 , 

which is impossible. 
Note that formally we obtain the solution T ^ = -\, so there exists 

a singular connection with singular set xl = 0. This is precisely the set 
of points where the rank drops from 2 to 0. 

3. Po i s son ho lonomy 

3 .1 H o l o n o m y o f a s y m p l e c t i c l ea f 

For a regular foliation the topological behaviour close to a given leaf is 
controlled by the holonomy of the leaf. For a singular foliation, as is 
the case of the symplectic foliation of a Poisson manifold, there is in 
general no such notion of holonomy (see, however, [2] where holonomy 
is defined for transversely stable leaves). It turns out that in the case of 
a Poisson manifold it is still possible to introduce a notion of holonomy 
which also reflects the Poisson geometry of nearby leaves. In this theory 
of holonomy, contravariant connections play a significant role. 

Let M be a Poisson manifold and let i : S <—^ M be a symplectic 
leaf of M. Denote by v(S) = TgM/TS the normal bundle to S and 
by p : v(S) —> S the natural projection. By the tubular neighborhood 
theorem, there exists a smooth immersion i : v(S) —>• M satisfying the 
following properties: 

i) i\z = h where Z is the zero section of u(S); 

ii) i maps the fibers of u(S) transversely to the symplectic foliation 
of M; 

Assume that we have fixed such an immersion. Each fiber Fx = 
p~1(x) determines a splitting Txv{S) = TXS © TXFX, so we have a de-
composition: 
(3.1) 
2 > ( S ) = T*XS ® T*FX, where (TXFX)° ~ T£S, (TXS)° ~ T*FX. 

Note that TXS = lm#x = #(TXFX)°. For each u G Fx we have an 
analogous splitting Tuv(S) = #(TUFX)° © TUFX, so there is also a de-



CONNECTIONS IN POISSON G E O M E T R Y 337 

composition: 

(3.2) T*uv{S) = (TUFX)° © T*FX, where T*UFX ~ (#(TUFX)°)°. 

Each such immersion induces a unique Poisson structure on the total 
space v(S) such that i : f(S) —> M is a Poisson map. Also, on each 
fiber Fx = p~1(x) there is an induced transverse Poisson structure ILj-: 
The corresponding bundle map #-*- : T*FX —>• Ti7^ is defined as the 
composed map 

T*FX
 qA T*Fxu{S) % TFxu{S) qA TFX, 

where qx : Tpxu(S) —> TFX is the bundle projection from the restricted 
tangent bundle Tpxu(S) onto TFX associated with the decomposition 
(3.2). 

Now let a G TXM. We decompose a according to (3.1): 

a = J + a ± , where J G (TXFX)° ~ T^S, c ^ G (TX(S)° ~ T ^ . 

Since Fx is a linear space, there is a natural identification T*FX ~ T*FX, 

and we denote by à ^ G TJi7^ ~ (#{TUFX)°)° the element corresponding 
to a . On the other hand, the composition of the musical isomorphism 
# with the differential of the projection p : u(S) —> S induces an iso-
morphism between the annihilator (TUFX)° and TXS, so we also have an 
isomorphism (TUFX)° ~ T*S. If we denote by à« G {TUFX)° the element 
corresponding to a" under this isomorphism, we have p * # â " = #a. 

Given a covector a ET* M we shall define its horizontal lift to u(S) 

by 
h(u, a) = # ä | + # ^ G Tuv(S). 

By construction, we have property (CI)* of a contravariant connection 

p*h(u,a) = #a, u€p~l(x), 

so this horizontal lift defines a kind of generalized contravariant connec-
tion in v(S). Note that it depends both on the immersion and on the 
Poisson tensor. 

Let (7(i), Oi(t)), t G [0,1], be a cotangent curve in the symplectic 
leaf S starting at x = 7(0). If u G v(S)\x is a point in the fiber over 
x, there exists an e > 0 and a horizontal curve -y(t) in u(S), defined for 
t G [0,e), which satisfies: 

ii(t) = hm),a(t)), t£[0,e), 

7(0) = u. 
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Moreover, we can choose a neighborhood £/"7 of 0 G u(S)\x, such that for 
each U É Ì 7 7 the lift 7(f) with initial point M is defined for all t G [0,1]. 

If (7(i), «(£)) is a cotangent loop based at x G S then this lift gives, 
by passing from initial to end point, a diffeomorphism Hs(^,a) of £/"7 

into another neighborhood V7 of 0 G ^(S1)^, with the property that 0 
is mapped to 0. One extends the definition of H$ for piecewise smooth 
cotangent loops in the obvious way. 

Denote by %lut(Fx) the group of germs at 0 of Poisson automor-
phisms of Fx which map 0 to 0. 

Proposition 3.1.1. Let (7, a), (7', a') be cotangent loops based at 
x G S, then: 

i) #5(7 , a) is an element of$lut(Fx); 

ii) Hsdj, a) • (7', a')) = Hs(^,a) o Hs(^',a'), where the dot denotes 
concatenation of cotangent loops. 

Proof. Let (7(4), a(i)) be a cotangent curve in S. For each t, we 
have a trivialization of p : u(S) —> S in a neighborhood of 7(f) such 
that p(x,y) = x. If a(t) = ^a(i)efe|7( t) + b(t)dy\7^ we consider the 
1-form with constant coefficients at = ^ o,{t)dx + b(t)dy. The lift of its 
restriction to S defines the time-dependent vector field: 

xt = #4 + #J 
a t ! 

where 
4 G (TF,{t))°, ài G T*Fl(i) e (#(TF7(( ))°)°. 

For each t, the transverse component â^ is a closed 1-form in F^. 
The lifts 7 of 7 are the integral curves of the vector field Xt. We 

claim that the flow $ of this vector field preserves the transverse Poisson 
structure il-1 

(3-3) {r%^t{u) = ILf, 

so (i) follows. Part (ii) also follows since we have just shown that we 
can take ^5(7 , a) as the time-1 map of some flow. 

To prove (3.3) we observe that 

and we use the following lemma: 

dh(^ )*n^(0*(«)) 
h=0 
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L e m m a 3.1 .2 . If aua2 G T*FX ~ (#(TUFX 
0 0 then 

d_ 

dh 
•^(J)-h)Tlh <//>(«) 

(a>i,a2) = ( £ x t n ) u ( a i , a ; 2 ) 
h=o 

Now we have 

£ x t n ( a i , a 2 ) = >C i i n ( a i , a 2 ) + jC#±ä±U(ai, a2) 

The transverse component vanishes since à^ is a closed form in the 

fiber, for each t. For the parallel component we write âj = ^iüidxl
i 

and we compute 

£ # 4 | I T = J2 ( a ^ # ^ n + #dai A rtdx*) . 

But dxS G (TFX)° and since ai,a2 G (#(TUFX)°)° we conclude that 

^ # â l l n (o! i ,0!2) = ^aiC#dxiU(aua2) = 0 , 
i 

so the parallel component also vanishes. 
It remains to prove Lemma 3.1.2. We note that for any a G T*FX 

q*ua G {TFp^h^)0. Using this remark we have q 

we find: 

d 

4>h(uy 
h* 

a 
h** 

dh 
(rh)Mh 4>h(u) («1,02 J 

h=0 

lim — 
/i-»o h 

iL h* 
^ ( « ) ( ^ ( « ) ( ^ ) * a i ' ^ " ( u ) ( ^ ) * « 2 ) - n u ( ^ a i , < a ; 2 

n 4>h(u) n </)
fe

(«) ((f fc)*9>i, lu q*ua2) -Uu(qlai,qla2) 

= (£xÉn)u(9*ai ,ç*û!2) , 

so the lemma follows. q.e.d. 

