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Abstract

Many nonlinear time series models have been proposed in the last decades. Among them, the mod-
els with regime switchings provide a class of versatile and interpretable models which have received a
particular attention in the literature. In this paper, we consider a large family of such models which
generalize the well known Markov-switching AutoRegressive (MS-AR) by allowing non-homogeneous
switching and encompass Threshold AutoRegressive (TAR) models. We prove various theoretical
results related to the stability of these models and the asymptotic properties of the Maximum Like-
lihood Estimates (MLE). The ability of the model to catch complex nonlinearities is then illustrated
on various time series.
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Introduction

Recent decades have seen extensive interest in time series models with regime switchings. One of the
most influential paper in this field is the one by Hamilton in 1989 (see [?]) where Markov-Switching
AutoRegressive (MS-AR) models were introduced. It became one of the most popular nonlinear time
series model. MS-AR models combine several autoregressive models to describe the evolution of the
observed process {Y;} at different periods of time, the transition between these autoregressive models
being controlled by a hidden Markov chain {Xy}. In most applications, it is assumed that {X;} is an
homogeneous Markov chain. In this work, we relax this assumption and let the evolution of { X} depend
on lagged values of {Y;} and exogenous covariates.

More formally, we assume that Xj takes its values in a compact metric space E endowed with a finite
Borel measure mp and that Yj takes its values in a complete separable metric space K endowed with
a non-negative Borel o-finite measure myg and we set pg := mpg X mg. It will be useful to denote
Yk’”é = (Y, ., Yiro), y,]:'M := (Yk, -, Ykt+e) (and to use analogous notations X,’:H, xﬁ“) for integer k
and ¢ > 0. The Non-Homogeneous Markov-Switching AutoRegressive (NHMS-AR) model of order s > 0
considered in this work is characterized by Hypothesis 1 below.

Hypothesis 1. The sequence { Xk, Yy }r is a Markov process of order s with values in E X K such that,
for some parameter 0 belonging to some subset © of RY,

e the conditional distribution of X, (wrt mg) given the values of { Xy = xp b < and {Yir = yr b <k

only depends on xx_1 and y,’::; and this conditional distribution has a probability density function

(pdf) denoted
P1,o(Tk|Tr—1, yﬁj)

with respect to mg.



e the conditional distribution of Yy given the values of {Yir = yw i<k and {Xp = xp }i<p only
depends on xp and y,ﬁ:i and this conditional distribution has a pdf

p2.0 (|, y’;j:i)

with respect to mg .

Let us write qe(-|xk_1,y/l§:;) for the conditional pdf (with respect to pg) of (X, Ys) given (Xp—1 =

1
s

Tp_1, Y,f:sl = y,’: ). Hypothesis 1 implies that
g0 (2, ylee—1,yp_ L) = pro(xles—1,yp_p2.e(yle, yi L)

The various conditional independence assumptions of Hypothesis 1 are summarized by the directed acyclic
graph (DAG) below when s = 1.

Hidden Regime e = X1 = Xy o Xgypr —
A
Observed time series e = Y1 - Yo = Y —

This defines a general family of model which encompasses the most usual models with regime switchings.

e When p1 o(zk|TK—1, y’g:;) does not dependent on yf:;, the evolution of the hidden Markov chain
{X}} is homogeneous and independent of the observed process and we retrieve the usual MS-AR
models. If we further assume that p g (yk|:ck, y,’;:;) does not depend of y,]z:;, we obtain the Hidden
Markov Models (HMMs).

o When p; g(vg|Tr—1, y,’j:;) does not dependent on z_; and is parametrized using indicator functions,
we obtain the Threshold AutoRegressive (TAR) models which is an other important family of models
with regime switching in the literature (see e.g. [?]).

HMMs, MS-AR and TAR models have been used in many fields of applications and their theoretical
properties have been extensively studied (see e.g. [?], [?] and [?]).

Models with non-homogeneous Markov switchings have also been considered in the literature. In par-
ticular, they have been used to describe breaks associated with events such as financial crises or abrupt
changes in government policy in econometric time series (see [?] and references therein). They are also
popular for meteorological applications (see e.g. [?], [?], [?]) with the regimes describing the so-called
"weather types”. In most cases it is assumed that the evolution of {X}} depends not only on lagged
values of the process of interest but also on strictly exogenous variables. In order to handle such situation,
we will denote Yy, = (Zk, Ri) with {Z);} the time series of covariates and { Ry} the output time series to
be modeled. Besides Hypothesis 1, various supplementary conditional independence assumptions can be
made for specific applications. For example, in [?] it is assumed that the switching probabilities of { X}
only depend on the exogenous covariates

P1,9($k\$k-1ﬁ;’§:;,z;§:;) = p1o(Tk|Tr—1, 2K—1)

that the evolution of {Z;} is independent of {Xj} and {Ry} and that Ry is conditionally independent
of ZF__ and R::i given Xy,

P20 (2> hlze, 2L i s) = proo (elan) pz (2kl2p—1) -

This model, which dependence structure is summarized by the DAG below when s = 1 is often referred
as Non-Homogeneous Hidden Markov Models (NHMMs) in the literature.

Covariates e = Zpr = Zy = Ly —
hN N\ N\
Hidden Regime e = Xy = X = Xgp1 —
\ \ \
Output time series Ry Ry, R4



The most usual method to fit such models consists in computing the Maximum Likelihood Estimates
(MLE). It is indeed relatively straightforward to adapt the standard numerical estimation procedure which
are available for the homogeneous models, such as the forward-backward recursions or the EM algorithm,
to the non-homogeneous models (see e.g. [?], [?], [?]). However, we could not find any theoretical results
on the asymptotic properties of the MLE for these models and this paper aims at filling this gap.

The paper is organized as follows. In Section 1, we give general conditions ensuring the consistency of the
MLE. They include conditions on the ergodicity of the model and the identifiability of the parameters.
This is further discussed in Section 2 where we show that our general conditions apply to various specific
but representative NHMS-AR models. In Section 3, we discuss the results obtained with the model on
several time series in order to illustrate that NHMS-AR provide a wide class of flexible and interpretable
models which is able to reproduce complex features of real data sets. The proofs of some results are given
in the appendices.

1 A general consistency result of MLE for NHMS-AR models

We aim at estimating the true parameter §* € © of a NHMS-AR process (X, Yi)r for which only the
component {Yj} is observed. For that we consider the Maximum Likelihood Estimator (MLE) 6, .,
which is defined as the maximizer of § +— £,,(0, zq) for a fixed xg € E with

Do Y1 |XO = $07Y05+1)
‘gn(aa (E()) = logpﬁ(YTL'XO = xOv —s 1 )
' “s+1) ; po(YF 1 Xo = 20, Y0, )

where pg (Y| Xy = 20, Y

s1+1) is the conditional pdf of Y{¥ given (Xo = z¢,Y?, ) evaluated at Y}", i.e.

(Y1 |X0—930»Ys+1 : qu (ze, Yelzo—1,Y, " s)dm ( k)
By

Before stating our main result, let us precise some notations. As usual, we define the associated transition
operator Dy as an operator acting on the set of bounded measurable functions of E x K* (it may also
act on other Banach spaces B) by

QOg(man(is-i-l) = EO[Q(X17Y—13+2)|X0 = zO’YBs—&-l = yo—s+1]

:/ 9(@1, 9L o 10)ao (1, yilwo, y° o) dpo(z1, m1).
ExK

We denote by @ the adjoint operator of Qg defined on B’ the dual space of B (if Qg acts on B) b,

Vv e B, VfeB, Qi)(f)=v(Qo(f)):

For every integer k > 0, the measure (Qj)"(v) corresponds to the distribution of (Xx, Y ) if {X;, Y1}
is the Markov chain with transition operator Qg such that the distribution of (Xo,Y?, ) is v.

If v € B’ has a pdf h with respect to p : = mg x m%, then Qjv is also absolutely continuous with respect
to p and its pdf, written Q3h, is given by
Qih(z0,y° o11) == / 020, yolr—1,y—)h(z_1,y=2) duo(z—1,y—s).
ExK

Observe that, due to the particular form of gy, for every integer k > s and every P = (z_p, y:,’j_s_H) €
E x K*, the measure (Q})*6p (where dp is the Dirac measure at P) is absolutely continuous with respect
to p:=mp x m%’; its pdf Q}*(-|P) is given by

0
* ®R(k—1 R(k—s
Qi* (20, 4% 11| P) = [T golwiyilwior,yizl)y dma® D @=h, DamZ* (=2, ).
Ek 1><Kls—<i: _k



More generally, for every initial measure v and every k > s, Q3*v is absolutely continuous with respect
to p and its pdf [Q}Fv] is given by

@0 = [ QiFep) e, (1)

We suppose that, for every § € ©, there exists an invariant probability measure 7y for Q. Observe that,
due to (1), 7y admits a pdf hy with respect to p.

We identify (Xg,Y:)r with the canonical Markov chain {(Xo,Yy) o 7%} defined on Q, := (E x K)N by
Xo((zr, yr)k) = o, Yo((zr, yr)k) = Yo, T+ being the shift (74 ((xr, yr)r) = (Tr11,Yrs1)r). We endow Q4
with its Borel o-algebra F,. We denote by Py the probability measure on (€24, F,) associated to the
invariant measure 7y and by Ey the corresponding expectation.

The question of consistency of the MLE has been studied by many authors in the context of usual HMMs
(see e.g. [?, 7, ?]) and MS-AR models (see [?] and references therein). The aim of this section is to state
consistency results of MLE for general NHMS-AR. The proof of the following theorem is a direct but
careful adaptation of the proof of [?, Thm. 1 & 5]. This proof is given in appendix A.

