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SUMMARY

The consistent tangent matrix for density-dependent plastic models within the theory of isotropic multiplica-
tive hyperelastoplasticity is presented here. Plastic equations expressed as general functions of the Kirchho!
stresses and density are considered. They include the Cauchy-based plastic models as a particular case. The
standard exponential return-mapping algorithm is applied, with the density playing the role of a "xed
parameter during the nonlinear plastic corrector problem. The consistent tangent matrix has the same
structure as in the usual density-independent plastic models. A simple additional term takes into account the
in#uence of the density on the plastic corrector problem. Quadratic convergence results are shown for
several representative examples involving geomaterial and powder constitutive models. Copyright � 2001
John Wiley & Sons, Ltd.

KEY WORDS: "nite strain multiplicative plasticity; Cauchy stresses; consistent tangent operators;
geomaterial plastic models; powder compaction; arbitrary Lagrangian}Eulerian (ALE)
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1. INTRODUCTION

Consistent tangent matrices [1,2] are an essential ingredient for the e$cient solution via implicit
methods of complex problems in non-linear computational mechanics. Consistent tangent
matrices are needed to solve the elastoplastic boundary value problem with quadratic conver-
gence, via a full Newton}Raphson linearization. They are computed from the consistent tangent
moduli at Gauss-point level.
The expression of the consistent tangent moduli for a wide variety of material models can be

found in the literature. Consistent tangent moduli for di!erent small-strain elastoplastic models
and time-integration rules can be found in References [1}5] among many others.
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In the context of "nite-strain modelling of isotropic materials, both multiplicative hyperelasto-
plasticity theory with logarithmic strain measures and time-integration based on the exponential
mapping are a standard approach [6}9]. From a computational point of view, its attractiveness
stems from the fact that it leads to the same return-mapping algorithm of the in"nitesimal theory,
and, therefore, the same linearization of the plastic corrector nonlinear equations. This approach
was developed initially for plastic incompressible materials in terms of the Kirchho! stresses
[6,9]. Extensions to include thermal coupling [10], damage e!ects [11,12], and speci"c
geomaterial plastic models [13}16] have been presented. Applications to consolidation problems
have also been developed [17}19]. In all these cases, the consistent linearization of the numerical
time-integration algorithm is included.
A key issue in the application of the multiplicative hyperelastoplasticity theory to geomaterials

is the choice of the stress measure for the constitutive equations. This a!ects directly how to
model the in#uence of the density, or, equivalently, the volumetric deformation, on the plastic
behaviour. Recently, Meschke and Liu [20] have presented a re-formulation of the return-
mapping algorithm in terms of the Cauchy stresses. They present a discussion on the role of the
stress measure that needs to be chosen as the argument of the plastic model and comparative
examples. The corresponding consistent tangent moduli are also included.
A more general way to model the in#uence of the volumetric deformation on the plastic

behaviour is to consider density-dependent plastic equations, this is, yield function and
#ow rules expressed in terms of the density and the Kirchho! stresses. Here, it is shown that the
standard exponential return-mapping algorithm applies to this type of models. Moreover, the
consistent tangent moduli are presented. Note that the Cauchy-based models presented in
Reference [20] are, implicitly, density-dependent plastic models due to the relationship between
Cauchy and Kirchho! stresses. Therefore, the approach presented here also applies to this type of
models.
On the other hand, in powder compaction simulations, plasticity models expressed as a func-

tion of the stresses and the density are usual. In this context, some of these models are
formulated within the multiplicative hyperelastoplasticity theory, with the Kirchho! stresses as
a reference measure, see for instance References [21}24]. However, in all these cases the elastic
deformation is assumed to be small with respect to the total deformation, and neglected. Speci"c
return-mapping algorithms are devised, and, in some cases the corresponding consistent tangent
moduli are presented [21,22,24]. The approach presented here, without simpli"cations of the
general kinematic framework, has been applied successfully to powder compaction modelling in
Reference [25]. In this reference it is shown that considering the in#uence of large elastic
deformations in this type of problems does not represent any drawback from a modelling
point of view.
An outline of the paper follows. The problem is stated in Section 2. The constitutive model and

the standard numerical time-integration algorithm are brie#y reviewed. The consistent lineariz-
ation of the algorithm is presented in Section 3. First, the expression for density-independent
models is shown. After that, the extension to the density-dependent case is devised. In Section 4,
representative examples are discussed in detail and the convergence results are highlighted. Three
elastoplastic models with di!erent degree of computational di$culty are used: a Drucker}Prager
model [20], an elliptic model [21,22,26,27] and a cone}cap model [23,24,28}31]. The arbitrary
Lagrangian}Eulerian formulation for multiplicative elastoplasticity presented in Reference [32]
is used in some of the examples to avoid mesh distortion. The main conclusions are summarized
in Section 5.
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2. PROBLEM STATEMENT

This section presents a brief description of the problem. First, the constitutive equations are
summarized. After that, key issues of the integration scheme are described. See Simo [6,9],
Meschke and Liu [20] and references therein for further details on the general framework.
Here, the dependence of the plastic model on the density is included in the yield function and

the #ow rule in a general way. Moreover, it is shown that the density has no in#uence on the
standard exponential return-mapping algorithm.

2.1. Constitutive model

Let �L����� (n
���

"2, 3) be the material con"guration of a continuum body with particles
labelled by X3�. The motion of � is described by the one-parameter family of mappings
�
�
:�C����� with t3[0,¹] the time-like parameter. Let �

�
"�

�
(�) be the placement of the body

at time t and x"�
�
(X)"�(X, t)3�

�
the position of the material particle X. In that context, the

deformation gradient,

F(X, t)"
��
�X

(X, t) (1)

is assumed to be locally decomposed into elastic and plastic parts as

F"F�F� (2)

Uncoupled isotropic hyperelastic behaviour is assumed. Therefore, the local thermodynamic
state is de"ned by means of the elastic left Cauchy}Green tensor

b�"F�F�� (3)

and a set of strain-like scalar internal variables �3��� (the superscript T means transpose). The
Kirchho! stress tensor, �, and the stress-like internal variables, q, are given by

�"2
d=�

db�
b� (4a)

q"!