Denoting by fî*(<S', a;) the group of piecewise smooth cotangent loops, 
we see that we have a map H$ : il*(S,x) —> $lut(Fx), which will be 
called the Poisson holonomy of the leaf S. Note that the Poisson holon-
omy map depends on the immersion i : v(S) —> M, but two different 
immersions lead to conjugate homomorphisms. 
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E x a m p l e 3 .1 .3 . Let S" be a regular leaf of a Poisson manifold M . In 
decomposition 3.2 we can identify {TuFxf ~ T*SU and {TuSuf ~ T*FU, 
where Su is the symplectic leaf through u. It follows that the horizontal 
lift h(u,a) is the unique tangent vector in TUSU which projects to #a. 
We conclude that for a regular leaf the Poisson holonomy coincides with 
the usual holonomy. 

E x a m p l e 3 .1 .4 . Let g be some finite dimensional Lie algebra and 
consider on M = g* the canonical linear Poisson bracket. For the sin-
gular leaf S = {0} we have v(S) ~ g* with p(u) = 0 and the de-
composition 3.2 collapses. Given a covector a G TQQ* = g we find 
h(u,a) = # « a = a d * a • u. It follows that for a constant cotangent 
loop (0, a) in S we have Hs(0,a) = Ad*(exp(a)) , which of course is a 
Poisson automorphism of FQ ~ g*. 

3.2 Reduced Poisson holonomy 

As example 3.1.4 shows, Poisson holonomy is not a homotopy invariant. 
Following the construction given in [4] for the linear case, we can give 
a notion of reduced Poisson holonomy which is homotopy invariant. 

For a Poisson manifold M let us denote by Aut (M) the group of 
Poisson diffeomorphisms of M, and by A u t ° ( M ) its connected compo-
nent of the identity: given <j> G A u t 0 ( M ) there exists a smooth family 
4>t G Aut (M), t G [0,1], such that <j>$ = id, <f)\ = </>, and fa is generated 
by a time-dependent vector field: 

The vector field Xf is an infinitesimal Poisson automorphism: 

Cxtn = o. 

We shall say that ^ is a inner Poisson automorphism or a hamiltonian 
automorphism if there exists a smooth family of hamiltonian functions 
ht:M^R such that Xt = Xht = #dht. The set I n n ( M ) C Aut (M) 
of inner Poisson automorphisms is a normal subgroup, and we define 
the group of outer Poisson automorphisms of M to be the quotient 
Out (M) = Aut ( M ) / I n n (M) 

Recall that for a symplectic leaf S we denote by $lut(Fx) the group 
of germs at 0 of Poisson automorphisms of Fx which map 0 to 0. We 
shall also denote by Out(Fx) the corresponding group of germs of outer 
Poisson automorphisms. 
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Propos i t i on 3 .2 .1 . Let S be a symplectic leaf of M, with Pois-
son holonomy H$ : £l*(S,x) —> $lut(Fx). If (71,01) and (72,02) are 
cotangent loops with 71 ~ 72 homotopic then H3(71, « i ) and H$(72, «2) 
represent the same equivalence class in Out(Fx). 

Proof. Since any piecewise smooth path 7 C S can be made into 
a cotangent path, by property (ii) in Proposition 3.1.1 it is enough to 
show that for every x G S there exists a neighborhood U of x in S such 
that if 7(i) C U is a piecewise smooth loop based at x and a(t) G T*M 

is a piecewise smooth family with j^ct = 7 then Usici-, a) G i n n C^x)-
To see this we use the same notation as in the proof of Proposition 

3.1.1. In a trivializing neighborhood U of p : v(S) —> S containing x, 
we can decompose the vector field Xt as: 

where 
4 G (TF 7 ( t ) ) ° , ^ G T * F 7 W ~ ( # ( T F 7 ( t ) ) 0 ) 0 . 

For each t, the transverse component àj- can be taken to be a closed 
1-form in i ^ t ) • It is clear that the parallel component # à [ has no effect 
on the holonomy. Hence we can assume that S = {x}, Fx = M, 7 is a 
constant path and àf- = àt, so 

Xt = #&t = #dht, 

for some function ht defined in a neighborhood of x. Since H${7,01) 
is the time-1 flow of this hamiltonian vector field we conclude that 
Hs(-y,a) £lnn(Fx). q.e.d. 

Given a loop 7 in S we shall denote by Hsij) G Dut(i ?
x) the equiv-

alence class of Hsi^^a) for some piece-wise smooth family a{t) with 
#a{t) = 7( t ) . The map Hs : Q(S,x) -+ Dut(JPrc) will be called the 
reduced Poisson holonomy homomorphism of S. This maps extends to 
continuous loops and, by a standard argument, it induces a homomor-
phism Hs : ni(S, x) —> Dut(i ?

x) where iri{S, x) is the fundamental group 
(the use of the same letter to denote both these maps should not be the 
cause of any confusion). 

3 .3 S t a b i l i t y 

The reduced Poisson holonomy of a leaf carries information on the be-
haviour of the Poisson structure in a neighborhood of the leaf. The 
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simplest result in this direction can be obtained as follows: let us call S 
transversely stable if the transverse Poisson manifold N is stable near 
S fi N, i. e., if TV has arbitrarily small neighborhoods of N fl S which 
are invariant under all hamiltonian automorphisms. 

T h e o r e m 3 .3 .1 . (Local Stability I) Let S be a compact, transversely 
stable leaf, with finite reduced holonomy. Then S is stable, i. e., S has 
arbitrarily small neighborhoods which are invariant under all hamilto-
nian automorphisms. Moreover, each symplectic leaf of M near S is a 
bundle over S whose fiber is a finite union of symplectic leaves of the 
transverse Poisson structure. 

Proof. Assume first that S has trivial reduced holonomy. We fix an 
embedding i : u(S) - > M a s above and a base point xo G S. Also, we 
choose a Riemannian metric on S. 

By compactness of S, there exists a number c > 0 such that every 
point x £ S can be connected to xo by a smooth cotangent path of 
length < c. For some inner product on u(S)\Xo, let D£ be the disk of 
radius e centered at 0. For each e > 0, there exists a neighborhood 
U C D£ such that: 

i) for any piecewise-smooth cotangent path in S, starting at xo, with 
length < 2c and for any u G U, there exists a lifting with initial 
point u; 

ii) the lifting of any cotangent loop based at xo with initial point 
u G U has end point in U; 

iii) U is invariant under all hamiltonian automorphisms; 

In fact, let (71, a\),..., (7^, oik) be cotangent loops such that 7 1 , . . . , 7^ 
are generators of ni(S, xo), and let fa be Poisson diffeomorphisms which 
represent the germs Hs{^i,cn). Since the reduced holonomy is triv-
ial, there is a neighborhood U' of 0 in FXo = u(S)\Xo such that U' C 
domain(<^i) fl • • • fl d o m a i n ( ^ ) , and fa\U' G lnn(FXo), for all i. Since 
S is transversely stable, we can choose a smaller neighborhood U C U' 
invariant under all hamiltonian automorphisms. 

