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θ-deformation of spectral triples

Connes-Landi deformation

A: Fréchet, σ : T2 y A smooth

θR/Z: deformed product ∗θ on A

f ∗θ g = eπiθ(mn′−m′n)fg

when f is a T2-eigenvector of weight (m, n) ∈ Z2, g is a one of weight
(m′, n′).

Aθ = (A, ∗θ)

Aθ = Aθ: deformation of A = A by Rieffel (1993)
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A: Fréchet, σ : T2 y A smooth
θR/Z: deformed product ∗θ on A

f ∗θ g = eπiθ(mn′−m′n)fg

when f is a T2-eigenvector of weight (m, n) ∈ Z2, g is a one of weight
(m′, n′).

Aθ = (A, ∗θ)

Aθ = Aθ: deformation of A = A by Rieffel (1993)

Makoto Yamashita (Cardiff) Connes-Landi deformation EU-NCG 4 3 / 13



θ-deformation of spectral triples

Connes-Landi deformation
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θ-deformation of spectral triples

CL-deformation of spectral triples

(A,H,D) spectral triple, U : T2 y H

σt(a) = AdUt (a), AdUt (D) = D

⇒ ∃Aθ y H, a(θ)ξ = eπiθ(mn′−m′n)aξ

when a ∈ A is a T2-eigenvector of weight (m, n) and ξ ∈ H is a one of
weight (m′, n′)
⇒ New spectral triple (Aθ,H,D)
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θ-deformation of spectral triples

Crossed product presentation of CL-deformation

Strong Morita equivalence

Aθ ' (A⊗ C (T2
θ))σ⊗γ 'KK T2 nσ⊗γ (A⊗ C (T2

θ))

Automorphisms of Z n
σ̂(2)

T2 nσ A:

σ̂(1)(
∑
k∈Z

fkvk) =
∑
k∈Z

σ̂(1)(fk)vk ,

Rnσ(1) A is identified with the mapping torus of σ̂(1) : Z y Tnσ(1) A

⇒ Z n
σ

(2)
θ σ̂(1)

T nσ(1) A 'KK Rn
σ

(2)
θt σ̂

(1)
Rnσ(1) A

an analogue of “noncommutative torus” ⇔ “Kronecker foliation”
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Cyclic cohomology of one-parameter crossed product

Cyclic cocycles

Differential graded algebra (Ω∗, d), homomorphism A → Ω0

cyclic n-cocycle ↔ closed trace on Ωn

φ(f 0, . . . , f n) = τφ(f 0df 1 · · · df n)

Cyclic cohomology group:
HCn(A) = {cyclic n-cocycles} / {cyclic n-coboundary}

HCn(A)× Kn(A)→ C,

〈[φ], [e]〉 = φ(e, . . . , e) (φ : cyclic 2k-cocycle, e : projection)

〈[φ], [u]〉 = φ(u∗, u, u∗, . . . , u) (φ : cyclic 2k + 1-cocycle, u : unitary)

S : HCn(A)→ HCn+2(A),HP∗(A) = lim
k→∞

HC2k+∗(A)
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Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)

A: Fréchet, α : R y A smooth

Φ: K∗(A)→ K∗+1(Rnα A) the Connes–Thom isomorphism

#α : HCn(A)→ HCn+1(Rn∞α A)

〈φ, x〉 = 〈#α(φ),Φ(x)〉

Example
τ : trace on A, invariant under α
iX τ(a, b) = τ(ah(b)): cyclic 1-cocycle on A

⇒ #α̂(τ̂) = Tr⊗iX τ on Rn∞α̂ Rn∞α A ' K∞ ⊗̂A
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A: Fréchet, α : R y A smooth
Φ: K∗(A)→ K∗+1(Rnα A) the Connes–Thom isomorphism

#α : HCn(A)→ HCn+1(Rn∞α A)

〈φ, x〉 = 〈#α(φ),Φ(x)〉

Example
τ : trace on A, invariant under α
iX τ(a, b) = τ(ah(b)): cyclic 1-cocycle on A