d=�

d�
(4b)

where =� and =� are the elastic and plastic parts of the free}energy function per unit of
undeformed volume [33]. The Cauchy stress tensor is given by

�"

�

det(F)
(5)

The mass conservation equation reads, in material formulation,

�(X, t)"
�
�
(X )

det(F)
(6)

where �(X, t) and �
�
(X ) are the densities of the particle X at times t and t"0, respectively. In

powder compaction modelling, Equation (6) is rewritten in dimensionless format, in terms of the
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relative density, � (X, t) [21}23,30]. Both sides of Equation (6) are divided by the solid density of
the compacted material, which is taken as a reference value. This leads to the equivalent
expression

�(X, t)"
�
�
(X )

det(F)
. (7)

The plastic response of the material is assumed isotropic and density-dependent. The depend-
ence on the density is incorporated through �. A generic yield function

f (�, q, �)"0 (8)

and #ow rules

Lvb�"!2 �� m�(�, q, �) b� (9a)

�� "�� mq (�, q, �) (9b)

are considered, with Lv the Lie derivative with respect to the spatial velocity, v, m� and mq the
corresponding #ow directions, and �� the plastic multiplier. The plastic multiplier is determined
with the classical Kuhn}Tucker conditions

�� *0, f (�, q, �))0 and �� f (�, q, �)"0 (10)

Remark 1. The general constitutive model just presented includes as particular cases the plastic
models expressed in terms of Cauchy stresses, Cauchy-based plastic models [20]. This can be
shown by considering a generic isotropic yield function expressed on terms of the Cauchy stress
tensor

f (�, q)"0 (11)

and using Equations (5) and (7), which relate Cauchy and Kirchho! stresses through

�"

�
�
�

� (12)

Then, a density-dependent yield function expressed in terms of the Kirchho! stress tensor,
fI (�, q, �/�

�
), can be de"ned simply by substituting Equation (12) into (11):

f (�, q)"fI (�, q, �/�
�
)"0 (13)

The function fI is not unique. Thus, the most convenient expression from a computational point of
view should be chosen. On the other hand, fI depends on � only through �/�

�
. So an arbitrary scale

can be chosen, for instance �
�
"1 for all particles X. See the example presented in Section 4 and

the appendix for further details.
The other components of the Cauchy-based models, i.e. hyperelastic relationships and #ow

rules, are equal to those presented for density-dependent Kirchho!-based models, see equation
(9). This can be shown following the developments of Meschke and Liu [20] with a yield function
fI given by Equation (13). Therefore, the numerical time-integration algorithm and consistent
tangent moduli presented in the following apply to both types of models.
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Remark 2. The relative density a!ects the plastic constitutive equations, but not in the
hyperelastic relationship. Therefore, following standard arguments [6], the local rate of dissipa-
tion per unit of reference volume, D, can be expressed as

D"�� (� :m�(�, q, �)#q�mq(�, q, �))*0 (14)

where & : ' means double contraction.
The maximum plastic dissipation principle leads to the associative #ow rules

m�(�, q, �)"
�f
��

(�, q, �) and mq(�, q, �)"
�f
�q

(�, q, �) (15)

where f (�, q, �) is assumed to be convex on � and q.

2.2. Numerical time-integration

The evolution from time �t to time ���t"�t#�t of the di!erent magnitudes associated with
a prescribed material particle X is computed by means of the time-integration of the state
variables b�, � and �.
Let us assume that �x"x(X, �t), �b�, �� and �� are known values referred to time �t and that the

incremental displacement

����u"���x!�x (16)

with ���x"x(X, ���t), is given. Then, the new values ���b�, ���� and ���� for time ���t are
computed using the corresponding values for time �t and the incremental deformation gradient,

���f"
����x
��x

"I
����

#

�����u
��x

(17)

which relates the deformation gradients at times �t and ���t, �F and ���F, through the relation-
ship ���F"���f �F. I

����
denotes a identity matrix of order n

���
.

The relative density, �, is integrated exactly (in the sense that no numerical time-integration
scheme is used) because of the Lagrangian expression of the mass conservation principle,
Equation (7), which leads to

����"

�
�

det(���F )
"

��
det(���f )

(18)

The values of ���b� and ���� are obtained by means of the standard elastic predictor}plastic
corrector split strategy applied to Equations (8)}(10). Remarkably, the dependence of the
constitutive equations on the density does not modify the algorithm. The value of ���� is given by
Equation (18), and therefore it plays the role of a "xed parameter.
The result of the elastic predictor step is the so-called trial state. It is de"ned by

b�
��
"���f �b� ���f � and �

��
"�� (19)

If the trial state is admissible, f (�
��
, q

��
, ����))0, the state at time ���t is set equal to the trial

state. If it is not, a plastic corrector step is computed.
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The plastic correction step requires the approximation of the #ow rules, Equations (9a) and
(9b). A standard approximation consists in the use of the exponential map and the backward
Euler integration scheme [6,7,9]. Under the previous isotropy assumptions, this approach
leads to a non-linear system of equations with the same structure as that of in"nitesimal
elastoplasticity.
In order to obtain the non-linear system of equations, three vectors of ����� are de"ned: ��

��
,

����� and ����N . The components of ��
��
and ����� are proportional to the eigenvalues of the tensors

b�
��
and ���b�, respectively, and the components of ����N are the eigenvalues of ����:

b�
��
"

����
�
���

(exp([��
��
]
�
))� ni

tr�ni
tr (20a)

���b�"
����
�
���

(exp([�����]
�
))� ni

tr�ni
tr (20b)

����"

����
�
���

[����N ]
�
ni
tr�ni

tr (20c)

with �ni
tr	i�1�2�ndim

the eigenvectors of the three tensors, and �[*]�	����2�����
the components of the

three vectors. The eigenvectors are the same for the three tensors because of the isotropy
assumptions.
After some manipulations, the following expression of the non-linear system of equations is

found:

�����#��m�N ( ����N , ���q, ����)"��
��

(21a)

!����#��mq (����N , ���q, ����)"!�
��

(21b)

f ( ����N , ���q, ����)"0 (21c)

where ��"�t�� is the incremental plastic multiplier, m�N is the #ow vector in the principal
direction space (that is, m�"�����

���
[m�N ]�

ni
tr�ni

tr ) and the three isotropic functionsm�N , mq and f are
expressed as functions of �N . Equations (21) are complemented with the restriction ��*0,
Equation (4b) and

�N "
d=M �

d��
(22)

with=M �(��) de"ned so that Equation (22) is equivalent to the hyperelastic relationship (4a). Once
Equations (21a)}(21c) are solved, the variables at time ���t are fully determined.

