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Preface

The purpose of this memorandum is to discuss the evolution of wave energy,
enstrophy and action for atmospheric Rossby waves in a variable mean flow. The
presentation is theoretical, but does not represent original research; rather,
it is pedagogic in nature. The work of a number of people has been drawn
together into a unified account, with much of the algebra implicit in previous
work made explicit here. The central results are the conservation laws given
in Equations (4.24), (4.33), (4.34) and (5.10).

It is a pleasure to thank David Andrews, who introduced the author to the
concept of wave action and stimulated his interest in many of the concepts
treated in this memorandum. Useful discussions with Brian Hoskins and
Eugenia Kalnay are also acknowledged. Thanks also go to Ms. Mary Ann Wells,

who did such an excellent job of typing the manuscript.
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1. Introduction

Conservation laws play an important role in geophysical fluid dynamics,
for they yield strong insights into how flows are dynamically constrained.

Such laws may apply to the fluid system as a whole, or to wave-like excitations
of the fluid. The purpose of this article is to present a comprehensive
development of the conservation laws of energy, enstrophy and wave action for
atmospheric Rossby waves. This work is not new or original, ﬁut synthesizes

and expands the published derviations of many others (Young and Rhines, 1980;
Lighthill, 1978; Edmon gg_gl., 1980) into what is hopefully a clear and complete
picture of how these conservation laws arise for Rossby waves, and what their
limitations are. The powerfu; variational methods developed by Bretherton and
Garrett (1968), Hayes (1970) and Andrews and McIntyre (1978) have not been used,
as they are excessively.abstract for the current purpose.

To motivate the study of wave action and wave enstrophy, let us consider
the more familiar notion of wave energy. Keeping in mind that we are dealing
with linearAsystems, it is usually the case that wave energy in not conserved.
For unstable waves, this is to be expected, since the terms representing the
conversion of energy (kipetic or available potential) from the basic state to
the wave will appear as a source term for the wave energy. However, conservation
of wave energy also fails to hold for linear Rossby waves propagating in a
slowly varing mean flow. There the local amplitude and energy density of the
wave increase as the wave propagates towards larger values of the mean flow u,
even though the wave does not draw energy from the mean flow (i.e. the wave is
peutral). Since Rossby waves play a role in a variety of adjustment problems,
including the mediation of tropical-extratropical interactions (see, for example,
Hoskins and Karoly, 1981), it is of interest to find a wave quantity which is

conserved in a variable mean flow. The two central results of this article
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are that: (1) In the absence of longitudinal (or x) variations in the mean
flow, both wave action and wave enstrophy are conserved locally; and (2) For
arbitrary slow variations in the mean flow, only wave enstrophy is conserved
locally. The direétional dependence of result (1) above is due to the fact
that only meridional (or y) gradients of the planetary vorticity f are present;
the anisotropic nature of the wave appears already in the fundamental dispersion
relation.
The basic strategy is to develop the elementary theory of a Rossby wave in
‘a constant basic state';, and then to assume that even when u is variable, the
wave dispersion and wave energy density are related to the local value of u
and the local wave amplitude as in the elementary theory. The kinematic theory
of Lighthill (1978) is then used to describe the rates of change of frequency
and three dimensional wavenumber. This approach does not expiicity make use
of WKB theory (as does the derivation of Young and Rhines, 1980), although the
spirit of the calculation is much the same. We also do n&t follow the approach
of Hoskins et al.(1983), who derive the local conservation law for wave potential
enstrophy (our eq. (4.34)) because this approach does not make explicit how the
frequency and wavenumber vector change in response to a slowly changing mean wind.
It is perhaps important to point out that the local approach used in this

article is not valid for unstable waves, since growth rates are generally

‘—“—“'——'_’determined*by“thé"configuration—of"the-meannflow—ﬁlover»the~whole~domain~and—so-~»~ -

depend on u in a non-local fashion. Thus, in order td study the form of the
source terms that would arise (in the unstable case) in the consérvation laws
for wave action and wave enstrophy, one would havée to either assume a vanishingly
small growth rate, or seek an approach different than the one presented here.

Section 2 presents the governing equations and the-elementary theory of a

'~ Rossby wave in a constant mean f£16w u. The kinematical derivation for the — —— —— ——
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rates of change of wavenumber and frequency for a slowly varying wave train is
presented in Section 3. Using the results of Section 3, the elementary theory
of Section 2 is generalized in Section 4 to the case of a slowly varying mean
flow, leading to the derivation of the conservation laws for wave enstrophy and
wave action. Wave action is related to wave activity and .the Eliassen-Palm

flux vector in Section 5.



2.. The Elementary Theory of Rossby Waves

2a. . The governing equations.

The governing equations are those of quasigeostrophic theory on a beta
plane.,  They are most easily derived from scaling considerations when altitude
(z*) rather than pressure (p) is used as the vertical coordinate (e.g. Charney
and Stern, 1962). Furthermore, Rossby waves are more easily treated using z*
‘as a vertical coordinate. On the other hand, the advantages of using p as a
vertical coordinate are well known. In this article we follow Palmer (1982),

and retain the advantages of both systems by using log (pressure) coordinates:
z = -H @ (p/py), (2.1)

where py = 1000 mb is a reference pressure and the scale height H is a constant.
The quasigeostrophic equations on a beta plane are derived in z coordinates in
the Appendix. They take the form of the conservation of potential vorticity
following the horizontal motion of the flow:
(2 -23¢v3 +393 3)q=0, (2.2)
ot~ dy 9« ox dy
where the potential vorticity q is given by:

2 £ 24
q = fo + By + V Y + o_ez/H _3_ (e—z/H ﬂ)) (2.3)
2 RS 9z 9z

Here ¢ is the geostrophic

streamfunction, defined so that u = - 3y §7=49$;7~
X

) 3y’ X
with u being the eastward and v the northward velocity, and V2 is the horizontal
2 2 _
Laplacian operator (E—E +-§—_). Also, fo = 2Q sin¢,, where @ is the angular
X 3y2
rotation rate of the earth and ¢, the central latitude of the beta plane, 8 = %%
¢,

0’
where y is defined by dy = a d¢, a being the earth's radius, f = 20sin¢, R is the

Cp being the specific heat at

gas constant, and S = (E—)K-ggs. kK = R/C

L et P e



constant pressure, and 85 = 85(z) is the reference state potential temperature
(Charney 1947: Charney and Stern, 1962). 1In deriving (2.3) it has been assumed
that S is constant.in the vertical. We shall make that assumption throughout
this article.