⇒ #α̂(τ̂) = Tr⊗iX τ on Rn∞α̂ Rn∞α A ' K∞ ⊗̂A

Makoto Yamashita (Cardiff) Connes-Landi deformation EU-NCG 4 7 / 13



Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles

A: Fréchet, α : R y A smooth
X : generator of α
φ: cyclic n-cocycle on A, invariant under α

Dual cocycle φ̂ on Rn∞α A

φ̂(f 0, . . . , f n) =

∫
∑n

j=0 tj=0
φ(f 0

t0
, . . . , f n

tn)

Interior product iXφ on A

iXφ(a0, . . . , an+1) =
n+1∑
j=1

(−1)jτφ(a0da1 · · ·X (aj) · · · dan+1).
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism

Theorem (Y., 2010)

A: Fréchet, α : R y A smooth
φ: cyclic n-cocycle on A, invariant under α

[#α̂φ̂] = [iXφ] in HCn+1(A)

Outline: X̃ : generator of ˆ̂σ ⇒ φ̂ = iX̃φ Connes’s 2× 2-matrix trick for σ

and ˆ̂σ:
R y M2(Rnσ̂ Rnσ A) (with generator Y )

⇒ Two embeddings Ψ1,Ψ2 : Rnσ̂ Rnσ A → M2(Rnσ̂ Rnσ A)

Ψ∗1(iY (φ⊗ TrM2)) = iX̃φ Ψ∗2(iY (φ⊗ TrM2)) = iXφ
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism, cont.

Example:

α: action of Z on a Fréchet algebra B

∂ : K∗+1(Z nα B)→ K∗(B) connecting map in the
Pimsner–Voiculescu sequence

D: generator of α̂ on Z nα B
φ: α̂-invariant cyclic n-cocycle on Z nα B

⇒ 〈iDφ, x〉 = 〈φ, ∂(x)〉

Makoto Yamashita (Cardiff) Connes-Landi deformation EU-NCG 4 10 / 13
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Cyclic cohomology of Connes-Landi deformation

Correspondence of invariant cocycles

φ: cyclic n-cocycle on A, invariant under σ

⇒ ˆ̂φ is a cyclic cocycle over Rn
σ̂(1),σ

(2)
θt

Rnσ(1) A.

e: minimal projection in K∞, embedding

Ψ: Aθ → A⊗̂K∞ ' Rn
σ̂(1),σ

(2)
θt

Rnσ(1) A,

x 7→ x ⊗ e

φ(θ) := Ψ∗(φ): cyclic n-cocycle on Aθ

Rem. φ is a trace on A ⇒ φ(θ)(x (θ)) = φ(x)

Makoto Yamashita (Cardiff) Connes-Landi deformation EU-NCG 4 11 / 13
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Cyclic cohomology of Connes-Landi deformation

Comparison of cocycles

#
σ̂(1),σ

(2)
θt

◦#σ(1) : HP(A)→ HP(Rn
σ̂(1),σ

(2)
θt

Rnσ(1) A) ' HP(Aθ)

Ξ(θ) :=

(
#
σ̂(1),σ

(2)
θt

◦#σ(1)

)−1

Theorem (Y., 2010)

φ: cyclic n-cocycle on A, invariant under σ

[Ξ(θ)(φ(θ))] = [φ] + θ[iX1 iX2φ] ∈ HCn+2(A)
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Cyclic cohomology of Connes-Landi deformation

Invariance of Chern-Connes character

Theorem (Y., 2010)

(A,H,D) spectral triple, U : T2 y H

σt(a) = AdUt (a), AdUt (D) = D

(Aθ,H,D) deformed triple

〈ch(A,H,D), x〉 = 〈Ξ(θ)(ch(Aθ,H,D)), x〉,

i.e. “Ξ(θ)(ch(H,D)) = ch(H,D).”

∵
〈Ξ(θ)(ch(Aθ,H,D)), x〉 = 〈ch(A,H,D), x〉+ θ〈iX1 iX2 ch(A,H,D), x〉

and
∀θ : 〈Ξ(θ)(ch(Aθ,H,D)), x〉 ∈ Z.
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