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Consider a parametrized family of general hidden Markov models, where
both the observed and unobserved components take values in a complete sep-
arable metric space. We prove that the maximum likelihood estimator (MLE)
of the parameter is strongly consistent under a rather minimal set of assump-
tions. As special cases of our main result, we obtain consistency in a large
class of nonlinear state space models, as well as general results on linear
Gaussian state space models and finite state models.

A novel aspect of our approach is an information-theoretic technique for
proving identifiability, which does not require an explicit representation for
the relative entropy rate. Our method of proof could therefore form a founda-
tion for the investigation of MLE consistency in more general dependent and
non-Markovian time series. Also of independent interest is a general concen-
tration inequality for V-uniformly ergodic Markov chains.

1. Introduction. A hidden Markov model (HMM) is a bivariate stochastic
process (X, Yi)k>0, where (Xi)r>0 is a Markov chain (often referred to as the
state sequence) in a state space X and, conditionally on (Xy)r>0, (Yx)k>0 1s a se-
quence of independent random variables in a state space Y such that the conditional
distribution of Y; given the state sequence depends on X only. The key feature
of HMM is that the state sequence (Xy)kx>0 1S not observable, so that statistical
inference has to be carried out by means of the observations (Yi)x>0 only. Such
problems are far from straightforward due to the fact that the observation process
(Yk)k>o0 is generally a dependent, non-Markovian time series [despite that the bi-
variate process (X, Yx)k>o is itself Markovian]. HMM appear in a large variety of
scientific disciplines including financial econometrics [17, 25], biology [7], speech
recognition [19], neurophysiology [11], etc., and the statistical inference for such
models is therefore of significant practical importance [6].

In this paper, we will consider a parametrized family of HMM with parameter
space ®. For each parameter 6 € ©®, the dynamics of the HMM is specified by
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the transition kernel Oy of the Markov process (Xi)r>0, and by the conditional
distribution Gy of the observation Y given the signal X;. For example, the state
and observation sequences may be generated according to a nonlinear dynamical
system (which defines implicitly Oy and Gy) of the form

X =aeg(Xr—1, Wi),
Yi = bo (X, Vi),

where ap and by are (nonlinear) functions and (Wi )r>1, (Vi)k>0 are independent
sequences of i.i.d. random variables which are independent of Xj.

Throughout the paper, we fix a distinguished element 6* € ®. We will always
presume that the kernel Qg+ possesses a unique invariant probability measure g+,
and we denote by Py« and g+ the law and associated expectation of the stationary
HMM with parameter 6* (we refer to Section 2.1 for detailed definitions of these
quantities). In the setting of this paper, we have access to a single observation path
of the process (Yx)r>0 sampled from the distribution Pg«. Thus, 6* is interpreted
as the true parameter value, which is not known a priori. Our basic problem is to
form a consistent estimate of 6* on the basis of the observations (Y )0 only, that
is, without access to the hidden process (X)x>0. This will be accomplished by
means of the maximum likelihood method.

The maximum likelihood estimator (MLE) is one of the backbones of statistics,
and common wisdom has it that the MLE should be, except in “atypical” cases,
consistent in the sense that it converges to the true parameter value as the number
of observations tends to infinity. The purpose of this paper is to show that this is
indeed the case for HMM under a rather minimal set of assumptions. Our main
result substantially generalizes previously known consistency results for HMM,
and can be applied to many models of practical interest.

1.1. Previous work. The study of asymptotic properties of the MLE in HMM
was initiated in the seminal work of Baum and Petrie [3, 28] in the 1960s. In these
papers, the state space X and the observation space Y were both presumed to be fi-
nite sets. More than two decades later, Leroux [23] proved consistency for the case
that X is a finite set and Y is a general state space. The consistency of the MLE in
more general HMM has subsequently been investigated in a series of contributions
[8, 9, 14, 21, 22] using a variety of methods. However, all these results require
very restrictive assumptions on the underlying model, such as uniform positivity
of the transition densities, which are rarely satisfied in applications (particularly in
the case of a noncompact state space X). A general consistency result for HMM
has hitherto remained lacking.

Though the consistency results above differ in the details of their proofs, all
proofs have a common thread which serves also as the starting point for this paper.
Let us therefore recall the basic approach for proving consistency of the MLE.
Denote by p"(yp; @) the likelihood of the observations Y for the HMM with
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parameter 6 € ® and initial measure Xo ~ v. The first step of the proof aims to
establish that for any 6 € ®, there is a constant H (6*, ) such that

. -1 v n, — T =175 * v n. = * P * =
nll)rglon log p (YO,Q)—nll)Hgon Eg«[log p* (Yy; 0)1 = H(07,0), Pg«-a.s.

For 6 = 6*, this convergence follows from the generalized Shannon—Breiman—
McMillan theorem [2], but for 6 # 6* the existence of the limit is far from obvi-
ous. Now set K (6*,0) = H(6*,0*) — H(0*,0). Then K (0*,0) > 0 is the relative
entropy rate between the observation laws of the parameters 6* and 6, respectively.
The second step of the proof aims to establish identifiability, that is, that K (6*, 8)
is minimized only at those parameters 6 that are equivalent to 8* (in the sense that
they give rise to the same stationary observation law). Finally, the third step of
the proof aims to prove that the maximizer of the likelihood 6 — p"(Y/'; 6) con-
verges Pys-a.s. to the maximizer of H (6*, ), that is, to the minimizer of K (8*, §).
Together, these three steps imply consistency.
Let us note that one could write the likelihood as

1 n
nlog p" (Y 0) = - > log p* (Yl Y§ 5 ),
k=0

where p“(Yk|Yé‘_l; 0) denotes the conditional density of Y; given Yé‘_l under
the parameter 6 (i.e., the one-step predictor). If the limit of p(Y1|Y On; 0) as

n — oo can be shown to exist Py«-a.s., existence of the relative entropy rate fol-
lows from the ergodic theorem and yields the explicit representation H (6%, 6) =
Eg«[log p* (Y1 |Y900; 6)]. Such an approach was used in [3, 9]. Alternatively, the

predictive distribution p”(Yk|Yé€71; 0) can be expressed in terms of a measure-
valued Markov chain (the prediction filter), so that existence of the relative entropy
rate, as well as an explicit representation for H (6*, 0), follows from the ergodic
theorem for Markov chains if the prediction filter can be shown to be ergodic. This
approach was used in [8, 21, 22]. In [23], the existence of the relative entropy
rate is established by means of Kingman’s subadditive ergodic theorem (the same
approach is used indirectly in [28], which invokes the Furstenberg—Kesten theory
of random matrix products). After some additional work, an explicit representa-
tion of H (6*, 0) is again obtained. However, as noted in [23], page 136, the latter
is surprisingly difficult, as Kingman’s ergodic theorem does not directly yield a
representation of the limit as an expectation.

Though the proofs use different techniques, all the results above rely heavily
on the explicit representation of H (6*, #) in order to establish identifiability. This
has proven to be one of the main difficulties in developing consistency results for
more general HMM. For example, an attempt in [14] to generalize the approach
of [23] failed to establish such a representation, and therefore to establish con-
sistency except in a special example. Once identifiability has been established,
standard techniques (such as Wald’s method) can be used to show convergence of
the maximizer of the likelihood, completing the proof.
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For completeness, we note that a recent attempt [12] to prove consistency of
the MLE for general HMM contains very serious problems in the proof [18] (not
addressed in [13]), and therefore fails to establish the claimed results.

1.2. Approach of this paper. In this paper, we prove consistency of the MLE
for general HMM under rather mild assumptions. Though our proof follows
broadly the general approach described above, our approach differs from previ-
ous work in two key aspects. First, we note that it is not necessary to establish
existence of the relative entropy rate. Indeed, rather than attempting to prove the
existence of a limiting contrast function

. —1 V,oyn. _ * m .-
nli)rrolon logp"(Yy;0)=H(6",0), Py«-a.s.,

which must then shown to be identifiable in the sense that H(6*,60) < H(0*, 0*)
for parameters 6 not equivalent to 6*, it suffices to show directly that
limsupn~'log p*(Y(;6) < H(6*,6%),  Poeas.
n—00

[note that the existence of H(6*,0*) is guaranteed by the Shannon-Breiman-
McMillan theorem, and therefore poses little difficulty in the proof]. This sim-
ple observation implies that it suffices to obtain a convenient upper bound for
p"(Yy;6), which we accomplish by introducing the assumption that some iter-
ate Qle of the transition kernel of the state sequence possesses a bounded density
with respect to a o -finite reference measure .

Second, and perhaps more importantly, we avoid entirely the need to obtain an
explicit representation for the limiting contrast function H (6*, 6) which played a
key role in all previous work. Instead, we develop in Section 4.2 a surprisingly
powerful information-theoretic device which may be used to prove identifiability
in a very general setting (see [26] for related ideas), and is not specific to HMM.
This technique yields the following: in order to establish that the normalized rela-
tive entropy is bounded away from zero, that is,

_ = YI’L’ 9*
liminf - [n—l log M] >0,
n=00 p'(Yy;0)

it suffices to show that there is a sequence of sets (A )x>0 such that

limianF"@*(Y(’)1 €A, >0, limsupn_1 logPy(Yy € Ap) <O
n—oo n— 00

[here P is the law of the HMM with parameter 6 and initial measure v, while
p(yy: 0*) denotes the likelihood of Y} under Py+]. It is rather straightforward to
find such a sequence of sets, provided the law of the observations (Yi)x>0 is er-
godic under Py~ and satisfies an elementary large deviations property under Py.
These properties are readily established in a very general setting. In particular, we
will show (Section 5) that any geometrically ergodic state sequence gives rise to
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the requisite large deviations property, so that our main result can be applied im-
mediately to a large class of models of practical interest. (Let us note, however,
that ergodicity of [Py is not necessary; see Section 3.2.)

Of course, there are some complications. Rather than investigating the likeli-
hood function p”(Yj; 0) directly, the proof of our main result relies in an essential
manner on the asymptotics of the process p*(Y’; ) where A is the reference mea-
sure defined above. The latter process plays a special role in our proofs due to the
fact that it satisfies a certain submultiplicativity property; this allows us to upper
bound n~!log p¥(Y/; #) by a time average, which possesses an almost sure limit
by Birkhoff’s ergodic theorem (see the proof of Theorem 1 below for further de-
tails). As X is typically only o-finite, however, it is not immediately obvious that
the problem is well-posed. Nonetheless, we will see that these complications can
be resolved, provided that the HMM is sufficiently “observable” so that the im-
proper likelihood pA(Y(’;; 0) is well defined for sufficiently large n (under mild
integrability conditions). As is demonstrated by the examples in Section 3, this is
the case in a wide variety of applications.

Finally, let us note that the techniques used in the proof of our main result ap-
pear to be quite general. Though we have restricted our attention in this paper
to the case of HMM, these techniques could form the foundation for consistency
proofs in other dependent and non-Markovian time series models (such as, e.g.,
the autoregressive setting of [9]), which share many of the difficulties of statistical
inference in hidden Markov models. Other asymptotic properties of the MLE, such
as asymptotic normality, merit further investigation.

