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Abstract. In the paper, a pair of dual operators is introduced with which a
dual pair of generalized displacement operators is constructed. With these entities it
is shown that the Barut - Girardello and Klauder - Perelomov generalized coherent
states are dual states. The characteristics of these coherent states are constructed,
separately and comparatively.
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1. Introduction

The concept of coherent states (CSs) was introduced by Schrodinger, in 1926, for the
linear harmonic oscillator (HO-1D) as the specific guantum state being often described as a state
which has dynamics most closely resembling the oscillatory behavior of a classical harmonic
oscillator [Schrodinger, 1926]. Although a few decades later the concept did not seem to have
aroused much interest in specialized literature, in the middle of the last century physicists began
to pay more attention to this notion and its specific applications, for a wide scientific field,
starting with tha mathematical and solid state physics and up to the cosmology. At the same time,
scientific interest and research were not limited to the coherent states and squeezed states of HO-
1D, but they were also extended to other quantum systems so called nonlinear. This is how the
concept of generalized or nonlinear coherent states (NCSs) appeared, based on the deformation

of the bosonic ladder operators (the annihilation a and creation a* canonical operators for HO-

1D, as well as the number operator i=a*a). As a consequence, CSs of HO-1D, also called
canonical coherent states, were automatically considered to be linear.
For the case of HO-1D, the CSs can be derived from four definitions:
1.) The CSs are eigenstates of the annihilation operator (also called Barut-Girardello
CSs) [Barut, 1971],
alz>=z|z> (1.2)

with z=z|exp(i@) the complex variable labeling the CSs, 0<|z|< R, <00, 0<p< 27, where
R, is the convergence radius of the CSs normalized function.

2.) By the quantum groups considerations, i.e. by applying the displacement operator
D(z) =exp(za* —z"a) on the HO-1D vacuum state (the Klauder-Perelomov manner) [Glauber,
1963], [Klauder, 1963], [Perelomov, 1972],
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| z>=D(z)|0> (1.2)
3.) The CSs are the states with minimum value of uncertainty relation for the position §
and momentum p operators

<Ad>Z<Af)>Z=% ,  h=1 (1.3)

4.) The CSs form an overcomplete set satisfying the completeness relation, which often is

called the unity operator expansion
2

IE|Z><Z|:f=Z|n><n| (1.4)
T n=0

As is well known from quantum optics books (see. e.g. [Walls, 1995], [Vogel, 2006]), for
the linear harmonic oscillator HO-1D the two ways of defining the coherent states (BG-,
respectively KP-) lead to the same result:

1 N
|Z>BG:|Z>KPE|Z>HO—1D:eXp[__|ZI jz\/—ln>:eXp[_E|z|2 +za )|0> (1.5)

Also, and for this reason, these CSs are also called linear.

These states are normalized but not orthogonal, and constitute an overcomplete basis in
the Hilbert space. At the same time, the CSs must accomplish the continuity condition in the
label variable z .

However, in the case of other quantum systems (called for this reason, nonlinear), these
definitions are not convergent, leading to different expressions for generalized CSs. The problem
is to find the reason for this non-convergence. Alternatively, to find a pair of ladder operators
that leads to the same type of CSs, regardless of their definition.

Between the two types of NCSs, that is Barut-Girardello (BG-CSs) and Klauder-
Perelomov (KP-CSs), not long ago it was established that there is a certain duality [Roknizadeh,
Tavassoly, 2004]. The aim of present paper is to examine the properties of the duality of two
kind of NCSs, properties which are not appearing in the literature to our knowledge so far. Apart
from the pure CSs we focused our attention on the mixed (thermal) states the subject which, to
our knowledge, also has not appearing in the literature.

The generalized NCSs was defined by using the generalized annihilation A and creation

A, operators. The generalized or deformed annihilation operator is defined as a product between
the canonical annihilation operator a and a nonlinear function f (W) depending on the operator

number of particles #|n>=n|n>, i.e. A =af(#). So, the NCSs are defined as the
eigenvectors of the deformed annihilation operator. Similar, their conjugate, the generalized
creation operator is A, =(A7)+ = f*(#)a" [Matos Filho, 1996], [Man’ko, 1997]. The function
f(A?) is called the nonlinearity function and it can be complex or real. Because their phase is

irrelevant, one may choose to be real and nonnegative, i.e. f*(#)=f(¥) .

In our analysis, we exhaustively used the properties of the generalized hypergeometric
functions and the G-Meijer functions, which had the consequence of making the calculations
easier, as well as checking their correctness.

The topic we are dealing with was previously examined, from a similar point of view,
among others, by Roknizadeh and Tavassoly [Ali, 2004], [Roknizadeh, 2005], as well as by



[Abbasi, 2010]. In this sense, the present paper takes a new and complementary look at the
problem of duality in the formalism of generalized coherent states.

2. Duality of ladder operators A_ and A

Let we consider a pair of annihilation and creation operators A and A, , whose action on
the Fock vectors |[n>, n=0,12,... are

A In>=,e() [In-1> , A |n>=e(n+1) [n+1> , AA |n>=e(n)|n> (2.1)

If we choose e(n)=n[f(n)]’, where f(n), with f(0)=1, is the eigenvalue of the
nonlinearity function f (), the above relations becomes
An>=Jnf(n)n-1> , A |[n>=/n+1f(n+1)[n+1> ,
AA [n>=n[f(MF n>=e()|n>

For a real nonlinearity function f(#)=f*(#¥), where #|n>=n|n> is the number
operator, is valid the following commutation relation

(2.2)

(A, A =@+t +0)] - & [f ()] 0 2.3)

which show that generally, the pair of annihilation and creation operators A and A_ do not

commute. In a special case of linear CSs, in which case f(ﬁV)=l, the two operators are the
standard bosonic canonically conjugate operators, i.e. [Aﬁ, A ]=1.

