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A systematic method to derive an infinite number of conservation laws for a Volterra 
system and nonlinear self-dual network equation is presented. 

It is well known that an infinite number of conservation lavvs for certain 

class of nonlinear evolution equations can be derived from basic equations of the 

inverse scattering method.ll Extending the idea to a discrete problem, we shall 

present a systematic method to derive an infinite number of conservation laws 

both for a Volterra equation2J and nonlinear self-dual network equation.'1 

The Vol terra equation of our interest is 

(1) 

vVe assume the boundary condition }vfn---'>0 as jnj--'>oo. First we derive the infinite 

number of conservation laws of Eq. (1) from the following basic equations of 

the inverse scattering method :41 

where 

v1(n+1) =n•1(n) +1\f,,(t)v,(n), 

v2 (n+1) =_:!:_v2 (n) -1\1n(t)v1 (n), 
z 

v1(n) =ilnv1(n) +Bnv2(n), 

v2(n) =Cnv1(n) +Dnv2(n), 

An= Z 2 + l'vln_1Mn , En= zAfn + ..:!:..ivfn-1 , 
"' 

Similar to the analysis for the continuous problem,5J we set 

(2 ·a) 

(2· b) 

(3 ·a) 

(3· b) 

(4) 
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Conservation Laws of a Volterra System 

n 

v 1 (n) =z" exp { L: r/JI(z, m)}, 
m=-oo 

00 

v 2 (n) =z-" exp {L: r/;2(z, m)}. 

Substitutions of Eqs. (5) into Eqs. (2) yield 

Eliminating ¢2 (z, n) from Eqs. (6), we obtain the equation for ¢1 (z, n): 

z2Mn-1e.P,c•,n) (e<~>,c•,n+l) _ 1) = e<~>,c•,n) -1-Jlvf'/;_1 . 
M,. 

We expand Eq. (7) in power series of 1/ z2, 

00 

e<f>,(z,n)_1=h(z, n) =L: hCkl(n)z-2k. 
k~l 

809 

(5·a) 

(5· b) 

(6·a) 

(6· b) 

(7) 

(8) 

Recursion formula and explicit form of h<kl (n) are derived from Eqs. (7) and (8): 

M m+l 
h(m+1l(n+1) = -]l,,,f,.M,._lJm,o+ Mn:1h(ml(n) -tj_ hCkl(n)hCm+l-kl(n+1), (9) 

h<ol (n+1) =0, hw (n+1) = -M,.Mn-~, h<"' (n+1) = -M,.M,._2 (1 +M;_1), 

h<3'(n+1) = -M,.(1+1'Vl;_1) {A1n-3(1+M;_2) +M,.-1M;_2}, 

h <4' (n + 1) = - M,.M,._ 4 (1 + M;_1) (1 + M;_2) (1 + M;_s) 

- M,.M,._2Mn-a (1 + M;_1) (1 + M;_2) ( M,.-s + 2Mn-1) 

- MnM;_1M;_2 (1 + M;_1), 

On the other hand, substitution of Eq. (5 ·a) into Eq. (3 ·a) gives 

8¢h (z, n + 1) 
fit 

(A +B v2(n+1))-(A +B v 2 (n)) n+1 n+1 ( 1) n n ( ) v1 n+ v 1 n 

(10) 

(11) 

which is the form of the conservation law. We expand Eq. (11) in power series 
of 1/z2 and use Eqs. (2 ·a), ( 4), (5 ·a) and (8) to relate their coefficients with 
h<kl (n). 

00 00 

¢1 (z, n) =L: JCkl (n) z-2k =log {1 + L: hCkl (n) z-2k}, (12) 
k~l k~l 

A,.+ B,. v2(n) =z2- f.; gCk) (n) z-2k' 
v 1 (n) k~l 

(13) 

gCkl(n) = -hCk+ll(n+1) _M,._Wkl(n+1). 
M,. 