£ 24
It is useful to relate the parameter _©O appearing in (2.3) to the Brunt-
: RS

V#isd1d frequency Ng, given by Ns2 = 5;.g§s, where z* is altitude, as before.
05 dz*
Since.igs, d8s and 465 depend only on the reference state,

dz* dp dz
ds, _dog dp, _ deg . _de, pg
s dp RTg =

dz* dp 4z* dp

where %ﬁs (written with p as an independent coordinate) should be written as
p : ' :

d0s if z* is the independent coordinate. Similarly p apearing in the above

dpg

formula should be understood as pg in the z* system. We have used the equation

gl
of state of an ideal gas, p = pRT. From this, st = -lﬁig_ %ﬁs. Introducing HS
RTg 05 dp

the scale height of an isothermal atmosphere with temperature Tg

-pg db6 gH do gH
st = 5 - S = S , _ (2.4)
OgHg dp  OgHg dz  HgTg
H.T
so that § = -5 S NS2
gH
RHTNZ2 H2N2
and RS = 588 =5 s =73 , (2.5)

T 72 ) )
f,°H g £, °H Ho £,

where equation (2.5) defines'gi This quantity will appear in many of the
subsequent equations in this afticle, and is closly analagous to the parameter
S introduced by Pedlosky (1979, p. 334), who developed the equations in ;*
coordinates. '

2b. Linearization: The Prototype Rossby wave

Equation (2.2) is linearized about a basic state (denoted by an overbar):

-5-
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q=q+gq

-

, and

Y+ oy

1]

Here q and ¥ can be functions of (x, y, z) but not time t, whereas the

perturbations q” and y” are functions of (x, y, z, t). Note that '

- _ 27,1 z/H ? -z/H 3y
=f + By + V5 v+ - e“ " 2 (e A 4 R (2.6a)
q o y . :2 /S\ 5 ( Bz)
.o 2 . 1 Vz-/H 9 -z/H 3P~
= v + e 2 (e A A (2.6b)
1 2 v 7§ oz ( oz )

The most general linear form of (2.2) is

2 q +ud+u’
ot 9x

Y e yr =0, (2.7)
ay

We 'will return to (2.7) in Section 4. The prototype Rossby wave is obtained in

this’ section by setting

ve-wy, e

where u is assumed constant. . Thus v =0, and from (2.6a) q fo + By, so that

99 =0 and %4 = B . Equation (2.7) becomes

3" + w3 + pv* =0 . (2.9)

T T "We try & solution of the form"
xp"= Aez/(ZH)cosv(kx + %y + mz -~ u_)t) = Aez/(ZH)cos_(a) . (2.10)

Here A is the (constant) wave amplitude, (k, £, m) the (constant) wave vector,
and w the (constant) frequency.

From (2.6b) and (2.10) it is easy to show that



q” = -[k2 + 22 + 1 (m2 + _1 )] ae2/(2H) cos(a)
: S 4H2 '

= -k2pe2/(2W) cos(a) , (2.11)

which defines the three dimensional wavenumber

K2 =k2+ 22+ 1 [m2+_1] . S (2.12)

1
B 4H2

Using (2110) and (2.11) to evaluate each term in (2.9),

897 = —y K2 Aez/(2H) gin(a) ,
at ,
897 = 4x k2 Aez/(ZH) sin(a) ,
X
and ' v: = gW' = -k Aez/(2H) sin(a) .
X

Equation (2.11) then gives the dispersion relation of a Rossby wave propagating

in a constant mean flow:

w=1uk - Bk . (2.13)

2c. Energy and Potential Enstrophy Density
The perturbation energy is defined as the sum of pertufbation kinetic plus

available potential energy. 1In ordinary pressure coordinates (Lorenz, 1960),

Eror = Ex + Ep

-2 -2
with ‘ Eg = fffaxdy 92 L [(20)" 4 (2¥2y7]
g 2 ox ay
“y2
and EA = fffdxdy anﬁgg_l s
g 28
- de
where S=-p (E_)K_‘__ = HS .
Po dp



Converting from p to z coordinates via (2.1),

— p‘()- -z/H 1 Y Y~ 2 1 R(T’)z
= _2 dxdvy d = =
ETOT gH fff Xdy dz e { 2 [( ) + ( ) ]+ 5 ..S, }
fH

Using the quasigeostrophic relationship T~ = _2__%2:(see equation (A.10) in
R 4

' p P
the appendix), and intreducing T, = &1 and Py = — = —2, we have

g RT,

=]

[RL) + @]+ L ey

1
2 3y S 3 (2.14)

Epor = ffdedy dz Po e'Z/H {

The temperature T, is that which renders gH/R a scale height for an isothermal
atmosphere, while p, is an "equivalent” surface density.

From (2.14) we define an energy density (energy per unit mass) € as

2 2 2. .
_ 1 o-z/H [(3¢” 3y” 1 (a9 B )
ze [(‘a';‘) + (V) +%\__(-37) ] (2.15)

™
1"

Note that the énergy density includes the exponential decrease of density with
height. From (2.10),

e =1 A2 {(k2+22) sinZ(a) + 1 [ 1 cos2(a) + m2 sin?(a)

2 S 4n2
- M cos(a)sin(a) |} .
H
Averaging over one wave period
2 ,
[l fdee-la a2+l [ LoraZ]-LlakZ . | (2.6).
2m o 4 /s\ 4H2 4

The total perturbation potential enstrophy is
- dp (1 -2
Ppor = ffdedY'gE (E q°%). _ (2.17)

As with energy, this can be written as Prop = [[fdxdydz p, e7*/B(l q°%), leading

= - 2



to the definition of potential enstrophy density p as

p = e—z/H % q-2 . (2.18)
Using (2.11), and again averagihg over one wave period,

2. . 2.
P=1 [ dap=1[K2 Acos(®)] ,
2T 4 .2

or P = % K4A2 = K2g, : (2.19)




3. The Kinematic Theory of Wavetrains

Here we derive the fundamental properties of wavetrains, or almost purely
sinusoidal waveforms, in the presence of constant or slowly changing mean winds.
The material presented in this section is condensed from Lighthill (1978), and
is necessary to the deriyation of the conservation laws in the following section.
The kinematic theory demonstrates the key role played by the group velocity, and
is the basis of ray tracing, a technique which has recently found widespread

application (Karoly and Hoskins, 1982).