Given x £ S and a cotangent path (7, a) connecting xo to x, let 
us denote by <T(7;Q) : U —>• Fx the diffeomorphism defined by lifting. It 
follows from i) and ii) above that if (7', a') is a cotangent path homotopic 
to (7, a) then a^^(U) = a^/j0,/^(U). It follows from iii) that a^^(U) 
is also invariant under all hamiltonian automorphisms. 
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Let F be a neighborhood of S in M. There exists e{x) > 0 such 
that for the corresponding Ux C De(x) we have ouiQ\{Ux) C VT\FX. By 
compactness of S, we can choose e > 0 (independent of x G S) such 
that for the corresponding U C D£ we have 

<r(i,a)(U) CVnFx 

Set 

V0 = U CT(7,a)(^)-
(7,0) 

Then Fo C 7 is a open neighborhood of S which is invariant under all 
hamiltonian automorphisms of M. 

If u, u' G Vo are two points in the same symplectic leaf such that 
p(u) = p(u') = x, then there is a path 7 in this symplectic leaf connect-
ing these two points. It follows from the decomposition (3.2) that there 
exists a cotangent loop (7, a) in S such that 7 is a horizontal lift of 
this loop. Thus v! is the image of u by # 5 ( 7 , a) which is a hamiltonian 
automorphism of VonFx. Therefore, u and u' lie in the same symplectic 
leaf of VQV\FX. We conclude that each symplectic leaf of M near S is a 
bundle over S whose fiber is a symplectic leaf of the transverse Poisson 
structure. 

Assume now that S has finite reduced Poisson holonomy. We let q : 
S —> S be a finite covering space such that q*ni(S) = Ker H$ C iri(S). 
If we embed u(S) into M as above, and let u(S) be the pull back bundle 
of u(S) over S, we have a unique Poisson structure in u(S) such that 
the natural map v(S) —> v(S) is a Poisson map. Moreover, the reduced 
Poisson holonomy of f(S) along S is trivial, so we can apply the above 
argument to f(S) and the theorem follows. q.e.d. 

R e m a r k 3 .3 .2 . If a leaf S is transversely stable and x G S, let N 
denote a stable neighborhood of Fx. For each cotangent path (7,0;), 
the Poisson holonomy ^ 5 ( 7 , a) induces a homeomorphism of the orbit 
space of N, for the transverse Poisson structure, mapping zero to zero. 
If (71, a,\) and (72,02) are cotangent loops such that i^s(71,011) and 
Hs{l2-,o>2) represent the same class in Out(Fx), then they induce the 
same germ of homeomorphism of the orbit space mapping zero to zero. 
In [2] holonomy of a general, transversely stable, foliation is defined 
using germs of homeomorphisms of the orbit space, which in the case of 
a Poisson manifold coincide with these ones. 
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3.4 Strict Poisson holonomy 

Another problem raised by the local splitting theorem and related to 
stability is whether one has a global splitting of an entire neighborhood 
of a leaf S. Note that if a neighborhood V of S has a Poisson splitting 
SxN then projection to the first factor is a Poisson map. This motivates 
the 

Definition 3.4.1. Let M be a Poisson manifold and i : S •—> M a 
symplectic leaf of M. A POISSON TUBULAR NEIGHBORHOOD of S is a 
smooth immersion i : v(S) —> M satisfying: 

i) i\z = i-, where Z is the zero section of u(S); 

ii) i maps the fibers of u(S) transversely to the symplectic foliation 
of M; 

iii) For the Poisson structure on u(S) induced from i, the canonical 
projection p : v(S) —> S is a Poisson map; 

Suppose S admits a Poisson tubular neighborhood. Then the regu-
lar distribution #(Ker p*)° is integrable and S, identified with the zero 
section, is an integral leaf of this distribution. Hence, we can consider 
the holonomy of S (in the usual sense) as a leaf of the corresponding fo-
liation. We call this the strict Poisson holonomy of S, and we denote by 
Hs : Çl(S,x) —> S)iff(Fa;) the associated holonomy map, where S)iff(Fa;) 
denotes the group of germs of diffeomorphisms of Fx which map 0 to 
0. Strict Poisson holonomy is related to reduced Poisson holonomy as 
follows. 

Proposition 3.4.2. Assume S admits a Poisson tubular neighbor-
hood. The map H$ : Çl(S,x) —> S)iff(Fa;) has image inside %lut(Fx) and 
the following diagram commutes: 

Q(S,x)-^Xul(Fx) 

Out(Fx) 

Proof. Fix a Poisson tubular neighborhood p : v(S) —> S and con-
sider the generalized connection in u(S) defined by the distribution 
#(Ker p*)°. Given a loop 7(f) in S there exists a family of closed 
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forms af G Q.l{S) such that # a f (7(f)) = 7(i)- The horizontal lifts of 
this loop are integral curves of the time-dependent vector field 

Xt = #p*af. 

Since dp*af = p*daf = 0, this vector field is an infinitesimal Poisson 
automorphism. We conclude that the holonomy maps # 5 ( 7 ) are Poisson 
automorphisms. 

Moreover, in the notation of the proof of Proposition 3.2.1, we have 

Xt = # a l • It follows that if (7, a) is a cotangent loop in M then 

Hsili®) and ^ 5 ( 7 ) represent the same class in Out (Fx). q.e.d. 

We can now state and prove the following splitting result: 

T h e o r e m 3 .4 .3 . (Local Stability II) Suppose i : S <—^ M is a com-
pact symplectic leaf of a Poisson manifold M which admits a Poisson 
tubular neighborhood. Assume further that S has finite strict Poisson 
holonomy and let q : S —>• S be the finite covering corresponding to 
Ker H s C ni(S,x). Then there is a neighborhood V of S and a finite 
covering Poisson map <f) : S x N —> V, where N is a transverse Poisson 
manifold to S. If S is transversely stable, then we can choose N and V 
to be stable neighborhoods. 

Proof. By a standard homotopy lifting argument, as in the end of the 
proof of Theorem 3.3.1, it is enough to consider the special case where 
the holonomy is trivial. We must then show that there is a neighborhood 
V of S and a Poisson diffeomorphism <f> : S x N —> V, where N is a 
transverse Poisson manifold to S. 

Again, we fix an embedding i : v(S) —> M as above and a base point 
xo G S. Also, we choose a Riemannian metric on S. By compactness 
of S, there exists a number c > 0 such that every point x G S can be 
connected to xo by a smooth cotangent path of length < c. For some 
inner product on u(S)\Xo, let D£ be the disk of radius e centered at 0. 
There exists an e > 0 such that : for any piecewise-smooth cotangent 
path in S, starting at XQ, with length < 2c and for any u G D£, there ex-
ists a lifting with initial point u. Moreover, by shrinking e if necessary, 
we can assume that the lifting of any cotangent loop based at xo with 
initial point u also ends at u. In fact, let (71, « i ) , . . . , (7^, a^) be cotan-
gent loops such that 7 1 , . . . , 7^ are generators of 717(51, xo), and let fa be 
Poisson diffeomorphisms which represent the germs Hs(^i,ai). Then, 
since the holonomy is trivial by assumption, there is a neighborhood 
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U of 0 in u(S)\Xo such that U C domain(^i) Pi - - - Pi d o m a i n ^ ) , and 
<f)j\U =identity, for all i. We need only to choose e such that D£ C U. 