1.3. Organization of the paper. The remainder of the paper is organized as
follows. In Section 2, we first introduce the setting and notations that are used
throughout the paper. Then, we state our main assumptions and results. In Sec-
tion 3, our main result is used to establish consistency in three general classes
of models: linear-Gaussian state space models, finite state models, and nonlinear
state space models of the vector ARCH type (this includes the stochastic volatil-
ity model and many other models of interest in time series analysis and finan-
cial econometrics). Section 4 is devoted to the proof of our main result. Finally,
Section 5 is devoted to the proof of the fact that geometrically ergodic models
satisfy the large deviations property needed for identifiability. In particular, we
prove in Section 5.2 general Azuma—Hoeffding type concentration inequality for
V -uniformly ergodic Markov chains, which is of independent interest.

2. Assumptions and main results.

2.1. Canonical setup and notation. We fix the following spaces throughout:

e X is a Polish space endowed with its Borel o-field X.
e Y is a Polish space endowed with its Borel o-field ).
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e O is a compact metric space endowed with its Borel o-field H.

X is the state space of the hidden Markov process, Y is the state space of the obser-
vations, and ® is the parameter space of our model. We furthermore assume that
© is endowed with a given equivalence relation? ~, and denote the equivalence
classof € ® as [A] def 0/ e®:6" ~0).

Our model is defined as follows: we are given a transition kernel Q: ® x X x
X — [0, 1], a positive o -finite measure p on (Y, )), and a measurable function
g:® x X x Y — Ry such that [ gy(x, y)u(dy) =1 for all 6, x. For each 6 € ©,

we can define the transition kernel Ty on (X, Y) as
def
Tol(e, ), 1% [ e, y)go ', y)u(dy) Qo dx').

We will work on the measurable space (€2, F) where Q = (X x VYW F=(x®
V)®N | and the canonical coordinate process is denoted as (X, Yi)k>0. For each
6 € ® and probability measure v on (X, X), we define Py to be the probability
measure on (€2, F) such that (X, Yx)k>0 is a time homogeneous Markov process
with initial measure Py ((Xo, Yp) € C) = [1c(x, y)go(x, y)u(dy)v(dx) and tran-
sition kernel Ty. Denote as [Ej the expectation with respect to [Py, and denote as
]P’;’Y the marginal of the probability measure IP) on (YN, y®N),

Throughout the paper, we fix a distinguished element 6* € ®. We will always
presume that the kernel Qg~ possesses a unique invariant probability measure 7y«
on (X, X) [this follows from assumption (A1) below]. For ease of notation, we will
write I@’g*, I_EQ*, I@’g* instead of ng* , ng* , ng*’y. Though the kernel, Qg need not
be uniquely ergodic for 6 # 6* in our main result, we will obtain easily verifiable
assumptions in a setting which implies that all Qg possess a unique invariant prob-
ability measure. When this is the case, we will denote as 7y this invariant measure
and we define Py, Eg, ]P’g as above.

Under the measure [P, the process (Xi, Yi)k>0 is a hidden Markov model.
The hidden process (X)r>0 is a Markov chain in its own right with initial
measure v and transition kernel Qg, while the observations (Yx)x>o are condi-
tionally independent given the hidden process with common observation kernel
Go(x,dy) = go(x, y)u(dy). In the setting of this paper, we have access to a single
observation path of the process (Yx)x>0 sampled from the distribution Pg+. Thus,

2This is meant here in the broad sense, that is, ~ is a binary relation on ® indicating which
elements 6 € © should be viewed as “equivalent.” We do not require ~ to be transitive.

It should be emphasized that in the setting of this paper, the equivalence relation ~ is presumed
to be given as part of the model specification, rather than being defined in terms of the model: the
statistician may choose up to which equivalence she wishes to estimate the true parameter generat-
ing the observations. One assumption of our main result [assumption (A6) below] then requires that
parameters 0, 6’ that are not equivalent, denoted 6 +* 6’, give rise to observation laws that are dis-
tinguishable in a suitable sense. In many cases, there is a natural equivalence relation which ensures
that this is the case; see Section 2.3 below.
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0* is interpreted as the frue parameter value, which is not known a priori. Our
basic problem is to obtain a consistent estimate of 6* (up to equivalence, i.e., we
aim to identify the equivalence class [0*] of the true parameter) on the basis of the
observations (Y )x>0 only, without access to the hidden process (X )x>0. This will
be accomplished by the maximum likelihood method.

Define for any positive o -finite measure p on (X, X))

t
def
P @i, 3300 [ o) [T oG ) Qatiu, i),

u=s

def
PPyl 0) L / PP (dxrs1, ¥ 0),

with the conventions [];_,a, = 1 if v > w and for any sequence (das)sez
. def . . .
and any integers s < f, aé = (ag, ...,a;). For ease of notation, we will write

POk 0) &ef PP (¥ 0) for x € X, and we write p(y!;0) def p™(y!;6). Note
that p”(dx;+1,y!;0) is a positive but not necessarily o-finite measure. How-
ever, if p is a probability measure, then p”(dx;1, yst; 0) is a finite measure and
pP(y5:6) < o0,

If v is a probability measure, then p”(yg; 0) is the likelihood of the observation
sequence y; under the law P;. The maximum likelihood method forms an estimate
of #* by maximizing 6 +— p"(yg; 6), and we aim to establish consistency of this
estimator. However, as the state space X is not compact, it will turn out to be
essential to consider also p* (g 0) for a positive o -finite measure A.

We conclude this section with some miscellaneous notation. For any function f,

. def
we denote as | f|oo its supremum norm [e.g., [golooc = SUP(x y)exxy 80(X, ¥)]. As
we will frequently integrate with respect to the measure ., we will use the abridged
notation dy instead of u(dy), and we write dy! & t_,dyi. For any integer m
and 0 € ©, we denote by Qp' the mth iterate of the kernel Qy. For any pair of

probability measures [P, QQ and function V > 1, we define the norm
def
IP—Qly = sup

flflgv /deP)—/fdQ‘.

Finally, the relative entropy (or Kullback—Leibler divergence) is defined as

KL & / log(dP/dQ)dP,  ifP<Q,
00, otherwise,
for any pair of probability measures P and Q.

REMARK 1. Throughout the paper, we will encounter partial suprema of mea-
surable functions [e.g., y; +> supy¢, P(yg: 0) for some measurable set i/ € H]. As
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the supremum is taken over an uncountable set, such functions are not necessar-
ily Borel-measurable. However, as all our state spaces are Polish, such functions
are always guaranteed to be universally measurable ([4], Proposition 7.47). Sim-
ilarly, a Borel-measurable (approximate) maximum likelihood estimator need not
exist, but the Polish assumption ensures the existence of universally measurable
maximum likelihood estimators ([4], Proposition 7.50). All probabilities and ex-
pectations can therefore be unambiguously extended to such quantities, which we
will implicitly assume to be the case in the sequel.

2.2. The consistency theorem. Our main result establishes consistency of the
MLE under assumptions (A1)—-(A6) below, which hold in a large class of models.
Various examples will be treated in Section 3 below.

(A1) The Markov kernel Qg+ is positive Harris recurrent.
(A2) Eg+[sup,cx(log g~ (x, Y0)) 7] < 00, Eg+[|log [ go+(x, Yo)man (dx)|] < o0.
Assumptions (A1), (A2) ensure the existence of the entropy rate for 6*.

(A3) There is an integer / > 1, a measurable function g : ® x X x X — Ry, and a
o -finite measure A on (X, X) such that |gg|cc < 00 and

0l (x, A) = / 14(x")gs (x, YA (X))
foralld £ 6*,x e X, AeX.

Assumption (A3) states that an iterate of the transition kernel Qg possesses a
density with respect to a o -finite measure A. This property will allow us to establish
the asymptotics of the likelihood of Py in terms of the improper likelihood pr(; ).
The measure A plays a central role throughout the paper.

(A4) For every 6 + 6*, there is a neighborhood Uy of 6 such that
Sup |ggfoc < 00, Ee*[ sup sup(log gor (x, Yo))+] < 00,
0'ely 0’elly xeX
and there is an integer rp such that
I_Eg*[ sup (log p* (Y 9’))+] < 00.
0’ ely
(A5) For any 6 » 6* and n > rg, the function 6’ > p*(Y[;0’) is upper-
semicontinuous at 6, Pg+-a.s.
Assumptions (A4) and (AS5) are similar in spirit to the classical Wald conditions
in the case of i.i.d. observations. However, an important difference with the clas-

sical case is that (A4) applies to p* (y69; 6), which is not a probability density (as
A is typically only o -finite). Assumption (A4) implies in particular that p* (y(;"; 0)
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is I@’g*—a.s. finite. When A is o -finite, this requires, in essence, that the observations
contain some information on the range of values taken by the hidden process.

Finally, the key assumption (A6) below gives identifiability of the model. In
principle, what is needed is that Pg’y is distinguishable from }f"g* in a suitable
sense. However, as A may be o -finite, Pg‘ ¥ is not well defined. As a replacement,
we will consider the probability measure PQ defined by

A1

p (y();g) — . Fo. ok n
—— Py 07) dy,
POy )0 0

for all n > rg and A € Y®"+1 (note that the definition of P} depends implicitly
on 0* as well as on 6; the former dependence is suppressed for notational sim-
plicity). Lemma 11 shows that ]P’g is well defined, provided that (A4) holds and

pA(Y ":0) >0 Pg*—a.s. The law I@g is in essence a normalized version of ]P’Q’Y s
and (A6) should be interpreted in this spirit.

(A6) For every 6 + 6* such that pA(Yre; 6) >0 I@g*-a.s., we have

(1) BA(YD € A) :fﬂA(yg)

- . -1 ~
I}lrggéfIP’g*(Yg €A, >0, limsupn log]P’g(Yé’ €A, <0

n—oo

for some sequence of sets A, € Yot

Despite that this assumption looks nontrivial, we will obtain sufficient condi-
tions in Section 2.3 which are satisfied in a large class of models.

Having introduced the necessary assumptions, we now turn to the statement
of our main result. Let ¢, , : 0 +— log p"(Y(}; 6) be the log-likelihood function as-
sociated with the initial probability measure v and the observations Y. An ap-
proximate maximum likelihood estimator (év,n)nzo is defined as a sequence of
(universally) measurable functions év,n of Y such that

=y 0 (0y0) = supn e, 1 (0) — 045, (1),
Pe®

where 0,5 (1) denotes a stochastic process that converges to zero Pg+-a.s. as n —

oo [if the supremum of £, , is attained, we may choose 6,, , = argmaxgce £v.,(0)].
The main result of the paper consists in obtaining the consistency of 6, ,.

THEOREM 1. Assume (A1)—(A6), and let v be a fixed initial probability mea-
sure. Suppose that one of the following assumptions hold:

1. v~ mg+; or
2. go+(x,y) > O0forall x,y, and Qg is aperiodic; or
3. gox(x,y) >0 forall x,y, and v has mass in each periodic class of Qg~.

