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A systematic method to derive an infinite number of conservation laws for a Volterra
system and nonlinear self-dual network equation is presented.

It is well known that an infinite number of conservation laws for certain
class of nonlinear evolution equations can be derived from basic equations of the
inverse scattering method.” Extending the idea to a discrete problem, we shall
present a systematic method to derive an infinite number of conservation laws
both for a Volterra equation® and nonlinear self-dual network equation.”

The Volterra equation of our interest is

M,=Q+Mp (M, . —M,_). (1)

We assume the boundary condition M,—0 as |n#]|—oco. First we derive the infinite
number of conservation laws of Eq. (1) from the following basic equations of
the inverse scattering method:”

v, (n+1) =zv,(n) + M, (1) v, (1), (2-a)
vs(n+1) =L, (1) — M, () v, (1), (2-b)
Z
v, (n) = Ay, (n) + B,v, (1), (3-a)
vy (n) =Cv,(n) + Dy (1), (3-b)
where
A, =2+ M, M,, B,—zM,+1M,_,,
Co=—2M,,— 1M, D=1, 0, @
Z 2"

Similar to the analysis for the continuous problem,” we set
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v, (n) =2" exp { _Z_ ¢ (=, m)}, (5-2)
v,(7) =27" exp {Z ¢s(z, m)}. (5-Db)
Substitutions of Eqgs. (5) into Egs. (2) yield
(e¢1(z,n+1) _1> (6—¢2(z,m _1) — -]V1n2 , (6&)
M1 e Ma 1 ey ) (6-b)
ehi@m 1 M, =

Eliminating ¢,(2,7) from Eqs. (6), we obtain the equation for ¢,(z,n):
M,

IR (ph Gl 1) —ehiam ] f2 (7)
M,

We expand Eq. (7) in power series of 1/2%
M 1= (2, n) =3 A () =% . (8)
k=1
Recursion formula and explicit form of 2 (n) are derived from Egs. (7) and (8):
M,
n—1

RO (n+1)=0, r®(n+1)=—MM,,, h®(n+1)=—DMDM, ,(1+DM:_),
RO (n+1) = — M, (1 + M?_,) {M, (1 +DM2_)) + M,_ M2},
h® (n+1) = — MM, ,(1+ M2_,) (1 +DM?2_,) (1+DM?2_y)

— M, M, M, (1 +DM?_) (1 +DM2_,) (M,_y+2M,_,)

— M, M?2_\M?:_,(1+M?_),

Jm+D) (ﬂ + 1) = —-]Lfnﬂfn_ﬁm,o +

B () =3 B9 () K9 (41, (9)
k=1

...... i (10)
On the other hand, substitution of Eq. (5-a) into Eq. (3-a) gives
0¢:(z, n+1) <A vz(n—l—l)) < vz(n))

N B = (A B ) (A, + B, 11

ot ' lvl (n+1) vy (n) D

which is the form of the conservation law. We expand Eq. (11) in power series

of 1/2" and use Egs. (2-a), (4), (5-a) and (8) to relate their coefficients with
h(k) (71)

Bz m) =31 () = =log {1+ 33 A ()2, (12)
A+ BZ — 2 5 g () 2o, (13)
vy (1) k=1

4D (1) = — BE (n4 1) — %ﬂhm (n+1). (14)

n
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Therefore we obtain the conservation laws for Eq. (1):

afg;(n)+g(k>(7z+ 1) —g® () =0. (15)

® () are

Explicit forms of conserved density f® (1) and flux g
fOm)=n" () =—M,\M,,,
SO @) =h? () —5{h? (n)}*
= — M, M, y(1+DM?_) — s M:_,M?_,,
FO @) =h® () —r" ) h® (n) +5{n" ()}
=—M, M, 1+ M;_,) 1+M;_y)
— M,_ M, M, (1 +M?2_)) (M, -+ M, ) —sM:_ M _,,
............ . (16)
9@ () =M, M, ,(1+M;_,) + M,
g2 (n) = M,M,_o(1+DM?>_) 1+ M:_)
+ M, M, ,(1+M;_) 1+ MM,-,),
g® (n) =DM,M,_,(1+DM?2_) (1+DM:_,) (1+ DMy
+ M,y (L + M) (U My_y) {M DM, (Mg +2M, 1) + M, 1}
M2 M2 (1+ M) (1+DM,M, ),
............ . (17

The conservation laws for nonlinear self-dual network equation are derived
as follows. The self-dual network equation is obtained by identifying M,,=V,,

;\I?nfl: ——In in Eq (1)r

1 dVap g,
1+V,? de

L _dh_y v, (18)
1412 dt

If we define
F®n)=f%2n) +f*(2n—1),
G® (n)=g"® (2n) +9® (2n—1), (19)

it is obvious that Eq. (15) assures that F* (n) and G (n) are conserved density
and flux, respectively. Explicit forms of F*® (n) are

F(D (71) = V’n—l (In+ In—l) >
F(z) (71) - %VZ—I (In + In—l)2 - InIn—l - Vn—IVn—Z (1 + Inz—l> »
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FOn) =LV,-.A+ Vi) A+ L) + LV Ly U+ Vi) (L+ 1oy
+Varilieo U+ 1) A+ Vi) +Vori L Vi A+ L) (Vo + Vo)
+5Va (L + 1)),

............ . (20)

GY(n) =V, Voea A+ L) + L+ LI (1 + Vi) + Vi,

G?(n) ==V L.y A+ L) A+ Vi) =LV, A+ 1) A+ V, Vo)

LV, + Vi) A+ L) = Vai Lo A4+ VEL) A+ L),

GP(m) =1+ Vi) A+ L ){VVee, A+ L) + LI (14 VE_0)}

+ LA+ 1) A+ Vi) AV Vaei (Lo +2L) + L}
+ Ve (A4 Vo) A+ L) AL L s (Viea +2V,00) + Vii}
+ L Vi A+ L) A+ Vo Vo) + VaL L, (A4 Vo) A+ L1,),

............ . 21)

We notice that another identification M,,=1I,,; and M,, ;= —7V, also gives Eqgs.
(18). We also notice that we may define

F(k) (n) :f(k) (27’1) _|_f<k) (272 + 1) ,
GP () =g® (2n) +9* 2n+1), (22)

instead of Egs. (19). We find that these ambiguities are related to the fact that
Egs. (18) are invariant under the transformation V,—1I,.;, I,—V,, and they do
not lead to independent conservation laws.

In this work we have considered a Volterra equation and nonlinear self-dual
network equation. However, our method is more general. Further extension and
its application will be reported in near future.

The authors wish to express their sincere thanks to Professor M. J. Ablowitz
for valuable discussions. This work is partly supported by the Scientific Research
Fund of the Ministry of Education of Japan.
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