Téhoku Math. J.
47 (1995), 499-508

CONSTANT MEAN CURVATURE HYPERSURFACES IN
NONCOMPACT SYMMETRIC SPACES

NANY LEE

(Received May 6, 1994, revised November 10, 1994)

Abstract. Here, we compute the mean curvature of the geodesic sphere at any
point in some symmetric spaces and determine the lower bound of the mean curvature
of a closed hypersurface of constant mean curvature in it. With the Hessian Comparison
Theorem, we also show that there is a lower bound for the mean curvature of any closed
hypersurface of constant mean curvature in a manifold with a pole satisfying a curvature
condition.

1. Introduction. In this article, we study closed hypersurfaces of constant mean
curvature in noncompact symmetric spaces or, more generally, the product of such
spaces with a Euclidean space. These closed hypersurfaces of constant mean curvature
are called soap bubbles in [HH89] and we refer the readers to this paper as well as
[Kap90], [Kap91] and the references there for a discussion of the historical as well as
mathematical background of these hypersurfaces. Our main theorem in this direction
is the determination of a lower bound of the mean curvature of these hypersurfaces
in terms of A(M), defined as follows. Let M be such a space and let p be any point in
M. For ve T,M, define a symmetric linear map K,: T,M—T,M by

K (X)=R(X, v, for XeT,M.
We let

A(M)=max{ Z": ci(v): ve T, (M) and |v|| = 1}

where {¢,(v)?, ..., ¢,(v)?} are all the eigenvalues of K,. Throughout this paper, we assume
that all the ¢;’s are nonnegative without loss of generality. This lower bound should be
compared with an earlier result in the same direction in [Hsi92]. While Hsiang’s result
is in terms of roots, we shall show that the bound we obtain here is at least as big as
that of [Hsi92]; whether or not they are equal is unclear at this point.

With the Hessian Comparison Theorem, we also prove that there is a lower bound
for the mean curvature of any closed hypersurface of constant mean curvature in a
manifold with a pole when its radial curvature is < —c? for some nonzero constant c.
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2. Constant mean curvature hypersurfaces in noncompact symmetric spaces.
2.1. Preliminary. We begin with some definitions.

DEerFINITION 2.1. Let M be an n-dimensional Riemannian manifold and p be a
point in M. If exp,, is a diffecomorphism in a neighborhood V of the origin in 7,,M, and
S={XeT,M:||X|=r} is contained in V, then exp,S is called the geodesic sphere of
radius r around p and is denoted by S,(r).

DerFINITION 2.2. Let {, ) be a Riemannian metric on M and V be the Levi-Civita
connection of M. Let N be a hypersurface in M, let xe N, and let (T,,N)* denote the
orthogonal complement of T, N in T .M. Choose a unit vector v in (T, N)*. Then the
symmetric operator S,: T,N— T N given by

(SUX), YO=(VyY,v> forany X, YeT N

is called the second fundamental form of N at x with respect to v. The mean curvature
of N at x is the trace of S,, denoted by A(N)(x). In case N has a constant mean curvature,
we will omit x.

By convention, we will always choose a unit vector v in (T, N)* so that the mean
curvature is positive.
Now we will prove a useful lemma.

Lemma 2.1.  Let M be an n-dimensional Riemannian manifold and fix pe M. Suppose
S,(r) is the geodesic sphere of radius r around p for some r. For x€S,(r), let y be the
normal geodesic joining p and x and {e,, ..., e,_} be an orthonormal basis for T[S (r)).
Consider the Jacobi fields {W,, ..., W,_,} such that W,(0)=0 and Wr)=e; for
i=1,...,n—1. Then the mean curvature of S,(r) at x is equal to Z:’;: (Wi(r), ;).

ProoF. Let p be the distance function relative to p and let v=—grad p. Then v
is the inward unit normal vector field to S,(r) and S, denotes the second fundamental
form of S,(r) at x with respect to v. Let {e;, ..., e,_;} be any orthonormal vectors in
T(S,(r). Now

n—1 n—1 n—1
h(S(r)x)=Tr S, = _; {S:(e), e)= ,=Zl (Ve vp=— ‘; Ve, e

For fixed i, consider the variation of y:
Ir:[0,r]x[—c,c]-M

such that
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o I'(s)=1I(r,s)eS,r)

e I'(t,0)=y(t) and for fixed s, I'(t, s) is a normal geodesic joining p to I'(r, s)

e (0I',/0s)(0)=¢;.
Let T and V be the tangent vector fields on [0, r] X [ —c, c] corresponding to its first
and second variables. We will identify the vectors with their images under I'. Note that
—Tis equal to v at I'(s) and W,(¢) is equal to the restriction of V to I'(¢, 0)=y(¢). Now
we have

— (Ve s €)= —<Vy(=T), VY=V V, V)=V Wi(r), e) =< W), e -

O

2.2. Theorems. Let p be any point in M. For veT,M, define a linear map

K,: T,M—>T,M by
K(X)=R(X, v, for XeT,M.

Note that K, is symmetric and all the eigenvalues are real. Furthermore, they are all
nonnegative if M has nonpositive sectional curvature.

PROPOSITION 2.2. Let M be an n-dimensional symmetric space of noncompact type
or the product of such a space with a Euclidean space and pe M. Let v be any unit vector
in T,M.If {c%, ..., c}} are all the nonzero eigenvalues of K,, then the mean curvature of
S,(r) at exp,rvis Y ;_, ¢;coth¢;r +(n—t—1)/r which is greater than Y ;_, c; for any r>0.