Then év’n — [6%], Pgx-a.s.

The proof of this theorem is given in Section 4.
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REMARK 2. The assumptions 1-3 in Theorem 1 impose different require-
ments on the initial measure v used for the maximum likelihood procedure. When
the true parameter is aperiodic and has nondegenerate observations, consistency
holds for any choice of v. On the other hand, in the case of degenerate obser-
vations, it is evident that we cannot expect consistency to hold in general without
imposing an absolute continuity assumption of the form v ~ my~. The intermediate
case, where the observations are nondegenerate but the signal may be periodic, is
not entirely obvious. An illuminating counterexample, which shows that the MLE
can be inconsistent for a choice of v that does not satisfy the requisite assumption
in this case, is given in Remark 12 below.

REMARK 3. In Theorem 1, we have assumed that the data is generated by
the stationary measure Py«. However, it follows directly from Lemma 7 below

that, under the assumptions of Theorem 1, we also have év,n = [6*] IP’g*—a.s.
for any initial measure p that satisfies the same assumptions as v in Theorem 1.
Hence, the initial measure of the underlying chain is largely irrelevant, both for
the consistency of the estimator and in the definition of the log-likelihood function
£,.,(0) that is used to compute the estimator.

REMARK 4. The assumptions of Theorem 1 can be weakened somewhat. For
example, the o-finite measure A can be allowed to depend on 6, or one may con-
sider maximum likelihood estimates of the form 6, = argmaxgce £y,,,(0) where
the initial measure v used to compute the likelihood depends on 6 (the latter does
not affect the asymptotics of the MLE, but may improve finite sample properties
in certain cases). Such generalizations are straightforward and require only minor
adjustments in the proofs. In order not to further complicate our notation, we leave
these modifications to the reader.

REMARK 5. As was pointed out to us by a referee, assumptions (A2) and
(A4) depend on the choice of the observation reference measure p, even though
the maximum likelihood estimator itself is independent of the choice of reference
measure. It is therefore possible that the assumptions of Theorem 1 are not sat-
isfied for a given reference measure w, but that consistency of the MLE can be
established nonetheless by making a suitable change of reference measure.

2.3. Geometric ergodicity implies identifiability. Most of the assumptions of
Theorem 1 can be verified in a straightforward manner. The exception is the iden-
tifiability assumption (A6), which appears to be nontrivial. Nonetheless, we will
show that this assumption holds in a large class of models: it is already sufficient
(beside a mild technical assumption) that the transition kernel Qg is geometrically
ergodic, a property that holds in many applications. Moreover, there is a well-
established theory of geometric ergodicity for Markov chains [27] which provides
a powerful set of tools to verify this assumption. Consequently, our main theorem
is directly applicable in many cases of practical interest.
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REMARK 6. Before we state a precise result, it is illuminating to understand
the basic idea behind the proof of assumption (A6). Assume that Qg is ergodic and
that Pg #* Pg*. Then there is an s < oo and a bounded function % : Y**! — R such

that Eg[2(Y$)] =0 and Eg«[A(Y)] = 1. Define
1 n—s . 1
_ . i+s
An= yi’-n—_s;h(yi )> 5

for n > s. By the ergodic theorem, I@g*(An) — 1 and ]f”g‘(An) — 0 as n — oo.
To prove (A6), one must show that the convergence I@’é (A;) — 0 happens at an
exponential rate, that is, one must establish a type of large deviations property.
Therefore, the key thing to prove is that geometrically ergodic Markov chains pos-
sess such a large deviations property. This will be done in Section 5.

Let us begin by recalling the appropriate notion of geometric ergodicity (the
definition of the norm || - ||y was given in Section 2.1 above).

DEFINITION 1. Let Vp:X — [1,00) be given. The transition kernel Qg is
called Vp-uniformly ergodic if it possesses an invariant probability measure g
and

104 (x,) —mally, < Reay ™ Vi (x) forevery x € X,m € N,

for some constants Ry < oo and oy > 1.

For equivalent definitions and extensive discussion, see [27], Chapter 16. We
can now formulate a practical sufficient condition for assumption (A6).

(A6") For every 6 +* 6* such that pA(Y ":0)>0 Pys-a.s., there exists a function
Vo > 1 such that Qg is Vp-uniformly ergodic, IP)g + ]PQY,, and

@) Byr ( [ Vo0 @1, 75 0) < oo) ~ 0.

Note, in particular, that (2) holds if (A4) holds and |Vy |~ < o0 [in this case, (A6")
implies that the transition kernel Qg is uniformly ergodic]. In the setting where
(A6) holds, it is most natural to consider the equivalence relation ~ defined by
setting 6 ~ 6’ if and only if Pg = Pg, (i.e., two parameters are equivalent precisely
when they give rise to the same stationary observation laws).

THEOREM 2. Assume (Al), (A4) and (A6'). Then (A6) holds.

The proof of this theorem is given in Section 5.1.

A different sufficient condition for assumption (A6), which does not rely on
geometric ergodicity of the underlying model, is the following assumption (A6”).
We will use this assumption in Section 3.2 to show that when X is finite set, the
identifiability assumption holds even for nonergodic signals.
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(A6") For every 0 7 6* and initial probability measure v, we have

1’11@2%@9*(1/5’ €A, >0, limsupn ' log Py (Y} € A,) <0

n—oo

for some sequence of sets A, € Yot
PROPOSITION 3. Assume (A4) and (A6"). Then (A6) holds.
The proof of this proposition is given in Section 5.1.

3. Examples. In this section, we develop three classes of examples. In Sec-
tion 3.1 we consider linear Gaussian state space models. In Section 3.2, we con-
sider the classic case where the signal state space is a finite set. Finally, in Sec-
tion 3.3, we develop a general class of nonlinear state space models. In all these
examples, we will find that the assumptions of Theorem 1 are satisfied in a rather
general setting.

3.1. Gaussian linear state space models. Gaussian linear state space models
form an important class of HMM. In this setting, let X = R? and Y = R? for some
integers d, p, and let ® be a compact parameter space. The transition kernel Ty of
the model is specified by the state space dynamics

3) X1 = A9 Xk + RyUy,
4 Yi = Bo Xy + So Vi,

where {(Uk, Vi)}k>0 1s an i.i.d. sequence of Gaussian vectors with zero mean and

identity covariance matrix, independent of Xo. Here Uy is g-dimensional, Vj is

p-dimensional, and the matrices Ag, Ry, By, Sg have the appropriate dimensions.
For each 6 € ® and any integer r > 1, define

By
BgAg

5 .
Og.» def By Ay and Cop dét[RgAgR@---Ag_le].

B Ay
It is assumed in the sequel that for any 6 € ©, the following hold:

(L1) The pair [Ag, Bg] is observable and the pair [Ag, Ry] is controllable, that
is, the observability matrix Oy 4 and controllability matrix Cy 4 are full rank.

(L2) The state transition matrix Ay is discrete-time Hurwitz, that is, its eigen-
values all lie in the open unit disc in C.

(L3) The measurement noise covariance matrix Sy is full rank.

(L4) The functions 6 — Ay, 6 — Ry, 6 — By and 0 — Sy are continuous
on ®.
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We show below that the Markov kernel Qg is ergodic for every 6 € ®. We can
therefore define without ambiguity the equivalence relation ~ on © as follows:
0 ~ 0" iff Pg = ]P’QY/. We now proceed to verify the assumptions of Theorem 1.

The fact that Ag is Hurwitz guarantees that the state equation is stable. Together
with the controllability assumption, this implies that Qg is Vy-uniformly ergodic
with Vp(x) < |x|? as |x| — oo ([15], pages 929 and 930). In particular, Qy~ is
Vg+-uniformly ergodic, which implies (A1).

By the assumption that Sp is full rank, and choosing the reference measure
i to be the Lebesgue measure on Y, we find that gy(x, y) is a Gaussian den-
sity for each x € X with covariance matrix Sp SQT . We therefore have |gg*|co =
(2m) P2 det ~1/2(Sp+SL.) < 00, so that Egs[sup,x(log g+ (x, ¥0))T] < 00. On
the other hand, as the stationary distribution g is Gaussian, the function y
[ 8o (x, y)mex(dx) is a Gaussian density with respect to w. Therefore, is easily
seen that I_ng[llogf go*(x, Yo)mp*(dx)|] < oo, and we have established (A2).

The dimension g of the state noise vector Uy is in many situations smaller than
the dimension d of the state vector X; and hence Ry RQT may be rank deficient.
However, note that Qg (x,dx") is a Gaussian distribution with covariance matrix
Cg,dCQT’ 4 foreach x € X. Therefore, the controllability of the pair [Ag, Rg] nonethe-

less guarantees that Qg (x, dx’) has a density with respect to the Lebesgue measure
A on X. Thus, (A3) is satisfied with [ =d.
To proceed, we obtain an explicit expression for p* (3g: 0).

LEMMA 4. Forr >d, we have

) Pyt 0) = @m) P2 det TV2(OF T 1O ) det 72T,
X exp(_%erHO,rYr)-

d
Here we defined the matrix T'g , éng,rHQTJ + Sg,rSgT’r with

Bo Rg 0 0
Ho., Y| BsAsRy By Ry 0
BoAL?Rs BgAL, Ry --- BgRg

and where Sy, is the pr x pr block diagonal matrix with diagonal blocks equal
to So,¥r =10, .-, yr_l]T, and Hy , is the matrix defined by

def __ _ _ _ _
Hp,r < Fe,i - Fe,iOO,r(OeT,rre,iO&r) lOeT,rre,i-
PROOF. Define the vectors Y, =[Y/, ..., Y,T,I]T, U, = [UOT, cee, UrTiz]T
and V, = [VOT, e VrT_l]T. It follows from elementary algebra that

Yr = OG,VXO + HG,rUr—l + SO,rVr
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for any integer » > 1. Note that, as U,_; and V, are independent, the covariance
matrix of the vector Hg ,U,_1 + Sy, V; is given by I'g .. It follows that

P gy~ 0) = @m) P2 det ™A (Ty ) exp(= 5 (yr — Oprx) T 1 (yr — Op rx)),
where we have used that I'y , is positive deﬁnite (this follows directly from the

assumption that Sp is full rank). Now let 1'[9 = (99 ,((’) (’)9 ) 1(’)T be the

orthogonal projector on the range of 09 r & F_l/ 2(99,, (l'[g,, is well defined for

r > d as the pair [Ag, By] is observable, so that (’)9 r 1s full rank). Clearly,

1/2

_ 1/2
¥r — o) Ty Myr — Oprx) = 19, T, %y, — Ty )2 Op x|

1/2
R T P Wl

The result now follows from

/exp(——HngF@ 2y =Ty 20 x| )dx = )2 det~12(O] T 1 0.1

(which is immediately seen to be ﬁnite due to the fact that (’39,, has full rank), and
from the identity Hp , = Fe r/ (1-— r)Fe 12

REMARK 7. Asis evident from the proof, the observability assumption is key
in order to guarantee that p*( y(r)_l; 0) is finite (albeit only for r sufficiently large).
Intuitively, observability guarantees that we can estimate X( from Yg L jn every
direction,” so that the likelihood p* (y(r)*l; 6) becomes small as |x| — oo. This
is needed in order to ensure that p* (ys_l; 0) is integrable with respect to the o -
finite measure A. It should also be noted that for any r > d the matrix Hp , is
rank-deficient, showing that (5) is not the density of a finite measure.