3a. Constant Mean Wind

We let the mean wind have components in both horizontal directions, so
that both u and v are non-zero, although they are both constant. 1In this case

(2.7) reduces to

9° + w9  +v %" 4+ gy =0,
3 3% 5y

for which (2.10) is a valid solution, with

K2

Here we do not need the specific form of the dispersion relation, we only need
the fact that there is one, i.e.
w= 9 (k,2, m. (3.1)

In the presence of the constant mean wind (u, v), a more general solution

of the linearized equations can be constructed as a superposition of solutions

of the form of (2.10). The approach adopted here, however, is somewhat different.
We consider a solution which locally is given by (2.10), but in which the amplitude
(A), frequency (w) and vector wavenumber (k, £, m) change slowly in space and time.
Physically, this corresponds to the assumption that one has waited long enough

_after an initial disturbance for the different components of the spectrum (waves
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of different wavenumbers) to be separated in space from each other, i.e. for
the disturbance to have dispersed. The amplitude, frequency and waQenumber .
components change by a smal{.fraction of themselveé over the locai wavelength
or local period. |
We start with the generalized f&rm of (2.10)
¢’.= A (x; Y, Z, ﬁ) e2/(2H) cog (fx, v, 2z, £)), (3.2)
and expand the total phase a in deviations (6x, &y, Gz; 8t) about some point
(%95 Yo» Zo» to): |
ox, ¥, z, t) = olxy, ¥4, 20, t,) + 239 g 4 32 g5 4 0 Sy + 2% 6z
ot 9x oy 9z
+ 0 ((86)2, (8x)2, .vul) + vuen (3.3)
We can, without loss of generality, set ofxy, Yo, Zg, to) = 0, and,

neglecting second order terms:

a5 + 0 gx + 9% & + 39 85 | (3.4)
ot ax dy 3z

a(x, y, z, t)

Since o locally takes the form

a=kx + %y + mz - wt ,

the local frequency w and wavenumber vector (k, £, m) are defined as:

w= - 9a | (3.5a)
at
(k, 2, m) = (32, 3a 3da) ., (3.5b)
Ix Jdy oz

We now come to one of the most important ingredients in the theory, the

step at which the physics of the wave enters the formalism. It is assumed that

the dispersion relation (3.1) holds for all space and time, with the frequency

and wavenumber being given by their local values. From (3.1) and (3.5a), (3.5b),

this gives:

-11-



- 92 = @ (9a, da, da) : (3.6)

Differentiating (3.6) with respect to x, y and z, separately, gives:

_ % = 99 (3%a) + 29 (2Pa )+ 22 (a ), (3.73)
oxat ok 9x2 3%  9xay om 9x 9z
- o - 90 (e )4 20 (BPa) + 20 (e | (3.7b)

dydt 3k oxay 3% ay? m dydz

- 2%a =20 (2 ), 20 (2 )4 20 (2la) | (3.70)
3zt ok  9x9z 9% dydz m 9z2
->
If we define the group velocity C as:
->
- _ (32 30 a9
C = (Cy, Cys c,) (E’ > am) , (3.8)
and use (3.5a) and (3.5b) to derive relationships of the type
o - Bwasd; da =k ete. (3.9)
axat ax ot ax2 ax
equations (3.7a) - (3.7c) become
-> =
EKircovgk=0 (3.10a)
ot .
_> _> -~
Zicev3e=0 (3.10b)
at
' - =
MyCceVam=0. (3.10¢)
at 3

Here V3 is the three-dimensional gradient operator. Thus, taking the total
time derivative going with the group velocity all the wavenumber components
remain constant. Invoking the definition

SN A
_D__z_"._ﬂuc-v3 (3.11)

R T S
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here and throughout this article, (3.10a) — (3.10c) are just

Dk = o (3.12a)
Dt
DL -9 (3.12b)
Dt
bm=-9¢o , (3.12¢)
Dt

Further, w is also constant following the group velocity, for

Dw = 392Dk 4 30 D2 4 30 Dm = o (3.13)
Dt o Dt 9L Dt om Dt

3b. Spatially varying mean wind.
We are now in a position to introduce slow spatial variations in the mean
wind, slow in the sense that, as before, there is a small fractional change

over a wavelength. We assume the mean wind to be constant in time. The

dispersion relation is still assumed to hold for all space and time, but since

the dispersion relation generally involves the mean wind, which is no longer
constant, (3.1)‘must be revised. The frequency w now has a (slow) dependence
on the coordinates beyond that given by the (slow) coordinate dependence of
(k, 2, m). This additional dependence of w on (x, y, z) is formally introduced
by letting w depend on the parmaters }j, i=1, ....., N. (3.1) then becomes
w= 2 (k, £ m XA{) . (3.14)

For most applications, the Xj can be taken to be the components of the

mean wind: A} = u, Ay = v. Equation (3.6) becomes

da da da da
-—— = Q —_— ———y ——-; . ’ (3015)
at (Bx dy 9z Al) :

and (3.7a) - (3.7c¢c) acquire the additional terms

_13_



Dk
Dt

D&
Dt

Finally (3113}_becomes

Dw

Dt

From (3.17a) - (3.17¢c) and

-3 =, 4 7230 3N (3.16a)
Ixdt i 9Af &
2 .
- a a = ceeeet zﬂi&i (3.16b)
dy at i 9A; dy
2
-3a = ..+ )20 3N (3.16c)
9z dt { 9A{ 9z
) become
= - z 3R 3\ (3.17a)
i 9A\{ 9x
= - ) 3% 3\ _ (3.17b)
i 9\ 3y ‘ ‘ ‘
=- 730 3N, , _ (3.17¢)
i 9Xj oz o :
= 89 Dk + ﬂ DL + ﬂ @ + Z N P__i (3.18)
%k Dt 9% Dt dm Dt 4§ 9Xj Dt
(3.18), We”pfove a remarkable result:
(129 23] - 0[] 20 4]
i 3%1 3y om i 3)\1 a9z
S 738 (3 g By 4 o 4] B
PR YV 1 X Y oy 3z

where we have used (3.11).

and*uéing (3.8), we easily

Noting that 92 = 0 (mean winds constant in time),
at

find that =

Dw=90 . (3.19)
Dt
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The most important source of dependence of & on the Aj arises from the
advective effect of the mean flow. This dependence can be expressed.ﬁy

introducing the transformation to the frame of reference moving with the local

mean flow, i.e. the frame of reference in which the local mean flow Qanisﬁes.