To avoid this situation, Roy and Roy defined a new pair of conjugate canonical operators,
B_ and B,, which, together with the pair A and A, satisfy the canonical commutation

relations and allow the construction of two generalized displacement operators [Roy and Roy,
2000]:
Following Roy and Roy's idea, with some little modifications, let we consider two pairs

of adjoints ladder operators, annihilation and creation, A, and f&i , whose action on the Fock
vectors |[n>, n=0,12,... are

A [n>= en+14_r1 [nt1> , A [n>=_|8 n+1i1 In+1> (2.4)
h 2 2 h 2 2

A A |n>=e(n)|n> AA |n>=&(n)|n> (2.5)

A=Ay, A=), A=A), A=(A), A=A, A=A (2.6)



We will use the "tilde™ sign over the operators to denote their corresponding duality
property. But, in what follows, for better clarity, for the different coherent states we will give up
the "tilde™ and use the corresponding lower index.

It is observed that the "tilde™ operation differs from the hermetic conjugation operation,
in the sense that it does not change the order of the operators in a product. Instead, it is similar to
the simple operation of complex conjugation of numbers.

(AA)=AA , (AA)=AA (2.7)

In principle, instead of the basis of the Fock vectors {|n >, N :0,1,2,...}, any
orthonormal basis, e.g. {CDn(x), n=0,1, 2} can be used.

Let's choose the expression for e(n) and €(n) in the following manner:
p

ﬁ(bj—l+n) (&j—1+n) [1(a-1+n) (a —1+n)

n)=n -2 = , e(n)=n - = 2.8
K 1£I(ai ~1+n) ’ (& ~1+n) " li[(bj ~1+n) n (6,~1+n) 0

where p and qare positive integers, and we used a short notation for the sequence of real
numbersis a=1{a,, a,,..,a,}and =1, b,,..,b, .

This choice of special form is not random. Her motivation will become evident in what
follows and will lead to normalization functions of CSs which will be generalized
hypergeometric functions.

The eigenvalues of the products A+R and A A, , respectively their “tilda conjugate” are

/xAJn>=AA@anup4>=J€m)ﬁiﬁ}n»:hi;:jizi%Eﬁ:iig|n>=mn>(zm

A A A
A‘@ In>=(+1|n> , “— ¢In>=n|n> (2.10)
A A A A

\
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Appealing to the well-known expression for the particle number operator, N| n>=nin>,

we can make the identification, AA =AA =& and AA =AA =~+1, so that the
following commutation expressions are valid

A A =1, AL A |=1 (2.11)
[N, A ]=+;5\ (2.12)

IN, A |=-A | N, A]l=——A . (2.13)



These relations show that the operators dual sets of operators A and A, , respectively
A and ,'5\+ are canonically conjugated. On the other hand, the set of operators (;5\_ VA LN )

respectively their counterparts (A_, &, N ) follow a Lie algebra. The algebra defined by the
above equations is sometimes called the Heisenberg-Weyl algebra.

Let's define two new discrete strictly positive parameter functions p(n), and p(n)
depending on the main quantum number n, also called the structure functions (as will be seen in

the chapter on coherent states):
9

P
n H(bl )n n H(al )n
p(n)EHe(s) =n! ’;1 zn!HZi , ,B(n)zHE(s) =n! izl zn!gﬁj
5= i o a
1 [1@), J 1 H( j)n
i=1l j=1
such as p(n) p(n) = (n!)y.
Therefore, here and in the following, the entities x and X can be considered as being
dual.

Using the definition of the dual operators A, and f&i, we obtain

(2.14)

1 n _ l n
In>= 5 (A)']10>, <n|= 5 <0[(A)",
1 ~\n 1 ~ \n
= = 2.
In> 5(n)(A+) 10>, <n] 5(n)<0|(A_) , (2.15)
|n><n|:$(A+)”|O><0|(A_)“:$(5\+)n|0><0|(;5\_)n

These relations will be useful in the coherent states formalism that follows.

3. DOOT as the generalization of IWOP

It is well known that the ladder quantum canonical bosonic operators, annihilation a and
creation a*, used in quantum optics can be arranged in three forms of ordered products: 1.
Normal ordering :(a*)"a™:,=(a")"a" , i.e. a" isto left and a is to right. Consequently, we
have <z|:G(a",a):|z>=G(z",z) ; 2. Anti-Normal ordering :(a*)"a™:,,=a"(a")", where
we have <z[:G(a,a"):\lz2>=G(z,z"); and 3. Weyl ordering (or symmetric ordering)

: (a+)nam W

-1
n+m :
( J x (sum of all symmetricproductsof na”and ma).
n

These three situations can be written as a formula of “s-order power-series expansions”
[Fujii, 2004]



min{n,m} K
(aya), = i kl(Ej(Tj(thj (@ y*am*} (3.1)

where

+\noml _ an+m + 1
{(a )a }S _—az“a(—z*)”‘ exp(za z a)exp(23|z|2jZ=O

and the indices s and t are +1 (for normal), O (for Weyl) and —1 (for anti-normal) operator
ordering.

(3.2)

In order to unify the approach for arranging quantum operators of optical fields into
ordered products, Hong-yi Fan proposed an integration technique within an ordered product of
operators, which he named, for short, IWOP (see, the review article [Hong-yi Fan, 2003] and
references therein). This technique refers only to the canonical bosonic operators annihilation a

and creation a", associated with the linear quantum harmonic oscillator (HO-1D).