For each u G D£ we define a map ou : S —> M as follows: let x G S 

and connect x to a;o by a cotangent path (7, a ) of length < a Let 7 
be the unique lift of (7, a) starting at u, and define uu(x) = 7(1). This 
map is well defined because the holonomy is trivial. Also, ou is clearly 
a local embedding since p o <ru =identi ty on S". Since S" is compact we 
conclude that au is an embedding. 

The map au clearly depends smoothly on u, and since the holonomy 
is trivial, the map u H- au(x), for a fixed x, is one-to-one. It follows that 
the map <f) : S x D£ —>• M given by (a;,w) H- cru(2;) is a diffeomorphism 
onto a neighborhood F of S. 

By hypothesis, p : u(S) —> S is a Poisson map. On the other hand, 
the composition po<p : S x D e —>• 51 is just projection into the first factor, 
which is also a Poisson map. Then <j> must also be a Poisson map. 

Finally, if S is transversely stable, we can choose an open set N C 
D£ stable for the transverse structure, so V = (j>(S x N) is a stable 
neighborhood. q.e.d. 

For simply connected leaves we obtain: 

Corollary 3 .4 .4 . Let % : S <—^ M be a compact, simply connected, 
symplectic leaf of a Poisson manifold M, which admits a Poisson tubu-
lar neighborhood. Then there is a neighborhood V of S and a Poisson 
diffeomorphism, <f) : S x N —>• V, where N is a transverse Poisson man-
ifold to S. If S is transversely stable, then we can choose N and V to 
be stable neigborhoods. 

One should note that , in general, a leaf does not have a Poisson tubu-
lar neighborhood, and so strict Poisson holonomy is not defined. In the 
following example we give a Poisson manifold M with a compact, simply 
connected, symplectic leaf S, which has no Poisson tubular neighbor-
hood. In particular, M does not split as S x N in a neighborhood of 
S. 

E x a m p l e 3 .4 .5 . First observe that CP(n) is a coadjoint orbit of 
U(n + 1), since the standard action of U(n + 1) on CP(n) is a tran-
sitive hamiltonian action. In fact, a theorem of Kostant says that , 
for a compact Lie group, all hamiltonian G-spaces on which G acts 
transitively are coadjoint orbits. The argument goes as follows: Let 
$ : CP(n) —> u* (n+ l ) be the (equivariant) moment map. Then U(n+1) 
acts transitively on the image Y = Q(CP(n)), which therefore is a coad-
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joint orbit. In fact, $ : CP(n) —> Y is a symplectomorphism and, since 
CP(n) is compact, $ is a covering map. However, every coadjoint orbit 
of a compact Lie group is simply connected (see [5], sect. 9.4), so this 
map is actually a diffeomorphism. 

Consider in particular the case n = 2. We claim that CP(2) is a sym-
plectic leaf of u* (3) which has no Poisson tubular neighborhood. In fact, 
if CP(2) had such a Poisson tubular neighborhood then it would have 
trivial strict Poisson holonomy and, by Theorem 3.4.3, its normal bun-
dle v(CP(n)) would be trivial. But this is not the case, as can be seen 
from the following standard argument: the total Chern class of CP(2) is 
c= (1 + a)3 = l + 3a + 3a2, where a is a generator of # 2 (CP(2) ,Z) . The 
total Stiefel-Whitney class w of CP(2) is the image of c by the canonical 
homomorphism H2(CP(2),Z) ->• H2(CP(2), Z2) and hence is non-zero. 
The total Stiefel-Whitney class of the normal bundle v(CP(2)) is w~l, 
which is non-trivial. We conclude that u(CP(2)) is non-trivial. 

3.5 Linear Poisson holonomy 

Let M be a Poisson manifold and i : S M- M a symplectic leaf of 
M with Poisson holonomy H$ : £l*(S,x) —> 2lut(Px) (once a tubular 
neighborhood has been fixed). 

On TQFX ~ Fx we consider the Poisson bivector field IIL which is 
the linear approximation at 0 to the Poisson bracket on Fx. Also, we 
denote by Aut (Fx) the set of linear Poisson automorphisms of (Fx, HL). 
There is a map d : %ui(Fx) —> Aut (Fx) which assigns to a germ of a 
Poisson diffeomorphism of (P-r,]!-1-), mapping zero to zero, its linear 
approximation. 

Definition 3.5.1. The LINEAR POISSON HOLONOMY of the leaf S 
is the homomorphism Hg = dHs : Q*(S,x) —> Aut (Fx). 

One can check that this notion of linear Poisson holonomy is essen-
tially the same as the one introduced in [4]. 

To define the reduced linear Poisson holonomy of the leaf S one can 
either show that the class of H g (-y, a) in 

Out(Prc) = Aut(Px)/Inn(Pa ;) 

is homotopy invariant, or else take the composition 

H^ = dHs •.•Ki(Six)^ Out (Fx), 
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where d : Out(Fx) —> Out (Fx) is the natural map. Similarly, if S admits 
a Poisson tubular neighborhood, one can define the strict linear Poisson 
holonomy as the composition Hg = dHg : iri(S,x) —> GL{FX). 

One can give a differential operator formulation for linear Poisson 
holonomy similar to the Bott connection of ordinary foliation theory. 
Instead of working with the normal bundle u(S) = TgM/TS it is con-
venient to use the dual bundle v*(S), also called the conormal bundle. 
We have natural identifications 

v*(S) = (Ker#)\s = (TS)°. 

On v* (S) we have the following contravariant analogue of the Bott con-
nection: Given a covector a G TgM and a section ß of v*(S), take forms 
â , ß G fi1 (M) such that äx = a, ß\s = ß, and we set: 

(3.4) Ds
aß = [ä,ß]\s-

To check that this definition is independent of the extensions con-
sidered, we note that , by (1.3), it can also be written as 

(3.5) Ds
aß = C#äß\s. 

Expression (3.4) also shows that D^ß is in the kernel of # and so is a 
section of v*{S). Therefore, Ds associates to each 1-form a on M along 
S a differential operator Da : T(u*(S)) -+ T(u*(S)). 

It is also easy to check that Ds satisfies the analogue of properties 
i)-iv) of Proposition 2.1.3. Note however that , in general, Ds does not 
give a contravariant connection in u*(S), since it is defined only for 1-
forms in M along S. One can now define parallel transport of fibers 
of v*(S) along cotangent curves in S, and hence linear holonomy of 
D . The holonomy of D coincides with the linear Poisson holonomy 
introduced above. 

It is convenient to consider the connections Ds all together, rather 
than leaf by leaf, so we set: 

Defini t ion 3 .5 .2 . A linear contravariant connection D on M is 
called a BASIC C O N N E C T I O N if 

i) D restricts to Ds on each leaf S, i. e., ita,ß G Q1(M) and #ß\s = 
0 then 

Daß\s = Ds
aß. 



CONNECTIONS IN POISSON G E O M E T R Y 349 

ii) D preserves the Poisson tensor, i. e., 

DU = 0. 