The coordinates in the transformed frame are denoted by primes. We have

X" =x - ;f

y* =y - vt .
(3.20)

z” =z

t’ =t

”

We obtain the transformed wavenumber (k”, £, m~) and.frequencyv(w‘)'by noting

that the local phase a is‘inVariant; so that to first order in the derivatives of a,
(- wt”+kx” + °y" + m”z") = (—ut + kx + Ry + mz), (3.21)
for all (x, y, 2z, t). From (3.20), this becomes

[- (w” +k“a+ 2V) t + k’x + 27y + n”z]

-;,[— wt + kx + Ry + mz] , o (3.22)

whence ' | K=k”, £=2°, m=mn", and

+ W . - (3.23)

€
i
€
AY
+
=
el

w” is called the intrinsic frequency.

We may not have transformed away all the depgndence on the variable mean
wind, however, for it is possible that w” still deéends on E;';ﬂ An example of
this.arises in the study of Rossby waves in shallow water theory (Pedlosky, 1979).
In that problem w” depends on G'Qia a term arising from the perturbation advection
"of mean state potential vorticity (Pedlosky, pp?9l,:109). Physically, the mean

curreant u is balanced by a slope in the y direction of the free surface, a slope

...15..



which is the same in any frame of reference moving in the x direction.

In the

case treated in the previous and subsequent sections, namely Rossby waves in a

stratified fluid, w” is independent of (u, v), and depends on (x, y, z,

through (k, %, m).

Analogously to (3.14), we can write

w = 9" (k,

2, m; Ai)

where }; again refers to u and v for i=1 and 2.

From (3.23) and (3.24),

The right hand sides of (3.1l6a)

2
T

[e ¥
sl
]

an

IA{

e~

Wl
ER
]

303 -
z 3\, oz

Here (k, £, m) have not been differentiated,

dependence beyond the dependence through (k,

€
I

ku + v + 9~ (k,

£, m;

A)

(3.16c) can now be written as:

0
gsr

Q
AR

t) only

(3.24)

(3.25)

(3.26a)

(3.26b)

(3.26¢)

since it is only the coordinate

2, m) that is being considered. Finally,

combining (3.26a) - (3.26c¢) with (3.17a) - (3.17c) and specializing to the

case of Rossby waves in a stratified fluid L%Q: =

Dk
Dt

D&
Dt

-16-
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(3.27b)

(3.27¢)



4, Conservation Laws for Wave Energy, Wave Action and Wave Enstrophy in a

Slowly Varying Mean Flow

4a. Conservation law for wave energy
We start with a full linearized equation (2.7), in which u and v may vary

slowly in space:

997 + 4 997 + v 397 4y I 4y T =g (4.1)
ot 9x ay ox 3y
where E-is given by (2.6a). With u = —.EE,'; = éﬁ,
3y ox
- 9 _ R
39 = v" v+ 1 ez/H 3 (e-z/H ) (4.2a)
ax 2 3 iz 3z
and
3 =g+ v G+ lez/H D (emz/H 3u) (4.2b)
y 2 & 9z 9z

Since the mean flow is assumed to vary slowly in space, we neglect second

derivatives of (E,'V) in (4.1).

Thus,
3q =0,
X
(4.3)
3q ~ g,
ay
and (4.1) becomes
B +ud_+v3)qr+ e =0 , (4.4)
at 9% 3y

where q“ is given by (2.6b). We try a solution of the form (2.10), but in

which the amplitude A and vector wavenumber (k, £, m) are allowed to vary

slowly in space and time. The variations of (k, £, m) obey the relations

derived in Section 3, especially equations (3.9) and (3.27). The frequency w

._17_



is given by the local dispersion relationship, while the variation of the
amplitude A is discussed is the following paragraphs.

Our basic solution is

Y = A(x,v,z,t) ez/(2H) cos(kx + Ly + mz - wt) = A(X,y,z,t) ez/(2H) cog(a). (4.5)

We substitute (4.5) into (4.4), using (2.6b). A number of intermediate results

are helpful:

9P~ = %A ez/(2H) cos(a) - kA_ez/(ZH) sin(a) (4.6a)
9x ax;' - : -
2 2
S Y =9A ez/(2H) cos(a) — 2k OA ez/(2H) sin(a)
© %2 %2 , © o
P e

- %E A ez/(2H) sin(a) - k2A ez/(2H) cos(a) . (4.6b)
X

2 .
A result analogous to (4.6b) holds for 9 ¥, so that

| 3y
2 L . ' : R
VAR V2A ez/(2H) cos(a) - 2(k %A + 2 3A) o2z/(2H) gin(a)
- A (%5 +_%&) ez/(2H) sin(a) - (k2 +'£2) Aez/ (2H) cos(a) . (4.6c)
y ,



Also,

1 ez/H 3 (e=z/H 397} =1 ez/H 3_ [e-2/H (3A cos(a)
75\ 9z ( 9z ) 2 9z [ (az :
+ A cos(a) - mAsin(a))]
2H
=1 ez/H [-1 o-2z/(2H) (A cos(a) + A_cos(a).- A sin(a))
R [ZH (Bz 24
2 .
+ e~z/(2H) Lﬁ;ﬁ cos(a) - 2m %A gin(a) + 1_ %A cos(a) - MA gin(a)
572 3z 1 3z 70
P S B Y .
f%ﬂ A sin(a) - m2A cos(aq) }]
z
2
=1 e2/(2H) [ cos(a) «f8A- L1 03A _ A 4+ 1 8A_ 2}
S 3z 2H 3z  4H2 24 oz
e~
+ sin(a) *{ MA - 2p %A - mA _ 5 om }]
2H 9z 2H oz
2
= l‘ez/(ZH) { cos(a) {ﬁ;é - A(mZ + ) } + sin(a) { -2m %A - p 3m } .
s 922 - 4n2 3z 9z " (4.6d)
Further,