A few years ago we introduced a new approach of normal ordering operator’s products
connected with the generalized hypergeometric CSs, called the diagonal ordering operation
technique (DOOT) and denoted it with the symbol # # [Popov, 2015]. This ordering technique is

applied to any pair of raising and lowering nonlinear operators A, and A , respectively A, and

;&7, being a generalization of the integration within an ordered product (IWOP), introduced by

Hong-yi Fan [Fan, 1999]. Given that the IWOP is applicable only for Bose operators, referring
only to the CSs of the HO-1D, and DOOT is applicable to any pair of raising and lowering
nonlinear operators, in this way the new formalism, called diagonal ordering operation
technique (DOQT), contains IWOP as a special case.

We generalized the IWOP formalism of Fan by extending it for any pair of dual

operators A and A, ,aswellas A and A, .

The most important rules of the DOOT are (the rule for the pair ;&_ and R are the
same):

a) The order of operators A and A, can be permuted inside the symbol # #, so that
finally we obtain a function of normally ordered operator product # f(A+A_ )#
#A) (A =# (A)(A) #= (AA)";

b) inside the symbol # # we can perform all algebraic operations, according to the usual
rules;

c) the operators A and A, can be treated as simple c-numbers;

d) the vacuum state projector |0><0]|, in the frame of DOOT, has the following normal
ordered form:



|0><0|= 1 = 1

i # # F(a;&;A A )#

o P )
: . (3.3)

WA AV g HFo (6 a A A

=P n)
where in the denominator appear an normal ordered operator function depending on the ordered
operator product #A A # as “argument”. In fact, it is a generalized hypergeometric function, as

we will see below, defined as
p

BN (CON
a;t; NSNS . 3.4
( X) ;ﬁ(b) n=0 p(n)x ( )

The motivation of the above equality is S|mple. starting from the completeness relation
for the Fock vectors Z| n><n|=1 and using the results of the multiple actions of operators A
n=0
and A, on the fundamental (vacuum) state vectors, the above relation is reached.
The function | F,(a; &;A A) converges in the following cases [Won Sang Chung,

2014]:

For If Condition
any ¢z p<q+1 -
|z|<1 p=q+1 -
|z|=1 p=q+1 n=1
|z|=1 p=q+1 0<np<l1
z+#1 p=qg+1 0<p<l1

where 7= Re(zp:ai —ibj)

i=1 j=1
As we mentioned, the same rules of the DOOT are also valid for the pair of operators
A and A, .
Calculating the vacuum operator for pairs of dual operators (A : R), respectively

-

(& , A_), expressions different from those above are obtained:

L =%#(A)ﬂ 10><0|(A ) # (3.5)

1 n ~ ¥\
——#(A 0 oA | #——
Tom FAT 10> (=) (M)

[n><n|=

Z|n><n|:|0><0|2%#(A+,&_)n#:1 (3.6)



|0><0|=#exp(- A A J# (3.7)
and similar,
10><0|=Hexp(- A A J# (3.8)

The DOOT approach proved useful in studying the properties of CSs related to different
quantum systems of oscillators: pseudoharmonics, Morse, Meixner, but also for deducing
integrals in which the hypergeometric and Meijer functions are involved [Popov, 2022].

4. Generalized CSs

The choice of the above expression for the e(n), and, as a consequence, for p(n), which
play the role of nonlinearity function is not accidental: it is closely related to the definition of
generalized hypergeometric function | F (a; &;Xx).

We used the Pochhammer symbols, with following properties, for n=1,2,3, ...:

@), =@ o ai1) (avk-1), (0),=1, (0), =0, (a)=1 1)

n

The generalized hypergeometric function can be represented through Meijer G-function

YR j=1 ,
JFia; 6:x)=11 G

Hr(a_) P+l 0: 1—6 , F(&/a)EJ:— (4.2)

TIre,)
- p
l_f[r(ai)

) [Tre)

The Meijer's G-function satisfies the following classical integral [Mathai, 1973]:
n (b, +s)] |[TA-a -5
{ai} . {a_ }p J 1 g ( j )1;[ ( )

1 )n+l
m . q S q p
{bj}l ’ {bj}m+1 P []ra-b,—s) [T (& +5s)
j=m+1 i=n+l
Generally, there are following definitions or approaches to generalized or nonlinear
coherent states (NCSs):
- The Barut-Girardello coherent states (BG-CSs), defined as eigenstates of the
nonlinear annihilation operator [Barut, 1971].
- The Klauder-Perelomov coherent states (KP-CSs), defined through group-theoretical
approach [Perelomov, 1972].
- The Gazeau-Klauder coherent states (GK-CSs), which are nonspreading and
temporally stable, directly related to the Hamiltonian of the examined system

(4.3)

Idx Xt Ggﬁ(ﬁx
0




[Gazeau, 1999]. The GK-CSs can be obtained by acting with the exponential operator
#exp(-iy ALA J# on the non-normalized BG-CSs depending on the real positive
variable |J > and considering the rules of DOOT (for details see e.g. [Popov,
2016]).
In the present paper we will deal only with the first two types of NCSs, which we will
consider as a dual pair and highlight the similarities and differences between their properties.
The NCSs, regardless of its type (definition), have the following expansion according to
the expansion in the Fock vectors-basis:

|z>= N(zA) 0> (4.4)

Z nse— L
& (|z| = \/p(n) JNM(2P)

and where the normalization function ./V(| z |2) is obtained from the normalization condition
<zlz>=1:
= 1 n
MzP)=Y —(zP) . (4.5)
2)-2 s F)

For the states to belong to the Fock space, the condition must be fulfilled 0< N(| z |2)< 00
or, in other words, the convergence radius R, of the series to fulfill the following inequality:
0<|z|<R, =lime(n).