Now note that, by our assumptions, the functions 6 det~V 2((9; d I‘Q_’ [11(99,[1),
60— det_l/z(Fg,d), and 6 — Hp , are continuous on ® for any r > d. Thus,
60— pA (y(’)_]; 0) is continuous for every r > d, and it is easily established that
I_Ee*[supg,eug (log pA(Yr‘); 6"))*] < oo if we choose rg =d — 1 and a sufficiently
small neighborhood Uy. Moreover, note that |ggleo = (27)P/2det ~1/2(SpST)
and |ggleo = m)~4/2 det —1/2 (C@ydCQT’ 4)- Therefore, by the continuity of Sy and
Co.4, we have SUPgreyy, 1967100 < 00 and EG*[SUPe’eug sup, x (log g’ (x, Yot] <
oo for a sufficiently small neighborhood Uy . Thus, we have verified (A4) and (AS).

It remains to establish assumption (A6). We established above that Qg is Vp-
uniformly ergodic with Vg (x) =< |x|* as |x| = oo. Moreover, 6 -+ * implies IP’Y *
Pg* by definition. Therefore, (A6") would be established if

/ lxal>p*(dxg, Y71 0) <00, Ppe-ass.
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But note that

/p'\(dxd, Yoy =pr il 0) <00,  Pee-as.,

so that pA (dxy, Yéi_l; 0) is a finite measure. Moreover, as (Yg_l, X)=MXog+E&
for a matrix M and a Gaussian vector &, it is easily seen that pM(dxq, Yél _1; 0)
must be a random Gaussian measure. As Gaussian measures have finite moments,
we have established (A6'). Therefore, (A6) follows from Theorem 2.

Having verified (A1)-(A6), we can apply Theorem 1. As gg«(x, y) > 0 for all
x,y,and as Qg+ is Vg=-uniformly ergodic (hence certainly aperiodic), we find that
the MLE is consistent for any initial measure v.

3.2. Finite state models. One of the most widely used classes of HMM is
obtained when the signal is a finite state Markov chain. In this setting, let X =
{1,...,d} for some integer d, let Y be any Polish space, and let ® be a com-
pact metric space. For each parameter 6 € ©, the signal transition kernel Qg is
determined by the corresponding transition probability matrix Qp, while the ob-
servation density gg is given as in the general setting of this paper.

It is assumed in the sequel that:

(F1) The stochastic matrix Qg is irreducible.
(F2) Eg+[|log ge+(x, Yp)|] < oo for every x € X.
(F3) For every 6 € O, there is a neighborhood Uy of 6 such that

1}_39*[ sup (log gy (x, Yo))+] <00 for all x € X.
0'elp

(F4) 6 — Qy and 6 — gg(x, y) are continuous for any x € X, y € Y.

Following [23], we introduce the equivalence relation on ® as follows: we write
0 ~ 0’ iff there exist invariant distributions 7, 7’ for Qp, Qy, respectively, such

that ]P’g’Y = IP’g//’Y. In words, two parameters are equivalent whenever they give
rise to the same stationary observation laws for some choice of invariant measures
for the underlying signal process. The latter statement is not vacuous as we have
not required that Qy is ergodic for 8 # 6*, that is, there may be multiple invariant
measures for Qg. The possibility that Qp is not aperiodic or even ergodic is the
chief complication in this example, as the easily verified V-uniform ergodicity
assumption (A6’) need not hold. We will show nonetheless that assumption (A6”)
is satisfied, so that Theorem 1 can be applied.

LEMMA 5. Let C C X be an ergodic class of Qp, and denote by ¢ the unique
Qg-invariant measure supported in C. Fix s > 0, and let f :Y*T! — R be such that
| floo < 00. Then there exists a constant K such that

n " 12
P} Y/ —PCLf (YD} >1t) < Kex [——}
Q(Z{f(l ) g[f(o)]}_)_ Pl =%,

i=l
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for any probability measure v supportedin C and any t > 0,n > 1.

PROOF. The proof is identical to that of Theorem 14, provided we replace the
application of Theorem 17 by a trivial modification of the result of [16]. [

REMARK 8. As stated, the result of [16] would require that the restriction of
Qp to C is aperiodic. However, aperiodicity is only used in the proof to ensure the
existence of a solution to the Poisson equation, and it is well known that the latter
holds also in the periodic case. Therefore, a trivial modification of the proof in [16]
allows us to apply the result without additional assumptions.

LEMMA 6. In the present setting, assumption (A6"") holds.

PROOF. Let 6 7 6*. We can partition X = E{ U --- U E, UT into the p <
d ergodic classes Eq, ..., E, and the set of transient states T of the stochastic
matrix Qpy. Denote as né the unique invariant measure of Qp that is supported
in E;. Then we can find an integer s > 1 and bounded function /: YS*! — R such
that EZ;’ [A(Y§)]<Oforalli=1,..., p and such that I_ng[h(Yg)] =1.

Define for n > 2s the set A, € Y®@tD a9

n—s
def 1 1 itsy o |
A= ypeyti——— Y R =<t
! { ° Ln/2] TS i=m/2141 l 2

As Y5° is stationary and ergodic under Py~ (because Q- is irreducible), we have
1 ln/2]—s 1
. - n _ . = N l—‘rS - —
Jim Py« (Y € Ap) = lim Py [F/ZJ — 21 h(Y;™) > 2} 1
1=

by Birkhoff’s ergodic theorem. On the other hand, for any initial probability mea-
sure v, we can estimate as follows: for some constant K > 0,

Pg(Yél €A, =P5(Y61 €A, X(n/z] IS T)
p
+ ) Py(Yy € AulXtnj2) € Ej)Py(X[ny2) € Ej)
=1
<Py(Xmn2 €T)
ln/2]—s 1:|

4 max sup P4 — R(YITS)y > ~
j=1,.., psupp//,gEj 0 |:|_n/2J -9 ; l 2

= Kew| k]
< Kexp|——|.
K
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The latter inequality follows from the fact that the population in the transient states
decays exponentially, while we may apply Lemma 5 to obtain an exponential
bound for every ergodic class E;. We therefore find that

1
limsupn~log Py (Y] € Ay) < X = 0,

n—o0

completing the proof of assumption (A6”). [

Let us now check the assumptions of Theorem 1. (A1) follows directly from the
assumption that Qy~ is irreducible. To establish (A2), note that

By [sup(log go- (x, Yo) | = D" Boe[llog go- (x, Y0) 1 < oc,
xeX

xeX

]

< Eg [Sug(log go~(x, Yo))+] + g [sug(log go~(x, Yo))_]
xXe Xe

while we can estimate

Eg*[

log / 8o+ (x, Yo) 1o+ (dx)

< > " Eg-[|log go+(x, Yo)|] < o0.
xeX
Assumption (A3) holds trivially for / = 1 and with A the counting measure on X
[note that |gg|eo < 1 for all 8, as gg (x, x”) is simply the transition probability from
x to x']. To establish (A4), note that supyce |96 loc < 00, While

Ege[ sup sup(log gur (x, Yo))*| < 3" Bee[ sup (log ge: (x, Y0))* | < 00
0'elly xeX xeX 0’ ely

by our assumptions. Moreover, as

I_Eg*[ sup (logp)‘(Yg; 0’))+] < E@*I: sup sup(logd + log gy (x, Yo))+] < 00,
0’ elp 0’ elly xeX

we have shown that (A4) holds with rg = O for all 8. Next, we note that the con-
tinuity of @ — Qp and 6 > gg(x, y) yield immediately that § — p* (vg:0) is a
continuous function for every n > 0 and y; € Y"1, establishing (AS). Finally,
Lemma 6 and Proposition 3 establish (A6).

Having verified (A1)-(A6), we can apply Theorem 1. Note that as Qg+ is ir-
reducible, g~ charges every point of X. Therefore, by Theorem 1, the MLE is
consistent provided that v charges every point of X (so that v ~ mg+).

REMARK 9. The result obtained in this section as a special case of Theorem 1
is almost identical to the result of Leroux [23]. The main difference in [23] is that
there the parameter space ® may be noncompact, provided the parametrization of
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the model vanishes at infinity. This setting reduces directly to the compact case
by compactifying the parameter space ®, so that this does not constitute a major
generalization from the technical point of view.

However, it should be noted that one cannot immediately apply Theorem 1 to
the compactified model. The problem is that the new parameters “at infinity” are
typically sub-probabilities rather than true probability measures, while we have
assumed in this paper that every parameter 6 € ® corresponds to a probability
measure on the space of observation paths. Theorem 1 can certainly be general-
ized to allow for sub-probabilities without significant technical complications. We
have chosen to concentrate on the compact setting, however, in order to keep the
notation and results of the paper as clean as possible.

3.3. Nonlinear state space models. In this section, we consider a class of non-
linear state space models. Let X = R¢, Y = R¢, and let ©® be a compact metric
space. For each 6 € O, the Markov kernel QO of the hidden process (Xy)i>o is
defined through the nonlinear recursion

Xk =Go(Xi—1) + Zo(Xp—1)&k.

Here (¢ )k>1 is an i.i.d. sequence of d-dimensional random vectors which are as-
sumed to possess a density p with respect to the Lebesgue measure A on R4,
and Gg :R? - RY, 55 :R? — R?*4 are given (measurable) functions. The model
for the hidden chain (X )r>0 is sometimes known as a vector ARCH model, and
covers many models of interest in time series analysis and financial econometrics
(including the AR model, the ARCH model, threshold ARCH, etc.). We let the ref-
erence measure /. be the Lebesgue measure on RY, and define the observed process
(Yk)k>0 by means of a given observation density gg(x, y).

For any positive matrix B, denote by Apin(B) its minimal eigenvalue. For any

bounded set A C R4 define A, def {AjAy-- A, AieAi=1,...,m}. De-
note by p(A) the joint spectral radius of the set of matrices .4, defined as
def . 1/m
p(A) = hmsup( sup ||A||) .
m— 00 AeAm
Here || - || is any matrix norm [it is elementary that p(.4) does not depend on the
choice of the norm]. We now introduce the basic assumptions of this section.

(NL1) The random variables {; have mean zero and identity covariance matrix.
Moreover, p; (x) > 0 forall x € R?, and [or loo < 00.

(NL2) For each 6 € ©, the function ¥y is bounded on compact sets, Xg(x) =
o(|x]) as |x| — oo, and 0 < infy ¢y, inf, cpa Amin[Eg/(x)EgT, (x)] for a sufficiently
small neighborhood Uy of 6.

