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We perform a comprehensive theoretical study of the structural and electronic properties of potassium niobate (KNbO3) in
the cubic, tetragonal, orthorhombic, monoclinic, and rhombohedral phase, based on density-functional theory. 
e in�uence
of di�erent parametrizations of the exchange-correlation functional on the investigated properties is analyzed in detail, and the
results are compared to available experimental data. We argue that the PBEsol and AM05 generalized gradient approximations as
well as the RTPSS meta-generalized gradient approximation yield consistently accurate structural data for both the external and
internal degrees of freedom and are overall superior to the local-density approximation or other conventional generalized gradient
approximations for the structural characterization of KNbO3. Band-structure calculations using a HSE-type hybrid functional
further indicate signi�cant near degeneracies of band-edge states in all phases which are expected to be relevant for the optical
response of the material.

1. Introduction


e study of perovskites, oxidic compounds with the chem-
ical formula ABO3 and an ideal or distorted cubic crystal
structure, is of both academic and technological interest.
On one hand, perovskite minerals are the most abundant
components in the Earth’smantle [1]. On the other hand, they
exhibit a large variety of interesting physical properties [2, 3],
which can be modi�ed by composition-induced structural
modi�cations.

Among the human-made perovskites, potassium niobate
(KNbO3) belongs to the important class of perovskite-
structure ferroelectrics [4]. It crystallizes at about 1325K in

a paraelectric cubic phase (space group ��3�) and, similar
to BaTiO3 [5], undergoes three successive ferroelectric phase
transitions [6]: to a tetragonal phase (space group �4��)
at 691 K, from the tetragonal to an orthorhombic phase
(space group ���2) at 498K, and from the orthorhombic
to a rhombohedral phase (space group �3�) at 263K. In
addition, a newmonoclinic phase (space group��) was very

recently discovered in KNbO3 nanomaterials synthesized via
a hydrothermal method [7]. It has long been known that
the room-temperature orthorhombic phase, in particular, is
characterized by unusual dielectric properties and an excep-
tionally large nonlinear optical coe�cient. For this reason,
KNbO3 is widely used in nonlinear optics and holographic
applications, where it represents a viable alternative to the
more di�used LiNbO3.

Due to its technological importance, pure and defec-
tive KNbO3 has been subject to many experimental [8–
12] and theoretical [13–19] studies. 
e previous theoretical
investigations were typically aimed at the description of the
ground-state structure and the identi�cation of defect centers
relevant for the optical properties. For the most part, they
used density-functional theory [20, 21] with classical local or
semilocal exchange-correlation functionals or even simpler
semiempirical models. While these approaches are appro-
priate for atomic geometries and the mechanical properties
of a material if not too high accuracy is required, they
are much less accurate with regard to the electronic and
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optical properties, because important factors like quasipar-
ticle renormalization of the electronic band gap, thermal
e�ects due to the electron-phonon coupling, or excitonic
e�ects in the linear and nonlinear optical absorption are
missing. Furthermore, most of the published work so far
concentrated on the structurally simple cubic and tetragonal
phases, while less attention has been given to the remaining
polymorphs. As a consequence, a thorough quantitative ab
initio study of the electronic and optical properties of KNbO3,
especially of the more complex but technologically relevant
room-temperature phase, with state-of-the-art methods that
go beyond density-functional theory and take the above-
mentioned e�ects into account, as recently carried out for its
sister material LiNbO3 [22–25], is still missing. 
e accurate
theoretical description of the atomic structure of the relevant
KNbO3 phases remains a prerequisite for all such studies,
however.

In order to pave the way for future investigations along
these lines, here we perform a comprehensive study of the
structural and electronic properties of all the �ve known
phases ofKNbO3, including the newly discoveredmonoclinic
phase, based on density-functional theory. 
e in�uence
of di�erent parametrizations of the exchange-correlation
functional on the investigated properties is discussed in
detail, and the results are compared to available experimental
data. Such a systematic approach is especially important
for KNbO3 because the energetic separation and the struc-
tural di�erences between the various phases are small and
therefore potentially sensitive to details of the computational
procedure. Indeed, our results show that several recently
introduced exchange-correlation functionals give, overall, a
better description of the atomic geometries throughout the
various phases than common standard functionals as used in
earlier studies. Band-structure calculations are additionally
performed with a nonlocal hybrid functional to correct the
well-known underestimation of the fundamental band gap
incurred with conventional local or semilocal functionals,
which stems from the absence of a derivative discontinuity
with respect to the particle number as in the exact functional
[26, 27].


is paper is organized as follows. In Section 2, we give
an overview of our computational method. In Section 3,
we present our results for the optimized atomic geometries
of the �ve considered phases of KNbO3 and compare the
performances of di�erent exchange-correlation functionals
in relation to experimental data. Furthermore, we discuss the
e�ects of the di�erently broken symmetries on the electronic
band structure through the successive phase transitions. We
�nally summarize our conclusions in Section 4.