The minimal conditions that the set of NCSs must fulfill were formulated by Klauder and

that is why they are also called "Klauder's minimal prescriptions™ [Klauder, 1963]:
(). NCSs are normalized but non-orthogonal:

z' 1, z=7
<z|z'>= '/V(Z 7) ={ , (4.6)
\/N(|Z|2)\/Jv(| z'|2) #0, 71#1
but they form an overcomplete set.
(11). They must be continuous in the label variable z:

lim || z—2'||=lim /r* +r?-2rr'cos(p— ') =0 (4.7)
17 —
o
(1. 1t must be necessary to satisfy the resolution of the identity, i.e. to close a resolution
of the identity

J.d,u(z)| 1><17|= f=i| n><n| (4.8)

2
with the integration measure du(z)zﬂzg—(od(lzlz)h(lzlz) and weight function h(|z|2)
T T

which must be found for each individual case.
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Inserting in the resolution of the identity the expressions of integration measure as well as

for the expansion of NCSs, in order to be satisfied the completeness relation Z| n><nl=1 for

n=0
the Fock vectors, after the angular integration
2z
d(D 1 on 2
—\z7)z" =z ) o, 4.9
[55 &)z 20T 4, (4.9)
_ 2
as well as the function change h(| z |2)= Jf:/(llz ||2 and exponent change n=s-1 we have to
z
solve the following moment problem in variable |z |*:
Jd|z| (27) (2P = ps -1 (4.10)

Depending on the value of convergence radius R, (which is calculable using one of the
convergence criteria of the power series, for example the ratio criterion), we can have two
situations [Kla-Pen-Six]:

p(n) { 0, Stieltjes moment problem (=SM)

(4.12)
<oo, Hausdorff moment problem (= HM)

In a compact and unitary expression, the moment problem is written as [Roknizadeh,

T {( |(|ZZ|2|)2~;(|le)](IZIZ)S_1=p(S—1) © (m] (4.12)

where H(Rc—| | ) is the Heaviside step function:
0, |z>R
HR—|z[)= c 4.13
hll)%’m%& (4.13)

Generally, the solution ﬁ(| z |2) is proportional to a Meijer G-function and its concrete
form depends on the type of coherent state. Consequently, the weight function, which must

necessarily be positive, is
h{z[)=Cla.8) N(lzlz)GB‘a"[le %{bai ] {{2 }}J (4.14)

1
where C(a,&) is a constant that depends on the internal structure of the nonlinearity function

f(n).

Finally, the integration measure becomes:

dy(z)=C(a,&)g—7(id(|z|2)./V(|z| )G'“"[|z|

2004]

I ma

{h;{MLJ @15

b by

1h 1) m+l

Generally, in the frame of DOOT, the projector of NCSs can be written as
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|z><z]|= 7—)#./V zA |0><O|./V(ZA)#— |Z| JV(AA)

As a result, the resolution of identity leads us to the condition
al o falf
@i ]#./V (zA )Nz A Ji= NAAW (417)

d’z
Goal 2| ¢ 'y
el b B Clad)
Essentially, this is a new generalized integral in which the operators are regarded as

simple c-numbers, and consequently can be replaced by some constants.
After performing the angular integration

d(D Z Nz .
199 #ea) oz a = SR [p(n) L ap) (418

0
the above integral in real space becomes

Z#([p() [d(zF |z|)G"‘"[|z|

0

%b?“ : {{ai}rzﬂJ C(t,&) #N(AA W (4.19)

1! I m+1

In order to obtain equality, the real integral must be

VRV A TS ER A
tsrwryesar| B G

Statistical properties of the NCSs are examined with the help of the expectation value
< N°®> =<z|N°*|z> of an integer power of number operator & .

<fis,=— (2 B f (2] (4.21)
./Vi|2| ’ l2I

We need to compute the Mandel parameter, defined as [Walls, 1995].

<N?>, —(<ﬁ[>z)2_ _i2p ([A)lz‘)-/v(|2|) D|Z|-/V(| |)
<N >, - DlzlzJV(|Z|2) Mzf)

p(n) (4.20)

C(a, &)

(4.22)

L

Regarding the behavior of NCSs, i.e. the expression of their distribution function F)|£i5)’
the following three situations can exist:
>0, ordinary (classical) states,called super-Poissonian (bunching states)
Q,=49=0, canonical states,Poissonian statisticsor photonnumber distribution (4.23)
<0, non-classical states,said to be sub-Poissonian (anti- bunching)
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This behavior can be verified by comparing the distribution function Pé'l;) =l<z|n>)

2 n
. . . i 2\ 2
versus Poisson distribution F’éli‘”ss‘)”) =g ﬂ%l separately for BG- and KP-CSs. Then, we

have the following situations:

pl-) 5 plPoisson) super-Poissonian distribution

2
[ [

pt.) _  plPoisson) Poissonian distribution

= 2
2| ||

sub-Poissonian distribution
P(z) P(Poisson)

2
[ 2|

If we refer to the mixed states, the approach is quite different. As a characteristic example
of mixed states we will refer to the thermal states of a quantum canonical ensemble at
equilibrium temperature T =1/(k; A3, ), with energy eigenvalues E,, whose equilibrium density

operator p , and also the partition function Z(f) are

;S:Z(;T)Zn:e“" In><n| ’ Z(ﬂT):Zn:e’ﬂfE“ (4.24)

In the frame of NCSs, the ensemble is characterized, on the one hand, by the diagonal
element of the density operator, i.e. by the Q- distribution function (Husimi’s function)

5 (z)"
Q(z)=<z|plz>= e (4.25)
( )Z p(n)
and, on the other hand, by the P- quasi distrlbutlon function, which appear as the weight function

in the diagonal expansion of density operator o with respect to the NCSs projector |z >< z|:

5= [du(@)P(z[")|2><2]| (4.26)
Furthermore, the concrete expressions for o, respectively the Q- and P- functions are
different, due to the different expression of e(n) . For example, for a linear energy spectrum
E, =howe(n)=ho(n+e,) (4.27)
the density operator and partition function are

ﬁ:efﬂrhw% i(e”’f”‘”) |n><n|——2( j In><n]|
Z(Br) = m+1 , (4.28)

proe (g0 W pnee, L (YT
2(p;)=e ey e | e emw_l—(m) (+1) (4.29)

where N = (e frhe —1)_l is the Bose-Einstein distribution function.