It is clear that one can also define linear Poisson holonomy start-
ing with some basic connection. The holonomy of this basic connection 
determines maps of each cotangent space T*M which map ker #x iso-
morphically into itself, and these are the linear Poisson holonomy maps. 

Basic connections always exist: 

Propos i t i on 3 .5 .3 . Every Poisson manifold has basic connections. 

If D is a basic connection with curvature tensor R, and 7 is a 1-form 

such that # 7 ( 5 = 0 ; then 

R(a,ß)1\s = 0. 

Proof. Assume first that M ~ Mm, with coordinates (x1,... ,xm). 

We define a contravariant connection on M by setting 

Ddx]ß = [dx\ß]. 

Then, obviously, if S is a leaf of M and #ß\s = 0 we have 

Ddx3ß\s = Ds
dx3ß. 

It follows that for any 1-form a we have 

Daß\s = Ds
aß. 

Moreover, DU = 0 so D is a basic connection. 
For an arbitrary Poisson manifold M we choose an open cover 

with a partition of unity ^ a <f)a = 1 subordinate to this cover, and such 
that on each U^a> there is a basic connection D^a>. Then D = ^ a cj)aD^a> 

is a basic connection. 
If D is any basic connection and #j\s = 0, we have Daj\s = [a, -y]\s 

for any 1-form a, so expression (2.22) for the curvature tensor, gives 

R(a,ßh\s = [a,\ß,j]]\s - \ß,[a,l]]\s ~ [[cßllils-

But the right hand side is zero, because of Jacobi identity. q.e.d. 
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R e m a r k 3 .5 .4 . Although the curvature of a basic connection van-
ishes along k e r # , the holonomy along # need not be discrete (this is 
because of the presence of an extra term in the holonomy Theorem 
1.5.2). Hence, in general, linear Poisson holonomy is not discrete and 
also not homotopy invariant (cf. example 3.1.4). However, if one can 
find a basic connection which is an T- connect ion, then Poisson holon-
omy is discrete. Such is the case for a regular Poisson manifold, where 
(linear) Poisson holonomy coincides with standard (linear) holonomy. 

The following result by now should be obvious. 

Propos i t i on 3 .5 .5 . Let M be a Poisson manifold, and S a sym-
plectic leaf which admits a transverse measure ß invariant under the 
hamiltonian flow. Then, for every cotangent path (7, a) in S 

det#f(7,a) = l, 

where the determinant is computed relative to ß. 

This result also follows from a formula of Ginzburg and Golubev, 
proved in [4], which states that for any measure \i on M one has 

(3.6) d e t t f f ( 7 , a ) = e x p ( / vß), 
(y,a) 

where vß is the modular vector field of the measure ß and the determi-
nant is computed relative to the measure induced by \i on the transverse 
fiber (see section 4.4). This formula shows that there is a strong rela-
tionship between the modular class and Poisson holonomy. In the next 
section we will introduce invariants of a Poisson manifold which gener-
alize the modular class, and we will make this relationship more precise. 

4. Character is t ic classes 

4 .1 P o i s s o n - C h e r n - W e i l H o m o m o r p h i s m 

The usual Chern-Weil theory for characteristic classes extend to con-
travariant connections, as was observed in [11]. We give here a short 
account since we shall need characteristic classes later in the section. 

Consider a principal G-bundle p : P —>• M over a Poisson manifold, 
and choose some contravariant connection T on P. Given any symmet-
ric, Ad (G)-invariant, ^-multilinear function 

P : j x - - ' X j - > B 
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we can define a 2k-vector field A(T)(P) on M as follows. If Uj is a 
trivializing neighborhood, x G Uj and « i , . . . , a^k G T*M then we set 

A ( r ) ( P ) ( a i , . . . , a 2 f c ) 

(4-1) = ^ ( - l )< JP(S i(a ( j ( 1 ) ,a ; ( j (2)) , . . . ,S i(o! ( j ( 2 f e_ 1 ) ,0! ( j ( 2 f e ))) . 

By the transformation rule for the curvature bivector fields, this formula 
actually defines a 2k-vector field on the whole of M. 

P r o p o s i t i o n 4 . 1 . 1 . For any symmetric, invariant, k-multilinear 
function P, the 2k-vector field X(T)(P) is closed: 

(4.2) Æ A ( r ) ( P ) = 0 . 

Proof. We compute 

ÆX(T)(P) = kP(ÆEj,...,Ej) 

= kP(ÆEJ + [AJ,EJ],...,Ej) = 0, 

where we have used first the linearity and symmetry of P , then the 
Ad (G)-invariance of P , and last the Bianchi identity. q.e.d. 

Therefore, to each invariant, symmetric, ^-multilinear function P G 
Ik(G) we can associate a Poisson cohomology class [A(r)(P)] G H^(M), 
and in fact we have: 

P r o p o s i t i o n 4 .1 .2 . The cohomology class [A(r)(P)] is independent 

of the contravariant connection used to define it. 

Proof. Consider two contravariant connections T° and T1 in P . 

Then we have a family of connections T* with connection vector fields 

A*- = tAl- + (l — t)A0-. We denote by S* its curvature bivector fields. Also, 

the difference A •' = A J — A1- is a g-valued vector field. By the transfor-

mation rule (1.23), given P G Ik(G), we get a well defined (2k—l)-vector 
field A ( r 1 , r ° ) ( P ) by setting 

A ( r 1 , r ° ) ( P ) ( « 1 , . . . , a 2 f c _ 1 ) 

(4.3) =k Yl ( - 1 ) / P(Ai '0(Oi
CT(i)),S*(o! ( j (2 ) ,a; ( j (3 )), 

aeS2k-i 

• • • > =-j \<Jta(2k-2) ) «cr(2fc-l) S 7 (a<j(2fc-2) ) a<j(2fc-l) ) ) ^ -
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We claim that 

(4.4) a ( r \ r ° ) = A(r1)(p) - A(r°)(p), 

so[A(r1)(p)] = [A(r°)(p)]. 
To prove (4.4), we note that if we differentiate the structure equation 

(f .26) we obtain 

(4.5) " -2* = ÔA1,0 + [A* A1'0! 
fa 3 3 ^ L i l j i i l j J 

Hence, using Bianchi's identity, we have 
l 

ko P(Aj'°,S*,.. . ,S*)dt 
0 

kj P(M]'°,S*,...,2*) 

+ P(A]'°, 8E%..., E)) + P(A]'°, S*,..., (JSjOrf* 
rft * 1,0 t 

j £ J J J J - - - 5 " J > */0 ^(^S5-[A5,A 

P(A^,[A$,S$], . . . ,S; 

PfA1'0 2* [A* 2* 

fo
1ftP(Zt

j,Z<j,...,Et)dt = P(E 1- E1) 
3 '

 - - -
 ' 3 > 

P(2° 2°) q.e.d. 

If we set 
r(G) = 0i fe(G), 

fc>0 

the assignment P i-> [A(r)(P)] gives a map I*(G) ->• i f n (M). This map 
is in fact a ring homomorphism. 

Proposition 4.1.3. The following diagram commutes 

I*(G) ^H*(M) 

^ \ # 

HUM) 

where on the top row we have the Chern- Weil homomorphism. 
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Proof. Choose a contravariant connection r in P which is induced by 
a covariant connection Y. Given P G Ik{G)j we have a closed (2/s)-form 
A(r)(P) defined by a formula analogous to (4.1), and which induces the 
Chern-Weil honiomorphisni I*{G) —> H*{M). We check easily that 

#A(f)(p) = A(r)(p), 

so the proposition follows. q.e.d. 