Theorem 2. Assume that © is compact, that (Q, F,Pp,T) is ergodic, that there exists an invariant
probability measure for every 6 € ©, that Py~ is absolutely continuous with respect to Py for every 6 € ©,
that p1 and pa are continuous in 0. Assume also that the following conditions hold true

0<p,— = migfo)yop1,9($1|$o7yo) <pi4:= o’w?}‘}vlzﬂom,e(xﬂxo,yo) < 00, (2)
B_ :=Ey- { log (i%f/Epg’g(YOxo,Y_sl) de(xo)) H < 00, (3)
B, := Ey- { log <sgp/}3p279(Y0|:ro,Y_f§1) de(xo)) H < 00, (4)
Vo € O, su;l)/Epz,g(Yohc,y:;)de(a?) <00, Py —a.s, (5)
Y_s
V6 €®, forp—ae PeExK, lim |Q5F(P'|P) — ho(P")||11(uy = O (6)

Then, for every xg € E, the limit values of (énzo)n are Py« -almost surely contained in {06 : I@g =
BY. 1.

If, moreover, Qo~ is positive Harris recurrent and aperiodic, then, for every xo € E and every initial
probability v, the limit values of (O, zo)n are almost surely contained in {0 € © : Py =P}.}.

Our hypotheses are very close to those of [?]. Let us point out the main differences. First, in [?]
p1,0(z]z’,y") does not depend on y’. Second, (4) and (5) are slightly weaker than

sup  pag(yolz, Y1) < o0

—1
0,y_¢,Y0,T

assumed in [?]. This is illustrated below in Section 2.3 where the parametrization of py uses Gamma pdf
which may not be bounded close to the origin depending on the values of the parameters. The results
given in [?] do not apply directly to this model whereas we will show that (4) applies. Third, to prove
the result in the stationary case, we replace Harris recurrence by (6) which is equivalent to each one of
the two following properties

e for any initial measure v on E x K*®, we have lim,, 1 [|Q§"v — o]/, = 0, where || - |7y stands
for the total variation norm,

e for any initial measure v on E'x K*, we have lim,—, o0 SUp, e p(px i) [[[@5" V] = hol| L1 (mp xms,) =0,
with P(E x K) the set of probability measures on E x K.



Remark 3. Observe that, if g9 > 0 and if vy exists for every 6 € ©, then the pdf hg of vy satisfies hg > 0
(u-a.e.). In this case, Py~ is absolutely continuous with respect to Py for every 6 € ©.

Observe also that the ergodicity of the dynamical system (), F, Py, T) is satisfied as soon as the transition
operator is strongly ergodic with respect some Banach space B satisfying general assumptions (see for
example [?, Proposition 2.2]).

2 Ergodicity and consistency of MLE for specific NHMS-AR
models

In this section, we discuss how the general results given in the previous section apply to specific but
typical NHMS-AR models. We discuss in particular the recurrent and ergodic properties of the models
since it is a key step to prove the consistence of the MLE (see Theorem 2).

2.1 NHMS-AR model with gaussian linear autoregressive models
2.1.1 Model

In this section, we focus on a simple NHMS-AR model with only two regimes and linear Gaussian
autoregressive models. The model has no exogenous variable but the transition kernel depends on lagged
values of the observed process as in the Self Exciting Threshold AutoRegressive (SETAR) models. The
model is introduced more formally below.

Hypothesis 4. We assume that E = {1,2} (endowed with the counting measure), K = R (endowed with
the Lebesque measure) and {Yy} satisfies

Yi = B + Z BEY g + 0,
=1

with {e} an iid sequence of standard Gaussian random variables, with o® > 0 and ﬂl(w) € R for every
eH0,...,s} and every z € {1,2},

i.e. p2,9(yk|mkuyl}§:;) =N (yk;ﬁé“) + Zﬂémk)ykbo(xk)> ’

=1
where N'(-;m, o) stands for the gaussian pdf with mean m and standard deviation o.
The transition probabilities of { X} are parametrized using the logistic function as follows when xy, = x_1

(Tr—1) (Tr—1)
B B 1—7" -
P1,9($k|9€k717y£_81) =gt 4 -

(zr—1) (Tr—1) (7)
1+ exp </\0 TN yk_r)

with v < s a positive integer and the unknown parameters ’/T(_z),ﬂf), /\éz), )\ga:) for x € {1,2}.
The unknown parameter 6 corresponds to

0= ((ﬂi(w)), (0’(17))’ (ﬂ.(_w))’ (Wg_a;))7 ()\530))) .

We write © for the set of such parameters 6 satisfying, for every x € {1,2}, 0™ > 0 and 0 < @

1— w(f) < 1 (this last constraint is added in order to ensure that (2) holds).

Although very simple, this model encompasses the homogeneous gaussian MS-AR model when )\51) =
@)

)\(12) = 0 and the SETAR model with two regimes (SETAR(2)) as a limit case. Indeed, if s = —i?z) i
1




()

fixed for = € {1, 2}, )\51) — 400, )\(12) — —oo, 7 — 0 and Wf) — 0 then

p1( Xy = Uak—1,y0 " 0) = Lyg—r < 5) and p1 (X = 2]zp—1,y7 L) = L(yk—r > 5)

Both models have been extensively studied in the literature.

The model can be generalized in several ways to handle M > 3 regimes or include covariates, for example
through a linear function in the logistic term (see e.g. [?]). Other link functions such as the probit model
used in [?] or a Gaussian kernel (see (18)) could also be considered.

2.1.2 Properties of this Markov chain

Various authors have studied the ergodicity of MS-AR ([?], [?], [?]) and TAR ([?], [?]) models. A classical
approach to prove the ergodicity of a non-linear time series consists in establishing a drift condition. Here
we will use a strict drift condition. Let || - || be some norm on R®. For any R > 0, we consider the set
Er:={(z,¥°,11) : [¥%5;1]| < R}. Recall that x is here the product of the counting measure on E and
of the Lebesgue measure on R*.

Proposition 5. Assume hypothesis 4.

The Markov chain is v-irreducible (with ¥ = p).

Let R > 0. The set Eg is vs-small and vsy1-small with vs and vei1 equivalent to p. Hence, the markov
chain is aperiodic.

Proof. The v-irreducibility comes from the positivity of gg.

Let us prove that Eg is vg-small with vy = hg - 4 and

S
he(s, Y1) inf / [T a0z yelwe—, yg=2) dai™" > 0.
+1)EER s r—1

(Io,yg

Indeed p; ¢ is uniformly bounded from below by some p; _, o) are uniformly bounded from above by
some o4 and from below by some o_ and, for every £ € {1, ..., s}, we have

2
VZ eR, ¢(2):= sup Z — B(()”) — ZBJ(-”)yg,j < 00.
(xe,y° . 1)EER =t
So
(p1,-)° RN — ()
hs(xs,y]) > inf A A _ — L)y
(@, 01) 2 381;“'7'1»81’516{1,2} (2mo_)2 P 204 ;gz ye ;@ Ye=i
The proof of the vsyi-smallness of Eg (with vsy; equivalent to ) uses the same ideas. O

Now, to obtain the other properties related to the ergodicity of the process for practical applications (see
Section 3.1 for an example), we can use the following strict drift property.

Hypothesis 6. There ezist three real numbers K < 1, L > 0 and R > 0 such that, for every (zo,y%,, ) €
{1,2} x R®,
2 2
E[||Y—ls+2” |Yi)s+1 = ygs+1aX0 = ZEO] <K ||y(ls+1|| + L]IER(?J98+1)- (8)
Recall that this property has several classical consequences (see [?, Chapters 11 and 15] for more details).
Hypothesis 6 (combined with the irreducibility and aperiodicity coming from Hypothesis 4) implies in

particular

e the existence of a (unique) stationary measure admitting a moment of order 2;



o the V-geometric ergodicity with V(z,5%,,1) = [[y2,41]* and so the ergodicity of the Markov chain
(see for example [?, Proposition 2.2] for this last point);

e the positive Harris recurrence.

We end this section with some comments on (8). Let us write

0 1 0 o - 0

0 0 1 o -- 0
A = : : : R

0 0 0 o -- 1

BW g@ L L @

for the companion matrix associated to the AR model in regime z,

o
o

0 0 -0 0 0
o) = , @ = : and € := :
0 --- 0 0 0
o 0 - 0 o®
B 7 &1
There exist A, B > 0 such that, for every (zo,y%,,,) € {1,2} x R*, we have
2 M 2
EH|Y—19+2H |Yi)s+1 = y0—s+1aX0 =] = Z p179(x1|x0,yO_S_H)]E[HA(‘”I)yg‘%l + o) 4 E(wl)sH ]

r1=1

M 5
< Y pro@ilao o) [AC |yl | + AL || + B

LE1:1

where ||.|| denotes abusively the matrix norm associated to the vector norm. We deduce the following.

Remark 7. The strict drift condition (8) is satisfied when there exists R > 0 such that for all zo € {1,2}
and all y° ,, € R

2
2
Wil > B = S proeilwe s’ ) A <1 ©)
931:1
This is true in particular if
Vz € E, HA(I) <1. (10)

The use of condition (10) will be illustrated on a specific example in Section 3.1. It implies that all the
regimes are stable. However, it is also possible to construct models which satisfy (9) with some unstable
regimes if the instability is controlled by the dynamics of {X}}.

2.1.3 Counsistency of MLE

The results given in this section generalize the results given in [?, ?] for homogeneous MS-AR models
with linear Gaussian autoregressive models.

Corollary 8. Assume that Hypotheses 4 and 6 hold true for every 0. Let © be a compact subset of ©.
Then, for all 0 € © there exists a unique invariant probability distribution and, for every xo € {1,2}

and every initial probability distribution v, the limit values of (énwo)n are Py« -almost surely contained in
{9 €0 : Py :Pg*}.



Proof. This corollary is a direct consequence of Theorem 2 and of the previous section. As already noticed
in section 1, the invariant measure has a positive pdf with respect to p. As seen in the previous section,
the Markov chain is aperiodic positive Harris recurrent (which implies (6)) and the stationary process
is square integrable, which implies (3) and (4). In this example, p2 g is bounded from above and so (5)
holds. O

In the sequel, we explicit the limit set {# € © : Py = Py} under the supplementary condition

(889,80, 0,0 M) £ (B, 8, ... B2, 0) (1)

that the dynamics in the two regimes are distinct. Note that this condition is not sufficient in order to
ensure identifiability. First, it can be easily seen that the homogeneous MS-AR model can be written in
many different ways using the parametrization (7). It led us to add one of the following constraints on
the parameters

Vo e {1,25, A" #£0 (12)
which does not include the homogeneous model as a particular case or

vz e {1, 2},7r(f) = wf) = mp where 0 < my < 1/2 is a fixed constant (13)

in order to solve this problem. A practical motivation for (13) is given in Section 3.1. Let ©’ be the
set of f € O satisfying (12) and let ©” be the set of § € © satisfying (13). Then, a permutation of the
two states also leads different parameters values but to the same model. This problem can be solved by
ordering the regimes or by allowing a permutation of the states as discussed below.