3. CONSISTENT TANGENT MODULI FOR DENSITY-DEPENDENT FINITE
PLASTICITY MODELS

The linearization of the previous algorithm with respect to the gradient of the incremental
displacement is needed to solve the discrete boundary value problem with quadratic convergence.
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In the following, the expression of the consistent tangent moduli for density-independent plastic
models is brie#y reviewed. After that, the general expression including the density in#uence is
derived.

3.1. Expression for density-independent models

The linearized problem is completely speci"ed once the following consistent tangent moduli is
given [6,9]:

���c"

����
�
���

����
�
���

[ ���a]
��
ni
tr�ni

tr�n j
tr�n j

tr#2
����
�
���

[ ����N ]
�
c( �
��

(23)

where ���a is a matrix of order n
���

de"ned as

���a"

d����N
d��

��

(24)

The tensors �c( �
��
	
����2�����

can be expressed on the basis �ni
tr	i�1�2�ndim

and depend on the values
��
��
. Therefore, they are fully determined from the elastic trial state [6,9].
Equation (23) corresponds to the linearization of the Kirchho! stresses at time ���t, ����, with

respect to the gradient of the incremental displacements. It can be found by applying the chain
rule to Equation (20c). The "rst term in the right-hand side of Equation (23) corresponds to the
linearization of the eigenvalues of ����, i.e. ����N . The second term corresponds to the linearization
of its eigenvectors, �ni

tr	i�1�2�n���
.

The matrix ���a has an expression identical to the consistent tangent moduli of in"nitesimal
elastoplasticity [6,9]. For elastic steps, ��"0, it is equal to the Hessian of=M �,

���a"

d�=M �

d��� �
�����

�

(25)

For plastic steps, ��'0, it can be expressed as [34]

���a"PTG
 P !

PTG
 m�f �GI P
�f �G
 m

(26)

with all quantities evaluated at time ���t and where the following notation has been introduced:

� P is a projection matrix of n
���

#n� rows and n
���

columns, PT
"(I

����
, 0

�������
), and 0

�������
is

a null matrix of n
���

rows and n� columns (recall that �3���).
� G
 is a matrix of order n

���
#n� equal to (G�1����m)�1, withG a symmetric matrix de"ned as

G"�
d�=M �

d���
0

0
d�=�

d�� � . (27)
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� m is a n
���

#n� vector de"ned as mT
"(m��N ,m�q ).

� And � refers to the derivatives with respect to �N and q,

�f"�
�f
��N
�f
�q � and �m"�

�m�N

��N
�m�N

�q

�mq

��N
�mq

�q � . (28)

3.2. Extension to the density-dependent case

In the following, the consistent linearization of the numerical-time integration scheme applied to
density-dependent plastic models is presented. Although the dependence on the density of the
plastic equations does not modify the standard integration algorithm, it a!ects the consistent
tangent moduli.
In a plastic step, the relative density, ����, a!ects the plastic response and thus the value of

����. It depends on the gradient of the incremental displacement through the relation

����"

��
det(I

����
#�����u/��x)

(29)

obtained substituting Equation (17) in (18). The relative density is "xed during the return-
mapping algorithm because it is integrated exactly (i.e. there is no need of a plastic correction for
����). For this reason, the standard integration algorithm remains unchanged. However, the
value of ���� depends on the incremental displacement through ����, see Equations (21) and (29).
This in#uence has to be taken into account in the expression of the consistent tangent moduli to
solve the boundary value problem with quadratic convergence.
The general expression of ���c, Equation (23), is valid for density-dependent plastic models.

The dependence on the density does not a!ect the application of the chain rule nor the
eigenvectors of b�

��
, �ni

tr	����2�����
, and, therefore, neither the expression of �c( �

��
	
����2�����

. Conse-
quently, the in#uence of the density is restricted to the value of ����N and the matrix ���a. The
value of ����N is obtained directly from the numerical time-integration scheme, Equation (21). On
the other hand, ���a only depends on the trial state for elastic steps. In summary, only the new
expression of ���a for plastic steps must be obtained to extend Equation (23) to density-
dependent plastic models.
In the following, the consistent linearization of the plastic corrector step is presented. It is

shown that the new, more general, expression of the moduli ���a is composed of two terms, one
equal to the expression for density-independent models, Equation (26), and another one which
adds the in#uence of the density. In order to do that it is useful to rephrase the dependence of
���� on ���f, Equation (18), as

����"��( exp(!tr(��
��
)) (30)

with ��( " ���det (�b�) a known value from the previous time step and where tr(*) means trace of

* (that is, �����
���

[*]�
). Equation (30) is found by applying the determinant function to both sides of

Equation (19) and substituting Equation (20a) into it.
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From the de"nition of ���a, Equation (24), and the application of the chain rule a new more
convenient expression of ���a is found:

���a"

d����N
d�����

d�����

d��
��

"

d�=M �

d��� �
�����

�

d�����

d��
��

(31)

Equation (31) shows that ���a is determined once the total in#uence of ��
��
on ����� is found.