2. Computational Method

All calculations of this study are performed with the Vienna
Ab initio Simulation Package (VASP) [28, 29], a plane-
wave implementation of density-functional theory (DFT).

e electron-ion interaction is described by the projector-
augmented-wave (PAW) scheme [29, 30], where the K 3� and
the Nb 4� electrons are treated explicitly as valence states.
For the exchange and correlation between the electrons, we

test several di�erent schemes in order to compare their per-
formance, namely, the local-density approximation (LDA),
semilocal generalized gradient approximations (GGA), a
semilocal meta-GGA, and a nonlocal hybrid functional.
In detail, we use the LDA as parametrized by Perdew
and Zunger [31]. 
e conventional Perdew-Burke-Ernzerhof
(PBE) parametrization [32] and themore recently introduced
PBEsol [33] and AM05 [34] functionals are considered on the
GGA side; the latter two are chosen because they are known
to yield accurate lattice parameters comparable to hybrid-
functional DFT calculations at a moderate computational
cost [35]. Furthermore, the revised Tao-Perdew-Staroverov-
Scuseria (RTPSS) meta-GGA [36] is employed. Band-
structure calculations are additionally performed for the
relaxed PBEsol geometries with the Heyd-Scuseria-Ernzer-
hof (HSE) screened-Coulomb-potential hybrid functional
[37, 38]. 
e fraction of the exact exchange from Hartree-
Fock theory, 25% in the conventional HSE06 functional, is
increased to 30% to match the experimentally observed band
gap of the cubic KNbO3 phase. Nonlocal HSE-type hybrid
functionals o�er a reliable way to approximate more rigorous
band-structure calculation schemes within the framework of
quasiparticle theory and thus e�ectively overcome the band
gap problem of conventional DFT calculations with local or
semilocal exchange-correlation functionals at a lower numer-
ical cost [39, 40].


e electronic wave functions are expanded into plane
waves up to a kinetic energy of 600 eV for the lattice-para-
meter optimization. All structural degrees of freedom are
relaxed until the forces on each atom are below 0.001meV/Å.

e cuto� energy is reduced to 400 eV in the hybrid-func-
tional band-structure calculations. 
e Brillouin-zone inte-
grations are performed using a shi�edMonkhorst-Pack 6 × 6
× 6 k-point mesh for all KNbO3 phases. In calculations with
the HSE hybrid functional, a regular Γ-centered 6 × 6 × 6 k-
point mesh is used instead.

3. Results and Discussion

Figure 1 illustrates the �ve di�erent phases of KNbO3 con-
sidered here with exaggerated deformations from the cubic
con�guration (Figure 1(a)). Starting from the cubic phase,
the tetragonal phase is reached by elongation along � axis
and compression along the other two axes (Figure 1(b)).
Further distortions of the lattice parameters transform the
tetragonal phase into an orthorhombic polymorph with
distinct lattice parameters ��, 	�, and 
� (Figure 1(c), le�).
e
crystal structure of orthorhombic KNbO3, whose rectangular
unit cell contains two formula units, that is, ten atoms, can
alternatively be characterized by a smaller rhombic unit cell
with lattice parameters � ̸= 	 = 
 and � ̸=  = � = 90∘
which contains only one formula unit (Figure 1(c), right);
it is this nonrectangular primitive unit cell that we employ
in all structure optimizations and electronic-structure cal-
culations. 
e relation between the orthorhombic and the
rhombic unit cells, including the ion displacements, is further
illustrated in Figure 2. 
e orthorhombic phase transforms
into the monoclinic phase by choosing mutually distinct
lattice parameters � ̸= 	 ̸= 
 (Figure 1(d)). Alternatively,
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Figure 1: Di�erent phases of KNbO3: (a) cubic, (b) tetragonal, (c) orthorhombic (le�: conventional orthorhombic unit cell, right: primitive
rhombic unit cell), (d) monoclinic, and (e) rhombohedral with lattice parameters, angles, and space groups in Hermann-Mauguin notation.

e deformations are actually small and are exaggerated here for clarity.

the rhombohedral phase is obtained by choosing equal lattice
parameters � = 	 = 
 together with equal but acute angles
� =  = � (Figure 1(e)).

3.1. Structure Optimization. In order to study the in�uence
of di�erent approximations for exchange and correlation on
the DFT results for KNbO3, we perform complete structure
optimizations of the lattice parameters and the atomic dis-
placements for all �ve phases using the LDA, PBE, PBEsol,
AM05, and RTPSS functionals. We start with the high-
temperature cubic phase and then follow the order in which
the phases would occur for decreasing temperature.

Table 1 lists the calculated lattice parameter � and the
optimized unit-cell volume � for the cubic phase obtained
with the di�erent exchange-correlation functionals as well
as experimental data for comparison. Consistent with the
cubic symmetry, all lattice parameters have precisely the same
value, and all lattice vectors are perpendicular to each other.

ere are no internal degrees of freedomand hence no atomic
displacements in the cubic phase. At �rst glance, the PBE
results appear to agree best with the experimental lattice
constant, but it must be borne in mind that the measurement
was performed at 708K, whereas the calculations correspond
to 0K. 
e good quantitative agreement is in fact fortuitous
and due to an error cancellation between the neglect of
thermal expansion and thewell-known tendency of PBE (and
other conventional GGAs) to overestimate lattice constants

c

c b
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Figure 2: Atomic displacements in the conventional orthorhombic
(solid lines) and primitive rhombic (dashed lines) unit cells of
the orthorhombic KNbO3 polymorph. 
e unit cell is split into
two layers of atoms perpendicular to � axis. 
e deformations are
exaggerated for clarity.

at zero temperature. 
e LDA predicts the smallest value for
�, while the results from other functionals are in between;
the same applies to the equilibrium unit-cell volume. In
concordance with literature data on various other materials,
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Table 1: Lattice parameter � and equilibrium unit-cell volume � calculated with di�erent exchange-correlation functionals for the cubic
phase of KNbO3. Data in brackets represent relative deviations from the experimental values in percent.