(NL3) For each 6 € O, the drift function Gg has the form

Go(x) = Ag(x)x + hg(x)



492 DOUC, MOULINES, OLSSON AND VAN HANDEL

for some measurable functions Ag : RY — R4*4 and hy :R? — R?. Moreover, we
assume that Gy is bounded on compact sets, hg(x) = o(|x]|) as |x| — o0, and that

there exists Ry > 0 such that the set of matrices Ay def {Ag(x):x € R4, x| > Ry}
is bounded and p(Ap) < 1.
(NL4) For each 6 € O, there is a neighborhood Uy of 6 such that

Eg-[ sup sup(log ge: (x, ¥o)*| < o0,
G/EMG xeX

I_ng|: sup (log/gg/(x, Yo))\(dx))+} < 0.

0’ el

Moreover, I@g*(f |x|go (x, Yo)A(dx) < 00) > 0 for each 6 € ®, and

Eo- [ [ oz, Yo))_ﬂa*(dX)] <.

(NL5) The functions 6 — gg(x,y), 0 = Gg(x), 0 = Xg(x) and x — p¢ (x)
are continuous on ® for every x, y. Moreover, for each § € ©, the function 6 >
[ gor(x, Yo)A(dx) is positive and continuous at 6, Pg«-a.s.

REMARK 10. We have made no attempt at generality here: for the sake of
example, we have chosen a set of conditions under which the assumptions of The-
orem 1 are easily verified. Of course, the applicability of Theorem 1 extends far
beyond the simple assumptions imposed in this section.

Nonetheless, even the present assumptions already cover a broad class of non-
linear models. Consider, for example, the stochastic volatility model [17]

©) X1 =po X + 098k,
Yy = Bo exp(Xi/2)ex,

where (¢, &;) are i.i.d. Gaussian random variables in R? with zero mean and iden-
tity covariance matrix, g > 0, op > 0 and |¢g| < 1 for every 6 € ©, and the func-
tions 6 — ¢y, 6 — oy and 0 — By are continuous. Assumptions (NL1)—(NL3) are
readily seen to hold. The observation likelihood gy is given by

go(x,y) = 2B ~V? exp[—exp(—x)y? /287 — x/2].

We can compute

1 1 1
supgo (v, )= ——1- [ gl AN =,
rex V2melyl M
As the stationary distribution 7y« is Gaussian, it is easily seen that the law of Yo
under Pg+ has a bounded density with respect to the Lebesgue measure (1 on Y. As
f (log(l /1Y) T u(dy) < oo, the first equation display of (NL4) follows. To prove
that Py« ([ |x|go (x, Yo)A(dx) < 00) > 0, it suffices to note that x > gg(x, y) has
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exponentially decaying tails for all |y| > 0. The remaining part of (NL4) follows
easily using that g~ is Gaussian and I_EQ*(YOZ) < 00. Finally, (NL5) now follows
immediately, and we have verified that the assumptions of this section hold for the
stochastic volatility model. Similar considerations apply in a variety of nonlinear
models commonly used in financial econometrics.

We show below that the Markov kernel Qy is ergodic for every 6 € ®. We can
therefore define without ambiguity the equivalence relation ~ on © as follows:
0 ~ 0" iff Pg = Pg/. We now proceed to verify the assumptions of Theorem 1.

It is shown in [24], Theorem 2, that under conditions (NL1)—(NL3), the Markov
kernel Qg is V-uniformly ergodic for each 8 € ® with V(x) = 1 + |x|. In particu-
lar, assumption (A1) holds. The first part of (A2) follows directly from (NL4). To
prove the second part, we first note that Qy has a transition density

qo(x, x") = |det[ 2o ()|~ pe (By ' ) x" — Ga(x)))
with respect to the Lebesgue measure A on X. This evidently gives

6100 = sup |det[ Zp (x)]] ™! o oo < 00
xeX

by (NL1) and (NL2), which implies in particular that g+ has a bounded density
with respect to A. Therefore

B (1og [ gon (. Yo)ﬁe*(dx))+]

_ +
< |qe*|ooEa*[(log [ g0t Yo))»(dX)> } <0

by (NL4). On the other hand, as x — (logx)~ is convex, we have

I_Ee*[<10g [ et Yo)ﬂe*(dX)) ] <Ege [ [ oggontx. Yo))_ﬂe*(dx)} <0

by Jensen’s inequality and (NL4). Therefore, (A2) is established. We have already
shown that Qg possesses a bounded density, so (A3) holds with / = 1. Assumption
(A4) with rg = 0 follows directly from (NL4) and (NL1), (NL2).

To establish (A5), let vy (dx, y) & go(x, y)A(dx)/ [ o (x, y)A(dx). By (NL5),
vg(dx, Yp) is a probability measure Py«-a.s., and for every 6 € © the density func-
tion 6" — go/(x, Y0)/ [ go'(x, Yo)A(dx) is continuous at 6 Py«-a.s. By Scheffé’s
lemma, this implies that for any 6 € ©, the map 6" +> vy (-, ¥p) is continuous at 6
Pp+-a.s. with respect to the total variation norm || - ||{. Similarly, as 6 > gg(x, x”)
is continuous by (NL5), the map 6 — Qg (x, dx’) is continuous with respect to the
total variation norm. Now note that we can write

P 0) = ( / g0 (x, Yo))»(dx)) / P (Y] 0) Qo (x, dx'yvp (dx, Yo).
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From (NL4), it follows that x > supg,, 8¢'(x, Yx) is bounded Pys-a.s. for
every k. Therefore, x > supy,, p*(Y]'; 0') is a bounded function Pp+-a.s., and by
dominated convergence the function 8’ > p*(Y{'; ') is continuous at 6 Pg«-a.s.
for every 6 € ®. Therefore, it follows that I@’g*—a.s.

‘ / P (YT 6,) Qo (x, dx")vg, (dx, Yo) — f p* (Y] 0) Qo (x, dx')ve (dx, Yo)

< / 1P (Y1 6,) — p (Y1 0)] Qo (x, dx')vg (dx, Yo)

+ sup [p (Y] 0)|sollve, (-, Y0) Qg, — v (-, Y0) Qall1
0'eldy

20
for any sequence (6,),>0 C Uy, 8, — 6. Here we have used the dominated con-
vergence theorem to conclude convergence of the first term, and the continuity in
total variation established above for the second term. (A5) follows.
It remains to establish assumption (A6). We established above that Qg is V-
uniformly ergodic with V(x) = 1 + |x|. Moreover, 6 #* 6* implies I@g #* If”g* by
definition. Therefore, (A6’) would be established if

Pg+ ( / x| Qg (x, dx")go (x, Yo)A(dx) < oo) > 0.

But as Qg is V-uniformly ergodic, it follows that Qg V < agV + Ky for some pos-
itive constants ag, Ky ([27], Theorem 16.0.1). Assumption (A6’) therefore follows
from (NL4), and (A6) follows from Theorem 2.

Having verified (A1)-(A6), we can apply Theorem 1. As gg+(x, y) > 0 for all
x,y, and as Qg~ is V-uniformly ergodic (hence certainly aperiodic), we find that
the MLE is consistent for any initial measure v.

REMARK 11. The assumption in (NL4) that

Eg [/(log 8o+ (x, Yo))_ﬂe*(dx)} <0

is used to verify the second part of (A2). This condition can be replaced by the
following assumption: there exists a set D € X" such that:

(i) Eg+[(log [} go*(x, Yo)A(dx))~] < 00, and
(i) infy yep gor(x,x") > 0.

The latter condition is sometimes easier to check.
To see that the result still holds under this modified condition, note that

B +
Ea*[<10g [ o, Yo)ﬂe*(dx)) } <0
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follows as above. On the other hand,

f g0 (x. Yo)wge (dx) > /D 80 (8 X0 (X )0 (d)A)

X
> (D) inf _ge+(x, ) / g0 (x, Yo)r.(dx).
x,x'eD D

It follows from (i) that A(D) > 0, so that mg«(D) > 0 also (as Qg+, and there-
fore my«, has a positive density with respect to 4). It now follows directly that also
Eg«[(log [ go*(x, Yo)me+(dx)) "] < 00, and the claim is established.

4. Proof of Theorem 1. The proof of Theorem 1 consists of three parts. First,
we prove pointwise convergence of the log-likelihood under the true parameter
6* (Section 4.1). Next, we establish identifiability of every 6 ¢ 8* (Section 4.2).
Finally, we put everything together to complete the proof of consistency (Sec-
tion 4.3).

4.1. Pointwise convergence of the normalized log-likelihood under 6*. The
goal of this section is to show that our hidden Markov model possesses a finite
entropy rate and that the asymptotic equipartition property holds. We begin with a
simple result, which will be used to reduce to the stationary case.

LEMMA 7. Assume (Al). Then (Y)k=o is ergodic under Pg*. Moreover, if one
of the assumptions 1-3 of Theorem 1 hold, then PS;Y ~ I@’g*

PROOF. As Qg+ possesses a unique invariant measure by (Al), the kernel
Ty~ possesses a unique invariant measure also. This implies that the process
(Xk, Yi)k=0 1s ergodic under the stationary measure I@’g* (as the latter is trivially
an extreme point of the set of stationary measures). Therefore, (Y )0 is ergodic
also.

If v ~ 7y~, it is easily seen that IP’g;Y ~ I@’g* [as dIP;*/dIfD@* = (dv/dmg~)(X0)].
Otherwise, we argue as follows. Suppose that Qg+ has period d [this is guaranteed
to hold for some d € N by (Al)]. Then we can partition the signal state space as
X=CiU---UCqUF, where Cq, ..., Cy are the periodic classes and 7 (F) =0
([27], Section 5.4.3). Note that Cy, ..., Cy are absorbing sets for Qg* where the
restriction of Qg* to C; is positive Harris and aperiodic with the corresponding in-
variant probability measure né*. Moreover, the Harris recurrence assumption guar-
antees that . (X, ¢ F eventually) = 1 for all x € X. Therefore, vQZiJ(F ) J 0and
v Q’gfl () cf) asn — oo. It follows from the ergodic theorem for aperiodic Harris
recurrent Markov chains that

d
n— 0o def i i
lvO§e — g O lll —>, g = E LT
‘1
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Ve Y .
Using go+(x, y) > 0 and [31], Lemma 3.7, this implies that IP’g;Y ~ ng . But if
v has mass in each periodic class C; orif d =1, then c' >0foralli=1,...,d.

v Y
Thus, 7}, ~ 7 = 2 Y% | 7}, which implies P}, ~ IP’99 ~PyY. O
We will also need the following lemma.

LEMMA 8. Assume (A2). Then I_Eg*[llogﬁ(Y(;’; 6*)|] < oo foralln > 0.