This in#uence is given by the the non-linear system of Equations (21) and the relationship
between ���� and ��

��
, Equation (30). Thus, it can be computed by linearizing the non-linear system

of equations

�����#��m�N (����N , ���q, ����)"��
��

!����#��mq ( ����N , ���q, ����)"!�
�� (32)

f ( ����N , ���q, ����)"0

����"��( exp(!tr (��
��
))

and relationships (22) and (4b), this links ����N and ���q with ����� and ���� .
The linearization of Equations (32) reads, in compact matrix form

�
J

�(��m, f )

��

0
�����������

1 � �
d�����

!d����

d��

d���� �"�
I
����

0
���������

!�1
������ � d��

��
(33)

with all quantities evaluated at time ���t, and where d����� is a vector of �����, d���� is a vector of
���, d�� and d���� are scalars, 0

	H��H
and 1

	H��H
are matrices of n

H
rows and m

H
columns with

coe$cients 0 and 1, respectively,

J"�
I
�������

#���mG m

�f �G 0 � and
� (��m, f )

��
"�

��
�m

��
�f
�� � (34)

From Equation (33) and the relationship

d�����"
d�����

d��
��

d��
��

(35)

it results that

d�����

d��
��

"(P� 0
������

0
������

) �
J

�(��m, f )

��

0
�����������

1 � �
P

0
������

!�1
������ � (36)

which is equivalent to

d�����

d��
��

"(PT 0
������

)J�1�
P

0
������

�#� (PT 0
������

) J�1 � (��m, f )

��
1
������

(37)
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The expression of ���a is found substituting Equation (37) into Equation (31). It has two parts,
one for each term on the right-hand side of Equation (37),

���a"���a�����	���
#���a��� (38)

The "rst part, ���a�����	���
, is equal to the standard one for density-independent plastic models,

Equation (26). The second part, ���a��� , takes into account the in#uence of the density. After some
manipulations it can be expressed as

���a��� "���PT�G
 !
G
 m�fG


�f �G
 m �
�m

��
1
������

#�
�f
��

PT G
 m
�f �G
 m

1
������

(39)

In the density-independent case, symmetric tangent moduli are obtained for associative material
models, m"�f, see Equation (15). On the contrary, unsymmetric moduli are found with all
density-dependent material models because ���a��� is unsymmetric except for very particular
problems (see Section 4). For this reason, in density-dependent plasticity, unsymmetric linear
solvers have to be used in order to keep the characteristic quadratic convergence of the
Newton}Raphson method.
On the other hand, it is important to remark that the expression of ���a for density-dependent

plastic models can be computed with just a few more matrix}vector products than the standard
one for density}independent plastic models (cf. Equations (39) and (26)), and, as expected, the
additional information

�m�N

��
,

�mq

��
and

�f
��

(40)

4. EXAMPLES

In this section, quadratic convergence is shown for some representative boundary value problems
with density-dependent plastic models. The consistent tangent moduli presented in the previous
section are used.
Examples with three elastoplastic models are presented: a Drucker}Prager model, an elliptic

model and a cone}cap model. The three models have no internal variables, n�"0, a usual feature
in the density-dependent models found in the literature. This fact simpli"es some equations
presented in the previous section. However, the structure and the dependence on the density of
the consistent tangent moduli remain unchanged, see Equations (26) and (39), and, therefore, the
examples are fully representative.
The three plastic models are complemented with Hencky's hyperelastic law, which leads to

a linear relationship between �N and �� equal to that of linear elasticity between stresses and small
strains. The use of other hyperelastic laws is straightforward. The main features of the three
models are described in this section. A more detailed presentation is included in the appendix.
Two invariants of the stresses are used to show some results. They are also de"ned in the
appendix.
The examples with the Drucker}Prager model show that the proposed approach (numerical

time-integration and consistent tangent moduli) is valid for Cauchy-based elastoplastic models.
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The examples with the elliptic and the cone}cap models show that the consistent tangent moduli
also give quadratic convergence for general density-dependent constitutive laws. The yield
function and the #ow vector of the three models are expressed as functions of the Kirchho!
stresses and the relative density, as presented in Section 2.
Elliptic models are widely used in porous material modelling, see Reference [27] and references

therein, and speci"cally in powder compaction simulations, see References [21,22,26]. The
formulation used in this work is based on that presented by Oliver et al. [21,22]. In these
references, the elastic strains are assumed small and the kinematic description of the model is
simpli"ed. A speci"c return mapping algorithm and the corresponding consistent tangent moduli
are presented. In this work, the general "nite hyperelastoplasticity framework is used. The results
of both approaches are compared in some introductory examples. After that, a more demanding
example is solved using the arbitrary Lagrangian}Eulerian formulation for multiplicative elas-
toplasticity [32]. Quadratic converge is obtained in all cases.
The cone}cap model is an extension of the elliptic model. It is de"ned by a density-dependent

Drucker}Prager yield surface and a non-centred ellipse. The yield function and the #ow rule are
similar to other cone}cap models used recently in powder compaction simulations, see for
instance References [23,24,28}31]. However, the cone}cap model used here is de"ned, like the
elliptic model, in the general "nite hyperelastoplasticity framework presented in Section 2,
without kinematic simplifying assumptions. The results obtained in a particular example are
compared with those of the elliptic model. Quadratic convergence results are also shown.

Remark 3. In the examples involving the elliptic and the cone}capmodels, the derivatives of the
yield function and the #ow vector, Equations (40), are computed with a "rst-order numerical
approximation, as proposed in Reference [35] for #ow vector derivatives in a small strain context.
Also in the present application, numerical di!erentiation does not disturb the quadratic conver-
gence of the Newton}Raphson method. Convergence is checked with the relative error in energy
norm. A strict tolerance of 10��� has been used in all the examples in order to show clearly the
quadratic convergence. Quite larger values may be chosen in practice.

4.1. Drucker}Prager model simulations

The following examples involve a Cauchy}based Drucker}Prager model (CDP). They illustrate
that the proposed approach for the numerical time-integration, standard return-mapping algo-
rithm, and the new consistent tangent moduli, equation (38), are valid for Cauchy-based
elastoplastic models. The model is presented in the appendix, Equation (A6).
Simulations with the standard density-independent Kirchho!-based Drucker}Prager model

(KDP), Equation (A4), are also included for comparative purposes. The #ow vectors of both
models, CDP and KDP, are, respectively, equal to the partial derivative of the corresponding
yield function with respect to the Kirchho! stresses. The twomodels are completely di!erent from
a modelling point of view, because di!erent stress measures are used, so qualitatively di!erent
results are expected. With the KDP model, the plastic material behaviour is assumed to be
density-independent. With the CDP model, on the other hand, density dependence is accounted
for in an indirect fashion, because � depends both on � and �, see Equation 12. See Reference [20]
for a discussion on the role of the stress measure in the plastic equations.
A square of 1 cm of length is subjected to a plane strain uniaxial compression test [20]. The

domain is modelled by a single bilinear element. A height reduction of 75 per cent is imposed with
"ve increments of 1 per cet and 14 increments of 5 per cent. The material parameters are
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Figure 1. Load}displacement results of the uniaxial compression test. Cauchy- and Kirchho!-
based Drucker}Prager models with di!erent friction angles, �. (a) Load divided by deformed

area and (b) load divided by undeformed area.

