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Constant-angle surfaces in liquid crystals

Paolo Cermelli∗ & Antonio J. Di Scala

Dipartimento di Matematica, Università di Torino, Via Carlo Alberto 10, 10123 Torino, Italy

Dipartimento di Matematica, Politecnico di Torino, Corso Duca degli Abruzzi 24, 10129 Torino, Italy
(Received 00 Month 200x; in final form 00 Month 200x)

We discuss some properties of surfaces in R
3 whose unit normal vector has constant angle with an assigned direction field. The constant

angle condition can be rewritten as an Hamilton-Jacobi equation correlating the surface and the direction field. We focus on examples
motivated by the physics of interfaces in liquid crystals and of layered fluids, and examine some properties of the constant-angle surfaces
when the direction field is singular along a line (disclination) or at a point (hedgehog). We also show how our results may be used to
study the shape of disclination cores.

1 Introduction

We study here surfaces in R
3 whose unit normal vector forms a constant angle with an assigned direction

field. The main idea is to show that the constant angle condition is equivalent to an Hamilton-Jacobi
equation correlating the surface and the direction field. We discuss examples motivated by the physics of
interfaces in liquid crystals and of layered fluids, and study the properties of constant-angle surfaces when
the direction field is singular along a line or at a point. Precisely, we show how constant-angle surfaces
may be used to describe interfaces occurring in special equilibrium configurations of nematic and smectic
C liquid crystals, and to determine the shape of disclination cores in nematics (for an extensive study of
boundaries of nematic drops or tactoids in nematics, in which the constant angle condition is relaxed, see
Virga [1], [2], Prinsen and van der Schoot [3], [4], [5] and Calderer, Liu and Shen [6]).
The Hamilton-Jacobi approach to the determination of constant angle surfaces has been also applied

extensively to the shape-from-shading problem (cf. e.g., Lions, Rouy and Tourin [7]), and specific numerical
methods are now available for the computation of viscosity solutions of Hamilton-Jacobi equations (cf. e.g.,
Osher and Sethian [8] and Sethian [9]).
Precisely, a direction field on a domain Ω ⊂ R

3 can be locally described by a vector field m such that
|m| = 1. However, since the vectors m and −m define the same direction, it is customary to assign a
direction field through a map (which we continue to denote by the same symbol) m : Ω → P

2(R), with
P

2(R) the real projective plane, i.e., the set of all lines in R
3 passing through the origin or, equivalently,

the set of equivalence classes of unit vectors of the form {m,−m}.
Consider a piecewise smooth surface S ⊂ Ω whose unit normal n has a constant angle α with m:

|n · m| = cosα, (1)

for fixed α ∈ [0, π2 ]. Viewing S as a level set of a Lipschitz continuous function f : Ω → R,

S = {x ∈ Ω / f(x) = const.},

and letting n = ∇f/|∇f |, (1) is equivalent to the quadratic Hamilton-Jacobi equation

∇f · Aα∇f = 0, (2)

∗Corresponding author. Email: paolo.cermelli@unito.it
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with Aα = Aα(x) = cos2 α1 − m(x) ⊗ m(x). Writing H(x,p) = p · Aα(x)p for the Hamiltonian, it is
well known that local solutions of (2) may be obtained by the method of characteristics, which are the
solutions of the canonical system (see Arnold [10])

ẋ =
∂H

∂p
, ṗ = −∂H

∂x
. (3)

When α = 0 the method of characteristics fails, since the right-hand side of (3) vanishes identically for
H(x,p) = 0. Indeed, when α = 0, Aα is positive semidefinite, and the equation H(x,p) = 0 leads to an
overdetermined system that must be studied by Frobenius theory. Thus, solutions of (1) for α = 0 exist if
and only if m ·curlm = 0 in Ω. In what follows we restrict to α ∈ (0, π/2) when using the Hamilton-Jacobi
approach, with the exception of Section 3.1 where the integrability condition is automatically satisfied and
complex-variable methods can be applied.
In this work we study (2) for some special choices of the direction field m. Namely, we characterize (i)

cylindrical and conical surfaces arising when m is singular along a straight line and orthogonal to that line
(line defects in nematics), and (ii) conical surfaces corresponding to a constant orientation field m = m0

(layered structures in smectics C).
We now discuss briefly two physical examples which lead to equations of the form (1).