(g_t+ ud_+ \—I-ﬁ__] cos(a) = (Vw— ku - ) sin(a)

Ix ay
(4.6e)
LE_ +ud_+ ;'§~) sin(a) = ~(w - ku -~ &) cos(a)
at ax 3y

Since the amplitude is assumed to vary slowly, we will neglect the under-
lined terms in (4.6b), (4.6c) and (4.6d), all of which involve second spatial

2
derivatives of A. For example, the neglect of 9 A in (4.6b) compared to 2k OA
is equivalent to the statement that 3_% A K %é, where A is the wavelength in
ox X
the x direction; which is just the statement that the change of %i over one

wavelength is small.
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From (4.6a)-(4.6e), and (2.6b),

q” = ez/(2H) [cos(a) = {-A(k2 + 22 + 1 (m2 + 1)) }

+sin(a) {~a (K + 32+ 1 3m)_"2 (kK 3A 4+ g 3A 4+ 1p 3AY} ],
™ 3y Aoz 3x Iy 4 oz (4.6f)

Finally (4.4) becomes

(w-ku- &) *sin(a) * (-AK?) + (w - ku = &) +cos(a) + [A (Bk + 3% 4 1 om)
9x dy ‘S 3z
+2 (k38 4+ 93415 34))
ox dy 4 3z
+ cos(a) [- kK2 dA - 24 (kdk + g d2 4+ 1 p dm)]
dt dt dt 4 dt
+ sin(a) [-dA (3 + 32 + 1 3m) . A d (%k 4 32 +1 om
[ dt (Bx 3y ﬂaz) dt (Bx dy /S\az)
~2 (dk %A +d2 A 4+ 1dm dA) - (Kd BA4+ gd A
dt 3 dt 9y 4 dt oz dt x dt oy
+_!_m‘_i__%_)] * + B %A cos(a) ~ Bk A sin(a) = O . (4.7)
Q dt 3z Ix
In (4.7), K2 is given by (2.12),
K2=k2+£2+l(m2+ l) .
/S\ 4H2
and 4_ is defined by
dt
d =3 +y3 +yv3 (4.8)
dt ot x 3y

Both the operator g_ defined above and the operator D_ defined in (3.11) will be
t Dt

needed in the subsequent development. The term with the asterisk in (4.7) can

be neglected, since it contains second derlvatlves of the slowly varylng quantities
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A, (k, %, m) or products of their first derivatives. (4.7) is really two equations,

one for the coefficients of the sin(a) term, the other for the coefficients éf

the cos(a) term. Setting the sum of all coefficients of sin(a) to zero, we get
-(w-ku- %) AKZ - gkA =0 (4.9a)

or

w=ku + v - B (4.9b)

which is just the generalization of (2.13) to the case of non-zero mean flow
in the y direction.
The equation obtained by setting the sum of the coefficients of cos(a) to

zero in (4.7) is:

(w-Ka- 2v) [A (k+ 32+ 10m) 4o (k3A+ g 3A4 1g dA))

& dy 4 oz ox Iy S 9z
-k2dA - pd g2 +p3A =0, (4.10)
dt dt ax

With the help of (4.9b), (4.10) becomes

Bk A (k4324 L)y (kA4 o34 1lqg 3A))

K2 x dy 4 oz ax Iy A 3z
-k2dA - pAd _ k2+pdA=0 |, (4.11a)
dt dt ox
or

A 4 28¢ (1 3A + g A+ L 3A) - B34

dt  gé ax dy 4 9z’ g2 x
=-Ad g2 -gkA [k 4+324+10m ] | (4.11b)
g2 dt K4 ox Iy A oz :
->

To make further progress, we must calculate the group velocity C where, as

in (3.8),
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w am dw
c = (C c,, C,) = .
x0Ty X (ak 32 am
We have, from (4.9b)
dw_— _ B , 28&k?% _— . .
CX =T = - =Z-+ = u + CX ’ (4.128)
3k K2 b
Jw - 2k - P
C.=—=v +: =v+C , (4.12b)
LAY} " y
_ oW _ 2B8km - -
C === <+ = C . 3 (4-12C)
Z  om Qb z S
->
Equations (4.12) define the intrinsic group velocity C “, but it is also given
->
by ¢ ~ = ( 8w 3w’ = 3w’y yhere w* = w - ku - & is the intrinsic frequency as

Y
defined in (3.23). Using (4.12a)-(4.12c) in (4.11b), we get:

A, c AL A, 9A

at X ax Y 3y Z 9z

=DA - A d (g2) - BkA [3k 4 324+ 1 dm] | (4.13)
Dt K2 dt ks x 9y A% _
Now, from (2.16),
DE - 1 ox2 DA+ 1 A2D (x2) . (4.14)
Dt 2 Dt 4 Dt

—— . . _Multiplying (4.13) by 1 AK2, and adding %_A?»D (Kz) to both sides, we get:
2

Dt
DE = 1 A2 D (g2) -1 42d (x2) -1 B]v&A2 [3154- 94 4 __33] . (4.15)
Dt & Dt 2 dt 2 g2 & dy 4oz :
- ~—" —\- o~ ~/

® ®

where it must be kept in mind that the operators g and g are not identical.
. t t .

=22~



Term 1 in (4.15) can be further developed:

(D142 % - 1222 2)+;A2 (c; §+c v iyx?