��3� LDA PBE PBEsol AM05 RTPSS Expt.a

� (Å) 3.954 (−1.69) 4.024 (+0.05) 3.985 (−0.92) 3.989 (−0.82) 4.008 (−0.35) 4.022

� (Å
3
) 61.72 (−5.13) 65.16 (+0.15) 63.28 (−2.74) 63.47 (−2.44) 64.38 (−1.05) 65.06

a
Ref . [41]; measured at 708K.

Table 2: Lattice parameters � and 	, ratio �/	, equilibrium unit-cell volume �, atomic displacements along � axis in percent of �, and
total-energy di�erence Δ� per formula unit with respect to cubic KNbO3 calculated with di�erent exchange-correlation functionals for the
tetragonal phase of KNbO3. Data in brackets represent relative deviations from the experimental values in percent.

P4mm LDA PBE PBEsol AM05 RTPSS Expt.a

� (Å) 3.989 (−1.82) 4.193 (+3.20) 4.058 (−0.12) 4.098 (+0.86) 4.085 (+0.54) 4.063

	 (Å) 3.945 (−1.30) 3.994 (−0.08) 3.969 (−0.70) 3.968 (−0.73) 3.992 (−0.13) 3.997

�/	 1.0112 (−0.52) 1.0498 (+3.28) 1.0224 (+0.58) 1.0328 (+1.60) 1.0233 (+0.67) 1.0165

� (Å
3
) 62.08 (−4.36) 66.87 (+3.02) 63.93 (−1.51) 64.52 (−0.60) 65.10 (+0.29) 64.91

ΔK 1.072 1.762 1.462 1.635 1.634 1.8

ΔNb 0 0 0 0 0 0

ΔO1 2.859 6.142 4.109 4.972 4.277 4.4

ΔO2 3.026 4.962 3.850 4.352 3.934 4.0

ΔO3 3.026 4.962 3.850 4.352 3.934 4.0

Δ� (eV) −0.0069 −0.0522 −0.0201 −0.0330 −0.0231
a
Ref . [41]; measured at 543K.

we �nd that PBEsol, AM05, and RTPSS provide accurate and
quite similar lattice parameters [36, 42–46].

For the tetragonal phase, the data listed in Table 2 is
obtained with equal lattice parameters 	 and 
 and perpen-
dicular lattice vectors. In contrast to the cubic phase, the
displacements do not vanish in this case. If we keep the Nb
atom �xed at its ideal position in the center of the unit cell,
we observe that all other atoms shi� towards positive values
along � axis; displacements along the other axes are forbidden
due to symmetry constraints. Since the experimental lattice
parameters shown for comparison refer to 543K and include
e�ects of thermal expansion, the ratio �/	 is also listed. 
e
lattice parameter � is best matched by PBEsol, while the PBE
value for 	 is closest to the experiment.
e latter is fortuitous,
however, as indicated by the large overestimation of � which
exceeds 3% and constitutes the largest deviation among all
tested functionals. 
e de�ciency of the PBE functional is
further re�ected in the ratio �/	 of 1.0498, which shows the
strongest deviation from the experimental value of 1.0165,
while LDA (1.0112) slightly underestimates the experimental
value, PBEsol (1.0224) and RTPSS (1.0233) slightly overes-
timate it by a similar amount, and AM05 (1.0328) yields a
somewhat larger ratio. Despite the reasonably accurate LDA
lattice-parameter ratio, the associated equilibrium volume of

the unit cell of 62.08 Å
3
shows the poorest agreement with

the experimental volumeof 64.91 Å
3
.
e equilibriumvolume

is excellently reproduced by the RTPSS value of 65.10 Å
3
,

followed by the AM05 value of 64.52 Å. As for the relative
atomic displacements, all functionals except the LDA, which
predicts systematically too small shi�s, are in reasonable
agreement with the experimental data. However, RTPSS

clearly shows the best performance in the description of these
internal degrees of freedom, aside from the accidentally close
PBE displacement of the K atom. Overall, we thus conclude
that PBEsol and RTPSS are well suited to describe the tetrag-
onal phase of KNbO3, although RTPSS provides the most
balanced description of all structural degrees of freedom.
is
highlights the importance of incorporating all external as well
as internal degrees of freedom in the evaluation of functional
performance for structural properties.

Table 3 contains our results for the orthorhombic phase.
We point out again that the primitive rhombic unit cell is not
rectangular, as only the double unit cell exhibits the actual
orthorhombic structure. 
e arrows in Figure 2 indicate the
direction of the displacements in the plane perpendicular to
� axis; there are no detectable displacements parallel to �.
As can be seen, the atoms shi� mainly along 
� direction
of the double unit cell. In the rotated basis system of the
primitive single unit cell, the displacements have roughly
equal components along 	 and 
 directions. As before, the
LDA lattice parameters and volume substantially underesti-
mate the experimental data. In addition, LDA tends strongly
towards cubic symmetry, as indicated by the almost right
angle of 89.91∘, �/	 ratio of 0.9922 that is close to unity, and
the signi�cantly underestimated atomic displacements. 
e
PBE parametrization shows the smallest (for �) and largest
(for 	) deviations from the experimental values among all
considered functionals, indicating a similar imbalance in the
description of lattice parameters as observed for the tetrag-
onal phase. In contrast, the functionals PBEsol, AM05, and
RTPSS provide reasonable lattice parameters with compara-
bly small deviations from the experimental values for both �
and 	. 
is more balanced description of lattice parameters
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Table 3: Lattice parameters � and 	, angle �, ratio �/	, equilibrium unit-cell volume�, atomic displacements in percent of 	, and total-energy
di�erence Δ� per formula unit with respect to cubic KNbO3 calculated with di�erent exchange-correlation functionals for the orthorhombic
phase of KNbO3. Data in brackets represent relative deviations from the experimental values in percent.