Proposition 9 (Identifiability). Let 61 and 02 belong to ©' (resp. ©") with 6; = (95”,99) and

(@) (=) (=)
eix = ((@ii))je{o,...s}, O, (Ajﬁi))je{0,1}>
the parameters associated with the regime x € {1,2}.

Assume that 61 satisfies (11). Then ]f”;fl = ]f‘%; if and only if 61 and 05 define the same model up to a
permutation of indices, i.e. there exists a permutation T of {1,2} such that

o) — gl

The proof of Proposition 9 is postponed to appendix C.
Now due to Corollary 8 and Proposition 9, we directly get Theorem 10.

Theorem 10. Assume that Hypotheses 4 and 6 hold true for every 6. Let © be a compact subset of ©'
or ©". Assume that 0% satisfies (11). Then, for every xo € {1,2} and any initial probability distribution

v, on a set of probability one, the limit values 6 of the sequence of random variables (0y, 4, )n are equal to
0* up to a permutation of indices.

2.2 NHMS-AR with von Mises autoregressive models
2.2.1 Model

The motivations which led us to consider the NHMS-AR model introduced below are given in Section
3.2.

Hypothesis 11. Let M be a positive integer. We suppose that E = {1, ..., M} (endowed with the counting
measure) and K =T =R/(27Z) (endowed with the Lebesque measure), that p1g and pag are given by

exp (Ark717$ke*1yk—1)‘

exp ()\kalﬂﬂeiiyk_l) ‘

qfrk—l#fk

pro(Tk|zr—1,y8 ) =

(14)

M
Zm”:l Azy 1,z



and

Pz,e(yk\xk,y;ﬁi) =

exp ((78“) +> véwk)eiyk‘z)eiyk> | .

b(xknyllz:;) /=1

with respect to the Lebesgue measure m on T and with

- 1
bz, yp=)) = %/TeXp (

The parameter 0 belongs to the set © of 6 = (v,Q, 5\) with

,y(()xk) + Z ,ylgxk)eiyk—z
=1

cos(y)> dy.

(x) (x)

Y= (70 y e Vs )ze{l,...,M}v Q = (QI,w’)w,w’e{l,...,M}a 5‘ = (Xw,w')z,z’e{l,...,M}a

(@)

such that for every x,x’ € E, Y €C, Guar >0, 30 Guar =1, S\m,z/ e C.

x!

2.2.2 Properties of this Markov chain

Assume Hypothesis 11 holds. This model defines an ergodic process for any parameters values. Since,
for every (6, z,y) € © x E x K, qo(z,y|-,-) is continuous on the compact set E x K*, we have

a:/ Y(x,y) dpo(z,y) >0, with y(z,y) == inf go(z,yla’,y=,).
ExK

’
x' .y,

Now we consider the pdf (w.r.t. po) S given by

oo, 1= 208

For every zg,z_1 € E and every y° , € KT, we have

QQ(an ?JO|~T—17 y:i) Z O{B(ZUO, yO)
Due to classical results [?], this implies the t-irreducibility, the strong aperiodicity (the whole space is
ve-small and vy 1-small, with v and vsy; equivalent to p), the Harris recurrence (since we can decompose
the whole set in a union of uniformly accessible sets from the whole set), positive (the invariant measure
being unique and finite).

2.2.3 Consistency of MLE

The aperiodicity and positive recurrence imply (6). The positivity of gy implies that the invariant
distribution is equivalent to . Since p1,o(z1|T0,Y0) and pa,e(yo|zo, y—1) are continuous in (6, x1, To, Yo)
and in (0, x0,yo0,y—1) (respectively), assumptions ((2), (3), (4) and (5)) of Theorem 2 are satisfied for
any compact subset of ©. Hence, due to Theorem 2, we have the following corollary.

Corollary 12. Assume that Hypothesis 11 holds true. Assume that © is a compact subset of ©. Then,
for all 0 € ©, there exists a unique invariant probability and, for every xo € E and every initial probability
distribution v, the limit values of (0p, 20 )n are Pg«-almost surely contained in {0 € © : Py =Py }.

Observe that the replacement of (S\m,z/)m,z/ with (S\EI/ — Qg z)z.q (for some (ag ),) does not change py g.
Therefore, to ensure parameter identifiability, we assume that 6 = (v, Q, A) satisfies (with the notations
of Hypothesis 11) one of the following assumptions

Vee E, Ayz=0 (15)
or B
Vo€ E, Y Apa =0. (16)
ek



Let © be the set of § € © satisfying (15) and let ©” be the set of € © satisfying (16).

The proposition below states that these conditions ensure the identifiability of the model "up to a per-
mutation of indices” if the parameters are distinct in the different regimes.

Proposition 13 (Identifiability). Let 61 and 62 belong to ©' (resp. ©") with

01‘ = (('Yj()m()l))J,wv (Qz,m/,(i))m,x’a ()‘m,m/,(i))a:,m’) .

Assume that

Then I@’g’l = IF’;; if and only 61 and 03 are equal up to a permutation of indices, i.e. there exists a
permutation T of {1,..., M} such that, for every x,x’ € {1,...,M}, for every j = 0,...,s, the following
relations hold true

(x) _ . (v(2)) _ 3 Y
Vi) = Vi) 0 Gra,(1) = Gr(@),r@),2) 04 Agar (1) = Ar(a)r(a),(2)-

The proof of Proposition 13 is postponed to appendix B. Now due to Corollary 12 and Proposition 13,
we directly get Theorem 14.

Theorem 14. Assume Hypothesis 11. Assume that © is a compact subset of © or of ©" and that 6*
satisfies (17). Then, for every xg € {1,..., M} and any initial probability distribution v on {1,..., M} xT*,
on a set of probability one, the limit values 6 = (v, @, 5\) of the sequence of random variables (émmo)n are
equal to 0% = (Vu, Qx, :\*) up to a permutation of indices.

2.3 Non-homogeneous Hidden Markov Models with exogenous variables
2.3.1 Model

In this part, we consider a typical example of NHMM with finite hidden state space and strictly exogenous
variables and show that the theoretical results proven in this paper apply to this model. We focus on a
model initially introduced in [?] for downscaling rainfall. It is an extension of the model proposed in [?]
(see also [?] for more recent references). The results given in this section can be adapted to other NHMM
with finite hidden state space such as the one proposed in [?] which is widely used in econometrics.

The model is described more precisely hereafter.

Hypothesis 15. Let M be a positive integer and ¥ be a m X m positive definite symmetric matriz.
We suppose that E = {1,...., M} (endowed with the counting measure mg on E) and that the observed
process has two components Yy, = (Zx, Ri). For every time k, Z,, € Z CR™ 4s a vector of m large scale
atmospheric variables (covariates) and Ry € ([0, +oc[)¢ is the daily accumulation of rainfall measured at
¢ meteorological stations (output time series) with the value O corresponding to dry days. The model aims
at describing the conditional distribution of {Ry} given {Zy}. For this, we assume that

dz)_q,z), €XP (_1/2 (Zkfl - :u’wk—hfrk,)l DI (Zkfl - Mﬂb’k—hwk))

P1,0(Tk|Th—1,Yp—-1) = ; (18)

Zi\f:l Qup .27 XD (—1/2 (zk_l — “fck,l,x”)/ -1 (Zk-—l _ szfl,z”))
with @z > 0, plz o+ € R™ and
p2.0(YklTr, ¥E L) = vz (21l 26-1) PRI (71|21

with respect to mz ®mg§e, where mz is the Lebesque measure on Z and where myg is the sum of the Dirac
measure &g and of the Lebesgue measure on (0,4o00[. We observe that {Z}r is a Markov chain which
transition kernel depends neither on the current weather type nor on the unknown parameter 0 (typically
Zy. 1s the output of an atmospheric model and is considered as an input to the Markov switching model)

10



and that the conditional distribution of Ry given Xy and {Yp }iw <k only depends on Xj as in usual
HMMs. Finally the rainfall at the different locations is assumed to be conditionally independent given the
weather type

¢
PRo (Tk(1), s ri(D)|z) = HpRi,e (1 (9)|z1)

and the rainfall at the different locations is given by the product of Bernoulli and Gamma variables
1— 7o) (r(i) = 0)

Wgwk)’;/(rk(i);Oégxk)ﬂ/@i(xk)) (re(d) > 0) (19)

PR, o(rK(i)|zK) = {

where 0 < 7ri(x) < 1, az(-x) > 0, 553”) > 0 and v(.;a, B) denotes the pdf of a Gamma distribution with
parameters o, (3:
o Bae—ﬁr

The parameter 0 corresponds to
0= (@), (o), (7). (), (B))

We write © for the set of such parameters 0 satisfying, for every x € {1,..., M} and every i € {1,..., £},

M M
S tow =1 0<ow <1, Y o =0, 0< 7@ <1, i) >0, and A" > 0.

z'=1 z'=1

The conditions Zi\{:l gz = 1 and Zi\/,[:l par = 0 come from [?]. These conditions are not restrictive.

— ’ -1 =
Indeed, gp is unchanged if we replace fiy 20 by pizar — Y .» fho,a” and gz o by ZqTqijXZEcp((ﬁz,;)f)zﬁllz)

(with pp =" o fo2)-

Observe that the fact that, if py - = 0 for every z,2’, then { X}, is an homogeneous Markov chain and
{Z1}1. does not plays any role in the dynamics of { Xy, Ry }-

2.3.2 Properties of this Markov chain
We start by recalling a classical result ensurig (6) in the context of HMM (a proof of this result is given
in Appendix E for completness).