1.1 Applications to nematics

A nematic liquid crystal is an ordered fluid whose constituents are macromolecules which locally tend
to align parallel to each other (cf., e.g., De Gennes and Prost [11]). A nematic liquid crystal can be
described by a direction field m that measures the average local orientation of the macromolecules. In
the simplest approximation, the field m at equilibrium is a stationary point of the (one-constant) Frank
energy functional

∫
Ω

κ

2
|∇m|2 dv, (4)

with κ > 0, whose Euler equation is the harmonic mapping equation (see Eells and Sampson [12] where
(5) is introduced and studied in a general setting)

�m + |∇m|2m = 0. (5)

Often, the direction field describing the orientational order in a nematic fluid is not defined on the whole
Ω, the most common singularities being straight disclinations and hedgehogs.
Concisely, a (straight) disclination � is a line in R

3 such that m is not defined on � but is smooth in
Ω \ {�}. Restricting to situations such that m is a plane vector field orthogonal to �, a disclination is
characterized by its integer strength k, i.e., the degree of the mapping m : γ → P

1(R), with γ a loop
in Ω \ {�} encircling � once. Roughly, k is the net number of π-turns of m when γ is traversed once (cf.
Section 3).
A hedgehog is a point defect in R

3 such that m is not defined at some point x0, but is smooth in
Ω \ {x0}. The simplest example of hedgehog, and the one we shall study here, is m(x) = x/|x| for x �= 0.
When singularities are present, it is usually assumed that, at equilibrium, m satisfies (5) away from the

singularity.
Equations of the form (1) arise in the study of free surfaces of nematic liquid crystals and interfaces

between nematic and isotropic phases. Indeed, denoting by n : ∂Ω → S2 the outward unit normal to ∂Ω,
which we view as the interface between the nematic and isotropic phase, it is often assumed that the strong
anchoring boundary condition holds at ∂Ω

|n · m| = cosα,
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with α ∈ (0, π/2), which is an equation of the form (1).
In Sections 2 and 3 we restrict to two special cases: first, assuming that m is a constant solution of (5),

we show that surfaces satisfying (1) are flat and ruled, and can be explicitly described. Second, assuming
that m has a line singularity with arbitrary integer strength, we study cylindrical surfaces which satisfy
(1), and discuss how their topology depends on the strength.
However, since in general surfaces solutions of (1) are not bounded, they cannot be used to describe the

boundaries of nematic drops (tactoids). Actually, (1) must be relaxed by requiring that the director field
at the surface ∂Ω satisfies weak anchoring conditions, i.e., that m and ∂Ω minimize the total energy, given
by the sum of the Frank energy (4) and a surface energy term of the form (cf. Rapini and Papoular [13])

∫
∂Ω

(ψ0 + ψ(n · m)) da (6)

where ψ0 > 0 is a fixed constant and ψ is the anchoring energy, which is assumed to have absolute minima
at n · m = ± cosα.
The energy-minimizing approach to determine the optimal shape of tactoids has been extensively devel-

oped by Virga [1], [2] and, more recently, by Prinsen and van der Schoot [3], [4], [5] and Calderer, Liu and
Shen [6].
In this paper we do not discuss the optimal shape of nematic drops, but we make use of the energy-

minimizing approach to study the shape of the core of a straight disclination. In an oversimplified model,
the core of a defect may be viewed as an isotropic inclusion in a nematic environment: in this case, since
the inclusion has a volume which is negligible with respect to the environment, scaling arguments show
that we may assume that the nematic field is a given singular solution of (5) outside the defect core, whose
boundary is a minimizer of the surface energy (6) (cf. the related work by Rosso and Brunelli [14], who
determine the optimal shape of a disclination core neglecting surface energy).

1.2 Applications to smectics C

Smectic C liquid crystals are ordered fluids characterized by a layered structure (cf. De Gennes and Prost
[11]). When density fluctuations are neglected, the description of equilibrium configurations of smectics
requires, in addition to the orientation field m, a scalar order parameter f : Ω → R whose level sets define
the layers. In smectics C, the director field m is constrained to a constant angle α with the layer normal
n = ∇f/|∇f |, i.e.,

|m · n| = cosα,

with α ∈ (0, π/2).
The energy of a smectic C liquid crystal may be written as the sum of a nematic energy term, which in

the simplest approximation is the Frank energy (4), and a smectic term of the form (cf. [11], [15])

∫
Ω

(
A|∇f − qm|2 +B|m · ∇f − q|2) dv, (7)

where A,B, q are positive constants.
An energetically-based approach to the determination of layered structures in smectics, which allows

the director field to vary, is developed by Kidney, McKay and Stewart [16], McKay and Leslie [17], and
McKay [18]. We restrict here to special configurations such that:

• the orientation field m is assigned;
• the smectic order parameter is an absolute minimizer of the smectic energy density (7) subject to the

constraint (1).