a Young's modulus, E, equal to 10 GPa, a Poisson's ratio, �, equal to 0.3, and a cohesion of

2.7�3/2 GPa. The results for three values of the friction angle, �"0, 27.46 and 46.13 are
computed [20].
The curves of load divided by deformed and undeformed area versus vertical displacement are

depicted in Figure 1. The KDP model with friction angles greater than 03 exhibits a post-peak
softening in the load divided by deformed area}vertical displacement relationship. The softening
increases with the friction angle. As Meschke and Liu [20] indicate, this behaviour is related with
the inelastic volume change produced by the #ow rule. On the other hand, the results of both
models, KDP and CDP, for �"03 di!er only on the elastic volume change, which is not
signi"cant for the chosen material parameters.
The convergence results of both models for di!erent vertical displacements and the three

friction angles are depicted in Figure 2. All results are quadratic. The in#uence of neglecting the
density contribution on the consistent tangent moduli is shown in Figure 3. The convergence
results for several load increments and the CDP model with a friction angle of 46.13 are depicted.
In this case, non-convergence is detected after a vertical displacement of 0.65 cm. In all conver-
gent load increments, after the initial two or three iterations, the convergence is clearly linear. The
in#uence of the density on the consistent tangent moduli is evident comparing Figures 3 and 2(f ).

4.2. Elliptic model simulations

In the following, some examples of density-dependent multiplicative elastoplasticity with an
elliptic yield function are analysed. The yield function expression is presented in the appendix. Its
traces on the meridian plane q�N }p� for di!erent relative densities, � and a particular set of material
parameters are depicted in Figure 4. The #ow vector is equal to the partial derivatives of the yield
function with respect to the Kirchho! stresses. Two sets of material parameters are used. Their
values are summarized in Table I. Both are calibrated in Reference [22] by comparing the results
of numerical simulations with experiments.
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Figure 2. Uniaxial compression test. Left (a,c,e) Kirchho!-based and right (b,d,f) Cauchy-based
Drucker}Prager models with di!erent friction angles, �. Convergence results for di!erent

vertical displacements.

The "rst set of compaction experiments [36] is modelled in Reference [22] with powder-A
parameters. A sample with an initial height of 24 mm and a diameter of 20 mm was used. Both
isostatic compaction and triaxial tests were performed. The triaxial tests consisted of an initial
isostatic compaction step up to a pressure of 50, 150 or 400 MPa, followed by an uniaxial
compaction up to a vertical pressure of 1250 MPa (keeping the external radial pressure constant).
The problem is axisymmetric. The sample is modelled by a 2D structured mesh of 100 bilinear
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Figure 3. Convergence results for di!erent vertical displacements obtained with the standard (density-
independent) consistent tangent moduli, ���a"���a�����	���

.

elements. The friction e!ects are not considered [22]. The results of the numerical simulations
and the experiments are compared in Figure 5. The results of the simulations agree with the
experimental ones and the results presented in Reference [22], not shown in Figure 5.
The convergence results for di!erent load levels of the isostatic test are depicted in Figure 6.

Quadratic convergence is found for all load increments. However, if a consistent tangent matrix
for density-independent problems is used divergence is found at the "rst load increment. This
example is more demanding in the initial load levels than in the last ones. This fact is in agreement
with the dependence of the density on the applied pressure, see Figure 5(a). At the beginning of the
test, a given increment of the pressure causes a larger variation of the density than at the end of
the test.
The convergence results for the triaxial test with an initial isostatic pressure of 150 MPa are

summarized in Figure 7. Results for di!erent load levels of the isostatic and the uniaxial
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Figure 4. Traces of the elliptic yield function on the meridian plane q�N }p�N for di!erent relative densities, �.
Powder-A material parameters, see Table I.

Figure 5. Results of (a) isostatic and (b) triaxial tests with powder-A material, see Table I.
Experimental data from Doremus et al. [36].

compression parts of the test are depicted. The isostatic part is solved with 52 non-uniform
increments (4 of 1 per cent, 48 of 2 per cent) and the uniaxial part with 20 equal increments. The
results obtained using an unsymmetric solver for the linear systems of equations (recall that the
full consistent tangent moduli ���a is not symmetric) and a symmetric solver (with the sym-
metrized part of ���a) are shown. As expected, the results obtained with the unsymmetric
consistent tangent moduli are quadratic, see Figures 7(a) and 7(c). Remarkably, the convergence
results obtained with the symmetric solver during the isostatic part of the test are also quadratic,
see Figure 7(b). This is due to the pure hydrostatic character of the test, which leads to
a symmetric consistent tangent matrix, see Equation (39). In the uniaxial compression part of the
test the symmetric solver gives linear convergence, Figure 7(d). The same in#uence on the
convergence has been reported for other problems with unsymmetric consistent tangent matrices
solved with a linear solver for symmetric matrices [20].
The second set of compaction experiments [37] is modelled in Reference [22] with powder-B

parameters of Table I. A sample with an initial height of 80 mm and a diameter of 14.3 mm was
used. Both isostatic and uniaxial compaction tests were performed. The sample is modelled by
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Figure 6. Powder-A isostatic test. Convergence results for di!erent load levels.

Figure 7. Powder-A triaxial test (150 MPa initial isostatic compaction). Convergence results
for di!erent load levels and with (a, c) unsymmetric and (b, d) symmetric linear solvers, left and

right, respectively.
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Figure 8. Results of isostatic and uniaxial tests with powder-B material, see Table I. Experi-
mental data from Ernst and Barnekov [37].