Lemma 16 (HMM). Fiz 6. Assume that p1¢(z|2’,y") = p1g(x|z’) does not depend on y', {Xi}i is a
Markov chain with transition kernel Q1,9 admitting an invariant pdf hy g (wrt mg) such that

1. S *n — 1 = U.
ngrfmyeb;FE)l\[Ql,eV] hiolltme) =0

Assume moreover that s = 0 (this means that we can take s = 1 with peg(y|z,y') = p2e(y|z)). Then
there exists an invariant measure vy with pdf hg (wrt mg x mg ) given by hg(z,y) := h1 o(x)p2,0(y|x) and

lim sup H[any] - h‘9||L1(mE Xmg) — 0.
n—=+00 L ep(ExK)

Moreover, if pag > 0 and if {Xi}r is an aperiodic positive Harris recurrent Markov chain, then the
Markov chain { Xy, Yi }i is positive Harris recurrent and aperiodic.

Due to this lemma, assumption (6) holds true and {Xy, Yy }r is aperiodic positive Harris recurrent as
soon as { Xy, Zx }x is aperiodic positive Harris recurent.

The ergodicity of { Xy, Yy }x will also follow from the ergodicity of { Xy, Zj }r.

11



2.3.3 Consistency of MLE

Corollary 17. Assume Hypothesis 15. Assume that © is a compact subset of © and that, for every
8 € ©, the transition kernel Qo9 of the Markov chain {Xy, Zy}r, admits an invariant pdf hoe > 0 (wrt
mpg X mz) such that

lim sup ||[Q8’},1/] — hoollLt(mpxmz) = 0. (20)
n=+o0 LeP(Ex Z)

Assume moreover that Z is compact, that

Vze Z, sup pz(zlz—1) < oo (21)
z 1€EZ
and that -
Eg*[ long(Z0|Z_1)|] < 00. (22)

Then, for every xo € {1,..., M}, on a set of probability one (for Py~ ), the limit values 6 of the sequence
of random variables (0, 4, )n are Po«-almost surely contained in {6 € © : Py = Py }.

If, moreover, { Xy, Zi}i is aperiodic and positive Harris recurrent then this result holds true for any
initial probability distribution.

Proof. Due to the previous section, we know that (20) implies (6) and that the aperiodicity and positive
Harris recurrence of { Xy, Zx }x implies the positive Harris recurrence of { Xy, Yy }«.

The fact that © is a compact subset of © directly implies (2).

Assumption (5) holds true since E is finite, since pg ¢(r|z) < co for every (z,y) € E x K and according
to (21).

Now according to (22), (3) and (4) will follow from the fact that, for every zyp € X and every i € {1,..., ¢},

By {log (i%pri,g(Rimo))H + e [

Now we observe that if R; = 0, then

log (Slelpqu,,e(RHIo)) H < 00.

0<1—m4 <pp,o(Rilzg) <1—m_,
where m_ and 7, are the minimal and maximal possible values of WZ(I) (for x € X, i€ {l,..,£} and 0
in the compact set ©). Analogously, let us write a_, ay for the minimal and maximal possible values

of agm) and f_, B4 for the minimal and maximal possible values of ﬁi(x). Since, all this quantities are

positive and finite, due to the expression of log(pr, 0(R:|zo)), to prove (3) and (4), it is enough to prove
that

Eg* [Rl] < oo and Eg* H log(Ri)|1{Ri>0}] < 00.
Observe that, under the stationary distribution, the pdf h; of R; satisfies:

max(B%+, B2 )e -

Vr >0, hi(r) < (r*'lgcny +r%t T pa0)

N
Therefore, (3) and (4) come from the facts that r — r®+~1e~"8- is integrable at +oo (since f_ > 0) and
that r — |logr|r®-—1 is integrable at 0 (since a_ > 0). O
Now we will add an asumption on 6 to ensure the identifiability of the parameter. If we assume 7r§””> =0

for every ¢ and every x, then identifiability follows easily if we assume moreover that
v#a = (@B # (@, 8 (23)

But, if we do not assume WZ(I) =0, (23) does not ensure identifiability anymore. We give now an explicit
counter-example.
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Remark 18. Assume M = £ = 2. We consider two models Ay and Ay associated to 01 and 0y respectively,

with (z,(5)) (. (4 (z.(5))
05 = (@, 3)): (,3)s (7507), (@10D), (B0 )

and

o Qo (1) =05, prapr 1y =0, m"0) = 0.5, o) =1, g =1, g — g g2 3,

AZ@) 02 (@) g

=) — 0.5, 7M) = 025 Ga % =1

® ¢:1,2) = 0.6, gz 2,(2) = 0.4, um ,(2) =0, 775 2,

) _ g, gL _ g @) _

For model Ay (under the stationary measure), { Xy} is an iid sequence on {1,2} with P(X; = 1) = 0.5 and
the distribution of Ry given { Xy = 1} 4s (0.500 4+ 0.5I'(1,1)) ® (0.500 + 0.5T°(1, 2)) whereas the distribution
of Ry taken {Xy = 2} is (0.500 + 0.5T'(1,1)) ® (0.560 + 0.5T'(1,3)). Hence, for the model Ay, the Ry, are
1d with distribution

(0.580 + 0.5T(1,1)) ® (0.580 + 0.25I(1, 2) + 0.25T(1, 3)). (24)
For model Ay (under the stationary measure), {Xi}is an #d sequence on {1,2} with P(X; = 1) = 0.6
and the distribution of Ry, given {X; = 1} is (0.56 + 0.5I'(1,1)) ® ((1 — %22)d + %221(1,2)) whereas

the distribution of Ry, taken {X; = 2} is (0.560 + 0.5I'(1,1)) ® ((1 — % 25)50 + & 25F(l 3)). Hence, for
the model As, the Ry, are iid with distribution (24).

Observe that the distribution of {Y} under the stationary measure is the same for models A; and As.

The next result (proved in appendix D) states that the following condition ensures identifiability

z#a = Vie{l..0, @), 8%9) = (5, 85)). (25)

Proposition 19. Assume Hypothesis 15. Let 01 and 05 in ©, with

05 = (e ) () (57, (007, (87
Assume that 01 satisfies (25).

Then I?’};l = ]f”;; if and only 61 and 02 are equal up to a permutation of indices, i.e. there exists a

permutation 7 of {1,...., M} such that, for every x,2’ € {1,...,M} and every i € {1,.. E} we have

Qo (1) = Gr(@)r(e @) How' (1) = Hr(e)r(e @), 7TZ(acy(l)) _ 71_2(7-(:5),(2))7 agm,( ) _ (‘r(z ﬂ(m 1) _

B(T(x)y(Q))'
Now the following result is a direct consequence of Corollary 17 and Proposition 19.

Theorem 20. Assume Hypothesis 15. Assume that © is a compact subset of © and that, for every 6 € ©,
the transition kernel Qo9 of the Markov chain (Xy, Zy)r admits an invariant pdf ho g (wrt mg x mz)
satisfying (20). Assume that 0* satisfies (25). Assume moreover that Z is compact, that (21) and (22)
hold true. Then, for every xo € {1,..., M}, on a set of probability one (for Pe« ), the limit values 6 of the

sequence of random variables (énmo)n are equal to 0* up to a permutation of indices.

If, moreover, (X, Zy)k is aperiodic and positive Harris recurrent then this result holds true for any initial
probability distribution.

3 Applications to real data

3.1 MacKenzie River Lynx Data

In this section we discuss the results obtained when fitting the model introduced in Subsection 2.1 to the
annual number of Canadian lynx trapped in the Mackenzie River district of northwest Canada from 1821
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to 1934. This time series is a benchmark dataset to test nonlinear time series model (see e.g. [?], [?]). In
order to facilitate the comparison with the other works on this time series, we analyze the data at the
logarithm scale with the base 10 shown on Figure 1. This time series exhibits periodic fluctuations (it
may be due to the competition between several species, predator-prey interaction,...) with asymmetric
cycles (increasing phase are slower than decreasing phase) which makes it challenging to model.

3.5+

w
T

Yk

25

N
T

10 20 30 40 50 60 70 80 90 100 110
Time (year)

10 20 30 40 50 60 70 80 90 100 110
Time (year) Yk-1

Figure 1: Top left panel: time plot of log Canadian lynx data. The color indicates the most likely regimes
identified by the fitted NHMS-AR model. The first [resp. second] regime is the most likely when the color is white
[resp. gray]. Top right panel: directed scatter plot of log Canadian lynx data. Bottom left panel: time plot of a
sequence simulated with the fitted NHMS-AR model data. The color indicates the simulated regime (first regime
in white, second regime in gray). Bottom right panel: directed scatter plot of the simulated sequence shown on
the bottom left panel.

In [?], it was proposed to fit a SETAR(2) model to this time series. The fitted model is the following
v _ [ 051+ 1.23Yi 1 =037V, 5+ 018, (Vip < 3.15) (26)
FT 2324 1531 — 1.2TY) 5 +0.23¢,  (Vio > 3.15)

The two regimes have a nice biological interpretation in terms of prey-predator interaction, with the
upper regime (Y;_o > 3.15) corresponding to a population decrease whereas the population tends to
increase in the lower regime.