Letting P = 1 − m ⊗ m, then |∇f |2 = |P∇f |2 + (m · ∇f)2 and, granted the constraint (1), then also
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|P∇f |2 = tan2 α(m · ∇f)2, so that the integrand of (7) may be rewritten as

(A+B +A tan2 α)(m · ∇f)2 − 2q(A+B)(m · ∇f) + q2(A+B),

and minimization with respect to x = (m · ∇f) yields the system of PDEs

{ |P∇f | = γ tanα,
m · ∇f = γ,

(8)

with γ = (A+B)q
(A+B)+A tan2 α . We show below that, contrary to (2), (8) has no solution for a large class of

orientation fields, and discuss two cases when the solution does exist, i.e., for a uniform orientation field,
and a line disclination with strength 2.

2 Constant-angle conical surfaces in a uniform orientation field

For a uniform orientation field m = m0 on R
3, (1) reduces to

|n · m0| = cosα, (9)

and we assume that α ∈ (0, π/2).
Let S be a solution of (9): notice first that smooth portions of S′ ⊂ S are flat, since the Gaussian

curvature K identically vanishes on these portions. By consequence, S′ is also ruled.
To see this, let S′ ⊂ S be smooth, and notice that (9) implies that the image of S′ by the Gauss map

n : S′ → S2 is a circle. By consequence, the Gaussian curvature vanishes, since

K = lim
area(S′)→0

area(n(S′))
area(S′)

= 0,

and S′ is flat.
To solve (9), choose Cartesian coordinates (x, y, z), with associated basis (i, j,k) such that k = m0.

Assume that S is smooth and is locally the graph of a function g := D ⊂ R
2 → R, i.e.,

S = {(x, y, z) / z = g(x, y)}.

Since n = (−∇g + k)/
√

1 + |∇g|2, with ∇g = (∂xg)i + (∂yg)j, (9) reduces to the eikonal equation

|∇g| = tanα. (10)

Let C0 = S∩{z = 0} be the trace of S on the (x, y)-plane. Then S is a piece of a conical surface generated
by C0. To see this, let x0(s) be a parametrization of C0 with arc parameter s, and let τ = τ (s) and ν = ν(s)
be the unit tangent and normal vectors to C0. Writing x = xi+ yj, let also t = t(x) := dist(x, C0) be the
distance of a point x from C0 (which is well defined in a neighborhood of the curve if C0 is smooth), and
notice that the solution of (10) with boundary condition g(x, y) = 0 on C0 is

g(x, y) = t(x, y) tanα. (11)

In fact, consider the local change of coordinates ((s, t) are known as Fermi coordinates)

x(s, t) = x0(s) + tν(s),

Page 16 of 27

http://mc.manuscriptcentral.com/pm-pml

Philosophical Magazine & Philosophical Magazine Letters

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Peer Review
 O

nly

November 9, 2006 10:14 Philosophical Magazine cermelli-discala-revised

5

and let

ĝ(s, t) := g(x(s, t)).

Since∇g·ν = ∂tĝ, and∇g·τ = ∂sĝ/(1−ct), with c the curvature of C0, it follows, by taking ĝ(s, t) = t tanα,
that ∇g = tanαν, so that (10) is satisfied.
As is well known, (11) is a local solution of (10), since the distance is in general a multi-valued function.

However, the method of characteristics actually yields a surface S in R
3 which is a global solution of the

original equation (9), given by the global parametrization

x0(s) + tν(s) + (t tanα)m0, (12)

in terms of the Fermi coordinates (s, t) as t varies in R. The surface S parametrized by (12) may have
self-intersections, for instance at points (s, t) corresponding to the caustics of (10). In Figure 1 a portion
of a conical surface with C0 an ellipse is shown: notice the sharp edge where the generatrices meet -
corresponding to the caustics of the eikonal inside the ellipse.

Figure 1. Side and top views of a portion of a conical constant–angle surface with vertical uniform orientation field
m = m0. The plane curve generating the cone is an ellipse.