Figure 9. Powder-B isostatic test. Convergence results for di!erent load levels.

a structured mesh of 100 bilinear elements, and no friction e!ects are considered. The results of
the numerical simulations and the experiments are compared in Figure 8. The numerical results
are in general agreement with the experimental results (recall that the material parameters have
not been re-calibrated, they are the same used in Reference [22] for this example). They are also in
agreement with the numerical results presented in Reference [22], not shown in Figure 8. The
main di!erence is that the density predicted in this work is a little bit higher than the one shown in
Reference [22]. This di!erence may be related with the large elastic strains, which in the present
formulation are taken into account.
The convergence results for di!erent load levels of the initial part of the isostatic test are

depicted in Figure 9. Small load increments are required at the beginning of the test to ensure
convergence of the boundary value problem (4 increments of 0.025 per cent and 3 increments of
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Figure 10. Flanged component. Problem de"nition (after Lewis and Khoei [29]) and computational mesh.

Table I. Sets of material parameters: (E, �, �
�
, �

�
, n

�
, n

�
) for the elliptic

model and (E, �, �
�
, �

�
, n

�
, n

�
, �

��	
, �

�
�
, C

���
, n


) for the cone}cap model.

Powder-A Powder-B

E 2000 MPa 50 000 MPa
� 0.37 0.37
�
�

90 MPa 170 MPa
�
�

0.489 0.4
n
�

1 0.3
n
�

2.7 5.4

�
��	

453 *

�
�
�

603 *

C
���

15 MPa *

n


2 *

0.3 per cent of a total load of 250 MPa). After these initial steps, the load increments are quite
larger (2 increments of 2 per cent and 19 of 5 per cent). Quadratic convergence is found for all
steps.
The last example with the elliptic model is the frictionless compaction of a rotational #anged

component. The component is modelled by an axisymmetric representation as illustrated in
Figure 10 [29,31]. Powder-A material parameters of Table I are used. This example shows that
quadratic convergence is also found in highly demanding boundary value problems.
In the simulation presented in this section the friction e!ects are neglected. Therefore, the

results are a qualitative approximation to the real compaction process, where the friction e!ects
have to be taken into account [29,31]. Complete compaction simulations with this material
model and friction can be found in Reference [25].
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Figure 11. Frictionless compaction of the #anged component with the elliptic model. Final relative density,
�, distribution after a top displacement of 6.06 mm.

A structuredmesh of 170 eight-noded elements with reduced integration (four Gauss-points per

element) is used. The radial displacement of segments BC, DE and FA and the vertical movement

of segments AB and CD are set equal to zero (see Figure 10). A vertical movement of !6.06 mm

is imposed to the segment EF in 80 non-uniform increments. Small increments are needed at the
beginning of the test (10 of 0.01 per cent, 19 of 0.1 per cent, 2 of 1 per cent) in order to ensure
convergence of the boundary value problem. Larger increments are used for the rest of the test (48
of 2 per cent). This is directly related with the high curvature of the yield surface for � close to �

�
,

see Figure 4.
The arbitrary Lagrangian}Eulerian formulation presented in Reference [32] for multiplicative

elastoplasticity is used to reduce the mesh distortion. The mesh region ABCG is Eulerian, and
equal height elements are prescribed in the mesh region CDEFG. Material parameters are those
of powder-A in Table I.
The "nal distribution of the relative density is shown in Figure 11. The results are qualitatively

similar to those presented by Lewis and Khoei [29], although the lack of friction produces
a relatively high compacted region near point F which is not reported in similar test simulations.
The convergence results for di!erent load levels are depicted in Figure 12. Quadratic convergence
is found in all cases.
The "nal distribution of Cauchy stresses at Gauss-point level on the meridian plane q� }p� is

depicted in Figure 13. This "gure will be useful for comparing the results obtained with this model
with those of the cone}cap simulation. During the major part of the load process all Gauss points
are in plastic load, dark marks; however at the end of the test a small number of Gauss points, 6,
are under elastic load, light marks. On the other hand, the Gauss points subjected to higher and
lower Cauchy mean pressure are located respectively above and below point C.
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Figure 12. Frictionless compaction of the #anged component with the elliptic model.
Convergence results for di!erent load levels.
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Figure 13. Frictionless compaction of the #anged component with the elliptic model. Final
distribution of Cauchy stresses at Gauss-point level on the meridian plane q�N }p�N . Dark

diamonds indicate plastic steps and light diamonds indicate elastic steps.

Figure 14. Traces of the cone}cap yield function on the meridian plane q�N }p�N for di!erent
relative densities, �. Powder-A material parameters, see Table I.

4.3. Cone}cap model simulations

In the following, the frictionless compaction of a #anged component (Figure 10) is modelled with
a cone}cap model. The traces of the yield function on the meridian plane q�N }p�N for di!erent
relative densities are depicted in Figure 14. Powder-A material parameters for this model are
summarized in Table I. The dependence on density of the cap yield function is similar to that of
the elliptic model, cf. Figures 14 and 4. The cone is de"ned by a cohesion which increases up to
Cref for �"1, and a friction angle which varies parabolically from �min at �"�

�
to �max at �"1.

The friction angle range and the dependence on the density has been set following [38], with the
aim of illustrating the convergence properties of the presented consistent tangent moduli. Lower
constant (i.e. density-independent) values are used in Reference [29], and higher constant values
are reported in Reference [39].
The #ow vector is de"ned so there are no grey regions on the stress space [40] and therefore no

corner return-mapping algorithms [3,24,41,42] are needed. Complete expressions of plastic
equations are presented in the appendix. Note that this model represents a more demanding test
for the consistent tangent moduli than the elliptic model because the dependence on the density of
the yield function and the #ow rule is more complicate.
The numerical parameters of the simulation are the same that for the elliptic model, except for

the number of load increments that has been increased to 103 (smaller initial load increments
have been needed to obtain convergence of the boundary value problem). The distribution of
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Figure 15. Frictionless compaction of the #anged component with the cone}cap model.
Distribution of Cauchy stresses at Gauss-point level on the meridian plane q�N }p�N for di!erent
load levels. Plastic steps on the cap region (dark diamonds), plastic steps on the cone region

(circles) and elastic steps (light diamonds).