A NHMS-AR model has been fitted to this time series. In practice, we have used the EM algorithm
to compute the MLE. The recursions of this algorithm are relatively similar to the ones of the MS-AR
model (see [?], [?]). To facilitate the comparison with (26), we have also considered AR models of order
s =2 and a lag r = 2 for the transition probabilities. The fitted model is the following

0.54 +1.11 Yo —0.24 Yi_o +0.14 e (Xp=1)

v =) (0:31,0.80)  (0.96.1.27) (-0.43,-0.05) (0.11,0.17) (27)

7 1.03 +1.49 Y,_1 —0.87 Yi_o +0.22 ¢ (Xp=2)
(-0.12,1.86) (1.23,1.69) (-1.20,-0.39) (0.14,0.26)
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with

(1+exp( —42.4 +12.8 Ye—2))"' (Xp=1)
» » B B (-587,-16.3) (4.77,176)
P(Xp=ilXp-1=14,Y o =yp2) = (14 eap( 9.07 333 yeo)™l (Xp =2)

(2.25,178) (-64.1,-1.12)

(28)
where the italic values in parenthesis below the parameter values correspond to 95% confidence intervals
computed using parametric bootstrap (see e.g. [?]). The estimate of 7 and Wf) are not given because
they are very close to 0. It means that these technical parameters have no practical importance and
can be fixed equal to an arbitrary small value (here we used the machine epsilon 27°2). There are
small differences between the AR coefficients (26) and (27) but the dynamics inside the regimes of the
SETAR(2) and NHMS-AR models are broadly similar. The models differ mainly in the mechanism used
to govern the switchings between the two regimes. For the SETAR model the regime is a deterministic
function of a lagged value of the observed process. The NHMS-AR model can be seen as a fuzzy extension
of the SETAR model where the regime has its own Markovian evolution influenced by the lagged value
of the observed process. This is illustrated on Figure 2 which shows the transition probabilities (28)
and the threshold of the SETAR(2) model. According to this figure, it seems reasonable to model the
transition from regime 1 to regime 2 by a step function at the level yx_o ~ 3.15 but the values of y;_o
for which the transition from regime 2 to regime 1 occurs seem to be more variable and the step function
approximation less realistic.

The asymmetries in the cycle imply that the system spends less time in the second regime (decreasing
phase) than in the first one. It may explain the larger confidence intervals in the second regime compared
to the first one (see (27)). Figure 2 shows that there is an important sampling variability in the estimate
of the transition kernel of the hidden process. This is probably due to the low number of transitions
among regimes (see Figure 1) which makes it difficult to estimate the associated parameters. A similar
behavior has been observed when fitting the model to other time series.

;
~a
=
- 05
By
x&
5
0
0 5
;
~ |
=
5
~ 05
By
x&
5
0
0 5

Figure 2: Transition probabilities P (Xx = j|Xx—1 =i, Ye—2 = yr—2) as a function of yr_2. The dotted lines
correspond to 95% confidence intervals computed using parametric bootstrap. The dashed vertical line corresponds
to the threshold (3.15) of the SETAR(2) model.

Table 1 gives the AIC and BIC values defined as
AIC = —2logL + 2npar, BIC = —2logL + nparlog(N)

and L is the likelihood of the data, npar is the number of parameters and N is the number of observations.
The values for the NHMS-AR and SETAR models are relatively similar. The NHMS-AR models has a
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slightly better AIC value but BIC selects the SETAR model. As expected, these two models clearly
outperform the homogeneous MS-AR which does not include information on the past values in the
switching mechanism.

AIC BIC npar
SETAR (s =2) -28.33  -3.70 9
MS-AR (s =2) -0.2063 27.15 10

NHMS-AR (r=s=2) | -30.83  2.00 12

Table 1: AIC and BIC values for the fitted SETAR, homogeneous MS-AR and NHMS-AR models

The simulated sequence shown on Figure 1 exhibits a similar cyclical behavior than the data. A more
systematic validation was performed but the results are hard to analyze because of the low amount of
data available. Note that the fitted model is stable since it satisfies (10) for the matrix norm defined as

141l = [|P~ AP,

with P the matrix containing the eigenvectors of the companion matrix for the second regime and ||.||
the infinity norm.

A more systematic validation is performed on a longer time series in the next section.

3.2 Wind direction

Various approaches have been proposed in the literature for modeling time series of wind speed (see [?]
and references therein). In comparison, there exist only very few models for time series of wind direction
which is an important meteorological parameter for many applications. Some models have been proposed
in the literature for circular time series (see [?], [?],[?], [?]) and some of them have been applied to time
series of wind direction. However they are not able to catch the complex features of the time series of
wind direction considered in this work.

We use data from the ERA-40 data set which consists in a global reanalysis with 6-hourly data covering
the period from 1958 to 2001. It can be freely downloaded and used for scientific purposes at the URL:
http://data.ecmwf.int/data

We have extracted the wind data for the point with geographical coordinates (47.5° N, 5 W) from this
data set. It is located off the Brittany coast (northwest of France).

It leads to a long time series which is non-stationary since it exhibits an important seasonal component
but also diurnal and interannual components. A classical approach for treating seasonality in meteoro-
logical time series consists in blocking the data, typically by period ranging from a month to a trimester
depending on the amount of data available, and in fitting a separate model for each period in the year.
This approach is used in the present paper and we have chosen to focus on the months of January. It
leads to 44 time series of length 124 (31 days with 4 observations per day), each time series describing
the wind conditions during the months of January for a particular year. In the sequel, we assume that
these time series are independent realizations of a stationary process. It seems realistic according to the
results given in [?] for the wind speed at the same location since the diurnal components can be neglected
during the winter season. Following [?], another approach would consist in letting some of the coefficients
of the model introduced below to evolve in time with periodic functions for the diurnal and seasonal
components and eventually a trend.

The marginal distribution of the time series of wind direction considered in this work is shown on Figure
3. It clearly exhibits two modes, each one corresponding to a meteorological regime: the prevailing mode
corresponds to westerlies cyclonic conditions with low pressure systems coming from the Atlantic ocean
whereas the second mode is associated to anticyclonic conditions and wind blowing from the east. This
is an usual feature of meteorological time series. A classical approach for modeling these meteorological
regimes (or "weather types”) consists in introducing a hidden (or latent) variable. This idea goes back
to [?] where HMMs were proposed for modelling the space-time evolution of daily rainfall (see [?] for
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Figure 3: Wind direction for the month of January 1968 (left panel) and rose plot (right panel) of the marginal
distribution of the wind direction in January (results obtained with the 44 years of data).

more recent references on this topic). HMMs have also been proposed for modeling time series of wind
direction (see [?], [?]). However HMMs assume that successive observations are conditionally independent
given the latent weather type and fail in reproducing the strong relation which exists between the wind
conditions at successive time steps (see Figure 3).

Several autoregressive models have been proposed in the literature for directional time series (see [?]
and references therein). They are all candidates to model the dynamics of the wind direction in the
weather types but in this work we have chosen to focus on the von Mises process initially introduced in
[?]. It is based on the von Mises distribution which is a natural distribution for circular variables (see
[?]) admitting a pdf f, (with respect to the Lebesgue measure on T) given by

1 1

Yy €T, F(0) = s e neos(y = 9) = g s [

iy

; (29)

for some complex parameter v := ke'® (with £ > 0 and ¢ € T), where Iy denotes the modified Bessel
function of order 0 defined as

1
Iy(k) := o / exp(k cos(y)) dy.
T Jr
In (29), ¢ € T corresponds to the circular mean of the distribution and x > 0 describes the concentration
of the distribution: when k£ = 0 we get the uniform distribution whereas when « increases the distribution
is more and more concentrated around ¢. We assume that

k—1
p2(Ykler 9=s) = f oy sme o0 i (YK) (30)

with 79 = kpe’® € C. In [?], the autoregressive parameters yéw’“) for £ > 1 are assumed to have real

values. In this work, we extend this model by assuming that 'yex) = ﬁﬁm)eid’ém € C. We will see in the
sequel that it helps modeling the prevailing clockwise rotation of the wind direction.

The parametrization used to model the dependence of the weather change with the previous wind direction
is also based on the pdf of von Mises distribution since we assume that

b1 (Ik‘l'ﬁ:i, yt—l) X qzj_q,z), €XP (Axk—laxk’ COS (yk—l - wmk—lawk)) ) (31)

where Q = (¢z,2/),27e{1,...,M} 18 a stochastic matrix and, for z,2" € {1,..., M}, Ay »» > 0 and 1Py v € T
are unknown parameters. Loosely speaking, the probability that the hidden Markov chain {X;} switches
from x to 2’ will increase when the wind direction yj_1 is close to ¢ 5+ and A, 5+ models the directional
spreading in which this transition is likely to occur. When A, ,» = 0 for every z,z’ € {1,..., M} then
P1(Zk|Tk—1,Yk—1) = Qu,,_, .z, does not dependent on y,_1 and we obtain again the homogeneous MS-AR

models. Observe that (31) is the same as (14) with Ay pr = Ay gre?Poe’ .

The model, which theoretical properties are discussed in Section 2.2, was fitted using the EM algorithm
with a number of regimes M varying from 1 to 6. We also varied the order s of the autoregressive
models from s = 0 to s = 5 and considered various reduced models. The BIC values together with
various diagnostic plots (see discussion below) led us to focus on the model with M = 4 regimes and
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autoregressive models of order s = 2. The results discussed below have been obtained with (15) and the
additional constraints

© My = Agr o for every z, 2, 2" € {1,..., M} such that = # 2" and 2’ # "

° ¢§”J) = ga;) for every £ > 2, x € {1, ..., M}

These two constraints were considered in order to get more parsimonious and interpretable models and
are justified a posteriori by the AIC and BIC criteria. The consistency results of section 2.2 remain valid
with these constraints.

The BIC and AIC values for a few representative models which have been fitted are given in Table 2.
These criteria clearly select the most sophisticated NHMS-AR model with an important improvement
against the HMM and AR models which were proposed before in the literature. There is also a small
improvement over the homogeneous MS-AR model. This is further discussed below.

M s Constraints for £ > 1, BIC AIC  npar
xz, 2’ € {1,.., M}
HMM |4 0 A7 =0X, =0 11619 11751 20
NHMM | 4 0 =0 10289 10474 28
AR 1 2 7528 7568 4
MS-AR | 4 2 A = 0, 5724 5918 28
NHMS-AR | 4 2 5607 5854 36

Table 2: BIC and AIC values for the NHMS-AR model and various reduced models.

The main motivation of this work is to develop stochastic models which can be used to generate realistic
time series of wind direction (stochastic weather generators). In this context, it seems natural to validate
the model by simulating a large number of artificial sequences of the model and comparing the statistical
properties of these simulations with the ones of the original data. According to Figure 4, the NHMS-AR
model clearly improves the description of the marginal distribution of the process compared to the MS-AR
model which is not able to reproduce the second mode of the distribution associated to easterlies. There
are also important improvements as concerns the description of the dynamics of the process although it
remains some significant discrepancies. In particular, the fitted NHMS-AR model slightly underestimates
the circular autocorrelation function defined as (see [?])