3 Cylindrical surfaces in the presence of a straight disclination

Let Ω = D × R be a cylindrical domain, with D ⊂ R
2, and consider an orientation field m : Ω → P

2(R).
Assume that m is planar and independent of the vertical coordinate, so that

m = m(x), m · k = 0, (13)

with x = xi + yj ∈ D, and (i, j,k) an orthonormal basis with k orthogonal to the plane containing D.
Under the above assumptions the problem is 2-dimensional and we may view m : D → P

1(R).
Since m is planar, we may write

m(x) = cosϕ(x) i + sinϕ(x) j.

Notice that, for nematic orientation fields, m satisfies (5) if and only if ϕ is harmonic:

∆ϕ = 0, (14)

with ∆ the laplacian in R
2.
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3.1 Surfaces orthogonal to m: α = 0

We first look for surfaces S ⊂ Ω such that

|n · m| = 1, (15)

with n a choice of unit normal for S. Since m ·curlm = 0, Frobenius theorem is trivially satisfied and local
solutions to (15) exist. Moreover, the same argument of Section 2 shows that the corresponding surfaces
are flat and ruled, actually cylinders S = C × R with vertical axis, with C ⊂ D a curve in the plane
orthogonal to k.
Noting that the plane curve C has unit normal n, it follows that C is still defined by (15), which we

henceforth view as an equation in the unknown curve C.
Equation (15) defines the family of (orthogonal) integral curves of the direction field m. Describing C

as a level set of a function f : D ⊂ R
2 → R:

C = {x ∈ D : f(x) = c},

with c ∈ R, (15) is equivalent to

∇f × m = 0. (16)

Assume first that D is simply connected and m is a smooth solution of (5) in Ω, so that no defect is
present and ϕ is harmonic inD. Denote by w the harmonic conjugate of ϕ, solution of the Cauchy–Riemann
equations

∂ϕ

∂x
+
∂w

∂y
= 0,

∂ϕ

∂y
− ∂w

∂x
= 0,

and define

u = e−wm = e−w(cosϕi + sinϕj), (17)

so that u is a non-zero vector field on D. The function e−w is an integrating factor for m, and it is easy to
see that Divu = 0 and Curlu = 0, where Curlu = u2

x − u1
y for u = u1(x, y)i+ u2(x, y)j. By consequence,

∆u = 0 in D. In particular, there exists f : D → R such that

∇f = u, (18)

so that n = ∇f/|∇f | = m and {f(x) = c} is an orthogonal integral curve of the direction field m, i.e., is
a solution of (15).
Equivalently, identify R

2 to C and, for z = x+ iy, define

m(z) = e−iϕ(z) and u(z) = e−(w(z)+iϕ(z)), (19)

where w(z) and ϕ(z) are w(x, y) and ϕ(x, y) expressed in terms of the complex variable z. By construction
u is holomorphic in D.
Consider now a holomorphic function in D

F = f + ig, (20)

with f and g real valued. Since F is holomorphic,

F ′ = 2
∂f

∂z
=
∂f

∂x
− i

∂f

∂y
.
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Comparing (18) and (19) we conclude that f , as a function on D ⊂ R
2, satisfies (15) and (16) if and only

if F as defined by (20) satisfies

F ′(z) = λ(z)u(z),

for some real function λ(z) on D. However, since F ′ and u are holomorphic, λ is a real constant, so that
(15) and (16) reduce (modulo a multiplicative real constant) to

F ′(z) = u(z). (21)

Therefore, the plane curves solutions of (15) are the level sets of the real part f of any primitive F of u,
i.e.,

C = {z ∈ C : Re(F (z)) = c}. (22)

Going back to three dimensions, assume that the director field m is singular along a line � parallel to
the axis of the cylinder Ω: precisely, assume that � is a straight disclination of strength k. Assuming that �
intersects D at x = 0, we may henceforth restrict to the plane direction field m : D \ {0} → P

1(R), which
is singular at 0. Recall now that the strength k ∈ Z of the disclination at 0 is defined as the net number
of π-rotations of m along any simple closed loop encircling 0, given by the relation

k

2
=

1
2π

∫
γ
(−m2∇m1 +m1∇m2) · dx =

1
2π

∫
γ
dϕ.