���2 LDA PBE PBEsol AM05 RTPSS Expt.a
� (Å) 3.940 (−0.83) 3.983 (+0.25) 3.961 (−0.30) 3.958 (−0.38) 3.984 (+0.28) 3.973

	 (Å) 3.971 (−1.59) 4.100 (+1.61) 4.021 (−0.35) 4.043 (+0.20) 4.048 (+0.32) 4.035

� (∘) 89.91 (+0.20) 89.66 (−0.08) 89.82 (+0.10) 89.76 (+0.03) 89.81 (+0.09) 89.73

�/	 0.9922 (+0.77) 0.9715 (−1.33) 0.9851 (+0.05) 0.9790 (−0.57) 0.9842 (−0.04) 0.9846

� (Å
3
) 62.13 (−3.94) 66.95 (+3.51) 64.04 (−0.99) 64.70 (+0.03) 65.28 (+0.93) 64.68

ΔK 0.632 1.095 0.877 0.987 0.971 0.974

ΔNb 0 0 0 0 0 0

ΔO1 1.793 2.942 2.306 2.618 2.381 2.568

ΔO2 1.615 2.768 2.131 2.432 2.216 2.413

ΔO3 1.615 2.768 2.131 2.432 2.216 2.413

Δ� (eV) −0.0080 −0.0617 −0.0245 −0.0401 −0.0289
a
Ref . [41]; measured at 295K.

is underlined by improved �/	 ratios with PBEsol (0.9851)
and RTPSS (0.9842) which show virtually identical but
opposing minimal deviations from the experimental value
(0.9846). While all functionals predict a very similar small
reduction of angle �, the experimental value of 89.73∘ is most
accurately reproduced by AM05 (89.76∘). AM05 also yields
the equilibriumvolume (64.70) closest to experiment (64.68).

e three functionals PBEsol, AM05, and RTPSS not only
yield results in reasonable quantitative agreement with the
experimental data but also give a good account of the atomic
displacements, although the best description of the internal
degrees of freedom is provided by theAM05 parametrization.
Overall, AM05 provides the best balanced description of all
structural degrees of freedom in orthorhombic KNbO3.


e results for the newly discovered monoclinic phase
depend sensitively on the starting parameters for the
atomic displacements, as the structure tends to relax to the
orthorhombic phase for poorly chosen initial displacements.

e only previous theoretical study of KNbO3 in the mon-
oclinic phase was reported by Zhang et al. [48]. In our
simulations, we take the displacements given in [48] as the
initial con�guration. In this way, we eventually obtain a
properly relaxed monoclinic structure, which corresponds to
a local minimum of the total-energy landscape, indicating
that the monoclinic phase is metastable not only for KNbO3
nanomaterials but also for the bulk. 
e results listed in
Table 4 show that the performance of the di�erent functionals
is the same as that for the related orthorhombic phase, which
occurs in the same temperature range. 
e universal trends
of underestimation and overestimation of lattice parameters
by the LDA and PBE functionals are clearly re�ected in equi-

librium volumes of 62.13 Å
3
and 66.99 Å

3
which fall below

or exceed the experimental volume of 64.86 Å
3
, respectively.

Surprisingly, LDA performs best for angle � as well as for
the ratios �/	 and �/
. A notable improvement over the LDA
and PBE values is observable for the other functionals, but
no clear trend emerges. PBEsol, AM05, and RTPSS provide
virtually the same accuracy for the lattice parameters. 
e
atomic displacements have again roughly equal components

along 	 and 
 directions and no detectable component along
�. Compared to PBEsol and RTPSS, AM05 shows a slight
tendency towards larger atomic displacements. Although
there are no directly comparable experimental values, the
calculated displacements are compatible with those of Zhang
et al. [48] based on density-functional theory in combination
with the otherwise rarely used Wu-Cohen functional [49].

Finally, for the rhombohedral phase, we set the starting
values for the displacements of all atoms except Nb to two
percent along each lattice vector, because the structure tends
to relax to the cubic phase for too small initial displacements.

e resulting optimized values are listed in Table 5.
e lattice
parameter � and angle � obtained from PBEsol, AM05, and
RTPSS are overall in good agreement with the experimental
data. 
e performance of LDA and PBE follows that for the
other phases and shows characteristic underestimation and
overestimation of the lattice parameters, respectively. Our
calculated atomic displacements are notably larger than those
reported by Fontana et al. in 1984 [41], especially for the oxy-
gen atoms. 
e reason for this discrepancy remains unclear.
On one hand, the theoretical results are very consistent for
all functionals considered here and thus appear robust. On
the other hand, the low-temperature rhombohedral phase
has received relatively little attention in the literature so
far, so that there are no other, more recent experimental
characterizations of this structure which could be used for
further comparison. In our simulations, all displacements are
predominantly along the spatial diagonal of the unit cell with
roughly equal components along all three lattice vectors.