For other more complicated energy spectra, specific methods must be applied. For
example, for a quadratic spectrum (characteristic, e.g. for the Morse oscillator) a specific ansatz
can be applied [Popov, 2003].
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Generally, using the DOOT rules the density operator becomes

N 1 E, (A A )
= # ~F
P72, N(A A2 m

with their diagonal expansion

(4.30)

p= h{ 2F) fdo :
p_Z(,BT)C(“'&)#JV(AA jd(l I)WPG |).([27Z_./V(ZA+)./V(Z Ap (43D

The angular integral is

2z

#[ 2N 99 \r(am ) Mz A = Z [p(n)]z 2y (4.32)

5 27
so that we have

) 1 r h(zp )
p=——C(a,b)# d( P(zP)(zP (4.33)
Z</3T) FAR) 2 [p() j " ¥2F) J
If we perform the function change
2|’
h .\ z P 4.34
wl2f)e i EPazn) (4:34)
it is obvious that we will have to solve the following problem of moments, similar to the one
before
1
d(zP)h. (z)? )z e "% p(n 4.35
J802 PNl 2 T = oo o) (4.35)

Next, the calculatlon depends on the concrete expression of the energy eigenvectors E,

for each quantum system examined.

The statistical behavior of the thermal states can be revealed if we calculate the thermal
counterpart of the Mandel parameter Q,(4;) (used in [Ghostal, 1995], [Popov, 2003],
[Laforgia, 2010] ). Their meaning of its values is the same as for the Mandel parameter for pure

NCSs. The thermal expectations being independent on the representation, it is possible to
examine the thermal Mandel parameter together for both types of CSs, BG and KP:

)= <N?>, - (<N>)2 1

4.36
Qu (5 oy, (4.36)
where, the thermal averages of the integer powers of number operator are
<N® >th:Tr(,6A?‘s): ( > nfefrE (4.37)
T/ n=0

This leads to
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D nfe R N nehE

0 0

Qu(8r)="3 P = . -1 (4.38)
ne /& g /e

from where the value of the thermal Mandel parameter can be calculated for each quantum
system separately. For example, for a system that has a linear energy spectrum
E, =howe(n)=ho(n+e,), we have < ¥ >, =0 and < N?>,=A+2(n)? and it is obtained
that the thermal Mandel parameter is even equal to the Bose-Einstein distribution function:
_ 1

Qi (B )=n =oFio 1>V (4.39)
This means that the mixed thermal states for the systems with a linear energy spectrum have a
supra-Poissonian behavior for any temperature.

5. Barut-Girardello versus Klauder-Perelomov coherent states

Following a traditional way (one can even say “classical”), let's build the coherent states

with the pair of dual operators (A, A,) and (,&_ , A), in the spirit of the founders of this

concept (see, e.g. [Glauber, 1963], [Sudarshan, 1963], [Barut, 1971], [Perelomov, 1972],
[Gilmore, 1974], [Klauder, 1985], and not only). First, we will construct CSs using the pair of

~

operators (Aﬁ , A+). Next, we will do the same thing using the set of dual operators (A_ : A+),
in order to establish the connection between the dual coherent states BG-CSs and KP-CSs.

Following an idea formulated by B Roy and P Roy [Roy, 2000], with the help of the two
pairs of dual operators we can construct two dual generalized displacement operators:

ft)(z):exp(z A;z*ﬂ_):ﬁexp(z A+)exp(—z*,5\_) (5.1)
.‘5(2)=exp(z A—Z*A_):ﬁexp(z A)exp(—z*A_) (5.2)

It is observed that these expressions can be obtained from each other through the "tilde
conjugation™ operation. The normalization functions ./Vl(|z |2) and ./V?_QZ |2) will be determined
from the CSs normalization condition.

Barut-Girradello nonlinear coherent states (BG-CSs) are defined as eigenvectors of
the nonlinear annihilation operator [Barut, 1971], [Roy, 2000]:
Definition 1, with the help of the annihilation operator A :
A |Z>5=2]2 >y (5.3
and their expansion according to the Fock vectors is
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|2 >55=

1
- F,(a; &;zA)|0
\/qu(a &lzl)”z(;\/pBG(n) \/PFq(a;&;lzlz)p q( |zA,)|0>

where pg; () = p(n).
Definition 2, with the help of the generalized displacement operator D(z):

|2 >45=D(2)|0 >

z >BG:Wexp(z ,&+)exp(—z*A)|O>:WZ|2)exp(z ,&+)|O>:
T O T -

1 2 z"

) JoFolai 65121 nz—f;\//?ge (n)|

Yy

BG

n>

where p(n) = p,.(n) = and, after normalization, JV2QZ |2}qu (a; &5 2]%).