4 Dt 2 Dt ay 9z
2
=-14A2D (k2) +1 42 [( 2B+ 28k )3 _ g2+ 22 3 g2
4 Dt 2 2 g K& dy
+2&<m3__1(2] s
Qx4 3z
so that
. N .2
(D)=--La2 [kDky ¢DL4+ LpnDm ]yl p2 (B4 287) 23 g2
2 Dt Dt 4 Dt 2 K2 k4 X
+ 288 D g2 4 26km 3 2], | (4.16)

K{‘ ay /§K4 3z

Using (3.27a)-(3.27g) in (4.16), and putting the result back into (4.15) gives us:

DE = 1 A2 [k (k 29 + ¢ V) + p(k Bus g V) 4 . E
Dt 2 ax ox 9y 3y 22 9z 3z

2 K2 K4 ax Kll» 3y /S\ K4 oz

———

o1 BA® (B, 984 1 dm) | (4.17)
2 g2 & dy A3z .

Equation (4.17) is more useful than (4.15) because there are no time derivatives
on the right hand side. It turns out that the right hand side of (4.17) is

. -> ‘ .
related to the divergence of the group velocity C . Starting from (4.12a)-(4.12c),

3; B 23 (x2) - 43“ (k2) + 28 3 (k2)+ _3:’_ - 4BkL 3 (k2)
ox K[‘ ax K6 ax K4 ox dy K6 dy
+ 283 (k) - 48km 3 (x2) + 28 3 (km) . (4.18)
K4 3y k6 3z Kb 9z
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Multiplying the LHS of (4.18) by E and the RHS by its. equivalent, via (2.16),

1 A2 g2,
A

— - 2 2
E VeC = %_AZ K2 (2w 4 ) 4 LAZB 3 (g2y - BKAT [y 3 (g2)

ax BXJ 4 g2 & K4 X

©

+ 29 (k2) + 1 m 3 (x2) +1 pA 9 (k2) + 3 (kp) + 1
3y 3 3z ]\2 K2 [Bx dy Z

N

%_ (km) | . (4.19)

J

We now assume that the mean flow is non-divergent:

4o

ox ay

(4.20)

Then term<:>in (4.19) vanishes. Term<:>can be simplified using identities relating

the slow changes of wavenumber components which are derived from the fundamental

definition of wavenumber given in (3.5b), namely

2
8 (k2) =k 9% + gk = 3% 4+ g9 @ =k 984 32 |
ay y dy dy ox oy ox
and
2
9 (km) =k O + p K =k OM 4 p 3o =k M4 3Mm
9z 9z 9z oz 9z 9x dz X

With (4.21a) and (4.21b), term<:>in (4.19) becomes

(4.21a)

(4.21b)

- DLl (g lm] . B (Mg My lam]

2 2 ™ 3y Aoz K2 ax x 4
2 2
=BA [k + 932+ 1 3m] 4+ BA 3 (Kg2)

2K2 ™  Jy Aoz 4g2 X

Using (4.22), (4.19) finally becomes
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- = 2 2
EV3-c=§_A_k[3_k+ﬂ+/l\§‘E] + BA” 3 (k2
2&2 9x dy S 0z 2K2 9x

2
- BkA [k 3 (k2) + 223 (k2) +1lmn3 (x))],
K4 ax dy 0z (4.23)
which can be used to rewrite (4.17) as
- = _ — — —_
DE . g VyC + 142 [k (k du 2.31) + 2(k Uy g 31)
Dt 2 9x 9% dy dy
(k 30+ g )], (4.24a)

+
m>| —
8

3z oz

Remembering the definition of D_ (given in (3.11)), an equivalent form is
Dt

> - _ _ _ _

E 4 ovye(cE) = LA [k B+ g Ty g (x By g W)

3t 2 ax ax ay dy
+1ln (k304 g dv)]

7 dz 9z

(4.24b)

This is one of the important results in this article. It states that in the

absence' of mean flow gradients, the wave energy density satisfies a local

conservation law giving the rate of change of energy in an arbitrary volume in

balance with the flow of energy into or out of that volume, with the appropriate

flow velocity being the group velocity.

In the presence of mean flow variations, wave energy is not conserved. We

must turn to wave action and wave enstrophy to find conservation laws which

hold in the presence of mean flow variations.

4b. Conservation laws for wave action and wave enstrophy

It turns out to be convenient to define a generalized wave action'ﬁ‘by
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(4.25)

where f(k) is an arbitrary function of the wavenumber component k, and the

intrinsic frequency w” is given (by (3.23) and (4.9b)) by
w* = ZBk

K2

whence

2
A = —f(k)EK
Bk

D
—>

Operating on both sides with
. - : Dt

DE(K) + £(K)EK® Dk _ £(K)E D_ (k2)

DA - —£(l)K® DE _ EK’
a2 Dt Bk Dt

Dt gk Dt Bk Dt

Dk

—_—

Dt

Noting that D_ f(k) = of and using (3.27a)-(3.27c),
Dt ok

DA _ -£00K® DE 4 [ -EK 3f 4 £(OEK” | Dk
Dt Bk Dt Bk ok ) Dt
~f(k)E 2 [k Dk + ¢ DL 4+ 1 pn Dm ]
Bk Dt Dt 4 Dt
2 2 A A — -
= Z£(k)K” DE 4 EK” [ £ _ 3f ] . [ o 3u - g 3 ]
B Dt Bk  k X ox

£

Using (4.24a), (4.29) becomes
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3z

' (4.26)

(4.27)

(4.28)



-S> =D - -
iA\ - £(k)K2E V5eC + [ ﬁ 1,2 4 ﬁgl . [k (k U] ﬂ)
Dt Bk Bk 2 Bk ax dy

s (kBuy g ) sl (k34 g V)]
3y 3y Q 3z 3z

i
|

4

";

wle

- 2 8v] . 4.30
’ ax] (4.30)

Equation (4.30) can be simplified considerably by using the expressions for E
given by (2.10) and for A by (4.27):
>

-> - —_ —
BB Rouyyec+ B [£_2 [ g & (4.31)
Dt Bk k 9k ) 9x

Two choices of f(k) are of particular interest.
1) f(k) =1.

Then A = A(1) = §7 is wave action (Andrews and Mclntyre, 1978),

AN = - AR, (4.32)

For this choice of f, (4.31) becomes

-> ->
g’&(l) + Vg o @(D¢y =D
t

1
k ,
(4.33)

This important result (also given by Young and Rhines, 1980), states that even

when the mean flow (E} v) depends on y and z, wave action is conserved locally,

with the relevant flow of wave action occurring with the group velocity.