(k) = Elcos(Yy) cos(Yy)] + E[sin(Yy) sin(Yy)] — Elsin(Yy) cos(Y)] — Efcos(Yy) sin(Yy)]
p Elcos(Yy)?]Esin(Yp)?] — E[sin(Yp) cos(Yp)]?

for lags between 2 and 5 days and some coefficients of the cross-correlation function between {cos(Y%)}
and {sin(Y%)}. The sample cross-correlation function computed on the data is at its maximum value
for a lag between 18 hours and 24 hours, with the time series {sin(Y;)} being in advance of the time
series {cos(Y;)} because of the prevailing clockwise rotation of the wind direction. The NHMS-AR
model is able to reproduce the shape of this cross-correlation function but slightly underestimates the
maximum correlation. Similar plots were done for the more usual HMM and AR models and we obtained
substantially less good results compared to MS-AR and NHMS-AR models.

A Consistency : proof of Theorem 2

We follow the proof of [?, Thm. 1] with slight modifications due to our assumptions

(see Lemmas 28 and 29). We do not give all the details of the proofs since some of them are a direct
rewriting of [?]. First, we consider the stationary case. Let 7 be the full shift on Q := (E x K)%. For
every k € Z, we identify X with Xy o 7% and Y with Yy o 7%, where Xo((Zm,Ym)mez) = 2o and
Yb((wmvym)mEZ) = Yo-
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Figure 4: Rose plot of the marginal distribution (left panels), circular autocorrelation functions (middle panels),
cross-correlation functions between the time series {cos(Y;)} and {sin(Y;)} for the fitted MS-AR (top panels) and
NHMS-AR models (bottom panels). The full grey line corresponds to the sample functions and the dashed line to
the fitted model with a 95% prediction intervals (dotted line). The distribution for the fitted model was obtained
by simulation.

A.1 Likelihood and stationary likelihood

We start by recalling a classical fact in the context of Markov chains (and the proof of which is direct).

n

Fact 21. Let m and n belong to Z with m < n. Under Py, conditionally to (Y;n_o11), (Xk)kefm,...n}
is a (possibly nonhomogeneous) Markov chain. Moreover, under Py, the conditional pdf (wrt mg) of Xk
given (XF71 Y1) is given by

oY, X = g | Xpo1, VET) -

po( Xy = mk|X,’§L_1,Y£75 )= — Py — a.s., (32)
i po (Y| X1, i)

with

pe(Ykn,Xk = .’Ek|Xk,1 = xk,l,Ykk:sl) = ‘/En i H qg(xj,X/j\xj,l,n?fsl)dm%(n_k) (SL’Z+1) (33)
s

and

po (Y Xe—1, YV )l) = / po (V' Xi = an| Xio1, VI ) dmp (ax). (34)
E

Using (2), (3) and (4), we observe that the quantities appearing in this fact are well-defined. Due to Fact
21, the quantity pe(Xi = xx|Xp—1,Y,n_, 1) is equal to

~ — ~ — ~ n—=k)/~n
Jen-isr ((—par @)PLo @kl Xe—1, V" 2o (Yl Zx, V7)) dba, (k) dm'3" P (@p,,)

~ — ~ — n—k ~n
Jenisr ((—par @)Pro (@l X1, V3" 2o (Yl 2, V7)) dmy " (@)

)

with a; := qo(Z;,Y;|Z;_1, ij:Sl). Therefore

n k—1

_ P1,— . po (Y| Xk = 21, Vi 7,)

Po( Xy = x| Xp—1, Y _o11) > ——B(xr), with SB(xy) := - — —.  (35)
s Jepo(YVi | Xy = &, V7)) dmp(x)

From this last inequality (since 0 < p1,— < p1 4+ < 00), we directly get the following (from [?]).
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Corollary 22. (as [?, Cor. 1]) For all m < k < n and every probability measures my and mg on E, we
have, Py — a.s.

< pk—m

= ’

TV

/ Po(Xy € | Xy = T, Yo _op1) dmy(zp,) —/ Po(Xi € | Xm = Tyn, Yoo i1) dma(zy,)
E E

P1,—

with p:=1— b

Observe that the log-likelihood £, (6, x¢) satisfies

0,0, 20) = Zlogpg(Yk|Xo =20, Y1) Py —a.s.,
k=1

with
po(Y¥| Xo =20, Y%, 11)
p9(Y1k71|X0 = 'TO’YBSJrl)

po(Yi| Xo = 20, YF 1) :=

= /E2 qo(zh, Yilzr—1, Y Dpe(Xp—1 = w1 X0 = w0, Y 3+1)de (s Tho1)-

Let us now define the stationary log-likelihood ¢,,(0) by

0n(0) = log pe(YalY* ),
k=1

with
ﬁe(Yk|Y_ks4}1) /E2 o (zr, Yilzr—1, YN pe(Xpo1 = wk—1|st_+11) dm$? (vx, Tr-1)
and
Po(Xp_1 = 21 |YV" )= /Epe(Xk: 1=2p-1]|Xo = anY_;+1)p9(X0 = xo|YF ) dmp(zo).
Lemma 23. (as [?, Lem. 2]) We have

sup sup |4, (0, 29) — £,(0)| < ——
zoe%eeg‘ (6,0) ©)] (1—p)?

Proof. We have

sup po (Ve Xo = 20, YEZL) — po(Vil Y1) <
xp€

§p17+/3p279(Yk|$k7Ykk:;)D($k 1, %o, )pe(Xo —$|Yké+1)dm%3(w7$k71,xk),
B

with D(xg_1,20,2) := |pe(Xk—1 = xx_1|X0 = xo,YfL;ll) po(Xik—1 = xp_1|X0 = =, Yks+1)|. Due to
Corollary 22, we have

Do (Yi|Xo =0, Y o 1) = Po(Yi|Y o 1) S p1+p™ p2,0(Ye |2k, Y, ) dmpe(zy).
[po (Ve X YELL) = po(YalYEC)| < ’”E (Yilzn, Y32, dmp (zx)
Since |pg(Y%| Xo, Yf;ﬁlﬂ and |pg(Yk|YfS+11)\ are both larger than or equal to

Pl,—/pz,e(Yk|xk7Ykk:sl)de(wk),
E

we obtain that
po (Ve Xo = w0, Y1) — o (Vi YEL)

p1— [ p20(Yilze, Y2 ) dmp(zr)
k—1

llog po (Yi| Xo = w0, Y ) —log pa(Ya[YF )| <

< pkflpl—’—’_ _r Py — a.s. (37)
p— l—p
and so (36) since Py« is absolutely continuous with respect to Py (for all ). O
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A.2 Asymptotic behavior of the log-likelihood

The idea is to approximate n=¢,,(8) by n=! >} _, logpg(Yk|Yf;1). To this end, we define, for any k > 0,
any m > 0 and any x¢ € E, the following quantities

Apom.o(0) = logpg(Yk\Y e s+17X =z) and Ag,,(0) = logpg(Yk|Y e s+1)

With these notations, we have

0) => Apo(0) and £,(0,x) ZAMIO (38)
k=1

Lemma 24. (as [?, Lemma 3]) With the notation p introduced in Corollary 22, we have Pg--almost
surely

Ym,m' >0, sup sup |Agam.e(0) — Apmrar (0)] < pFHminmm)=1/q _ ) (39)
0€cO z,x'€F
VYm >0, supsup |Agm.(0) — Apm(0)] < pk+m_1/(1 -p) (40)
0cO zeFE
Sup sup sup | Akm.e(0)] < max(|log(pr by (Vi o)), [log(pr,—b— (Y, )]) (41)
m>0xe
with
bo(yi_y) = irelf/Epz,o(ykI%y;’iii) dmp(x)
and

bi(yi—s) = St;p/Epz,e(ykI%yZii)de(w)~
Proof. Assume that m < m/. We have
eBkma(®) = /E‘2 o (@, Yelze—1, Y pe(Xeo1 = 21| X = 2, VI ) A2 (vk, 2h-1).
Observe moreover that, due to Fact 21, we have

Bkt o (0) / A Opo(X_ = 2| Xy = ! YESL ) dmi(2").
E

—m
Therefore, according to Corollary 22, we obtain

’em,m,x(@ %Ak,m/,w/(e)’ < sup |eBrma(®) _ Brma ()]
z"€eE

IN

p1,+Pk+m_1/ P20 (Yilok, VETL) dmp (xy).
E

Since
’6A’°’m’z(9)‘ 2]91,7/Pz,e(Yk|$k,Ykk:sl)de(iﬂk),
B

we get the first point. The proof of the second point follows exactly the same scheme with the use of the
following formula

eBrm(0) — / P kmaa (e)pg(X_m = z_m\Yfml sp1) dmEe(T_m).
E

The last point comes from the fact that

pl,—/ p2.o(Yi|zy, YE D) dmp(zy) < eBrme(® Sp1,+/ pao(Yelzw, YET L) dmp(xp).
B B
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Due to (39), we get that, Pp--a.s., (Agmz(0))m is a (uniform in (k,z,0)) Cauchy sequence and so
converges uniformly in (k,z,6) to some Ay o0 »(0).

Due to (39) and (40), Ak co.(6) does not depend on x and will be denoted by Ay o (6). Moreover we
have Ay o0 () = Ag oo (0) o 7.

Due to (41), (2), (3) and (4), (Ak,m.c(0))k,m.c is uniformly bounded in L' (Pj-). Therefore Ay o () is in
L' (Pg-). Let us write B
0(0) :=Eg~[Ag,00(0)].

Since (Q, F,Pp-,7) is ergodic, from the Birkhoff-Khinchine ergodic theorem, we have

n—-+4oo

lim n~* Z Ag.oo(0) = £(0) Pg- —a.s. and in L' (Py-). (42)
k=1

Now, due to (39) and (40) applied with m = 0, we obtain

Z sup [Ag,0(0) — Ao (0)] <
=1 ?