(5.4)

(5.5)

(5.6)

It is observed, therefore, that both definitions lead to the same expression of BG-CSs.
The convergence radius Ry, can be calculated having in mind that (X),., = (x+n)(x),:

P (a .
H ha | o, if p-q-1>0
n

Pec(M _impeet L a =limn"**={1, if p-q-1=0
n—>00pBG(n+1) n—e0 1_|_lli‘[ biJ_i_l i 0 if p—q—1<0
n iaLn '

and strongly depend on the values of the indices p and q.
The BG-CSs projector is

1 4 o Fola; &;]ZA,) qu(a;&;|z*A_)#
cp17 12 L.
Fo(a; &;]2]7) Fo(a; 6,AA)

|Z>55 o<l

and the non orthogonality relation becomes
F(a; €,2°7")
VoFalas 6512P) | Fo(a; 65]12)

B <Z|Z'>g=

(5.7)

(5.8)

(5.9)

To ensure the decomposition of the unit operator, it is necessary to solve the following

moment problem (where z=s-1):
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. i r&[[rb, -1+s)
[alzP)R(zP) (2 == pos (n) =T(a/ )T (s) — (5.10)
0 [ [T ~1+s)

which leads to the following expression of the integration measure:

d(ﬁ .. +1,
e (2)=T (! £)52 (1 2) qu(a,&JzF)Gs,;fl@zf A

Consequently, the resolution of identity becomes

fvo el ] (5.11)

/; a-1
Y £ ~gH0 ’ 4" ‘67" =
° G( 0.6-1; I ]#"F‘*(“’&’ZA*)"Fq(“’&’Z M e
=T(6/a)t,F,(a; b;A A #
The angular integral is
ZIZd¢
JE#qu(a;&;zA+)qu(a;&;z*A_)#=# Faala, a;l & 6;AA |2 )=
0 1 - / (5.13)
:F&/ Z#G]"Zp —AA ZZ -a, -a, #
[ ( “)] 2p,2q+2[ Az 0: 0,7-6,71-¢
so, particularly we obtain the following new integral in real space
© /' a-, 1'“ 1'“« ; /
d(|z[2)G*0 ’ #GL2P AA |z ’ ’ #=
'([ (| | ) p,q+1( O,&-’ : / j 2p2q+2( - —| | 01 0’7_&,1_&J
L l-a; |/
=#G, 4| —AA 0: 1.4 #
(5.14)

In the subsidiary, this can constitute another proof of the validity of the DOOT technique.

Since, according to the DOOT rules, the operators can be treated as simple c-numbers,
the validity of the above integral can be checked using the properties of Meijer's G functions
[Mathai, Saxena, 1973], [Popov, 2022].

The expectation value of an operator @ in the BG-CSs representation is

@) (@) oln' 5.15
Fy(a; &ZHZJpBG(n)JpBG(n)m"n> (629

<O>Zz<z|0|z>—

As an example, the expectation value of the product operator A A , is
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<(AA) >, =<z|(AA) |z>= Tt z|)i L (z12) [em)] =
. Pr o P (5.16)
) qu(a; &;Z|2) [e(|2| Dlle)] qu(“; #:2)

where 'j|z|2 zﬁ , (z) Iﬁmz)ss@z 2 ) and we obtain that, under the sign of
z

olzf*
summation involving n, each n from the expression of e(n) must be replaced with | z|? 'j|z|2

Consequently, we can formulate the following rule for BG-CSs of an arbitrary function:
if we calculate the expected values for a function depending on the ordered product A A ,, each

product A A can be replaced with |z [3|Z|2

#e< f(AA)>, #=tle(zf D)) (5.17)
i.e. in the expectation value in the BG-CSs representation the ordered product A A can be
replaced by the variable | z|? 'jmz

This rule may apply, e.g. to calculate expected values for BG-CSs of some oscillators
with linear energy spectra, like HO-1D, or pseudoharmonic oscillator (PHO) [Popov, 2017 a],
k-coherent states [Popov, 2017 b], or to some quantum oscillators with non-equidistant energy
levels (Poschl-Teller oscillators) [Popov, 2017 c].
For the integer powers of number operator & , which is diagonal in {| n >}- basis, we
have
< P> 1 (z20.fF (a8 2) (5.18)
pFalasi|zf)” - TP eT

Consequently, the Mandel parameter becomes

(f>m)z Fo@;6:121) D Folai6i2)
Fai6lzF)  Fy(aibizf)

Q' =zl (5.19)

|z|p q

and its sign and value must be calculated for each individual case.

Klauder-Perelomov nonlinear coherent states (KP-NCSs) are defined by the action of
a displacement operator on the vacuum Fock vector |0>, in the manner of Perelomov

[Perelomov, 1972]. But, because the nonlinear operators A, and A are not commutable, we
have to use the pair of canonical operators A, and A . So, the KP-NCSs are defined as:
Definition 1, with the help of the generalized displacement operator D(z):
|z > ,=D(2)| 0> (5.20)
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Z>p= ZA,.)|0>=

1 ~ 1
S A ~7*A )0 =—7_)
T exp(z +)exp( z 7)| > 0T exp (
1 z" n _
:Wzn m(A+) |0 W_)Z = () [n>= (5.21)
7"

i \/qu(&; a;l Z|2) ”z—f;\/pKP(n)l

and, after normalization,

>

b)),

0 (IZIIZ)n — F (6 ail 2]). (5.22)
@), "

With this result, the expansion of KP- NCSs becomes
1 "
| 2> p= >, In> (5.23)
“ JoFo € ail2[) 15\ pye ()