2) f(k) = - Bk, whence

D=2 =2 =p ,

so that AX2) is the wave potential enstrophy density given in (2.19).
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From (4.31),

(4.34)

This result, (again given by Young and Rhines, 1980) states that wave enstrophy

is conserved locally for arbitrary (slow) variations of the mean flow (3} v).




5. Connection with Wave Activity, Potential Vorticity and the Eliassen-Palm

Flux; Alternative Derivations

5a. Eliassen-Palm Flux Vector
=->
The Eliassen-Palm flux vector F = (Fy, F,) can be expressed (see the

Appendix) as:

F_ = e 2/H 337 (5.1a)
y dy ox

- —z/H l'5$’"§$’
F, e /s\—x e . (5.1b)

Here the primes denote perturbations from the zonal mean, -and the overbars a

zonal average. From our basic solution (2.10) for a Rossby wave,

F, = %Azkil, ,
F, = L LaZiy |
Q2
->
or F = _21_.A2 (kz,%\km) . (5.2)
Now define N3 = ls P = Z'IE A2 k4 = -k A(D) | | (5.3)
and write down the intrinsic group velocity from (4.12a)-(4.12c):
= 28kL 2
c” = (cg, 2BkL 28km) | (5.4)
K4 Sk4
From (5.2)-(5.4),
~ 3) 2
cA() = (co A3 152 g, L1 52 4y
27
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or

(a3, - F (5.5)

Where 1 denotes a projection onto the y-z plane. Thus, the intrinsic group

velocity times the wave enstrophy, divided by B, gives the Eliassen-Palm flux

vector when projected into the y-z plane. Since only the y and z components
-> ->
enter (5.5), C” is identical to C if the basic state meridional velocity v vanishes.

5b. Conservation of wave activity in the case of homogeneity in the x direction.
When v = 0 and the wave amplitude and wavenumber (k, £, m) are independent

of x, it is possible to derive a conservation law for wave activity directly from

equation (2.9), without explicit consideration of the variation of A and (k, £, m)

in y and z. We start by multiplying (2.9) by L q“ and zonally averging:
B

2 (1 (qgn2 =0 . 5.6
at(2<q>)+vq | (5.6)

w0

From (2.6b),

V’q' = 81])' 32‘1” + 3\’)‘ azw’ + l eZ/H ﬂ‘.a_ (e—Z/H a_w‘.)

X 9x2 Ix  gy2 Q 0x 9z oz
=3 (AT 307) + L ez/H 3 (e-z/H 397 3Y7)
dy 9x 3y 3 dz 9z 93x

= (using (5.1a), (5.1b)) e?/H 3 p 4+ 2/H3 ¢ | (5.7)
v z
dy 0z
where we have used the fact thst’g is assumed constent in z.
Using (5.5), (5.7) becomes
-> ->
vigh =V (ez/H CIQKB)) R (5.8)
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- -> ->
where C can be used instead of C° because v = 0, and V; denotes the operator

L%_,_%_). Equation (5.8) relates the flux of potential vorticity to the divergence
y 9z

~
of the group velocity times a quantity ez/H aA(3) related to wave enstrophy.

Now, from (2.11), our basic solution (2.9) gives

L @7-L
28 7 4B

K4 A2 eZ/H =/R(3) eZ/H
S0 we defineﬁ“4) by

/K(/&) = eZ/H/A\(3) = ez/H _1_ P = '.]:__K4 A2 eZ/H = 1_. (Q') .
8 48 28 (5.9)

From (5.8) and (5.9), (5.6) becomes

-> ->
%t-/&(“) + 7, . (C a4y 2 ¢

(5.10)

A
A(4) is referred to by Edmon et al. (1980) as wave activity. Note that the

local conservation law (5.10) only involves the two dimensional divergence

;l = (g;, g;) rather than)the three dimensional form in, for example, (4.34).
This is because A{4) and C are both independent of x by assumption. It is
interesting that this derivation does not involve any explicit calculation of
just how ; and'2(4) depend an y and z, and in particular how A and (k, £, m)

vary in space. It is similar in this regard to a derivation of (4.34) presented

by Hoskins et al. (1983).

_31_



APPENDIX

1. Derivation of the quasigeostrophic potential vorticity equation. in z
coordinates.
Qur starting point is the quasigeostrophic equations in pressure coordinates,

with constant static stablitity, from Lorenz (1960):

20 = - J(y, 6) - w2% (A.1)
at : Jp
) -> ->
S (V3y) == J (¥, V3W) - I (W, £) - Y, « (f vp)
ot (A.2)
) -> ->
g sz* = Vz . (f Vz‘p) . (Ao3)

In these equations, 6 is potential temperature, 65 the reference state

potential temperature (depending on p only), ¢ is the geostrophic streamfunction,
->
V2 the horizontal gradient operator and V% the horizontal Laplacian, ng

the vorticity, w =.%R, z* is altitude and £ = 2Q sin¢, where Q is the angular
t
rotation rate of the earth and ¢ the latitude. J (A,B) represents the Jacobian

of the variables A and B. Also,

W
Vy e v, + 22 =0 ., (A.4)
2 D ap
->
where vp is the divergent part of the wind.

Neglecting the effects of spherical geometry, and neglecting the latitudinal

variation of f except in the term J(y, f) in (A.2), (A.1)-(A.3) beéomé”A

96 + 9y 96 - 9y 36 = - 36 (A.5)
at Ix dy dy 9x ap
2 2
3_(V3y) + AW _ 3y ANY) 4 g W g Bwog
ot x dy ay ax ax ap (A.6)
T T T T T T gk = gy . T T T s o (AT )
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In these equations y is the northward distance and x the eastward distance on a
plane targent to the earth (the so-called "beta-plane”) at latitude ¢,. (For
a rigorous derivation of this approximation, see Chapter 6 of Pedlosky, 1979).
f has been approximated in (A.6) as f = f, + By, where f, = 2Q sin¢,. In
(A.7) f is taken simply as f.
Introducing the new vertical coordinate (as in Section 2).
z=-H @ (p/py), (A.8)

where H is the scale height, and p, = 1000 mb, we have the identities

2 =33 --H3 --Hea/H3 (4.9)
dp dp 9z p 9z Po 9z
and
w=4P = 3p dz = P y = =Py e2/H , (A.10)
dt dz dt 9z H

where w = %5 is the vertical velocity in z coordinates.
t .