Now, putting together (38), (40), (42) and (43), we have
Corollary 25. B
lim n=',(0,70) = lim n '4,(0) = £(0), Pp —a.s..

n—-+o0o n—-+oo

Still following [?], we have the next lemma insuring the continuity of 6 — £().

Lemma 26. (as [?, Lemma 4]) For all 6 € O,

lim Eg-[ sup  |Ag,00(0) — Ao, (0)]] = 0.
6—0 |9_9/|§5

Proof. We recall that Ag s = limy, 00 Ao,m,(0) (for every xz € E) with

Jigm Toe i1 @0 (e, Yelwo1, Y2 ) dm@™ (2%, 1) d6, ()

fEmfl H;:l—erl do ({17[7 Y€|CU1€717 YVZZ:SI) dm%(M71) (‘T:}nJrl) d(SI ((E,m)

Ao m,(0) =log

Since the maps 6 — qg(z¢, ye|ze—1, yf:;, ye) are continuous, Ag . is Pg«-almost surely continuous. The
uniform convergence result proved above insures that Ay o is also Py«-almost surely continuous. Hence

VO, lim  sup  [Apeo(d) — Apoo(0)] =0 Py —a.s..
6=0¢r:10—0'|<5

Now, the result follows from the Lebesgue dominated convergence theorem, due to (41), (2), (3) and
4). O

Lemma 27. (as [?, Prop. 2]) We have

li 10,0, m0) — £(0)] =0, Py — a.s..
n;rfwgggln (0,20) —£(0)] =0, Pop- —a.s

Lemma 27 can be deduced exactly as in the proof of [?, Prop. 2]. We do not rewrite the proof, but
mention that it uses (36), the compacity of O, the continuity of £, (43), the ergodicity of Py« and Lemma
26.

Lemma 28. (as [?, Lemma 5]) For every k < ¢, we have

lim sup |]39(Y,f|Y;j_s+1) —po(YE)| =0 in Py — probability.

J==00 i<
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Proof. Let us write G(y°,) := [ p2,0(yolz, y_}) dmg(z) and G(yo) = sup,-1 G(y°,). As in the proof of

[?, Lemma 5], we observe that7 by stationarity, it is enough to prove that

V¢ >0, lim sup ‘pg VY0, s41) — Q(Ykk+£)| =0 in Py« — probability

k—400 i>0

and we write

[P (VYY) = ()| =

/ Ap(B} — BY)Cs dm2 (s, o) dm (g7, 51|
E2x K?2s

with
k+¢

Ap o= pp(YIH Xy = ey, V) = yi2)) < Py H G(Y, H
j=k+s j=k

(due to (34) and to (2)) with

*(k—s— -
B//C = pp(Xk—1 = xk_l,Ykk_al = yk 1|X =2, Y] =yj) = Qe( ° 1)(xk—1’yllz—;|xs’yf)’
with
By = po(Xp—1 = 1, V) =y "2) = ho(zr-1,55 1)
and with
C; = ﬁe(X = msayl = y1|Y i— s+1)

Let us write
By, = / |B), — By dﬂ(xk—l’yll::él')'
ExXKs

We have

|259(Yk(€+£|yé(ls+1) - ﬁe(Yk{cH” < Ak/ By C; d,u(xs, yi)
ExKs

On the one hand, due to (6), Bx = Bi(xs,yS) converges to 0 as k goes to infinity, for p-almost every
(zs,95) (and this quantity is bounded by 1). On the other hand, on {Y°,__., =4°,_ .}, we have

S
¢ = /E Hqe(%ayﬂx%lay;:;)m(xo:$0|Y9i—s+1:ygi—s+1)dm%5( 0 1)
it
S p1,+H(IS7yS—s+1)a
with
oo o)= [ prirg\% ) [T Py ™) dm (21
Jj=1

and

Vyo—s+17 /E p H(xe,y® 1) dp(xs,y7) = 1.
K

Therefore, by the Lebesgue dominated convergence theorem, we obtain

lim sup/ BrCidu(zs,y]) =0 Pop- — a.s..
k=400 i<0 JExKs

Of course, this convergence also holds in Py--probability. Now, since, for every k, Ay, is a real valued
randlom variable (see (5)) with the same distribution as pz+1 HJ s G(YJ )szé G( i), we obtain tk;
result.

Lemma 29. ([?, Lem. 6 & 7, Prop. 8]) For every 6 € ©, £(0) < £(6*). Furthermore

0o) = 06*) = PY =B
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Elements of the proof. We do not rewrite the proof of this lemma, the reader can follow the proofs
of [?, Lem. 6-7, Prop. 3] (using Lemma 28 and Kullback-Leibler divergence functions). The only
adaptations to make concern the proof of [?, Lem. 7] which, due to our slightly weaker hypothesis (5),
are the following facts. Following the proof of Lemma 28, observe that, due to (2), (34) and (33), on

P _ P —k _ .k = P —k :
{Y—s+1 =Y_s+1> Y—m—s-‘,—l - y—m—s+1}7 pe(Y—s+1|Y—m—s+1) is between

P
+ i \= - - —k -
pllg,—s/ H G(yjfs)pO(X—s = x—37Y—2ss+1 = y—25+1|Y—m—s+1)d/u(aj—say—;s-‘,-l)
ExXKs j=—s+1

and ,
+: P\ - — —k —
pzl),:/ H G(yjfs)p«?(X—s = $—37Y—22+1 = y—23+1|Y—m—s+1) du(x—s,y_55+1)7
ExKs j=—s+1

with G(y°,) :== [ p2.6(yolz,y_L) dmp(z). Therefore we have

p+s p = P —k pt+s P

P1,- j = 0 —k pe(Y—s+1|Y—7rz—s+1) P14 j
[ G07 ) < p VPV Yo ) = most) Pl T yi )

pi-i- = j—s s+ m—s+ ﬁe(YEs-‘rllY_T]Z—S-‘rl) pi_ et j—s

Due to (3) and (4), we obtain
B [sup sup 10817V 2s11, Y25 )| < o
which enables the adaptation of the proof of [?, Lem. 7]. O

Proof of Theorem 2. Let xy € E. We know that, Pg--almost surely, (n™'4,,(-, 2¢)),, converges uniformly
to ¢ which admits a maximum £(0*). Since £,(-, o) is continuous on © and since © is compact, 0,, , is

well defined. Moreover, the limit values of (6, 4,)» are contained in
{00 : £0)=10")}C{0cO : Py :]T’g;}.

Assume now that Qg~ is aperiodic and positive Harris recurrent, following the proof of [?, Thm. 5], we

have limy,_, o0 €(01 4,) = £(0*) almost surely for any initial measure and we conclude as above. O

B Identifiability for the von Mises model: proof of proposition
13

Assume that ]fl’;/l = I@é. In particular, we have

_ k— k— _ k— k— Y,
Do, (Ve = yr[VE) = yiZd) = Do, (Vi = w Vi) = yiZ)), for BpF —ae. yp_
and thus

M M
_ _ _ _ _ _ —Y[r |
> Py, (Xk = 2|yt 2o, (klz, vp~0) = > Po, (Xi = zlyg = Dpoo (yilz, yp = L), for Pyl —ae. yf_,.

=1 =1

Since pg, (y¥_,) > 0 (the invariant pdf hy satisfies hy > 0 and the transition pdf gy satisfies gy > 0 by
construction) and due to (30), we deduce that, for m®+_ae. yF . we have

M M
* k— * k—
Z Po, (Xk = $|y’f—;)fvém<)1>+zz=1 "Yém()neiy’“*f (y) = Z Po, (Xi = x‘yk_;)f75m<)2)+25=1 Wzgm()z)e'iyk% ()

=1 =1

with f, defined by (29) where m denotes the Lebesgue measure on T.
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According to [?], finite mixtures of von Mises distribution are identifiable. This implies in particular that

if
M
ngx)fvf Z?T f<> ) for m —a.e. y
=1

with *y(z) £ 'yf:/) for  # x’ and ﬂ%z) > 0 for z € {1,..., M} then there exists a permutation 7 :
{1,...., M} = {1,..., M} such that ’ylz) = ’yéf(z)) and ng) = WéT(m)).

Recall that we have assumed that (*y((f()l), ey 7295()1)) # (7(()?(/1))7 ...,'yif(/l))) if x # 2/, which implies that

,70 (1) 4 Z’yﬁml) etYk—t £ fyO (1 + Z,y(x ) eiYr— ¢, for m®Gt) 4o yl@—s'
Therefore, since for every x € {1,..., M} and for m®*-almost every y¥~!, Py (X = 2|yf 1) > 0 (since

hg, > 0), for m®*-almost every y,’j_s there exists a permutation 7, k-1 of {1,..., M} such that,
k—s

(7, e 1(1)) S N C))

Vo € {1,..., M}, FY(()x()l Z (x) eiYk—t =Yoo —s +Z’7£ (2)—e eYk—t

Since the set of permutations of {1, ..., M} is finite, there exists a positive Lebesgue measure subset of T*
on which the permutation is the same permutation 7. From this, we deduce that

Vee{l,..,M}, Vje{0,..,s}, VJ(I()l) - J(T(S))
and that, for Lebesgue almost every yk , the following holds true

Vo € {1, ..., M}, Py, (Xi = 2|yf~1) = Pp, (Xp = 7(x) |y~ 1).
Let us now discuss the identifiability of the other components of 6, and 5. If Pj =P} then

_ _ _ _ _ _1y mYEH
Doy (Vi = Yk, Vierr = o1 [YE = u20) = Do, (Vi =y, Verr = e [V = yiZh) Py —ae. il

and thus, for Lebesgue almost every y,’ji, we have

M
1;1%1 X = alyp=dpre @@,y fe e o WL e e e (Ukt)
M
— I _ k—1
= I;1P92(Xk —$|yk75)p1702( "r Z/k)f () i 1’Y( (>) iyg_ /(yk)f (()Jv( i 17@() Wh— 41 (yk-i-l)

This implies that, for almost every y,’jti, the quantity

_ b
Z]Pel (Xk = x|yk_;)(p1,91 (z/lfﬂ,yk)*pLgQ(T(%I)‘T(m),yk))f,y((’m()l)+zz_l ’Y,EI e e Vk— z(yk)f éT(l)J’_EZ 17(1( )) g g1 (yk"rl)
z,x’ ’ B o«

is null and so (again using the identifiability of von Mises distribution)
Va, o', pre, (2|2, y) = p1e, (7(2))|7(x),y) for m — a.e. y.