Recall that the ring I*(GLq(R)) is generated by elements Pk G 
Ik(GLq(M,)) such that Pk(A,...,A) = ak(A), where {CTI, . . . , aq} are 
the elementary symmetric functions defined by: 

det(/*J - —A) = \iq + ai{A)nq-1 + ••• + aJA). 

Now consider a real vector bundle PE '• E —>• M over a Poisson 
manifold, with fiber F ~ R9 and let p : P —> M be the associated prin-
cipal bundle with structure group GLq(R). Choosing a contravariant 
connection T on P one defines the kth Poisson-Pontrjagin class of E as 

pk(E,U) = [X(T)(P2k)]GH^(M). 

As usual, one does not need to consider the classes for odd k since we 
have 

[A(r)(p2fc_i)] = o, 

as can be seen by choosing a connection compatible with a riemannian 
metric. It is clear from Proposition 4.1.3 that 

pk(E,U) = #pk(E). 

where pk(E) are the standard Pontrjagin classes of E. Note also, that 
if r = rank M = max^Mlrarikllj;) we have pk(E,Il) = 0 for k > r /2. 

To compute these invariants one uses the contravariant derivative 
operator D on E, associated with the contravariant connection V, and 
proceeds as follows. For covectors «,/J G TXM, the curvature tensor 
R defines a linear map Ra,ß = R(a, ß) : Fx —> Fx which satisfies 
Ra,ß = —Rß,ai a n d s o (a? ß) -^ Ra,ß c a n be considered as a g[(£')-valued 
bivector field. By fixing a basis of local sections, we have Fx ~ W1 so we 
have Rajß G g[ç(M). (this matrix representation of Raß is defined only 
up to a change of basis in W). Hence, if 

P:glq(R) x ••• Xfl[g(M) -^ M 
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is a symmetric, ^-multilinear function, Ad (GZ/g(M))-invariant, we a 
have a 2k-vector field X(R)(P) on M defined by 

\(R)(P)(au...,a2k) 

= ^ ("-*-) ^>(^a«T(i) ,C T(2)' • • • '-^aC T(2*-i),C T(2fc))-

o'es
,
2* 

It is easy to see that A(r ) (P) = X(R)(P), so this gives a procedure 
to compute the Poisson-Chern-Weil homomorphism and the Poisson-
Pontrjagin classes. 

Similar considerations apply to other characteristic classes. One 
can define, e. g., the Poisson-Chern classes Ck(E, II) of a complex vector 
bundle E over a Poisson manifold, and they are just the images by # 
of the usual Chern classes of E. 

The fact that all these classes arise as images by # of some known 
classes is perhaps a bit disappointing. However, we shall see below 
that one can define Poisson secondary characteristic classes which are 
intrinsic of Poisson geometry, and which do not arise as images by # of 
some de Rham cohomology classes. 

4.2 Secondary characteristic classes 

We shall now introduce secondary characteristic classes of a Poisson 
manifold. We will see that these classes give information on the topol-
ogy, as well as, the geometry of the symplectic foliation. As in the 
theory of (regular) foliations, these classes appear when we compare 
two connections, each from a distinguished class. 

On the Poisson manifold M , with dim M = m, we consider the 
following data: 

i) A basic connection T1 , with a contravariant derivative D1; 

ii) A linear contravariant connection T° induced by a riemannian 
connection, so D^ = V Ì a with V°g = 0 for some riemannian 
metric g; 

Given an invariant, symmetric, ^-multilinear function P G I (GL(m, M)) 
we consider the (2k — l)-vector field A ( r 1 , r ° ) ( P ) given by (4.3). 

Propos i t i on 4 .2 .1 . If k is odd, A ( r 1 ,T 0 ) (P ) is a closed (2k - 1)-
vector field. 
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Proof. According to (4.4) we have 

a ( r \ r ° ) ( p ) = A(r1)(p) - A(r°)(p). 

and we claim that A( r 1 ) (P) = A(r°)(P) = 0 if k is odd. 
The proof that A(r°) (P) = 0 is standard: since there exists a metric 

such that D°g = 0 we can reduce the structure group of T° to 0(m, M), 
so the curvature bivector fields take their values in so(m, R). But if A G 
50(m,M), we have Pk{Ä) = 0 for any elementary symmetric function, 
since k is odd. Hence we obtain A(r°) (P) = 0. 

Consider now the connection T1. Given x G M we choose local 
coordinates (x^,yk) around x as in the Weinstein splitting theorem: 

TT — V ^ ^ ^ V 1 A, ^ ^ 
4^ dxi dxi+n ^—' dyk dyl ' 

where <f>kl{x) = 0- Since T1 is a basic connection, we have: 

H{Dldx\dxj) = -lUdx^DldaJ), R1(a,ß)dyk\x = 0. 

It follows that R1(a,ß)x is represented in the basis (dx^dyk) by a ma-
trix of the form: 

( c : 

with B a symplectic matrix. Now, if A is any matrix of this form, it is 
clear that det( / / I — A) = det( / / I — A), where A is the same as A with 
C = 0, i. e., A is symplectic. But if A is symplectic, we have Pk{A) = 0 
for any elementary symmetric function, since k is odd. Hence we obtain 
also A(r 1 ) (P) r c = 0. q.e.d. 

Next we want to check that the Poisson cohomology class of 
A ( r 1 , r ° ) ( P ) is independent of the connections used to define it. 

Given connections r ° , r 1 , r 2 we consider the family of connections 
r s '* whose connection vector fields are Af = ( l - s - t)A° + sA) + tA], 
where (s, t) vary in the standard 2-simplex A2. We introduce a (2k — 2)-
vector field A ( r 2 , r 1 , r ° ) ( P ) given by a formula analogous to (4.6) and 
(4.3): 

A(r2 ,r\r°)(p) 

(4.8) =k J2 (~a l'° 2'° s,t *A 

xesv 2k-2 

f P(A)'°,A}°,Ef,...,Ef)dtds. 
A2 
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Just like in the proof of Proposition 4.1.2, one shows that 

a(r2, r \ r°)(p) =A(r\r°)(p) - A(r2,r°)(p) 
+ A(r1,r°)(p). 

Now, we can prove 

Proposition 4.2.2. The Poisson cohomology class [A(r1,r°)(P)] 
is independent of the connections used to define it. 

Proof. Let T1 and T1 (resp. T° and r°) be basic connections (resp. rie-
mannian connections). It follows from (4.9) that 

A(r1,r°)(p)-A(f1,f0)(p)=a(f1,r0,f0)(p)-a(r1,f1,r°)(p) 
+ A(f1,r1)(p)-A(r°,f°)(p). 

Hence, it is enough to show that the Poisson cohomology classes of 
A(f 1 , r 1)(P) and A(r°,f°)(P) are trivial. 