PROOF. We easily obtain the upper bound

Eg-[(log 5(Y§; 6*) "1 <E [Zsug(loggm(x mﬁ}
k OXE

On the other hand, we can estimate

pYy; 6% }
[Ti—o [ 8o+ (x, Yi)me=(dx)

> tog [ gor(x Yk)”@*(dx):|

k=0

Bge[log (YL 0%)] = Fge [log
+ g [

>—(n+ I)Ee*[

log / g6 (x, Yo) g+ (dx)

]

> —00,

where we have used that relative entropy is nonnegative. [

The main result of this section follows. After a reduction to the stationary case
by means of the previous lemma, the proof concludes by verifying the assumptions
of the generalized Shannon-Breiman—McMillan theorem [2].

THEOREM 9. Assume (Al) and (A2). There exists —o0 < £(0*) < oo such
that

(7 6" = lim Eg[n~'log p(Yg; 6M)],
and such that
(8) 0" = lim n~Mog p”(Y§; 6, Po«-a.s.

for any probability measure v such that one of the assumptions 1-3 of Theorem 1
is satisfied (in particular, the result holds for v = mg~).



CONSISTENCY OF THE MLE IN HIDDEN MARKOV MODELS 497

PROOF. Note that D, < Eg-[log p(¥J*'; 6*)] — Eg-[log p(¥; 6*)] is a non-
decreasing sequence by [2], page 1292, and Lemma 8. Therefore (7) follows im-
mediately. As Y5° is stationary and ergodic under Py« by (A1), we can estimate

—00 < Dy < sup Dy = £(0") = lim By+[n~" log p(¥§'; 6*)]

n>0

< Eg» [SUPUOg go+(x, Yo))+] < 00,

xeX
where we have used (A2). To proceed, we note that the generalized Shannon—
Breiman—McMillan theorem ([2], Theorem 1), implies that (8) holds for v = my«.
Therefore, to prove (8) for arbitrary v, it suffices to prove the existence of a random
variable C" satisfying Pg«(0 < C¥ < 00) =1 and
p (Yy;60%)

im ———~=C", Pys-a.s.
n—00 p(Yy; 0%)

€))
Let PY € PL (Y €-) and P, & Bye(¥Y] € ). Then p(Y:;6%)/p(Yy; 6%) =
dP?/dP,, and we find that (9) holds with 0 < C” = dP}." /dPY. < oo provided
}P’;;Y ~ ]I_Dg*. But the latter was already established in Lemma 7. [

REMARK 12. In the case that gg+(x, y) > 0 but Qg+ is periodic, the assump-
tion in the above theorem that the initial probability measure v has mass in each
periodic class of Qg~ cannot be eliminated, as the following example shows. Let
X =Y ={1,2}, and let Qg be the Markov chain with transition probability matrix
Q and invariant measure 7 (independent of 6)

= 1) ==(1)

Then Qg is positive (Harris) recurrent with period 2. For each 8 € ® =[0.5, 0.9],
define the observation density gy (x, y) (with respect to the counting measure)

go(x,y) = eﬂyzx +1 - ‘9)]1y7$x7

and let 6* = 0.7, for example. Then certainly assumptions (A1) and (A2) are sat-
isfied.

Now consider v = §;. Then v only has mass in one of the two periodic classes
of Qp+. We can compute the observation likelihood as follows:

n
log p*(Y3":0) = Y {Lyy—1log + Ly, — log(l — 6)}
k=0

n
+ Z{]]'YZkleZ lOgQ + ]]-Y2k71:1 IOg(l - 9)}
k=1
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A straightforward computation shows that
: -1 v,oy2n.,
Tim (2n) " log p” (Y}": 6)
={0*logh + (1 — 6*)log(1 — )} 1x,=1
+{(1 —6%)1log6 + 6*log(1l — )} x,=2, Pp+-a.s.
Therefore, lim,,_, oo n~ ! log p"(Yy;6%) is not even nonrandom Pys-a.s., let alone

equal to £(6*). Thus we see that Theorem 9 does not hold for such v. Moreover,
we can compute directly in this example that

lim év,n = 9*1)(0:] +0.51x,-2, ]I_Dg*—a.s.,
11— 00

so that evidently the maximum likelihood estimator is not consistent when we
choose the initial measure v. This shows that also in Theorem 1 the assumption
that v has mass in each periodic class of Qg+ cannot be eliminated.

4.2. Identifiability. In this section, we establish the identifiability of the para-
meter 6. The key issue in the proof consists in showing that the relative entropy
rate between p(-; 6*) and p*(-; @) may be zero only if 6* ~ 6. Our proof is based
on a very simple and intuitive information-theoretic device, given as Lemma 10
below, which avoids the need for an explicit representation of the asymptotic con-
trast function as in previous proofs of identifiability.

DEFINITION 2. For each n, let P, and @, be probability measures on a mea-
surable space (Z,, Z,). Then (Q,) is exponentially separated from (P,), denoted
as (Qp) 1 (P,), if there exists a sequence (A,) of sets A,, € Z, such that

liminfP,(A,) > 0,
n—oo

lim supn_1 logQ,(A,) < 0.

n—oo

If P and Q are probability measures on (YN, Y®N) then we will write QHPif
(Qn) 4 (Py) withQ, =QYy €-) and P, =P(Yy € ).

LEMMA 10. If (Q,) 4 (P,), then liminf,_, oo n~'KL(P,||Q,) > 0.
PROOF. A standard property of the relative entropy ([10], Lemma 1.4.3(g)),
states that for any pair of probability measures P, Q and measurable set A
KL(P[|Q) = P(A) logIP(A) — P(A) logQ(A) — 1,

1

where 0log 0 = 0 by convention. As x logx > —e™ ", we have

liminfn~'KL(P,|Q,) > (1£rgng(An))(—1igs;pn—l log (@(An)).
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The result follows directly. [J

As a consequence of this result, we obtain positive entropy rates:
VY | BY = 1, pYg;0%)

(10) Py APp. = l}lrggéng* |:n log 7{911(1/"; %) >0
This yields identifiability of the asymptotic contrast function in a very simple and
natural manner. It turns out that the exponential separation assumption Py’ 'y IP’g,
always holds when the Markov chain P is V-uniformly ergodic and v(V) < oo;
this is proved in Section 5 below. This observation allows us to establish the con-
sistency of the MLE in a large class of models.

There is an additional complication that arises in our proof of consistency.
Rather than (10), the following result turns out to be of crucial importance:
- Yn; 9*
p( 0 ):| -0

liminfEg«|n~'1
min g[n ngk(Y”;O)

n—oo

This result seems almost identical to (10). However, note that the probability mea-
sure v is replaced here by A, the dominating measure on (X, X’), which may only be
o -finite [A(X) = oo]. In this case, a direct application of Lemma 10 is not possible
since yg > p* (yg: €) is not a probability density:

/PX()’& 0) dys = AM(X) = oo.

Nevertheless, the following lemma allows us to reduce the proof in the case of an
improper initial measure A to an application of Lemma 10.

LEMMA 11. Assume (A4). For 0 + 0* such that p*(Y.?; 0) > 0 Pg+-a.s., there
exists a probability measure I@’g on (YN, Y®NY such that

P8 0) _

BA(Y2 e A) = f 10 22202 5 0% ayp
e o) ’

foralln >ry and A € Yot

PROOF. As [ p*(yg; 0)dyy, = P (g 0) < 00 Ppe-ace. for all n > ry by
Fubini’s theorem and assumption (A4), we can define for n > ry
p(yy':60%)
P*(vy'5 0)
Note that, by construction, { ﬁk (vg,0) dyy :n >rg} is a consistent family of proba-

bility measures. By the extension theorem, we may construct a probability measure
P% on (YN, Y&N) such that PA(Y] € A) = [1a(0) (g, 0)dyy. O

~ def
(11) P05.0) S p 05 0) 0o,  dyj-ae.
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THEOREM 12. Assume (A2), (A4) and (A6). Then for every 6 * 60*

oy n. nx

(12) liminf Eg» [n—l log M} >0
n—>00 p Yy 0)

PROOF. Fix 6 # 6*. Let us assume first that Py« (p*(Y'?:0) =0) > 0. As we
have [ pk(y(')‘; 0) dyfg = p* (y(r)"; 0) by Fubini’s theorem, it must be the case that
I@g* (pA(Y”; 0) =0) > 0 for all n > rg, so that the expression in (12) is clearly
equal to +o00. Therefore, in this case, the claim holds trivially.

We may therefore assume that p*(Y/?; 6) > 0 Pg--a.s. Let ﬁk(y(’)‘, 0) be as in
the proof of Lemma 11. Note that Eg«[[log p(Y.?: 8*)|] < oo by Lemma 8, while
I_Eg*[(log (Y 0)1] < oo by assumption (A4). Then we find

p(Yg;6%) p(Yy; 9*)]

. . = —1
lim inf k- [” g 5 v 0 P(Yg': 6)

] < liminfEg- |:n_1 log
n—oo
Assumption (A6) gives I@’g — ]I_Dg*. Therefore, (12) follows from Lemma 10. [J

4.3. Consistency of the MLE. Proofs of convergence of the MLE typically re-
quire to establish the convergence of the normalized likelihood n~! log p¥ (Y 0)
Pg+-a.s. for any parameter 6. The existence of a limit follows from the Shannon—
Breiman—McMillan theorem when 6 = 6* (as in Theorem 9), but is far from clear
for other 6. In [23], the convergence of n~! log p”(YJ; 0) is established using
Kingman’s subadditive ergodic theorem. This approach fails in the present setting,
as log p" (Y'; 0) may not be subadditive even up to a constant.

The approach adopted here is inspired by [23]. We note, however, that it is not
necessary to prove convergence of n~! log p” (Yy'; 0) as long as it is asymptotically
bounded away from £(6*), the likelihood of the true parameter. It therefore suffices
to bound n~!log p¥(Y; #) above by an auxiliary sequence that is bounded away
from £(6*). Here the asymptotics of n~! log p*(Y; #) come into play.