Fix now k ∈ Z: any solution of (14) with given strength k may be written in the form

ϕ((, ϑ) =
k

2
ϑ+ g((, ϑ), (23)

with g : D\{0} → R harmonic (and single-valued) and ((, ϑ) polar coordinates centered at {0}. Therefore,
by means of a conformal transformation1, we may restrict to director fields that have the form

m = cos
(
kϑ

2

)
i + sin

(
kϑ

2

)
j. (24)

Switching to complex-variables, and letting ϕ = kϑ/2 in (19) we obtain

u(z) = z−
k

2 . (25)

Now recall that the orthogonal integral curves of m are given by (22), where F is a primitive of u,

F ′(z) = z−
k

2 .

which yields

F (z) =
{

2
2−k z

2−k

2 , k �= 2,
log z, k = 2.

1In complex coordinates the conformal (holomorphic) transformation is z �→ z exp( 2
k
(wg + ig)), with wg the harmonic conjugate of g.
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so that the curve C has the form f(z) = c, with

f(z) =

{
Re
(
z

2−k

2

)
= 1

2

(
z

2−k

2 + z̄
2−k

2

)
, k �= 2,

log |z|, k = 2.

To avoid discussing the sign of c, consider the curves C ′ defined by |f(z)| = c > 0. The topology of C ′
depends on k as follows:

• For k ≤ 1, k �= 0, the curve |f(z)| = c is not bounded, does not contain the defect z = 0 and has 2− k
connected components with 2 − k asymptotic directions (cf. Figure 2). In polar coordinates C has the
explicit representation

( =
c∣∣cos (2−k2 ϑ
)∣∣ 2

2−k

. (26)

• For k = 2, the field m is radial and the curves |f(z)| = c are circles centered at 0.
• For k ≥ 3 the curve C ′ contains the defect at z = 0. C ′ is bounded, and has a clover-like shape with
k − 2 leafs. In polar coordinates C ′ has the explicit representation

( = c
∣∣cos (k−2

2 ϑ
)∣∣ 2

k−2 . (27)

Figure 2. From left to right: (i) a section of a cylindrical constant-angle surface for α = 0, with a disclination of
strength k = 1 located along the axis of the cylinder (directed out of the page); (ii) same as before with k = −1;
(iii) a section of a cylindrical domain K with boundary a constant angle surface: a bump for k = 1 and (iv) a

meniscus for k = −1.

3.2 Surfaces with α arbitrary

The above results may readily be extended to surfaces S ⊂ R
3 such that

|m · n| = cosα, (28)

with α ∈ (0, π/2). Again, solutions of (28) are cylinders S = C ×R with vertical axis, with C ⊂ D a plane
curve solution of (28) in D.
Since (28) is equivalent to |m̄ ·n| = 1, where m̄ = cos(ϕ±α)i+sin(ϕ±α)j, all considerations in Section

3.1 hold, with

u(z) = e−(w(z)+i(ϕ(z)±α)).
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Consider now, as in Section 3.1, a straight disclination with strength k parallel to the axis of the cylinder,
and the corresponding singular plane direction field m as in (24). In this case, (25) takes the form

u(z) = e±iα z−
k

2 ,

so that

F (z) =
{

2
2−k e

±iα z
2−k

2 , k �= 2,
e±iα log z, k = 2.

and it follows that the curve C has the form f(z) = c, with

f(z) =
{
(

2−k

2 cos
(
2−k
2 θ ± α

)
, k �= 2,

log (± θ tanα, k = 2.

The curves C ′ defined by |f(z)| = c > 0, are now such that

• For k �= 2, the curve C ′ is a rigid rotation (of angle 2
2−kα) of the curves defined by (26) and (27).

• For k = 2,the curves |f(z)| = c are logarithmic spirals of the form

( = ce±θ tanα.

3.3 Disclination pairs

The above argument may be extended to any number N of parallel dislocations with strength ki, inter-
secting the horizontal plane at zi, i = 1, . . . , N (complex representation zi). Modulo a conformal transfor-
mation, at equilibrium the nematic angle may be written in the form

ϕ = ϕ0 +
1
2

N∑
i=1

kiϑi,

with ϑi(x) = arctan y−yi

x−xi
a polar angle centered at zi and ϕ0 a constant angle. Proceeding as in the above

section, we find in the complex representation

u(z) = e−iϕ0

N∏
i=1

(z − zi)−
ki
2 .