Using the equation of state pa = RT, where a is the volume per unit mass

*
and R the gas constant, and the hydrostatic balance %E = 7% where g is the
- P g
gravitational acceleration, we have
*
g 92 = —q = ZRT , (A.11)
dp p
Hence (A.7) becomes
T=Pg
R 7 op
or
T = Hfo 3¥ : (A.12)
R 9z

We convert (A.5) to a prognostic equation for temperature by multiplying

it by (-R)* , where x = R/C

Cp being the specific heat at constant pressure:
Po

p’
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oT 4 3y 8T - 39 3T = - 4 (_p)x 385 , (A.13)
3t  ox dy 9y ox Po P
Further,
- w ()X 385 =~ w ()< d8s = -y 2 [(B)xdGs] .
Po 9 Po dp ¥ po dz
Defining (as in Section 2)
s = (_p)x d6s, (A.14)
Po dz
and using (A.10), we have
—w (R - -ws,
Po ap
so that (A.13) becomes
ST 4 39 3T - 3p T = -y 5 (A.15)

Finally, the term -fo-%g in (A.6) must be rewritten using (A.9) and (A.10):
P .

£, 20 f 2[R 22 .y s QPH2E [2/HG]
dp 3z op 3z 9z oz (A.16)

whence (A.6) becomes:

/M3 [em2/My) 2o | (aa7)

2 2 2 '

~} 3 (gt ula OV A (o). Y _
= |V + =¥ - |V - 'V + f X -~ f
at (2¢) ax 3y ( 2"’) (2"’) ax ° iz

3
x

4>

The conservation law for (quasigeostrophic) potential vorticity is derived

from (A.12), (A.15) and (A.17):

w=L1{ 30 _ 2y 3T, 3yar
S ot 9x 9dy dy 9x

- which, using (A.12) becomés ~ =~ " T T T e e
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v £l (- 22w 3y 2%y 4 dw Aty ) . (4.18)

RS dtdz  ox 0z dy dy 9z9dx

Combining (A.17) and (A.18) gives, (again treating S as a constant):

] 2 Y o 2 _ dy 9 2 Y.
L (V + X 2 (V5 Y 2_(v + B X
v (V39 + 2 (V50 . 5%) =

X 3y 3y ox
2 2 2
- fpiﬂ ez/H 3 [ ez/H [~ 3% -39y + 3wV ]}=0. (A.19)
9z 3x

RS oz 9z 3t 9x dz dy ¥y

We write the last term in (A.19) as a sum of three terus:

Eo2H [e2/B D [ e-z/H 37U } 4 o2/H D [ ez/H 2y 3y |

RS 3z 9z ot oz ox 0z dy
2
- e2/H 2 [ 2/M AW }) = EH [po4r, 41y (A.20)
9z dy 9z dx RS
T, = 3 { ez/H 3 (e—z/H 2&) } R (A.21a)
at 3z 9z '
T, = 3 oz/H 3 (,mz/H a2y 1, %y . 2%y
ax 9z 3z 3y 3z 3y 9z 0x
\ 2 2
=3V 3 [ez/H 3 (e"Z/H 3 J]+3¥ .23V , (A.21b)
9x dy 3z 9z dz dy 9z 3x
o= - 20 z/M 3 qmz/m 2y y_ 2%y, 2Py
3 3y 3z 9z9x. 3zax  dz0dy
2 2
= - 2303 [ez/H 3 (e-z/H3P)]-23y .Y (A.21c)
dy ox 3z 9z 9z 3y 9z 3x

A
Introducing the parameter S from equation (2.5) of the text, (A.19) through

(A.21c) may be combined:

_35_



3 [v2y+ L e2/H 3 (omz/H 3V
acA[Zw 3° & (e Sz)]

»

PO [y s Lealt D (el b))

3z az
- 8w g2y 4 L oz/H 3 (mz/H 3V, g =g, | (A.22)
3y ox (v A 3z ( 82)] ax -

This is just

8 - 3Wd 4+ 303 )g=0 . (A.23)

3t 3y ox  9x dy

with

2 1 z/H 3 -z/H aw.
= f + By + V5p+ e 2 (e = (A.24)
q o y oV 3 ~ ( Bz)

We have thus derived equations (2.2) and (2.3) in the text.



2. Eliassen Palm Flux Vector in fn(p) coordinates
The Eliassen-Palm flux vector, in pressure coordinates, is given by
Edmon et al. (1980) for the beta plane:

->
T=F,F) = (@v), £, %)

vy Fp S s (A.25)

where primes denote wave quantities, the overbar a zonal average, and u, v are

the geostrophic wind components: u = :%i, v =_%Y, while 6 = T(ED)K, where
y X
T is given by (A.12). The static stability is given by o = %93, with 64
p
the reference state potential temperature.
->
To obtain F in z coordinates (see equation (2.1)), we work with the (two-

=

dimensional) divergence of F :

A
Ey v mp -+ L AT 2 (r, YT

dy 3p dy 9x 3y p o

Using the definition of S given in the text, and equation (A.9),

0=4d85 =dls % - _dO H ez/H = -5 (po)kH_ez/H
dp dz 9dp dz pg p Po (A.26)
whence

= e2/H 3 (f5 7T~ e~2/H) = (using (A.12)) e2/H 3_ (L 3Y” 39y~ o-z/H
e - (gp v e ) using ( )) e - Qg = ? ) (A.27)

Using (A.27),

o o EVarvns
OFy 4 OFp = e2z/H [3_ (e~z/H 397 397} + 3 (e~2z/H 1
oy p oy ., 9x 3y 9z '

oY’ Iy~
x oz ) ]

w

= o2/H [g_y Fy + % F,] . (A.28)

Equation (A.28) defines (Fy, F,) in the z coordinate system. They are identical

to (5.1a) and (5.1b) of the text,
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