Cauchy stresses at Gauss-point level on the meridian plane q�N }p�N for di!erent load levels is
depicted in Figure 15. Circles and dark marks correspond to points under plastic regime on the
cone and cap regions respectively. Light marks denote elastic regime. The in#uence of the cone yield
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Figure 16. Frictionless compaction of the #anged component with the cone}cap model. Final relative
density, �, distribution after a top displacement of 6.06 mm.

surface on the stress distribution is signi"cant in the "rst steps of the test, but it reduces drastically
to 1}3 Gauss points for the rest of test. The Gauss points with plastic loading in the cone region
are those of the elements located on the left side of point C. The distribution of Cauchy stresses at
the end of the test (Figure 15, load level 1.0) is quite similar to that obtained with the elliptic
model, Figure 13. The distribution of the relative density at the end of the test is shown in Figure
16. The results are also similar to those obtained with the elliptic model, Figure 11. The in#uence
of the cone is restricted to a slight reduction of the relative density in the ABCG region. The
evolution of the mean pressure of the top punch during the test with the elliptic model and the
cone}cap model are depicted in Figure 17. These results agree with the previous ones: the
in#uence of the cone is reduced. Moreover, it decreases as the compaction test progresses.
No direct comparison of powder compaction simulations with elliptic and cone}cap models

has been found in the literature. The cone yield surface incorporates in the constitutive model the
particle sliding that occurs at low pressures [29]. According to Cante et al. [24], this e!ect could
be relevant at the transfer stage (the beginning of the industrial process, when an initial movement
of the punches leads to the initial con"guration of the sample). The present results show that, as
expected, the e!ect of the cone yield surface is signi"cant at the beginning of the compaction
process, when a low pressure is applied. However, the in#uence is highly reduced as the
compaction process advances, and the "nal results are quite similar with and without the cone
(i.e. with the cone}cap model and with the elliptic model). The in#uence of the cone yield
function when the friction e!ects between powder and compaction tools are important has not
been established yet.
The convergence results for di!erent load levels are depicted in Figure 18. These load levels

include those used in Figure 15 to show the distribution of Cauchy stresses at Gauss-point level.
Quadratic convergence is found in all cases, for load increments with Gauss points under plastic
loading in the cone region and with Gauss points under plastic loading in both regions.
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Figure 17. Frictionless compaction of the #anged component with the elliptic and the cone}cap
models: (a) Mean pressure of the top punch versus top displacement; (b) relative and absolute

di!erence of the two curves.

Figure 18. Frictionless compaction of the #anged component with the cone}cap model.
Convergence results for di!erent load levels.
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5. CONCLUDING REMARKS

The consistent tangent moduli for general isotropic multiplicative hyperelastic and density-
dependent plastic models have been presented. Moreover, it has been shown that the inclusion of
the density in the plastic equations does not modify the standard backward Euler return-mapping
algorithm based on the exponential map [6,7].
Both elastic and plastic large deformations are included in the formulation. The yield function

and #ow rules are assumed to be expressed as general functions of the Kirchho! stresses and the
relative density. This includes the plastic models formulated in terms of Cauchy stresses [20] as
a particular case.
As in the density-independent case, the expression of the consistent tangent moduli is com-

posed of two terms, the geometric part, which only depends on the trial state and the elastic
energy function, and the material part, which depends on the plastic model. The in#uence of the
density is restricted to the material part. At Gauss points under plastic loading, the material part
is found to be composed of two terms. The standard one for density-independent plastic models
[6,9] and an additional one which includes the in#uence of the density on the plastic equations.
The computation of the additional term only requires some vector}matrix products and the

derivatives of the plastic equations with respect to the relative density. Therefore, it does not
represent any signi"cant increase of the computational cost. On the other hand, the consistent
tangent moduli are, in general, unsymmetric. This has to be taken into account when solving the
linear system of equations in order to obtain quadratic convergence with the Newton}Raphson
method.
Some representative examples with a Cauchy-based Drucker}Prager model, a density-depen-

dent elliptic model and a density-dependent cone}cap model have been presented. In the
examples involving the elliptic and the cone}cap models, the derivatives with respect to the
relative density have been approximated numerically [35,43]. In all the examples quadratic
convergence has been found.
The in#uence of neglecting the density part of the consistent tangent moduli has been analysed.

It turns out that convergence is usually lost. When it is not, only linear convergence is obtained.
The in#uence of symmetrizing the tangent is also assessed. Except for frictionless isostatic
compaction tests (where the elliptic and cap model leads to symmetric tangents) linear conver-
gence and, later, non-convergence are obtained.
A frictionless compaction test of an iron powder has also been simulated, as an example of

a highly demanding boundary value problem from a computational point of view. An arbitrary
Lagrangian}Eulerian formulation for multiplicative elastoplasticity [32] is used to avoid mesh
distortion. The results obtained with the elliptic and the cone}cap models have been compared.
Quadratic convergence has been found in both cases. Further analysis of compaction tests,
including friction e!ects, are presented in Reference [25].

APPENDIX A: DENSITY}DEPENDENT MATERIAL MODELS

In the following, the three material models used in the examples, Section 4, are presented.
Attention is focused in the expression of the yield functions. The corresponding #ow vectors are
directly related with them. Thus, only their de"nition and main features are analysed here. The
complete expressions of the #ow vectors can be derived in a straightforward manner.
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The yield functions presented below are expressed in terms of the invariants
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where I
�
(�N ) denotes the "rst invariant of �N (recall that �N is a vector whose components are the

eigenvalues of the Kirchho! stress tensor �) and J
�
(�N ) the second invariant of the deviatoric part
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Remark A1. The invariants de"ned in Equations (A1) and (A2) are also applied to the vector �N ,
whose components are the eigenvalues of the Cauchy stress tensor �, �"�����
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relationship between �N and �N follows from Equations (5) and (12).
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Therefore, I
�
(�N ), J

�
(�N ), p� and q�N are equal to the corresponding functions of �N multiplied by �/�

�
.

A.1. Drucker}Prager model

Two expressions of the Drucker}Prager model are considered: one with the yield function based
on the principal Kirchho! stresses (Kirchho!-based Drucker}Prager model) and another based
on the principal Cauchy stresses (Cauchy-based Drucker}Prager model). In both cases, the #ow
vector m�N is set equal to the derivatives of the yield function with respect to the principal
Kirchho! stresses, m�N "�f/��N .
The Kirchho!-based Drucker}Prager (KDP) yield function is de"ned as
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with �
	


the friction angle andC
	


the cohesion. The intersection with the deviatoric axis (p�N "0)
is at q�N "C

	

, and the cone vertex (the intersection with the hydrostatic axis, q�N "0) is at
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). The von Mises yield function is recovered for �

	

"03.