The convergence radius R,, of the KP-NCSs is calculated similarly as for BG-CSs:

s

W2 F)= W 21)= Z(IZIZ) ij

pr(n) n=0

::]v

,_\

o, iIf g—p-1>0
Rep = lim Pre () =lim (D)’ pos(n+1) =limn*™*=:1, if q-p-1>0  (5.24)
=2 pp(N+1) 1= pge (N) [(n+1)] i 0, if qg—p-1>0
The inversion of the p and q indices can be observed, compared to the case of BG-NCSs.
Definition 2, with the help of the annihilation operator A
,'5\7|2>K,3=z|z>KP (5.25)
and their expansion according to the Fock vectors becomes identical to the one above, where
(nty
p(n)

addition taking into account the equality \/

Pep(N) = p(n) = . The proof is basically identical to that in Definition 1 for BG-CSs, in

e(n _ \/
Pre(N) Pre(N—1)
changing the summation index n—1=m, and eliminating the term with m=-1.
According to DOOT rules, the KP-NCSs projector is
F (&; a;zA t;a;z A
2> wp<Z|= ! —#- o (b1 ai2A),F, (6 a; ) (5.26)
F,(&; a;z[%) F,(6; a;AA)

where we used the fact that the vacuum projector can be expressed also through the product of

pair operators AR:

and of course, after
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(. 10><01(A ) -

i|n><n|_z

, A An (:];KP( ) (5.27)
=|0> 0|Z (AA) =|0><0[#,F,(6; a; A A)#
n=0 KP( )
1
|0><0]|= — (5.28)
F (6 a; A A
Consequently, the resolution of unity becomes
r:JdKP(Z)l Z>p kp<Zl=

(5.29)

_ . |n><n| RKPd 2 hKP(|Z|2) rdo
néo\/pKP(n)\/pKP(nl).! (! )qu(&; |z |)J. ¢ ) @ )

The angular integral above is (| z|*) 5, and with th(| 2P )=he(21?) /1 (F,(&; a;| 2]*)
and n=s-1, the corresponding moment problem is

Rep _ 1“(3)1211"(ai —1+59)
Jd0z)he 02 2F)* = peo(s-1) =T (6 /) —- (5.30)
0 Hr(bj -1+5)

whose solution is also a G-Meijer function, so that, finally, the integration measure becomes

5 “J FoEalzp)  (53D)

q,p+1

0,a-1; /
Substituting this expression in the unity decomposition relation, and performing the
angular integral

dyp(2) =T (6 /a)‘;—"’d(lzf)ep*lv(’@ z[?
T

2z
[ 924 F (6 ai2A ) F, (6 a2 A Y=y, P (6, 651, 0, as A A |2 )=

o @ P e gt p AT - 2q+1
0

(5.32)

2q9,2 p+2

=[(a/6&)#G:2 ( AA |z[

1-6,1-¢; / "
0: 0, 7-a,71-a

after a few simple operations we arrive at a new integral, in the real space, the validity of which
can be verified by using the properties of the G-Meijer functions:

/: -1

0,a-1; /

Rip
d 7 2 Gp+l,0 7 2
'! (l | ) q,p+1£| | 0, 0, 1-“,1-“

] #G;ng p+2(_ 'z‘+'&— | z |2

1-6,1-6: / J
H#=

1-¢:
0;

-Glf;+1( AR

1/ J:r(a/&)qu(&;a;/Xj)
(5.33)
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We remind that, according to the DOOT rules, the operators can be treated as simple c-
numbers, so they can be replaced with some arbitrary constants.

6. Similarities between BG- and KP-CSs

As a partial conclusion, we can say that the pairs of dual operators A and A (through
ﬁ)~(z)) generates the NCSs in the Barut-Girardello sense, | z >, while the pair of operators A,
(through 9(z)) and A acts in such a way that it generates a NCSs of the Klauder-Perelomov

type, |Z>p -
Therefore, the following operator links - NCSs result:

Definition 1 Definition 2
BG-CSs A o 2> A 5D(2) & |z>g
KP-CSs A 5D(2) < |7>4 A S [z>

From the properties of the pairs of dual operators (A_ , A+) and (;&_ : A) ie.

A A A A
<n|y~ "tln>=n+1 : <n|y "< t|ln>=n (6.1)
AA AA

the following average wvalues in the BG- , respectively KP-CSs representations

{BG}< z|...|z >{BG}E<'“>{BG} can be deduced:

KP KP KP

1 (| |2)n 1 ( g J (6.2)
= 72 2 nn= 72 |Z|2 Zz‘/VBG(|Z|2)
‘/V{BG}(l | )n:0 p{BG}( ) N{BG}(' | ) dfz| {KP}

KP KP

i.e., the average values of the pairs of dual operators in the two representations are dual.
By generalization, the average values of any function that depends on these products
ordered by operators are equal:

NI W;W)F('Z'Z gl 69

KP
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which means that, in the calculation of the average value in the NCSs representation, each

of the normalization

ordered product #{2*2}# will be replaced by the derivative |z |?

TR S

dlz[?

KP

function N{BG}Q z[?).

For example, the average value of the Hamiltonian %|n>=e(n)|n>, in the NCSs
representation will be

, d
: 1 e('z' d|z|2j
HIH> o) = Ao (zP) (6.4)
) "W T 12 )
KP d | Z|
and similarly, of an integer power of the operator number of particles N
- 1 d
<N°> . = |z|2—ij |z | (6.5)
T G Farer) )

)

Consequently, the Mandel parameter in the NCSs representation reads

Q{iﬁ} o (D‘le )Z./V{i(;}q z |2)_ D|z|2Jv{ic;}(| 2|?) 66
i Dlzlz./V{BG}Q z|?) ./V{BG}Q z|?)

KP KP

Starting from the general expression of the density operator, let's see what are the
concrete expressions for the distribution functions Q- and P-, generated by the mixed operators

A, and Ki. Because the expression of the density operator is essentially determined by the
expression of the energy eigenvalues, we will specifically refer to the systems with linear energy
spectra, E, =ho(n+g,).