LEMMA 13. Assume (A1)—(A6). Then, for any 6 +* 0*, there exists an integer
ng and ng > 0 such that B(8, ng) C Uy and

1 -
EG*[ sup log p* (Y[ 9/)]
ng +1 0'eB(6, 1)

sup  log|ge/ oo
ng +1 ocB6, )

-1 -
Eo-| sup sup(loggy(x,Yo)*]| < €®").
ng+1 = Loep(@.ng) xex

Here B(0,n) C O is the ball of radius n > 0 centered at 6 € ©.
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PROOF. By (7) and Theorem 12, lim sup,, n_l]]:lgt[log p* (Y 0)] < £(0*%). Us-
ing (A4), this implies that there exists a (nonrandom) integer ng > rg such that

1 .
Egs[log p* (Y 0)] + sup log|gy
Py ¢+[log p”( )] n9+le/egg glq0 |00

1—1 - .
EQ*[ sup sup(log ggr (x, YO))+] < 06™).
ng +1 0’ elly xeX

(13)

—+

For any 1 > 0 such that B(6, n) C Up, we have

sup log p*(Y[?: 0"
0'eB(0,n)

< sup (log p* (Y55 6")*
0'elp

ng

+ Y sup sup(log gy (x, Yi)™,
k=rg+10'€Up XEX

where the right-hand side does not depend on 1 and is integrable. But then

limsuplﬁlg*[ sup logpA(Yéw;Q’)]
nd0 0'eB(0,n)

(14) §I_E9*[limsup sup logpA(Yne;Q/)]
nl0  0'eB(0,n)

< Eo-[log p*(¥;": 0)],
by (AS5) and Fatou’s lemma. Together (14) and (13) complete the proof. [J
PROOF OF THEOREM 1. Since, by Theorem 9, lim,,_, », n—lev,n(e*) =£(6%),

Pg«-a.s., it is sufficient to prove that for any closed set C C © such that
CNo*l=o

limsup sup =10, ,(0") < £(6%),  Ppe-as.

n—00 g’eC

Now note that {B(6, ng):0 € C} is a cover of C, where ny are defined in Lem-
ma 13. As ® is compact, C is also compact and thus admits a finite subcover
{B(6;,ng):0; €C,i =1,..., N}. It therefore suffices to show that

limsup  sup  n” ', ,(0) < £(0*), Pys-a.s.
n—00 ¢'cB(9,n9)NC

for any 6 * 0*. Fix 0 ¢ 6* and let ny and ny be as in Lemma 13. Note that
(15) P (8:0) < p O 0N P (085 D lge o

(16) PP 00 < PO 0P s 0085 it Dlger oo
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forany j <m,m+1 <nand 6’ 6*, where g; (yij) def ]_[é:i sup,.«x 80 (x, y¢). We
can therefore estimate, for all n sufficiently large,

ng+I

+1 Y {€y—1(0') +log p* (V)11 0" +log(gh (Y gg 100)}
r=1

Cyn(8) <
n

| netlin—1

*(y (mo+Dk+r—1 .
= 2 2 {log P (Yo, a1y sr4r—130) +10glge oo}
no+1 = o
1 et (ng+1) (k—1)Hl+r—2
n - r—

+ ] Yo > loggr (Yo a e )

ne+1 1 o

n9+l
-1

+ Y 1o (gh (Y™ D8 (Yo nGy—1)+r)

1o +1 r=1

1 (ng+D)(i(n)—1) . | )

= 3 log p* (Y1771 0)) + > suplog ger (x, Yiqr)
(L — k=0*€X
ng+1

+ (i(n) — 1) loglgg |oc + —— log g% (Y, !

(i (n) — 1) loglge oo n9+l,§ geh (Y™

1 n9+l n
sup log go/(x, Y1),

+n9+lZ > plog gy (x, Yi)

r=1 k=(ng-+)(i (n)—1)+r * X

where i (n) def max{m € N:m(ng + ) < n}. Here we have applied (15) with m =
r — 1 in the first inequality, while we have repeatedly applied (16) for every m =
(ng + )k +r — 1, k <i(n) — 2 in the second inequality, together with the simple
estimates £, ,_1(0") <log gé‘,(Yg_l) and

A .
P (Yong1yi -2y 414713 0)

3y oA~ 4r—1
<P Vg iyio—2at4r—150)88 Yo 0y )= 1)+r) -

We can now estimate, for all n sufficiently large,

sup  £,,(0")
0’ B(6.79)NC

1 (ethEm—1

= sup log p* (¥ 60
no+l T oeB@.nmC
- | (etDEm=D
+2 > sup  sup(log g (x, Vi)
iz +1 =1 0’€B(0,19)NC xeX



CONSISTENCY OF THE MLE IN HIDDEN MARKOV MODELS 503

+(i(m)—1)  sup  loglgelec
0’ B(0,79)NC

1 ng +1

-1
sup  loggy (Yy ™)
ng +1 =1 geB@.59)nC 0

n

+ ) sup  sup(log gg'(x, YO) ¥,
k=n—2(ng+1)+10'€B(@.19)NC xeX

where we have used that (ng +1)(i(n) — 1) +r >n —2(ng +1) + 1 to estimate the
last term. But as i(n)/n — (ng + 1)~! as n — oo, we find that

limsup sup 1 ',,0) <

Eg*l: sup logpA(Y”‘;;@’)]

n—00 ¢’ B(6.15)NC ng + 0'eB(0.19)
[—1 -
+ Eg| sup sup(loggy(x, Yo)*]
ng +1 0'eB(0,19) x€X

sup  log|gy' oo
no +1 6B,

< £(0™)
by (A4), Birkhoff’s ergodic theorem, Lemma 13, and the elementary fact that

lim, 137 . & =lim, 1 37 _ & —lim, 1 Y771 & =0 for any stationary er-
godic sequence (&x)x>0 with E(]§1]|) < oo. This completes the proof. [

5. Exponential separation and V -uniform ergodicity. As is explained in
Remark 6, the key step in establishing assumption (A6) is to obtain a type of
large deviations property. The following Azuma—Hoeftfding type inequality pro-
vides what is needed in the V-uniformly ergodic case.

THEOREM 14. Assume that Qg is Vg-uniformly ergodic. Fix s > 0, and let
f:YSt 5 R be such that | oo < 00. Then there exists a constant K such that

Pg( Zt) 5Kv(V)exp[—%<g/\t)i|

for any probability measure v and any t > 0.

Y ) =Bl (Y

i=1

We will first use this result in Section 5.1 to prove Theorem 2. In Section 5.2,
we will establish a general Azuma—Hoeftding type large deviations inequality for
V -uniformly ergodic Markov chains, which forms the basis for the proof of Theo-
rem 14. Finally, Section 5.3 completes the proof of Theorem 14.
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5.1. Proof of Theorem 2. We begin by proving that exponential separation
holds under the V-uniform ergodicity assumption.

PROPOSITION 15. Assume (A1) and (A6). For any 0 + 0* with p*(Y.?; 0) >
0 Py+-a.s. and probability measure v such that v(Vg) < 00, we have IP’;’Y - PL,.

PROOF. Fix 6 4 6*. As ]TDY #+ ]f” by assumption (A6'), there exists an integer
s > 0 and a bounded measurable functlon h:YST! — R such that Ey [A(Y;)]=0
and Eg+[1(Y$)] = 1. Define for n > s the set A, € Y2+ as

Zh(yl—i-a

As Y© is stationary and ergodic under Py- by (Al), Birkhoff’s ergodic theo-
rem gives Pg*(An) — 1 as n — 00. On the other hand, Theorem 14 shows that
limsup,_, ,,n~'log IP;’Y(A,,) < 0. Thus, we have established ]P’;’Y -HPL. O

A def {y c Yn+1

Proposition 15 is not sufficient to establish (A6), however: the problem is that
we are interested in the case where v is not a probability measure, but the o -finite
measure A. What remains is to reduce this problem to an application of Proposi-
tion 15. To this end, we will use the following lemma.

LEMMA 16. Assume (A4), and fix 6 + 0* such that p*(Y?;0) > 0 Pp«-a.s.
For any B € Y26+ sych that Ip)g*(Yom € B) > 0, define the probability measure

pH(dxry+1, Y505 0) Ve B
pH(Yy'; 0) 0

Apo(A) = Ege ( f 14 Crgs1)

on (X, X). Then we have
Pi(Yy € B, Y], € A) =Py (Y]’ € BYP;* (Y0 "~ € A)
for any set A € Y®"=70),
PROOF. Note that by assumption (A4), If”g is well defined (as shown in Lem-
ma 11) and 0 < p*(¥}’; 0) < 0o Py«-a.s. Moreover, as p*(yy’; 0) = [ p*(dxpy41,

y(r)"; 0), we find that A ¢ is indeed a probability measure on (X, X).
Let B € Y®o+D be such that Py« (Y,” € B) > 0. Then for any n > rg

Pi(Yy € B, Y], € A)

POy 9*)

:/31A(}’;19+1)1B()769)PA()’61§9) O 0) Yo
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=Fev e B) [ [ [ a6 0p O e)dyfﬁl}xg,e(dxw)
=By (V) € BP;ES (Y27 € A),
where we used p’\(yg; 0) = [ p*(dxms1, yo's O p (v q:0) forn >m. [
We can now complete the proof of Theorem 2.

PROOF OF THEOREM 2. Fix 0 + 6* such that p*(Y}?; 0) > 0 Py«-a.s., and
define

pk(dxr6+r16, v 0) - K}‘
Py 0)
By (A6'), we can choose K sufficiently large so that ]I_DQ*(Y(;Q € B) > 0. Conse-

quently Ap g(Vp) < K < 0o by construction. As in the proof of Proposition 15, it
follows that there exists a sequence of sets A,, € Y®"~"¢) such that

B = {ysg :/VG(XV9+])

. - n—rg—1 _ . —1 AB.O x,n—Tg—1
,,ILIEOPG*(YO cAy) =1, h,fiso‘ip” logIPy™" (Y, €Ay <O.
Define the sets
~  def
An S0 yg € B,y 41 € An).
Using the stationarity of Pg» and Lemma 16, it follows that
. m n Ay — TP, (Ve . -1 DA (Y1 A
nlggoPg*(YO € Ay) =Pyg«(Y)’ € B) >0, h;risolipn logPy(Yy € Ap) <O.

This establishes (A6). [
Finally, let us prove Proposition 3.

PROOF OF PROPOSITION 3.  Fix 6 + 6* such that p*(Y/?; 0) > 0 Pg«-a.s., and
let B =Y""*1 By (A6”), there exists a sequence of sets A, € Y®"~70) such that

liminfPg. (Y7 "€ A,) >0,  limsupn~'logP,** (v """ ! € A,) <O0.
n—00 n— 00
Assumption (A6) now follows easily from the stationarity of Pg+ and Lemma 16.
O

5.2. An Azuma—Hoeffding inequality. This section is somewhat independent
of the remainder of the paper. We will prove a general Azuma—Hoeffding type
large deviations inequality for V -uniformly ergodic Markov chains, on which the
proof of Theorem 14 will be based (see Section 5.3). The following result may
be seen as an extension of the Azuma—Hoeffding inequality obtained in [16] for
uniformly ergodic Markov chains, and the proof of our result is similar to the proof
of the Bernstein-type inequality in [1], Theorem 6.
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THEOREM 17. Let (Xy)i>0 be a Markov chain in (X, X) with transition ker-
nel Q and initial measure n under the probability measure P". Assume that the
transition kernel Q is V -uniformly ergodic, and denote by 1 its unique invariant
measure. Then there exists a constant K such that

IF”’( Zt) SKn(V)exp[—%(ﬁ/\lfi)}

for any probability measure 1, bounded function f:X — R, andt > 0.

Y X)) — ()}

i=1

REMARK 13. The exponential bound of Theorem 17 has a Bernstein-type tail,
unlike the usual Azuma—Hoeffding bound. However, unlike the Bernstein inequal-
ity, the tail behavior is determined only by | f |, and not by the variance of f. We
therefore still refer to this inequality as an Azuma—-Hoeffding bound. It is shown
in [1] by means of a counterexample that V -uniformly ergodic Markov chains do
not admit, in general, a Bernstein bound of the type available for independent ran-
dom variables (the bound in [1] depends on the variance at the cost of an extra
logarithmic factor, which precludes its use for our purposes).