3.2. Phase Stability. For the purpose of comparison, Table 6
summarizes our results for the total-energy di�erences Δ�
per formula unit for the various phases of KNbO3, which
correspond to the formation energies relative to the cubic
polymorph. Although the numerical di�erences are gen-
erally small, we �nd that the rhombohedral structure is
energetically favored by all exchange-correlation functionals
considered in this work. As the calculations refer to 0K, this
is gratifyingly consistent with the experimental fact that the
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Table 4: Lattice parameters �, 	, and 
, angle �, ratios �/	 and �/
, equilibrium unit-cell volume�, atomic displacements in percent of 	, and
total-energy di�erence Δ� per formula unit with respect to cubic KNbO3 calculated with di�erent exchange-correlation functionals for the
monoclinic phase of KNbO3. Data in brackets represent relative deviations from the experimental values in percent.

�� LDA PBE PBEsol AM05 RTPSS Expt.a
� (Å) 3.940 (−1.28) 3.983 (−0.20) 3.961 (−0.75) 3.958 (−0.83) 3.984 (−0.18) 3.991

	 (Å) 3.972 (−1.83) 4.104 (+1.43) 4.023 (−0.57) 4.045 (−0.02) 4.049 (+0.07) 4.046


 (Å) 3.970 (−1.17) 4.098 (+2.02) 4.020 (+0.07) 4.041 (+0.60) 4.047 (+0.75) 4.017

� (∘) 89.91 (+0.02) 89.66 (−0.26) 89.82 (−0.08) 89.76 (−0.14) 89.81 (−0.09) 89.89

�/	 0.9919 (+0.56) 0.9705 (−1.61) 0.9846 (−0.18) 0.9785 (−0.80) 0.9839 (−0.25) 0.9864

�/
 0.9924 (−0.11) 0.9719 (−2.17) 0.9853 (−0.83) 0.9795 (−1.41) 0.9844 (−0.92) 0.9935

� (Å
3
) 62.13 (−4.21) 66.99 (+3.28) 64.06 (−1.23) 64.70 (−0.25) 65.28 (+0.65) 64.86

ΔK 1.260 2.194 1.736 1.971 1.942

ΔNb 0 0 0 0 0

ΔO1 3.571 5.906 4.626 5.234 4.771

ΔO2 3.208 5.583 4.262 4.876 4.443

ΔO3 3.197 5.679 4.263 4.890 4.446

Δ� (eV) −0.0085 −0.0623 −0.0250 −0.0405 −0.0294
a
Ref . [47]; measured at 298K.

Table 5: Lattice parameter �, angle �, equilibrium unit-cell volume �, atomic displacements in percent of �, and total-energy di�erence
Δ� per formula unit with respect to cubic KNbO3 calculated with di�erent exchange-correlation functionals for the rhombohedral phase of
KNbO3. Data in brackets represent relative deviations from the experimental values in percent.

R3m LDA PBE PBEsol AM05 RTPSS Expt.a

� (Å) 3.961 (−1.37) 4.059 (+1.07) 4.001 (−0.37) 4.014 (−0.05) 4.027 (+0.27) 4.016

� (∘) 89.95 (+0.03) 89.80 (−0.13) 89.90 (−0.02) 89.86 (−0.07) 89.95 (+0.03) 89.92

� (Å
3
) 62.15 (−4.05) 66.87 (+3.24) 64.05 (−1.11) 64.67 (−0.15) 65.30 (+0.82) 64.77

ΔK 1.296 2.281 1.794 2.046 2.037 1.300

ΔNb 0 0 0 0 0 0

ΔO1 3.340 5.548 4.360 4.945 4.580 0.301

ΔO2 3.340 5.548 4.360 4.945 4.580 0.333

ΔO3 3.340 5.548 4.360 4.945 4.580 0.333

Δ� (eV) −0.0087 −0.0623 −0.0256 −0.0410 −0.0305
a
Ref . [41]; measured at 230K.

Table 6: Calculated total-energy di�erences Δ� with respect to
the cubic phase in eV per formula unit with di�erent exchange-
correlation functionals for the �ve phases of KNbO3.

Phase LDA PBE PBEsol AM05 RTPSS

��3� 0 0 0 0 0

P4mm −0.0069 −0.0522 −0.0201 −0.0330 −0.0231
Amm2 −0.0080 −0.0617 −0.0245 −0.0401 −0.0289
�� −0.0085 −0.0623 −0.0250 −0.0405 −0.0294
R3m −0.0087 −0.0623 −0.0256 −0.0410 −0.0305

rhombohedral phase is stable in the low-temperature limit.
It is followed, in ascending order, by the monoclinic, the
orthorhombic, the tetragonal, and �nally the cubic structure,
consistent among all functionals. 
e energetic ordering of
the di�erent phases thus follows the sequence in which they
become stable for increasing temperature. A proper ab initio
description of the phase transitions requires a numerical
evaluation of the temperature-dependent free energies with

the full incorporation of phonon contributions [54] which
goes beyond the present study, however.