Consider first the basic connections T1 and T1. The linear combi-
nation r1'* = (1 — t)Tl + tt1 is also a basic connection. If a; G M, we 
fix splitting coordinates (a;J, yk) around x as in the proof of Proposition 
4.2.1. Then we see that, with respect to the basis {dx^ dyk}, the matrix 
representations of Dx

a — Dx
a and P*(a, ß) are of the form (4.7). Hence, 

we conclude that if P G Ik(GL(m, R)), with k odd, 

P{Dl
ai -Dli,R

t(a2,a3),...,R
t(a2k-2,a2k_1)) = 0. 

Therefore, A(f1,T1)(P) = 0, whenever f1 and T1 are basic connections. 
Now consider the riemannian connections T° and T°. The linear 

combination T0'* = (1 - t)f° + t r ° is also a riemannian connection. All 
these connections are induced from covariant riemannian connections 
V°, V° and V0'*, and we can define a (2k - l)-form A(V°, V°)(P) by a 
formula analogous to (4.3). Moreover, this form is closed (because k is 
odd), and #A(V°, V°)(P) = A(r°, f°)(P). It follows from the homotopy 
invariance of H*(M), as in the usual theory of characteristic classes of 
foliations (see [1], page 29), that 

[A(V°,V°)(P)] = [A(V0 ,V0)(P)]=0. 

Hence, the Poisson cohomology class [A(V°, V°)(P)] vanishes. q.e.d. 
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R e m a r k 4 .2 .3 . The assumption that the riemannian connections 
are of the special form V # a was used in the proof to invoke the ho-
motopy invariance of H*{M). Poisson cohomology H^(M) is not ho-
motopy invariant, so in defining the invariant A ( r 1 , r ° ) ( P ) we cannot 
consider an arbitrary riemannian contravariant connection T°. On the 
other hand, as we pointed out above, in general a Poisson manifold does 
not admit a Poisson connection of the form V # a . Hence, the basic con-
nections are "genuine" contravariant connections, i. e., not induced by 
any covariant connection. 

We define the secondary characteristic classes {rafc(M)} of a Poisson 
manifold to be the Poisson cohomology classes 

(4.10) mk(M) = [ A ( r \ T°)(Pk)] G H™-1 (M), (k = 1, 3 , . . . ). 

If M is a symplectic manifold then these classes obviously vanish. 
They also vanish if M = S x N where S is symplectic and N has the 
zero Poisson bracket. However, they do not vanish for a general, regular, 
Poisson manifold (see the examples below). Hence these characteristic 
classes give information on both the Poisson geometry and the topology 
of the symplectic foliation of M. In the next section we give some 
explicit computations of these classes, and in the following section we 
will show that the first class coincides with the modular class of M (up 
to a scalar factor). 

R e m a r k 4 .2 .4 . In general, one can only define the characteristic 
classes m^ for k odd. Assume, however, that M admits flat riemannian 
connections and flat basic connections (we will see some non-trivial ex-
amples below). Then the proofs of Propositions 4.2.1 and 4.2.2 can be 
carried through, in the class of flat connections, for any k. Hence, in 
this case, one can define characteristic classes rrik for any k. 

4.3 Examples 

We give a few types of Poisson manifolds where one can compute some 
of the secondary characteristic classes. 

Eucl idean spaces . Consider a Poisson manifold M ~ Mm, so we 
have global coordinates (x1,.. .,xm). To compute A ( r \ T°)(P) we take 
as r ° the flat connection determined by these global coordinates, and 
as r 1 we take the basic connection defined by 

DdxidxJ = [dxl, dxJ] = y j ——j-dx . 
k 
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Since P\(A) = ^ t r (A), we find immediately that the first characteristic 
class is 

(4.11) mi{M) = ^Yl 
OTT" d 

2ir dxi dx% 

To compute the second characteristic class, we note that DdxidxJ 

(1 — t)Ddxidx^ and we compute its curvature: 

Rt(dx\dxj)dxk = -t(t - l)D[dxijdxj^dxk. 

Now, 

P3(A,B,C) l 

24TT
3 

tr (ABC) - - (tr A tr (BC) + tr B tr (CA) 

+ t r C tr(AB)) - -tr A tr B t r C 

and the expression for the characteristic class m3(M) is a certain homo-
geneous polynomial of degree 5 involving the derivatives of order < 3 of 
the components ir1"1 of the Poisson tensor. 

Linear Poisson structures. Let M = g* with the Lie-Poisson 
structure determined by the Lie algebra g. Then, from the previous 
example, we see that the first class is represented by the constant vector 
field 

mi(g*)(v) = —tr(adi>). 

In this case both the basic connection and the riemannian connection are 
flat and so we can consider the classes rrik for any k. The computations 
simplify considerably, and we see that all classes can be represented by 
constant multivector fields. For example, a straightforward computation 
shows that 

3! 
m2(g*){v1,V2,V3) = -^K2{v1,[v2,v3]), 

rn3(g*)(vi,...,v5) = ^ ^ K3(va{1), [vai2),va{3)], [va(4),vai5)]) 
treSs 

where we have set 

Kj(vi,... ,Vj) = tr (advi • • • advj). 
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Note that K% is just the killing form. 
In this case it is possible to give a general formula for all character-

istic classes: 

mk{ö*){vi,...,V2k-i) 

= / 2 Nfc /I Kk(va(l)Ava(2),Va(3)],... , [va(2k-2),Va(2k-l)])-

The proof of these formulas involves a certain amount of computation 
using Newton's identities for the elementary symmetric polynomials. 

Incidentally, we note that the classes nik are ad -invariant since each 
Kj is an ad-invariant multilinear form. Therefore, the classes nik(g*) 

represent certain cohomology classes in the Lie algebra cohomology of 
0-

Poisson-Lie Groups . Let G be a connected Poisson-Lie group 
(see, e. g., [8]). Then the set of left invariant 1-forms Qjnv(G) is closed 
for the Lie bracket defined by the Poisson bracket. Hence we can define 
a basic connection D1 in G by requiring that 

(4.12) Daß = [a,ß], Va,ß G î C ( G ) . 

This connection is flat. 
Let D° = V # a be the unique left invariant connection in G which 

for left invariant vector fields is given by 

VXY = [X,Y], V X , Y G 0 . 

This connection is also flat. 
We compute \(Dl,D°)(P) and, generalizing the previous example, 

the classes m^G) are all represented by the left invariant multivector 
fields: 

mk{G){a.i,... ,a2k-i) 

= / 2 Nfe z2 Kk(aa(l)Aaa(2),aa(3)]-,--- > [aa(2k-2), aa(2k-l)]) 
aeS2k-i 

where a\,...,an G ü\nv(G). In these formulas, [ , ], ad and Kk are 
relative to the Lie algebra g* = il\lYV(G). 

R e m a r k 4 .3 .1 . Note that if the Poisson bracket in G is not triv-
ial, the contravariant connection defined by (4.12) is not left invariant, 
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because left translation in the group is not a Poisson map. These type 
of connections are studied in a complement to the present paper, where 
we deal with invariant connections ([3]). 

Regular Po i sson manifolds . Let M be a regular Poisson manifold 
of dimension m and corank q. First choose some riemannian connection 
determining a splitting 

T*(M) =T*(S)®u*(S), 

where T*(S) (resp. v*(S)) is the cotangent (resp. conormal) bundle to 
the symplectic foliation. We have a riemannian connection D° such 
that : 

where ß and 7, are sections of T*(S) and v*(S), and V0 '" and V 0 ' ^ , are 
covariant riemannian connections in these bundles. 