(14) 
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Therefore \Ye obtain the conservation laws for Eq. (1): 

Explicit forms of conserved density .fkl (n) and flux gckJ (n) are 

Pj) (n) = h C1l (n) = - }.;1n-1l'vf,,_, , 

P 2l (n) =hc21 (n) -t{hcn (n) }2 

P 31 (n) =hc3l (n)- hen (n) hc2l (n) + t{h 0l (n) }3 

=- Mn-1l'vfn_, (1 + M~-2) (1 + ~~1L3) 

a(!) (n) = ~"v1"1"vi,1-2 (1 + NI~-1) + l1f'L1 , 

gc'1 (n) = J\InMn-3 (1 + J1JL1) (1 + 1VI~_z) 

g<3l (n) = 1\inMn- 1 (1 + 1'v1~_ 1 ) (1 + l..1L2) (1 + M~-3) 

(16) 

+ 1\fn-3 (1 + }vf~-1) (1 + 1\f,~-2) {l'vfni\Jn-2 ( i'vf,, 3 + 2.Mn-l) + Mn-1} 

+ 1"1.1~-F~J~-2 (1 + 1."11~-1) (1 + ~\Jnj\fn-2), 

(17) 

The consen'ation laws for nonlinear self-dual network equation are derived 

as follows. The self-dual network equation is obtained by identifying l'v12n = Vn, 

i\I,n- 1 = -I, in Eq. (1), 

If we define 

__ 1_ din= V _ y . 
1+J,2 dt n-1 n 

pckl (n) -fck) (2n) + Pk1 (2n-1), 

GCkl (n) =gckl (2n) + gckl (2n -1), 

(18) 

(19) 

it is obvious that Eq. (15) assures that pckl (n) and Gckl (n) are conserved density 

and flux, respectively. Explicit forms o£ p<kl (n) are 
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pea> (n) =I,. V,.- 2 (1 + v,;_1) (1 + I,;_1) +I,. V,.-!In-1 (1 + v,;_!) (I,.+ I,.-1) 

+ V,.-!In-2(1+I,;_1) (1+ v,;_2) + V,.-!In-!Vn-2(1+I;_1) (Vn-2+ Vn-1) 

cu> ( n) = V,. Vn-1 (1 + In2) + In2 + Inin-1 (1 + v,;_t) + v,;_! , 

Gc2> ( n) = - V,.In-1 (1 + In2) (1 + v,;_!) -In Vn-t (1 + In2) (1 + V,. Vn-1) 

-In Vn-2 (1 + v,;_1) (1 +I;_!) - Vn-!In-1 (1 + v,;_t) (1 + Inin-1), 

G'3>(n) = (1+ v,;_l) (1+I,;_J) {VnVn-2(1+In2) +Inin-2(1+ v,;_2)} 

+In-! (1 + In2) (1 + v,;_l) { Vn Vn-1 Cin-1 + 2I,.) +In} 

+ Yn-2(1+ v,;_t) (1+I,;_J) {Inin-t(Vn-2+2Vn-1) + Yn-1} 

+ In2V,;_I (1 + In2) (1 + Vn Vn-1) + V;_II;_I (1 + y,;_t) (1 + Inin-1), 

(20) 

(21) 

We notice that another identification M 2,. =In+! and M 2n- 1 = - V,. also gives Eqs. 
(18). We also notice that we may define 

pCk> (n) = pk> (2n) + pk> (2n + 1), 

(22) 

instead of Eqs. (19). We find that these ambiguities are related to the fact that 
Eqs. (18) are invariant under the transformation Vn~In+h In~ Vn. and they do 
not lead to independent conservation laws. 

In this work we have considered a Volterra equation and nonlinear self-dual 
network equation. However, our method is more general. Further extension and 
its application will be reported in near future. 

The authors wish to express their sincere thanks to Professor M. }. Ablowitz 
for valuable discussions. This work is partly supported by the Scientific Research 
Fund of the Ministry of Education of Japan. 
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