Figure 3 illustrates the correlation between the unit-cell
volume and the relative formation energies. 
e remarkably
narrow spread of the LDA results and the much larger
spread of the PBE results for the di�erent phases are clearly
visible. 
is is in accordance with our earlier observation
that the LDA tends to underestimate and PBE tends to
overestimate symmetry-breaking deformations relative to the
cubic structure.
e PBEsol andAM05 results lie between the
LDA and PBE values, indicating a more balanced description
of the structure and energetics. 
e RTPSS results span a
similar energy range as PBEsol and AM05 but are shi�ed
to slightly larger volumes. In addition, Figure 3 shows an
almost linear dependence of the formation energies on the
unit-cell volume, suggesting a dominant volume e�ect on the
phase stability of the KNbO3 polymorphs. Similar trends in
the correlation between formation energies and equilibrium
volume have also been observed for other oxidematerials that
exhibit extended structure polymorphism [55, 56].
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the cubic phase calculated with di�erent exchange-correlation func-
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e dashed
bars indicate the total volume and energy ranges encompassing all
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3.3. Functional Performance. 
e underestimation and over-
estimation of lattice parameters by LDA and by conventional
generalized gradient approximations like PBE, respectively,
observed consistently throughout this work for all investi-
gated KNbO3 polymorphs, are well known and documented
for a large variety of materials [45, 57, 58]. In particular,
these trends were con�rmed in a DFT study of various
ferroelectric perovskites by Tinte et al. [59]. Nevertheless,
the reasonable overall agreement with experimental data
together with the well-understood performance in numerical
simulations makes these established functionals a sound ref-
erence for the benchmarking of other exchange-correlation
functionals. 
e improved prediction of structural data by
PBEsol, AM05, and RTPSS observed here for KNbO3 is
likewise in accordance with recent studies for simple metallic
and semiconducting systems [36, 42–46, 58], but our results
demonstrate that this extends to oxides with various stable
and metastable polymorphs of complex symmetry, which
exhibit manifold internal degrees of freedom. We note in
this context that it is also possible to improve conventional
semilocal functionals through restriction to speci�c classes of
materials by introducing system-dependent parameters that
modify the localization of the exchange-correlation hole [59],
an idea that is not strictly ab initio but presently has a strong
in�uence on the construction and use of hybrid functionals.


e energetic ordering (Table 6) of the �ve KNbO3
polymorphs is identical for all considered functionals and,
most importantly, in accordance with the observed experi-
mental sequence. Hence, even though the LDA energy di�er-
ences are close to the overall numerical accuracy of current
implementations of plane-wave DFT for solid-state systems,

Table 7: Complete list of calculated PBEsol lattice parameters for
the �ve di�erent phases of KNbO3, which are used in the HSE
electronic-structure calculations.

Phase ��3� P4mm Amm2 �� R3m

� (Å) 3.985 4.058 3.961 3.961 4.001

	 (Å) 3.985 3.969 4.021 4.023 4.001


 (Å) 3.985 3.969 4.021 4.020 4.001

� (∘) 90 90 89.82 89.82 89.90

 (∘) 90 90 90 90 89.90

� (∘) 90 90 90 90 89.90

this does not disqualify any of the considered exchange-
correlation functionals from applications to KNbO3. 
is
happenstance of correct phase ordering independent of
speci�c functionals, especially among structurally complex
oxides characterized by polymorph-rich phase diagrams, is
in fact rather fortuitous. In the case of TiO2, for example,
common local (LDA) and semilocal (PBE and PBEsol) as
well as hybrid functionals fail to reproduce the experi-
mentally observed energy ordering among the three main
crystallographic phases rutile, anatase, and brookite, which
structurally di�er solely by distortions and rearrangements of
the TiO6 octahedral building blocks [60–63]. Furthermore,
the choice of exchange-correlation functionals in general,
as well as the fraction of exact exchange in various hybrid
functionals, has been found to alter the phase stability of
oxide systems [63, 64].


e body of data for the atomic structure and phase
energetics suggests that there is no good justi�cation to
stick to the LDA or to conventional GGAs when dealing
with complex oxide materials. More recent parametrizations
like PBEsol or AM05, which speci�cally aim at an accurate
description of solid-state systems, as well as meta-GGAs like
RTPSS, constructed to satisfy amaximumof exact constraints
for the exchange-correlation functional without empirical
parameters, o�er a reliable and numerically e�cient way to
improve the accuracy of state-of-the-art ab initio simulations.
All three functionals provide a sound basis for subsequent
calculations. In the following, we largely restrict the analysis
of the electronic structure to the PBEsol geometries summa-
rized in Table 7, as we do not expect qualitatively di�erent
trends for geometries fromAM05 or RTPSS. In view of future
studies, these functionals seem to be well suited as a starting
point not only for hybrid-functional DFT but also for higher-
level perturbative approaches within the framework ofmany-
body perturbation theory [65]. 
e analysis of vibrational
properties in KNbO3 will equally bene�t from the qualitative
and quantitative reliability provided by these functionals, as
recently demonstrated for the related material LiNbO3 [24].