To be specific, consider two parallel disclinations of strength k1 = k2 = 1, located at z1 = 0 and z2 = −ai,
with a > 0 (complex representation z1 = 0 and z2 = −a), and assume that the nematic angle is given by

ϕ =
1
2
ϑ+

1
2
ϑ̄, (29)

where ϑ̄(x) = arctan y
x+a . Then

u(z) = z−
1
2 (z + a)−

1
2 , (30)

and a primitive F of u is easily calculated:

F (z) = log
(
z +

a

2
+
√
z(z + a)

)
.
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Figure 3. From left to right: (i) a section of cylindrical orthogonal surface surrounding a pair of parallel
disclinations with strength 1/2 and mutual separation a = 2; (ii) a section of a capillary tube with shape a

constant-angle surface: for orthogonal (homeotropic) anchoring at the walls an equilibrium configuration has two
disclinations of strength k = 1.

It follows that the orthogonal curves of the direction field with angle (29) are given by

∣∣∣z + a

2
+
√
z(z + a)

∣∣∣ = c, (31)

with c a real positive constant. The explicit form of this curve in polar coordinates follows from a straight-
forward calculation, and will be omitted here. Figure 3 shows the plot of one such curve surrounding a
pair of disclinations with separation a = 2.

4 Disclination cores in nematics

Consider a singular orientation field m as in (24). Domains whose boundaries are constant-angle surfaces
correspond to natural equilibrium interfaces between nematic and isotropic phases, since the orientation
field inside the domain is by construction a solution of (5), and strong anchoring conditions are automat-
ically satisfied at the interface. Specifically, consider a cylindrical domain K = D′ × R ⊂ D × R, with
C ′ = ∂D′ ⊂ C a portion of a constant-angle surface. From the discussion in Section 3.1 it follows that

• For k ≤ 1, K is not bounded. This class of domains corresponds to curved bounding surfaces of
domains containing a disclination (k = 1), or to menisci connecting films containing a disclination
(k = −1)(Figure 2). When k = 0 we obtain a film in which the orientation field is aligned.

• For k = 2, K is either a circular cylindrical filament centered at the disclination, or its complement,
which corresponds to a cylindrical isotropic core about a straight disclination.

• For a pair of disclinations of strength k = 1, the domainK is a filament with elongated section containing
the disclination lines. This configuration may be realized for instance in a capillary tube with elongated
section and orthogonal anchoring at the walls (Figure 3).

A second issue that can be discussed in this contest is the equilibrium shape of disclination cores. As
mentioned above, in a crude approximation we may view the core as an isotropic inclusion in a nematic
environment. For very small sectional areas of the core, the nematic field can be assumed to be a fixed
equilibrium solution of (5) outside the core, and the shape of the core itself is a minimizer of the interfacial
energy (6).
Precisely, assume that the nematic angle ϕ is assigned, a fixed solution of (14) of the form (24). Let D′

be the planar section of the disclination core, write t for a choice of unit tangent to ∂D′, and consider the
surface energy functional (per unit height of the cylinder)

∫
∂D′

(
ψ0 + ω(m · t)2) ds, (32)
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with ω,ψ0 > 0 and s the arc-parameter on the curve ∂D′. Clearly, orthogonal anchoring is preferred at
the core–boundary.
Consider the following problem: find the plane region D′, containing the origin, that minimizes (32)

under the constraint that area(D′) = 1. Noting that m = ∇f/|∇f |, (32) may be written as

∫
∂D′

(
ψ0 +

ω

|∇f |2
(
∂f

∂s

)2
)
ds.

We only discuss the cases k = ±1. In polar coordinates centered at the origin (the trace of the disclination),
let ( = R(ϑ) be the parametric representation of the surface f = const., i.e., ∂D′, and notice that we may
restrict attention to curves that are symmetric with respect to the x-axis. Then the minimization of (32)
is equivalent to the minimization of

∫ π

0

AR′2 − 2CRR′ +BR2

√
R′2 +R2

dϑ, (33)

on the set of all smooth functions R = R(ϑ) ≥ 0 such that

∫ π

0
R2 dϑ = 1, (34)

and where A = ψ0 +ω cos2 ϑ
2 , B = ψ0+ω sin2 ϑ

2 , C = sign(k)ω cos ϑ2 sin ϑ
2 . We have performed a numerical

  0.5

  1
  

Figure 4. Left: section of a cylindrical surface minimizing the interfacial energy (33) for k = 1. Right: core of a
disclination of strength k = 1 parallel to the axis of the cylinder. The surface-energy constants are ψ0 = 1 and