Now, due to the special form of p; g specified in (14), we get

o, (1) ’exp (S\Lt’zlv(l)eiiy> ’ Ar(z),7(z"),(2) ’exp (S\T(x)77(x’)7(2)67iy> ’
Vr,x', m—a.e.y, _

PO Qo2 (1) ’eXP (;\m,z”,u)@_“’)‘ DN Tr(a),a",(2) ‘eXP <;\T(z),x~,(2)€_w>‘
(44)
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Let « € {1,..., M} be fixed. Applying (44) a first time with 2’ = x and a second time with any z’, we get

' Toa( ’eXp ( wa’ (1€ y)’ Tr (), (2'),(2) ’exp (/\T(x),r(w,(z)efiy)‘
V', for m —a.e. y, —

9z, ‘eXp ( zy) ‘ Ar(z),r(x),(2) ‘eXp (S‘T(x),r(x)’(z)e_iy) ‘
and so
Ve, Qoo (1) _ Gr(2).7(2).(2) )
Q:z‘,a:’(l) qT(a:),’r(z),(Q)
and ) ) ) ~
V2’ Aaar, (1) = Aaa,(1) = Ara)r(@), (@) T Ar(e)r(a),(2)- (46)

Now, since Y, Gzor.(1) = 1 = D10 Gr(a),7(27),(2), due to (45), it comes ¢, 5 (1) = Gr(2),r(z),(2) and so

V' € E, Az,2',(1) = dr(z),7(z'),(2)"

If 6, and 05 are in ©’, since S\m,r,(l) = 0= Ar(2),7(a),(2), due to (46), we conclude that
Vx/ € E, S‘x,x’,(l) = XT($)7T(x/)7(2).

If 6, and 6, are in ©”, since ), 5‘9:7:70’7(1) =0=> S\T(m)T 2),(2), due to (46), we get S\Lw,(l) =
S\T(m)_,(m)’@) and, applying again (46), we conclude that

Va' € B, Moo (1) = Ar(a),r(a),(2)-

)

C Identifiability for the gaussian model: proof of Proposition 9

Using similar arguments as in Appendix B, existing results on the identifiability of mixture of Gaussian
distributions (see [?]) we obtain that if Py = Py , then for all z € {1,2} and y € R

(5521)’@?)1)""’5(<)1>’ ) (ﬁom 12 Bty s B (3))

and

() () (z) (z)
=72 — ™0 (@) 1=7210) ~ ™)

o =Tt

p1e, (z]2,y) = ™ot

()

= p1,0,(z(2,y)
1+ exp </\0 2t A ()Y )

1+ exp </\( 0.1 T /\gw()l) )
(47)
where the regimes have been labeled such that the permutation 7 is the identity.

If 6, and 6> are in © then )\(‘r),) # 0 for ¢ € {1,2} and looking at the asymptotic behavior of the terms
which appear in (47) when y — +oo permits to show that 7r( )(1) = 71'( )(2), Ej)(l) f)@) We can then
easily deduce that /\O (1) = )\01()2) and )\gI()l) = /\530(2) and thus that 6; = 65.

If 6; and 65 are in ©”, then we directly obtain that 7r( )( = 77( )(2) =l )( = 7r( )( 1) =0 and then that
01 = 0,. O

D Identifiability for the Rainfall model: proof of Proposition 19
Assume that Pgl = IP%;. First, we use the fact that

_ _ _ _ —yk )

o, (Vi = Vi = 0= d) = Do, (Vi = |V = 9i=)) for Pyl —ace yi_, (48)
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to prove that
(@) @) g) (@) @) @
( 1,(1)? z(l 7B ) ( 1(2) Q)uﬁi,(g))i,:zﬂ
Using (48) on the set {T,(f) >0, Vi € {1,...,£}}, we conclude that there exists a permutation 7 of {1, ..., M}
such that, for every i € {1,...,¢} and every = € {1, ..., M}, we have

(@ Biy) = (015 BL7) (49)
and

l
Py, (Xx = 2|V} = ykéllﬁﬂ)*P%X%*xW$: yké]Iwﬁ@X
=1

Now, for every J C {1,...,£}, we use (48) on the set {rkj >0, Vj e J, r](:) =0, Vi € J}. Due to (49)
and since 6, satisfies (25), we obtain

Bo, (X = o[V = b =) [T 2V [T =700 = Boy(Xi = 2y = i) T 205" TTa =705,
jeJ zng jeJ igJ

From which, we conclude
Vi€ {1, 0} Vo e {1, M}, g, =705, (50)

Now it remains to prove that (g7 (1)s fa,2,1)) = (@r(2),7(27),(2)s lr(z),r(2'),(2))- 1o this hand, as for the
von Mises model (see Appendix B), we use the fact that

Doy (Vi = Uk, Yir1 = e 1|V = vih) = Bo, (Vi = wi, Virr = una [Vl = yf =) for P, Vi —a.e. yy_
(51)
and obtain that
an (E/, P1,6, ("E/‘(E, yk) = P1,6, (T(.’El)‘T((E), yk) for a.e. Y-

This implies that

Qa,2’ (1) GXP(—Z;Q_lﬂz,mI,(l)) _ @)@, exp(—24,_1flr(z),7(2),(2))
Z » QI z” eXp( Z;qfﬂlw,w’,(l)) Ez” (jx,T(w”),(2) exp(_zllgflﬂz,‘r(w”),(?)) 7

(52)

Wlth qx,a:’,(j) = Qw,w’,(j) exp(f%(u$7$/7(j))’Efluw,w@(j)) and ﬁw,w/,(j) = Eilp,l@./’(j). FI‘OHl (52)7 we obtain
that
Qo0 ,(1) €XP(—2) 1 [0 (1)) _ &r(@)r@),@) exp(—24_ 1 for(z),7(2),(2))

)
(jz,w,(l) eXp(fz;g—lﬁz,w,(l)) QT(I),T(Q:),(Q) exp(fz;g—lﬂT(w),‘r(w),(Q)) ’

and so that, for every z, 2’ € {1,..., M},

P (1) = Bazz,(1) = Br(e),r(2),(2) — Br(z),7(2),(2) (53)

and ~ ~
Qoo (1) _ 9r(2).7(2).(2)

ij,:r,(l) QT(‘T)’T(QJ)v(z)

Finally, it comes from (53) that fi, . (1) = fir(a),r(@),2) (USING Y o fig o7 () = 0) and S0 fig 47 (1) =

P (z),7(2),(2)- S0 (54) becomes
qx,x’ (1) _ qr(z),r(z"),(2)

qz,x,(1) qr(z),7(x),(2)

which implies that Qz,2',(1) = Qr(z),7(z'),(2) (due to Zm,, Az,x”,(5) = 1) 0

27



E Proof of Lemma 16

Let f be any probability pdf wrt u = mpg X mg. We have

[Q5" (f = ho)l(x0,50) = /(3 H 0o(xi, Yilwi—1) (f — ho)(x—n, y—n) dm" (27, )dmT" (y=,)

XK) 1=—n+1

/;Z'nxKn—1 H qg(xi7yi|‘ri—1)(F - hl,@)(‘r—n) dm%n(z:i)dmi(n_l) (y::ﬁ-l)
1=—n+1

with F(z_p,) = [i f(@—n,y—n) dmi(y—n). Now, since qo(x;,yilzi—1) = pr,o(xilei—1)p2,6(yilzi), we
obtain that

Q5" (f — h1,0)](x0,Y0) = P2,6(Yo|z0) / H pro(zilmi1)(F — hig)(z_y) dmE™ (z2}).

i1=—n+1

Therefore
Q8" (f — ho)llLr(mpxm) = [QT6(F — ha,0)l[L1(mp)-

Now, let us assume that py 9 > 0 and that (X})x is an aperiodic positive Harris recurrent Markov chain.
We will use the notations of [?].

Since (X )y is positive, it is ¢-irreducible (with ¢ = 1)g). Due to the hypothesis on ps g, this implies the
Y-irreducibility of (X, i)k (with ¢ = 19 X mg).

Moreover (X, Y%:)y is positive since it admits an invariant probability measure (due to the first point of
this result).

The fact that (Xj)y is aperiodic means that, for every vy -small set C' such that vy (C) > 0 for (Xi)x,
the greatest common divisor of the set E¢ defined as follows is equal to 1:

Ec:={n>1: Cis v, —small with v, = d,vp and ¢,, > 0}.

Now, let C’ be a vj,;-small set for (Xy, Yy)r with v/},(C") > 0, then for every (zo,y0) € C’ and every
(B,D) € B(E) x B(K), we have Q) 15« p(x0,y0) > v};(B x D). Moreover Q3 15 p(z0,y0) is equal to

/EM*I </Bf[1p1,9(m:z:¢_1) </Dp2,9(yM|xM)de(yM)> de(l’M)> dmEM D) (M-1).

Since Q) 15« p(z0,y0) does not depend on yp, we obtain
V(l’o,yo) € Ex K, VB e B(E), Q{\?Q]IB(I()) = Qy]leK(xo,yo) > V;\/I(B X K)

andso C :={z € F : JyeK, (v,y € C'} is VM—small with vy (B) = v, (B x K) and vy (C) >
v (C") > 0. Moreover Ec = Ecv. Indeed if C" is v -small with v}, = §],v},, then C is v,-small with
Un(B) = v},(B x K) = 6,vn(B) with 6,(z) = [} 6,,(2,y) dmg (y); and conversely, if C' is v,-small with
Vp = Onvpr, then C' is v, -small with v (B x D) = 5’ 'V (B x D) and with 6] (z,y) = d,(x)p2,e(y|z).
Therefore (X, Y ) is also aperiodic.

Finally, the Harris recurrence property of (X, Yy ) follows from the Harris-recurrence of (Xj)x and from
P20 > 0. O

28