3.4. Band Structures. Wenowproceed to analyzing the e�ects
of the structural deformations in the various phases on the
electronic band structures. In a preliminary step, we study
the in�uence of the structural parameters and the exchange-
correlation functionals for the cubic phase, which serves as
a test case. Table 8 shows results for the fundamental band
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Figure 4: Fundamental �
V
→ Γ� band gaps for the cubic phase of

KNbO3 calculated with di�erent exchange-correlation functionals
(see Table 8). 
e HSE-� band gaps are calculated for PBEsol equi-
librium geometries and depend on the fraction of exact exchange �.

e solid lines are intended to guide the eyes.
e dashed lines mark
the size of the fundamental LDA, PBE, and PBEsol band gaps.

gaps with di�erent combinations of structural parameters
(see Table 1) and functionals. In all cases, the band gap
is predicted to be indirect and corresponds to a transition
between the valence-band maximum at �, the corner of the
cubic Brillouin zone, and the conduction-band minimum at
Γ, its center. Furthermore, we �nd that the band gap is not
very sensitive to the lattice parameter and that, as expected, all
(semi)local functionals like LDA, PBE, or PBEsol systemati-
cally underestimate the reported experimental values, which
lie between 3.14 eV [50] and 3.24 eV [52]. According to the
preceding section, we consistently use structural parameters
from PBEsol (see Table 7) from now on, and we perform
a series of additional band-structure calculations with the
nonlocal HSE functional. In our notation, HSE-�means that
the HSE functional is used with � percent exact exchange,
which we treat as a tunable parameter. Depending on �, the
hybrid-functional band gap can be positioned between the
lower limit of (semi)localDFT and the upper limit ofHartree-
Fock theory. In Figure 4, the dependence of the fundamental
band gap of cubic KNbO3 on the fraction of exact exchange
is illustrated for 25 ≤ � ≤ 50. In the most relevant region
28 ≤ � ≤ 32, close to the experimentally reported band
gap, an almost linear dependence on � is observed.
e LDA,
PBE, and PBEsol band gaps are shown for comparison and
exhibit an underestimation by a factor of one half. According
to Table 8, a choice of 30% exact exchange leads to much
better agreement with the experimental band gap than the
standard setting of 25%, so that we use the HSE-30 variant
in the following. 
e improved description of band gaps and
the electronic structure in general with an increased fraction
of exact exchange in HSE-type hybrid functionals has previ-
ously been demonstrated for oxide semiconductors [61] and
nitride semiconductor alloys [66, 67], for instance.Wang et al.
[68] also noted that an increased fraction of exact exchange
improves the band gap of KNbO3. Although adjusting the
fraction of exact exchange for a single polymorph might not
yield perfect agreement between experiment and theory for

Table 8: Fundamental �
V
→ Γ� band gaps for the cubic phase of

KNbO3 calculated with di�erent lattice parameters and exchange-
correlation functionals (see Figure 4).

Geometry Functional Band gap (eV)

Expt. PBE 1.426

LDA LDA 1.377

PBE
PBE 1.426

PBEsol 1.125

PBEsol
PBE 1.540

PBEsol 1.396

PBEsol

HSE-25 2.701

HSE-29 3.080

HSE-30 3.138

HSE-31 3.194

HSE-32 3.252

HSE-33 3.346

HSE-50 4.176

Table 9: Fundamental band gaps for the di�erent phases of KNbO3
with the HSE-30 functional from the band structures in Figure 5
compared to experimental values.

Phase
HSE-30 Expt.

Transition Band gap (eV) Band gap (eV)

��3� �
V
→ Γ� 3.14 3.14a, 3.16b, 3.24c

P4mm �
V
→ Γ� 3.23 3.08c, 3.30d

Amm2 �
V
→ Γ� 3.59 3.15c, 3.17e, 3.25f

Pm �
V
→ Γ� 3.63 3.09e, 3.15f

R3m �
V
→ Γ� 3.80

a
Ref . [50]; optical gap from absorption spectrum.

b
Ref . [51]; optical gap from UV-vis di�use re�ectance spectrum.

c
Ref . [52]; optical gap from absorption spectrum.

d
Ref . [53]; optical gap from X-ray photoelectron spectrum.

e
Ref . [47]; optical gap from absorption spectrum.

f
Ref . [48]; optical gap from di�use re�ectance UV-vis spectroscopy.

other phases, it represents a reasonable approach to study
physical trends among the various polymorphs.

Figure 5 shows the calculated band structures for the
�ve di�erent phases of KNbO3. Furthermore, in Table 9,
we compare the fundamental band gaps with experimental
values.
e calculatedHSE-30 band gaps show a broad spread
of 0.66 eV between the fundamental band gaps of cubic
(3.14 eV) and rhombohedral (3.80 eV) KNbO3. It should be
noted that our results refer to electronic band gaps, which can
be measured, in principle, by photoemission spectroscopy.
No such measurements have been reported for KNbO3 so
far, however. Instead, the experimental values listed in the
table are deduced from optical spectroscopies and thus refer
to optical band gaps. 
e di�erence between the two equals
the exciton binding energy, whose magnitude is unknown
for KNbO3, but detailed investigations of the related material
LiNbO3 [25] suggest that it may be signi�cant. In addition,
the experimental values include thermal e�ects due to ther-
mal expansion and electron-phonon coupling, particularly in
the high-temperature phases, as well as size and geometry
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Figure 5: Band structures calculated with the HSE-30 functional for the cubic (a), tetragonal (b), orthorhombic (c), monoclinic (d), and
rhombohedral (e) phases of KNbO3 with corresponding densities of states (DOS) in arbitrary units. 
e grey-shaded areas indicate the PBE
band structures for comparison, and the dashed horizontal lines mark the valence-band maxima and conduction-band minima. All band-
structure calculations are based on structural data from PBEsol (see Table 7). On the le�-hand side, the chosen paths within the �rst Brillouin
zone are indicated by thick dash-dotted lines.
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Table 10: Calculated valence-band edge�
V
(k) and conduction-band edge�c(k) at high-symmetry k points for the di�erent phases of KNbO3.