ω = 0.7. Also, area(D′) = 1.

minimization of (33) as described in the Appendix. The results are shown in Figure 4: planar sections
of disclination cores have elongated oval shapes, whose aspect ratio depends on ω. As ω → 0 the planar
section of the core tends to be a disk, while as ω increases the core tends to flatten along the x-axis (Figure
5).
We can use the same procedure to study the shape of the cores of a pair of disclinations located at z = 0

and z = −ai with strength k = 1: the energy functional of the surface surrounding the disclination at
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=4
=0.1=0.7

Figure 5. Sections of disclination cores for different values of ω, with area(D′) = 1.

z = 0 has still the form (33), but now

A = ψ0 +
ω

2

(
1 +

a cos ϑ+ (cos2 ϑ− sin2 ϑ)R(ϑ)√
a2 +R2(ϑ) + 2aR(ϑ) cos ϑ

)
,

B = ψ0 +
ω

2

(
1− a cos ϑ+ (cos2 ϑ− sin2 ϑ)R(ϑ)√

a2 +R2(ϑ) + 2aR(ϑ) cos ϑ

)
,

C =
ω

2
a sinϑ+ 2R(ϑ) cos ϑ sinϑ√
a2 +R2(ϑ) + 2aR(ϑ) cos ϑ

.

The results of the numerical minimization of (33) are shown in Figure 6: again sections of disclination

  0.5

  1

Figure 6. Left : (i) section of a cylindrical surface surrounding one of the two disclinations (the rightmost one) of a
pair with strength k = 1 and separation a = 4, and minimizing the surface energy. Right: rescaled view of both
disclination cores surrounded by the nematic field. The surface-energy constants are ψ0 = 1 and ω = 0.7, and

area(D′) = 1.

cores have elongated oval shapes along the line joining the defecs.

5 Applications to smectics C

For layered structures such as smectics C, the constraint (8)2 poses severe restrictions to the existence of
solutions of the Hamilton-Jacobi equation (8)1. Also, while for nematics the basic unknown is the surface
S and f is just an auxiliary function of which S is a level set, in smectics the function f is an order
parameter that should be uniquely determined by (8) and suitable boundary conditions.
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Indeed, fix a direction field m as before and consider the local coordinate system (s, ξ) on R
3, with ξ a

coordinate system on a surface S0 transversal to m, and s the arc parameter along the integral curves of
m, measured from the intersection of the corresponding integral curve and the initial surface S0. In other
words, s = s(x) and ξ = ξ(x) are defined so that ξ(x) is the point of intersection of the integral curve of
m passing through x and the surface S0, and s is the length of the arc of this curve between ξ and x.
Writing f = f̂(ξ, s), it follows that (8)2 is equivalent to

∂f̂

∂s
= γ,

so that there exists g = g(ξ) such that

f̂(ξ, s) = γ(s+ g(ξ)), (35)

and using the fact that m · ∇s = 1, (8)1 can be rewritten as

|∇ξg|2 +∇s · ∇ξg + |∇s|2 − 1 = tan2 α. (36)

We discuss here a few special cases of (36).
Consider first a constant orientation field m = m0 in a cylindrical domain D × R, with coordinates

(x, y, z) with z along the axis of the cylinder. By (35) we may write the solution of (8) in the form

f(x, y, z) = γ(z − g(x, y)), (37)

and a direct calculation shows that (36) reduces to the two-dimensional eikonal equation (10) for g.
Assume now, to fix ideas, that the boundary condition

g(x, y) = 0 on ∂D (38)

holds: arguing as in Section 2, we obtain a local solution (11) in the form f(x, y, z) = γ(z − t(x, y) tanα),
with t(x, y) the distance function with respect to ∂D.
As discussed in section 2, the distance function t(x, y) is in general multivalued, with branching at the

caustics, and a selection rule is necessary, for instance by requiring that g be a viscosity solution of the
two-dimensional eikonal equation (36) (cf. e.g., Lions [19] and Lions, Rouy and Tourin [7]). Figure 1 shows
the viscosity solution corresponding to a smectic layer in a cylindrical tube with elliptic cross- section. The
smectic layers are equidistant portions of conical surfaces obtained by translating the surface in Figure 1
along the vertical axis.
As a second example, consider a singular direction field m corresponding to a disclination line with

strength k = 2, as in Section 3. Specifically, let m = er, with (r, ϑ, z) cylindrical coordinates with z along
the disclination. Then s = r, ξ = (ϑ, z) and ∇ξg = (∂zg)ez + 1

r (∂ϑg)eϑ, so that (36) yields the eikonal
equation on the cylinder

(∂zg)2 +
1
r2

(∂ϑg)2 = tan2 α. (39)