Throughout this section, we let (Xy)x>0 be as in Theorem 17. For simplicity,
we work with a generic constant K which may change from line to line.

Before we turn to the proof of Theorem 17, let us recall some standard facts
from the theory of V-uniformly ergodic Markov chains. It is well known ([27],
Chapter 16), that V -uniform ergodicity in the sense of Definition 1 implies (and is
essentially equivalent to) the following properties:

Minorization condition. There exist a set C € X, an integer m, a probability
measure v on (X, X) and a constant £ > 0 such that

(17) 0" (x,A) > ¢ev(A) forallx e Candall A € X.

Foster—Lyapunov drift condition. There exists a measurable function V : X —
[1,00), A €[0, 1), and b < o0, such that sup, .~ V(x) < 0o and

(18) OV(x)<AV(x)+blc(x) for all x € X.

The set C in the minorization condition is referred to as a (v, m)-small set (see
[27] for extensive discussion). For future reference, let us note that

1<a(V)=0—=-0)"'7(QV —1V) <1 =27 (C) < oo,
which shows that 7 (V) < oo and 7 (C) > 0. Moreover,
e (Cv(V) <a(Q"V)=n(V) < o0,

so that necessarily v(V) < oo also.

The proof of Theorem 17 is based on an embedding of the Markov chain into
a wide sense regenerative process ([20], page 360), known as a splitting construc-
tion. Let us recall how this can be done. We will employ the canonical process
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v,, def (Xn, dy) on the enlarged measure space (Q ]—") where €2 = (X x {0, 1})N

and F is the corresponding Borel o-field. In words, X, takes values in (X, X) and
dy is a binary random variable. Define the following stopping times:

oo Linfln>0:X,eCl,  oi1 Finfin>o0; +m: X, € C).

We now construct a probability measure P on (€2, F) with the following proper-
ties (e.g., by means of the Ionescu-Tulcea theorem):

(dp)n=0 areiid.  withP"(d, =1) =,
X is independent from (d,),=0 and P1(Xp e ) =n,
P"(Xpi1 €-1X.d5%) = 0(Xp, ) on{n<oo}U|J{oi +m <n <oip},

i>0
X X . .
fq P (u(dx), ifd, =1,

PrXG e XL dgy =17 )
/arwxc)R(Xgi,dx), if dy, = 0.

Here we defined the transition kernel R(x, A) def (1 —e) " HO"(x,A) —ev(A)}

for x € C, and (using that X is Polish to ensure existence) the regular conditional
probability qXo- X (A) & P1(X™ € A| Xy, X,).

The process (Xn)nzO is not necessarily Markov. However, it is easily verified
that the law of the process (Xn)nzo under P7 is the same as the law of (X1n)n>0 un-
der P, so that our original Markov chain is indeed embedded in this construction.
Moreover, at every time o, such that additionally d,, = 1, we have by construc-
tion that X o,+m 18 drawn independently from the distribution v, that is, the process
regenerates in m steps. Let us define the regeneration times as

v def. . v def . v
5o = inf{o; +m:i >0, ds; =1}, Spi1 = inf{o; +m:o; > 0y, dg; = 1}.

The regenerations will allow us to split the path of the process into one-dependent
blocks, to which we can apply classical large deviations bounds for independent
random variables. We formalize this as the following lemma.

LEMMA 18. Define for i > 0 the block sums

O’,+1 1

YO (fX -7 (H))

k=0o;

Then (&;);>0 are identically distributed, one-dependent, and 1D &y =0
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PROOF.  First, we note that P(X*' ™" e | X{"™") = P"(X*~' € ) for all i.
It follows directly that (&;);>¢ are identically distributed and one-dependent. More-
over, as o; is o{X gi ~™}-measurable, we find that the inter-regeneration times
(Ci+1 — 0i)i>0 are independent. Now note that, by the law of large numbers,

U,,—l

E"(§) = lim —Zs, = lim — Z{f(xk)—nm}

1 n 1 1 op—1
=nli>rgo< Z{Gm—az)( n(f)})

k =0Jy

But lim,,_ o0 + Z” 0 {o*l+1 o;) = k7 (o1 — dp) < oo by the law of large numbers
and (19) below, while lim,,_, o %_00 ZU”Tl{f()?k) —n(f)} =0 by the ergodic

k=0dy
theorem for Markov chains. This completes the proof. [

In the proof of Theorem 17, we will need that fact that the inter-regeneration
times g and &;41 — d; possess exponential moments. We presently establish that
this is necessarily the case, adapting the proof of [29], Theorem 2.1.

PROPOSITION 19. There exists a constant K such that
(19) E"[exp(Go/K)1 < Kn(V) and E'exp({51 — do}/K)]1 < K

for every probability measure 1.

PROOF. We begin by writing

{60_ _n}_U{dO'()’--- 0j—1 Oadoj:1,0j=l’l}.
Jj=0
Using the independence of d,; ; from d, ..., def 1»0j, we have
v m . v
PGy —m=n)=3_ e(l — &)/ (0j = nlde, ..., dy, , =0).
j=0

In particular, we can write
E7 (%K) = MK 28(1 ) EN (e K |dgy, ... dy,_, =0).

Now note that by construction, we have

IF:W (e{af_gj*]_m}/K |ngil) = ]E,R(ng—l’.) (eUO/K) on {de—l = O}
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Define G(K) &f SUP,ec R0 (e90/K) Tt is now easily established that
[VEU(eU_,'/KldUO’ . daj,l —0) < ejm/KG(K)j[vEn(eUO/K),

We can therefore estimate

ceM/Kn (go0/K)

]E‘:n OV'O/K < ,
) T T A e G

provided that (1 — &)™ K G(K) < 1.
Now note that it follows from [27], Theorem 15.2.5, that

(20) E*(e7/Ky < KAV (x) + blc(x)}  forall x €X,

provided K is chosen sufficiently large. Therefore, it is easily established that

R (e/Ky < K n(V) for K sufficiently large. On the other hand, by Jensen’s in-
equality, G(K) < G(,B)/S/K for B < K. As G(B) < oo for some § by (20), we have
G(K) — 1as K — oo. Thus, (1 — &)™ X G(K) < 1 for K sufficiently large, and
we have proved E”[exp(&o /K)] < Kn(V). To complete the proof, is suffices to
note that E"[exp({&] — &0}/ K)] = E'[exp(5o/K)] and v(V) < co. O

With these preliminaries out of the way, we now prove Theorem 17.

PROOF THEOREM 17. Define the sequence (&¢)¢>0 as in Lemma 18. We begin
by splitting the sum S & " {f(X;) —n(f)} into three different terms:

gopAn—1 i(n)—1
So= D AfXp—a(H+ D &
j=1 k=0

@1 )
+ Y X -7,

j=l(n)An

where i (n) def Y re 145, <n) and I(n) def Gi(n)- Using (19), we have for r > 0

< E"[exp(0/K)] exp<—

ooAn—1

ORVICHEE )

j=1
< P[50 > 1/2| foo]

(22) . )
2K | floo

< Kn(V) exp(—ﬁ).
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This bounds the first term of (21). To bound the last term of (21), we proceed as in
the proof of [1], Lemma 3. First note that, for any ¢ > 1,

Pln— i) An+1>t]1=P"i(n) <n+1—1]
n
=" PGy <n+1—t,i(n)=¢]
=0
n v
= Z]P’n[&g <n+1 —t,(}e_H > n].
£=0
Recall that the inter-regeneration time &y — &¢ is independent from oy, ..., oy,
and (0¢+1 — 0¢)¢>0 are identically distributed (see the proof of Lemma 18). Thus,
. ln+1—t] .
Py <n-+1 —t,0041 >n]= Z Pn[6g=k,5g+1 —0p>n—k|
k=0

lnt+1-1] 5
= Y P&, =kIP"[6) — S0 >n—k].
k=0

But as 6 < 6441 forall £ >0, we have ) ;_, P&, = k] < 1 for all k, so that

5 ln+1-t]
Plln—Ilm)An+1=t1< > P61 —60>n—kl
k=0

(0,0)
< Y P& —50 =kl
k=[t—1]

IVE”[e{‘V’l —60}/K] i e k/K
k=111

Kel/X ~t/K
I—eV/K)S

where we have used (19). We therefore find that for > 2| f |0

ﬁ»,,[
i)
2K floo
(recall that the constant K changes from line to line). But we may clearly choose
K sufficiently large that Ke~!/X > 1, so that (23) holds for any ¢ > 0.

A

IA

n

> X)) —m(H}

j=l(n)An

> z} <Pyln—In) An4+1>1/2|f]oo]
(23)
< Kexp(—
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It remains to bound the middle term in (21). As i (n) < n, we can estimate
i(n)—1

ZS ZE ‘ max Z$2k+1

O=j=ln/21|;
Both terms on the right-hand side of this expression are 1dent1ca11y distributed. We
can therefore estimate using Etemadi’s inequality ( [5] Theorem 22.5),

| fufon]

max
-~ 0=j=ln/2d|;

i(n)—1

> &

>t] <8 max ]P’”[

= 0=j=ln/2]
Note that || < 2| f|oo(Fk+1 — O%), so that using (19)
- (73
2K ZEn( 161/2K | floo _ | _ ) T EIN
(2K floo) e TN | fl5

Using Bernstein’s inequality ([30], Lemma 2.2.11), we obtain

pn[ zt/S}Szexp(_?(pr1)|f|%o+t|floo>'

> &
We can therefore estimate for ¢t > 0

k=0
i(n)—1 1 t2
>t <K6Xp< 2—)
Kn|fl5+11flso

Y &
The proof is completed by combining (22), (23) and (24). U

(24) [

k=0

_5.3. Proof of Theorem 14. Assume without loss of generality that
Eo[ f (Y5)] = 0. To prove the result, it suffices to bound each term in the decom-
position

PN ANEDY (Z &, j) +Y ES(FHIXgL Y,

i=1 j=0\i=1 i=1
where we have defined forany 0 < j <s andi > 1
def

51J—

By construction, (§; j)1<;<n are martingale increments for each j, and [§; j|o0 <
2| f|oo. Therefore, by the Azuma—Hoeffding inequality ([32], page 237), we have

n t2
P >t] <2 <—7>
"( 25| = )‘ P\ Sl

> &

i=1
for each 0 < j <s. On the other hand, note that Eg(f(Yii+s)|X6_1, Yé_l) =
F(X;_1) for all i, where F satisfies g (F) = 0 (as we assumed Ey[ f(¥5)] =0)
and | F|s < |f|co- The result therefore follows by applying Theorem 17.

Eg(f(YII+Y)|X6+]’ Y(l)+]) _ EE(f(Yii+s)|X6+j_l, Yé—i_j_l).
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