Energies are given in eV relative to the position of the valence-band maximum. 
e valence-band maximum and the conduction-band
minimum are italicized.

Cubic Tetragonal Orthorhombic Monoclinic Rhombohedral

(��3�) (P4mm) (Amm2) (��) (R3m)

k �
V
(k) ��(k) k �

V
(k) ��(k) k �

V
(k) ��(k) k �

V
(k) ��(k) k �

V
(k) ��(k)

Γ −0.72 3.14 Γ −0.90 3.23 � −1.23 4.10 � 0 6.34 � 0 7.35

� −0.94 3.27 � −1.24 3.96 � −0.04 6.30 � −0.97 3.92 � −0.04 6.13

� −0.04 6.11 � 0 6.26 � −1.01 3.87 Γ −0.88 3.63 � −1.04 3.98

� 0 7.51 � −0.21 6.16 Γ −0.92 3.59 � −1.19 4.14 Γ −0.97 3.80

� −0.04 6.30 � −0.004 6.34 Λ −0.60 5.71

� 0 7.36 � −0.97 3.90

e�ects, because the experimentswere typically not carried out
for bulk samples but for nanostructures, such as microcubes
in [52] or nanowires in [48]. Nanoparticles of TiO2, for
instance, exhibit much smaller band gaps than in the bulk
[69]. For all these reasons, the comparison in Table 9 can
only be indicative. No experimental band gap is available for
the rhombohedral phase, but our results are consistent with
earlier calculations by Wang and Rappe [70] which yielded a
fundamental band gap of 3.33 eV with the HSE-25 functional
and LDA structural data; our own HSE-25 calculation with
structural data from PBEsol for the rhombohedral phase
yields 3.38 eV.


e graphical band structures in Figure 5 as well as the
numerical data in Table 10, which lists energy values of the
highest valence band and the lowest conduction band at
selected high-symmetry k points, con�rm that in all phases
there are states elsewhere in the Brillouin zone which are
nearly degenerate with the valence-band maximum or the
conduction-bandminimum. For example, in the orthorhom-
bic phase that is stable at room temperature, the valence-band
edge at� lies only 0.04 eV below the valence-bandmaximum,
which is located at �. It is expected that such near degen-
eracies strongly in�uence the optical properties close to the
absorption edge due to strongmixing of electronic transitions
at di�erent k points in the optical response. 
e correspond-
ing densities of states (DOS) in Figure 5 share many similar
features, independent of the particular polymorph. 
e DOS
contributions from the K atoms are negligible around the
band edges in all phases. 
e topmost valence bands are
consistently formed by oxygen 2 states and give rise to two
prominent peaks close to the valence-band edge: the �rst
peak arises from the valence-band maximum and the nearly
degenerate electronic states at other high-symmetry k points,
while the second peak originates from an almost degenerate
continuum of states around Γ; its energetic distance from the
conduction-band edge equals the direct band gap at Γ for all
KNbO3 phases.
e lowest conduction bands, in contrast, are
mainly formed by niobium 4! states.

4. Conclusions

In summary, we have performed a comprehensive analysis of
the structural and electronic properties of KNbO3 in its �ve
known phases, including the only very recently discovered

monoclinic phase, based on density-functional theory. As the
energetic separation and the structural di�erences between
the phases are small and thus potentially sensitive to details
of the computational procedure, we have placed special
emphasis on the in�uence of di�erent approximations for the
exchange-correlation functional. To this end, we compared
the LDA with a range of GGAs, a meta-GGA, and, in the
case of band structures, a HSE-type hybrid functional. As
an important result, we �nd that all functionals predict the
same energetic ordering of the phases, which, moreover,
coincides with the order in which the phases become stable
for increasing temperature. Our results further con�rm that
the monoclinic con�guration, which has so far only been
observed in synthesized nanostructures, is also metastable
in the bulk. Among the considered functionals, PBEsol as
well as AM05 and RTPSS yield structural data in consistently
good quantitative agreement with experimental measure-
ments for all phases; in contrast, LDA and PBE systemati-
cally underestimate and overestimate the lattice parameters,
respectively, and are also less accurate with respect to the
atomic displacements inside the unit cell. For this reason,
we even-handedly recommend PBEsol, AM05, or RTPSS
as reasonable starting points for ab initio investigations
with higher-level perturbative methods that require accurate
equilibrium geometries. In particular, phonons, which not
only are crucial in the context of phase transitions but also
play a signi�cant role for the temperature dependence of the
electronic and optical properties due to the electron-phonon
coupling, are sensitive to small changes in the atomic spacing.

Our band-structure calculations performedwith theHSE
hybrid functional and 30% exact exchange con�rm that
the fundamental band gap is indirect for all phases. 
e
variation in the size of the gap amounts to 0.66 eV through
the successive phase transitions. In particular, in the room-
temperature orthorhombic phase, the band gap is appreciably
larger than in the tetragonal phase, which is o�en used as
a structurally simpler substitute in theoretical simulations.
For all phases, our results further indicate a range of near
degeneracies of band-edge states in di�erent parts of the
Brillouin zone which are expected to be relevant for the linear
and nonlinear optical properties of KNbO3. More elaborate
ab initio band-structure calculations with a proper treatment
of quasiparticle and thermal e�ects, which go beyond the
present study, are highly desirable, however.
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