Since g is independent of r, ∂ϑg ≡ 0 and

g = γs+ zγ tanα+ const. (40)

Hence, the layers are families of equidistant half-cones with axis the disclination line.
Consider finally a hedgehog defect described by the orientation field m = eR, with (R,ϑ, ψ) spherical

coordinates in R
3. Here s = R, ξ = (ϑ,ψ) and ∇ξg = 1

R (∂ϑg)eϑ +
1

R sinϑ(∂ψg)eψ, so that (36) yields the
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eikonal equation on the sphere

1
R2

(∂ϑg)2 +
1

R2 sin2 ϑ
(∂ψg)2 = tan2 α. (41)

As before, g is independent of R, but now this implies that the above equation has no solutions for α �= 0.
Therefore, there is no smectic C configuration for which the orientation field has a hedgehog defect and
the layers are constant–angle surfaces.
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Appendix

The numerical minimization of the surface energy functional (33) has been performed by two different
techniques, which yield compatible results.
For the single–disclination problem, we have used both a modified Newton method for constrained

minimization [20], and a continuous genetic algorithm [21]. For the disclination-pair problem, we have
used a genetic algorithm.
To apply the modified Newton method, we may proceed as follows: first, subdivide the interval (0, π)

in N − 1 subintervals of length h = π/(N − 1), and discretize R and R′ on the resulting mesh of N
points by centered finite differences (or, equivalently, approximate R by piecewise-linear functions). Let
R = (R1, . . . , RN ) be the vector of discretized values of R: computing the integral in (33) and (34) by a
Newton-Cotes method, we reduce to the problem of minimizing a function F (R) subject to the constraint
c(R) = 0, where

F (R) =
N−1∑
i=2

Ai(Ri+1 −Ri−1)2 − 4hCiRi(Ri+1 −Ri−1) + 4h2BiR
2
i

2
√

(Ri+1 −Ri−1)2 + 4h2R2
i

+
A1(R2 −R1)2 − 2hC1R1(R2 −R1) + h2B1R

2
1

2
√

(R2 −R1)2 + h2R2
1

+
AN (RN −RN−1)2 − 2hCNRN (RN −RN−1) + h2BNR

2
N

2
√

(RN −RN−1)2 + h2R2
N

and

c(R) = h
N−1∑
i=2

R2
i +

h

2
(R2

1 +R2
N )− 1.

Local minimizers of F may be computed by a Newton method which traces the values of the Lagrange
multiplier associated with the constraint, as discussed in [20]. Specifically, a sequence R(k) approximating
the minimizer, and a sequence λ(k) approximating the Lagrange multiplier are constructed by the iterative
formulas R(k+1) = R(k) +d(k) where λ(k+1) = λQ(k), and the Newton steps (d(k), λ

Q
(k)) are found by solving

the linear system

L(k)d(k) + A�
(k)λ

Q
(k) = −G(k), A(k)d(k) = −c(k),
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where c(k) = c(R(k)), A(k) = ∇Rc(R(k)), G(k) = ∇RF (R(k))), and L(k) = ∇2
RF (R(k)) + λ(k)∇2

Rc(R(k)).
The computation of the Hessian of F is straightforward but cumbersome and its explicit expression will
not given here.
The genetic algorithm proceeds as follows: first, restrict to the class of polynomial radial functions on

[0, π] of the form

R(ϑ) =
N∑
i=1

aiϑ
i−1,

so that on this class the surface energy functional (33) reduces to a function F (a1, . . . , aN ) of the N
coefficients ai. This function can be evaluated numerically, for given ai, by approximating the integral
in (33) by a Newton-Cotes method. The resulting finite-dimensional minimization problem is then solved
numerically in terms of the ai, by the continuous genetic algorithm discussed in [21], by taking into account
the constant-area constraint by renormalizing the coefficients at every generation.
We have checked the results obtained by the Newton method with the results obtained by the genetic

algorithm, and they turned out to be consistent, in that the computed minimum surface energies differ by
0.5% after 10 iterations of the Newton method and 5000 generations of the genetic algorithm (for ω = 0.7
and ψ0 = 1).
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