The Cauchy-based Drucker}Prager (CDP) yield function, f
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(�N ), is obtained after substitution
of �N by �N in Equation (44). In order to apply the developments presented in this paper, f
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(�N ) must

be expressed in terms of the principal Kirchho! stresses, �N , and the relative density, �. This can be
done by substituting Equation (A3) in f
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(�N ), see Remark 1, which leads to
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However, fI
�	


(�N , �) is not used in the simulations of Section 4. The equivalent yield function
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is preferred because it leads to a density-independent #ow vector, �m�N /��"0, contrary to
Equation (A5), see Remark A2. The parameter �

�
is set equal to one for all X, see Remark 1.

Remark A2. The yield functions given in Equations (A5) and (A6) are equivalent in the sense
that, for a given trial state, both lead to the same solution on strains, stresses and internal
variables of the plastic corrector problem, Equation (21). Therefore, both yield functions model in
the same way the elastoplastic behaviour of the material. However, the plastic corrector problems
are not the same because the respective incremental plastic multipliers, ��� and ���� , are di!erent.
They are related through

��� "
�
�
�

���� (A7)

On the other hand, the density-dependent part of the consistent tangent moduli of both problems
is also di!erent, see Equation (39). The yield function that leads to the simpler consistent tangent
moduli, fII

�	

(�N , �), is used in this work.

A.2. Elliptic model

This model is de"ned by a density-dependent yield function (expressed in terms of the principal
Kirchho! stresses). The #ow vector m�N is "xed equal to the derivatives of the yield function with
respect to �N .
The yield function is [22]

f
�����

(�N , �)"2J
�
(�N )#a

�
(�)�

I
�
(�N )
3 �

�
!

2

3
a
�
(�) (�

�
)� (A8)

with

a
�
(�)"

i
g
j
g
k

�
1!��
2#���

��
�(1

0 �*1

(A9a)

a
�
(�)"

i
g
j
g
k

�
0.02�

�
1!0.98�

�
�
��

�)�
�

�
�!0.98�

�
1!0.98�

�
�
��

�'�
�

(A9b)

The value of a
�
(�) decreases from 2��� at �"0 to zero for �*1. The value of a

�
(�) increases

monotonically from a minimum value for �)�
�

[21] and its value at �"1 is one. The

intersection with the deviatoric axis is at q�N "�a
�
(�) �

�
and the intersection with the hydrostatic

axis is at p�N "$�(2a
�
(�)/3a

�
(�))�

�
. Note that f

�����
becomes the von Mises yield function for

�*1.
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A.3. Cone}cap model

This model is composed of two density-dependent yield functions: a cone de"ned by
a Drucker}Prager yield function and a cap de"ned by an elliptic yield function. Both are
expressed in terms of the principal Kirchho! stresses. The #ow vector is de"ned in two parts, one
for the cone and the other for the cap. Both are presented in the following, after the yield function
expressions.
The cone yield function is de"ned as

f
�	�

(�N , �)"�2J
�
(�N )#�

2

3
(tan(�

�	�
(�))

I
�
(�N )
3

!C
�	�

(�)� (A10)

with
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1)�'�
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�
�

�'1

(A11)

C
�	�

(�)"

i
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g
k

C
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0.02�
�

1!0.98�
�
�
�

�)�
�

C
����

�!0.98�
�

1!0.98�
�
�
�

�'�
�

The friction angle �
�	�

(�) varies parabolically from a minimum value �
��	

at �"�
�

to
a maximum value�

�
�
at �"1. The cohesionC

�	�
(�) increases as the function a

�
(�) of the elliptic

model, Equation (A9b). The reference value C
���

is reached at �"1.
The de"nition of the cap yield function is based on the elliptic yield function presented before,

Equation (A8). It is de"ned in order to have the same maximum shear strength (maximum value
of q�N ) and the same hydrostatic compression strength (maximum value of p�N ), as the elliptic yield

function, �a
�
(�) �

�
and �(2a

�
(�)/3a

�
(�))�

�
, respectively. Its expression is

f

�

(�N , �)"2J
�
(�N )#a�

�
(�) �

I
�
(�N )!I

�	���
(�)

3 �
�
!

2

3
a
�
(�) (�

�
)� (A12)

with

I
�	���
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(A13)
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and a
�
(�) and a

�
(�) given by Equations (A9). Note that the maximum shear strength is reached at

cone}cap intersection, I
�	���

(�), instead of p�N "0 as the elliptic yield function does. Although
Cante et al. [24] use f

�����
de"ned in Equation (A8) as a cap yield function, in this work the

expression of f

�

given by Equation (A12) is preferred because it simpli"es the #ow vector
de"nition, as shown in the following.
The #ow vector m�N is de"ned by parts, one expression for the cap region, I

�
(�N ))I

�	���
(�), and

another for the cone region, I
�
(�N )'I

�	���
(�). In the cap region, it is associative, so it is equal to the

derivatives of the yield function with respect to �N ,

m�N 
�
"

�f

�
��N

(A14)

In the cone region is non-associative, equal to

m�N �	�
"A(�)

�f
�	�
��N

(A15)

withA(�) a matrix of order n
���

de"ned so that m�N �	�
at cone}cap intersection is equal to m�N (pure

deviatoric) and at cone vertex is pure hydrostatic:

A(�)"max�1,
3J

�
(�N )

a
�
(�)(�

�
)��� I

����
!

1

3
11��

#max�1,
I
�	���

(�)!I
�
(�N )

I
�	���

(�)#3C
�	�

(�) cot(�
�	�

(�))��
1

3
11�� (A16)

With the m�N �	�
given by Equations (A15) and (A16) no corner return}mapping algorithm

[3,24,A1,A2] is needed in the cone}cap intersection and neither in the cone vertex. This reduces
the computational e!ort of the numerical time-integration algorithm. The same approach has
already been used to avoid the grey zone at cone}cap intersection in plastic models for granular
materials [40,A4]. A di!erent technique, based on smoothing the yield function, has been used by
Brandt and Nilsson [23] with the same purpose.
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