Because M is regular, we can also choose a covariant connection 
V1 '" on TM such that V 1 ' " ] ! = 0. We define the basic connection D1 

on M by setting 

^ ( / ? + 7) = V ^ + V ^ 7 , 

where V 1 ' ^ is a basic connection in v{S) in the usual sense of foliation 
theory (see [1], p. 33). A computation shows that 

A(JD
1,JD°)(P) = # A ( V 1 ' ± , V ° ' ± ) ( P ) , 

where P is the obvious restriction of P £ I*(GLm(R)) to I*(GLq(R)). 

It is well known in foliation theory (see [1], p. 66) that the forms 

ck = X(Vh±)(Pk), (l<k<q) 

h2k_x = Xiy1^, V^XPajfe- i ) , (1 < 2* - 1 < q), 

satisfy 

(4.13) dck = 0 , (l<k<q) 

(4.14) dh2k-i = C2k-i, (l<2k-l<q). 

and so they can be used to define a homomorphism of graded algebras 

H*(WOq) -+H*(M), 
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where H*(WOq) is the relative Gelfand-Fuks cohomology of formal vec-
tor fields in W. This homomorphism is independent of the connections 
and its image are the exotic or secondary characteristic classes of folia-
tion theory. 

In this respect, the Poisson secondary characteristic classes are sim-
pler than the corresponding ones in foliation theory: the (2k — l)-forms 
A(V 1 '± , V0,±)(Pfc) are not closed in general, but are closed along the 
symplectic leaves, so its image under # is a closed (2k — l)-vector field 
and, hence, define Poisson cohomology classes. Therefore, one has 

(4.15) m2k_1(M) = [#fr2fc_i] 

but, in general, m^-i is not in the image of # : H*(M) —> H^(M). 
Still, one can sometimes relate the two types of secondary charac-

teristic classes. Take, for example, the Godbillon-Vey class which by 
definition is the cohomology class w = [hic\] G H2q+l(M) (it follows 
from relations (4.13) that d(h\c\) = c\ = 0 , so h\c\ does define a 
cohomology class). 

Propos i t i on 4 .3 .2 . If a regular Poisson manifold has a non-trivial 
Godbillon-Vey class then it has a non-trivial first Poisson secondary 
characteristic class. 

Proof. If rai(M) = [#h\] is trivial, we have # / i i = #df for some 
smooth function / , i. e., h\(#a) = df(#a). But h\ is defined up to 
a 1-form in the differential ideal that gives the symplectic foliation, so 
h\ A (dh\)q = 0 and the the Godbillon-Vey class must vanish. q.e.d. 

On the other hand, it is perfectly possible for the Godbillon-Vey 
class to vanish while nii(M) ^ 0. One such example is provided by the 
Reeb foliation in S3 with the leafwise area form (see [4, 12] for details 
on this example). 

Another consequence of this relationship is that , for a regular Pois-
son manifold M, the characteristic classes m^(M) = 0, for 2k — 1 > q = 
corank(M). 

As a special case, let us consider a Poisson manifold of corank 1. 
The only non-vanishing class is nii(M). If the symplectic foliation is 
transversely orientable, let Z be a trivializing section of the normal 
bundle. Let 9 be the corresponding 1-form that trivializes the conormal 
bundle. There exists a 1-form 77 such that 

d6 = 7]A6. 
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For V1 '^ we choose a basic connection in v(S) such that 

V'/Z = r,(X)Z. 

For V0 '^ we choose a riemannian connection such that 

These choices give 

so we conclude that 

v^-z = o. 

A ( V 1 ' ± , V ° ' ± ) ( t r ) = r ? , 

rni{M) = ^[#r]}. 

In fact, in this case we have h\ = ^77 sow = ~^2rl A drj represents the 
Godbillon-Vey class. 

If the symplectic foliation is not transversely orientable one can pass 
to a double cover and apply the same reasoning. 

4.4 The Modular Class 

The modular class of a Poisson manifold is an obstruction lying in the 
first Poisson cohomology group H^(M) to the existence of a transverse 
invariant measure (see [12] for details on the modular class). It can 
be defined as follows: Let ß be any measure in M with associated 
divergence operator dxvßX = £x/i / / i . Then one checks that the map 
/ *-> divp#df is a derivation of C°°(M) so defines a vector field vß, 
called the modular vector field associated with the measure ß. This 
vector field is an infinitesimal automorphism of II. If /z' = aß is another 
measure, we have l y = vß + #dloga = vß + (Hoga, so in fact the 
modular class 

mod (M) = [vß] G H^(M) 

is well defined and independent of /z. 
The examples in the previous section when compared to the compu-

tations of the modular class done in [12] suggest the following 

Theorem 4.4.1. For any Poisson manifold M 

(4.16) mi(M) = —mod (M). 
2n 
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Proof. Choose a basic connection D1 and a riemannian connection 
D° relative to some metric on M. Let \i be the measure defined by this 
metric. We claim that 

(4.17) X(D\DQ)(tT J
ß> 

so (4.16) follows. 
Observe that it is enough to show that (4.17) holds on the regular 

points of M, since the set of regular points is an open dense set and both 
sides are smooth vector fields on M. So assume that a; G M is a regular 
point and pick Darboux coordinates ( ). If g= ((dx\dxJ)) is 
the m x m-matrix of inner products of the dxt7s, we have 

H (detg)^dx1 A ••• Adxm. 

As in the proofs of the previous section, relative to the basis 
{dx1,..., efem}, the operator D^ has a matrix representation by a trace-
less matrix, so we only need to understand what is the matrix represen-
tation, relative to this basis, of the riemannian connection D° = V!jLQ. 

Since V° is a metric connection, parallel transport preserves the 
volume, and we have for any smooth function / G C°°(M): 

0 =%df» 

=#d/((detg)^)dx l A • • • A dxm+ 

+ (det g)ï(V°#df dx1 A • • • A dxm H h dx1 A • • • A V°#dfdxm) 

#df({detg)ì) + (detg)hr W%df) dx1 A • • • A dxm. 

So we conclude that: 

(4.18) tr (Ddf - D°df)ß = #df ((detg)^)dxl A • • • A dxm. 

Now recall that (x1,... ,xm) were Darboux coordinates around a 
regular point, so the form dx1 A- • •/\dxrn is preserved by the hamiltonian 
flows, and we have 

C#df{dxl A--- /\dxm) = 0. 

Hence, we conclude that: 

(4.19) C#(Vfi = #df((detg)^)dxl A--- Adxm. 
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Comparing (4.18) and (4.19) gives 

tv(Ddf-D°df)=divß#df, 

so relation (4.17) holds. q.e.d. 

If (7(t), a(t)), t G [0,1], is a cotangent path and X is a vector field, 
one defines the integral 

X = - j ix^/ity}a(t)dt. 
(7,a) 0 

(For basic properties of this integral see [4]). As a corollary of the 
theorem and the Ginzburg and Golubev formula (3.6), we obtain: 

Corollary 4.4.2. Let (7,0) be a cotangent loop in the symplectic 
leaf S. Then 

(4.20) detH%(rr,a)=exp(f tr{Dl - D0)), 

where the determinant is relative to the transverse measure induced by 
the volume element of the metric associated with D°. 
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