For the pair (A, , A ):

\

R 1 1 n
= # N, A A {#=
Pee =51 N (AA) BG(ﬁ+1 * )
n * n' 67)
1 1 & (A) (7A) (
=H#—— | duy (2) P (|Z|2) hs — #=
Nge (A+A)I % % ‘/VBG(l z |2)n;0 Pac (N) pgs (N')

After angular integration we must have
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L#J\/BG( AA j#—
n+1 n+1
/- (6.8)

0,6-7,

g+1,0 2 a-1 2 2yn
(al6) z[pBG 0 #j d(|z|)epq+1[| | , ]PBG(|2|)(|2|)

Equality is valid if the P-quasi distribution function has the expression:

/; a-1
0&7 /

Pas (1217) :% (6.9)
Gq+l,0(

For the pair (& , f&_):

o (z&)ﬂ (Z*;\_)n' (6.10)
#‘/VKP(A A )J.d‘uKP(Z) Fer 2 KP(l z|? )n;—:o Prp(N) pyp(N') f

After similar calculations, we obtain that the P-quasi distribution function is
G p+1,0

n+1| /; t-1
> P 0,a-1: |/

/; -1
Gp+10 Z2 ’
qp+l(| | O,a-f; /]

The Q — distribution function (also called Husimi’s distribution function), defined as the
expectation value of the density operator in the CSs representation, can be written as

b 1 1 n
<Q> <Z|p|lz> ey =— N (_— zzj 6.12
S e (2 = N
KP
The thermal counterpart of the Mandel parameter being the same for both type of NCS,
BG- and KP-, we have examined in the previous section so we will not repeat the calculations
again here.

Let's see now what is the connection between the dual BG- and KP-NCSs. This problem
was examined for the first time by Ali et al. [Ali, 2004], [Roknizadeh, Tavassolly, 2004]. Similar
to the idea from the paper of Ali et al. [Ali, 2004], but with some small differences, let's
introduce a transformation operator and their inverse which makes the jump from one type of
CSs to another

(6.11)

1
Pell2)=—

o 2y _ qu(a'&'|Z|) Pac (N)
3,.(z] )_\/qu(& T2F )z () |n><n]| (6.13)
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gt 2y = qu(&;a;|Z|2) Pre ()
el )‘\/,,Fq(a;&;|z|2>§ Pt " 49

which follows due to the completion relation Z| n><n|=1.
n

These operators transform Barut-Girardello type NCSs into Klauder-Perelomov type
NCSs and vice versa, connecting the two dual types of CSs:

5p,q(|2|2)|Z>BG=|Z>KP ' %_,2(|Z|2)|Z>KP:|Z>BG (6.15)

The action of these operators on the pair of NCSs BG- and KP- can be written in matrix

form as follows:
5 (|z| 0 z z
Fyq(z]%) o (' >BGJZ(| >KP] (6.16)
0 Jp,q(|z| ) |Z>KP |Z>BG

So, the operator matrix has the same action as the Pauli X gate operator (NOT gate)

.~ (0 1
X = )
o
0 1Y|z>g _ | Z>p 6.17)
1 ONlz> |2 >g6
Roknizadeh and Tavassoly [Roknizadeh, 2004] used similar operators, which they
applied to canonical coherent states (for HO-1D), and obtain (up to the normalization function)
the dual BG- and KP-NCSs.

Finally, let's point out another result of the formalism introduced by Roy and Roy [Roy
and Roy, 2000], [Roknizadeh, 2004]: the two types of dual NCSs, BG- and KP-, can be built

with the help of a pair of displacement operators .‘5(2) and PD(z) whose component includes the

mixed generators A_ and R , respectively A and A .
In a matrix form, these actions are

(Aj(lz>% 0 ] (|z>BG
A - (6.18)
A 0 | 2> 12>
1256) (2.(2))10> 0 - 10
25) (2 | 0 0> ¢19)

In this manner we highlighted different ways of building the two dual types of NCSs,
BG- and KP-CSs.

7. Some concluding remarks
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In the paper we have pointed out some new manners to build two kinds of generalized or
nonlinear coherent states (Barut-Girardello and Klauder-Perelomov), and examined their
statistical properties for pure and mixed (thermal) states.

In conclusion, the following remarks can be made:
- The "tilde" operation has the same effect as simple complex conjugation. It does not
change the order of operators in a product.

- The pairs of operators (A+, Aﬁ), respectively (A+, ,ZL) are dual, in the sense that

they are responsible for the construction of BG-CSs, respectively KP-CSs.
- The duality between BG-CSs and respectively KP-CSs is manifested through the
reciprocal interchanges of entities contained in the following table::

Entity BG-CSs KP-CSs
Dual generating operators (A , Aﬁ) (A+ , ,&7)
Displacement operators 5(2) P(z)
Interchanges of indices P qQ q ., p
Interchanges of real numbers a; b t; a
Structure functions o(n) = pge (n) p(n) = pe(n)
Normalization function N (A A )=, F (a; ;2[) ./VKP(| 4 |2):q F (&;a;|2]")
Vacuum projector |0><0| [#p F, (a; 6; A+A7)#}1 [#q F (6 a; '&j)#r
Density operator P=pes = F(AA) p=pe=TAA)
Husimi’s function <Q>*=f(AA) <Q>P=f (A R)
P-distribution function Pos (1211 = FGIE0(| )] | Pz = FlBwa( ] )]
Mandel parameter Q% = Wy (2] QP = || 2]
Jump operators g0z F,4(z1%)

In conclusion, the following points can be made: In general, for the generalized or
nonlinear coherent states (NCSs), the BG- and, respectively, KP- type coherent states are not
identical, as in the case of the one-dimensional harmonic oscillator (HO-1D). However,
analogies or dualities can be found between the two types. These dualities can be revealed by
introducing some dual operators that can be grouped into pairs that form canonical operators
(their switch is equal to the unity operator). These pairs of dual operators allow the construction
of generalized displacement operators. These pairs of dual operators are responsible for building
and revealing the properties of the two types of NCSs, so that each type of NCSs can be
constructed through two different definitions, involving dual operators.
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