PrROOF. Let y(t)=exp,tv and x=exp,rv. We will use Lemma 2.1 and so we need
to find the Jacobi fields {W,, ..., W,_,} along y such that W;(0)=0 for i=1,...,n—1
and {Wy(r), ..., W,_,(r)} are orthonormal in 7S (r).

Now choose an orthonormal basis {e,, ..., e,} of T,M, consisting of eigenvectors
of K,, that is,

K(e)=c?e;, for i=1,...,n

and extend the ¢;’s to vector fields {E,, ..., E,} along y by parallel transport. For 7(¢),
0<t<r, define a linear map Kj,: T,,,M—T,,M by

K;0(X)=R(X, y(t))y(z) , for XeT,,M.
Consider Kj,,(E;(?)), for all 0<r<r. We have
Vi K Ei(1) =V ;0(R(Ei(2), 7()yi(1)) =0,

since VR=0 and V;,j(¢)=V;,E;(t)=0. This implies that Kj,(E;(¢)) is a parallel trans-
port along y(¢) of K;,(E;(r)=K,(e;)=c?e,. By the uniqueness of parallel transport,

K;o(Ei(1)=c?E(1) .

Note that ¢; does not depend on ¢. For simplicity, we may assume E,=7(t).
Now we are ready to construct the Jacobi fields W; along y such that W,;(0)=0
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and W(r)=E(r), for 1<i<n—1.

If Wi(t)=)_, «l(t)E;(?), the coefficients a(¢)’s should satisfy the Jacobi equation

and the initial conditions: for all 1<i<n—1 and 1<j<n.

n—1 n-1
O'f{.(t)=k;1 CRG(), Ej(0))i2), E(t)yei(t)= —k; CK(Ej(1), E(t)yai(t)

= —nil (CIE|(t), E(t))yal(t)= —ciai(t),
k=1

and
ai(0)=0, and ai(r)=05i.
Therefore we have
al(t)=0 if i#j

. t/r if ¢,=0
a;i()=1 . . .
sinh ¢;t/sinh ¢;r if ¢>0,

ie.,
()= {(t{r)Ei(t) | ff ;=0
(sinh ¢;t/sinh ¢;r)E;(t) if ¢>0.
Furthermore,
Wi(t)={(l/r)E"(t) ' ff ;=0
c¢;(cosh ¢;t/sinh ¢;r)E;(t) if ¢>0,
and so

1/r if ¢=0
c;coth¢;r if ¢>0,

(WAr), W)y = {

which is monotone decreasing to ¢; as r tends to oo. Recall that by assumption, ¢; #0
if and only if 1 <i<1t.
By Lemma 2.1, we have

n—1 n—1
HS 0= T (W), W)= X dft)

t

t
Y cicother+(m—t—1)/r> Y, ¢;.
i=1 i=1

i=

Now we can prove the main theorem.
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THEOREM 2.3. Let M be an n-dimensional symmetric space of noncompact type or
the product of such a space with a Euclidean space and pe M. Let

A(M)=max{ i ¢;(v): ve T(M) and ||v|| =l}

i=1

where {c,(v)%, ..., c,(v)*} are all the eigenvalues of K,. Then the mean curvature of any
closed hypersurface of constant mean curvature in M is greater than A(M).

Proor. First we choose v, € T,M such that [[v,||=1and }7_, ¢;(vo)=A(M). Then
for any >0, there exists a neighborhood N of v, in a unit ball in T,M such that

Y c(v)=AM)—e  for veN.
i=1
Let X be a closed hypersurface of constant mean curvature 4 in M and O be its
center of gravity. We move X by transvection which maps O to p and then push it by
the transvection 7, along exp, tv, until T, (%) is contained in {exp,sv: ve N and s>0}
for some t,. Now choose r such that T, (Z) is inside S,(r) and touches it, say, at exp, s'v’
for some s’ >0 and some v’ € N. Clearly, the mean curvature A(X) of X must be greater
than or equal to the mean curvature A(S,(r))exp,s'v’) of S,(r) at exp,s'v’.
On the other hand, by Proposition 2.2, we have

n

(S ()exp,s'v)> 3 ¢(v'),

i=1
which is > A(M)—z¢ since v’ € N. Therefore we get h(X)> A(M) since ¢ is arbitrary. []

REMARK. If AM has a metric multiplied by a constant A, then
1
A();M)=7 AM) .

ReMARK. This result should be compared with a similar one in [Hsi92], where
the lower bound of the mean curvature is expressed in terms of 5(M) to be defined
below. We shall prove that our lower bound is at least as big as b(M); whether or not
they are equal is unclear at the moment except for an M with rank <2.

REMARK. Let G=1I,(M) be the connected component of the isometry group /(M)
that contains the identity and K=G,={geG:g(p)=p} and g and f be the Lie algebras
of G and K, respectively. And let 6, be the involution of g. We have g=f@® m as the
decomposition of g into eigenspaces of 6,: g—g. Then the map p: G—M given by
P(9)=9(p) induces the isomorphism dp: m—T,M. Here we have useful facts:

Fact 1. Fix a maximal abelian subalgebra a in m and let « be a real linear function
on a. Then «a is the restriction of a root of g if and only if there exists a vector X#0
in m such that
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(ad H?’X=o(H)*X  forall Hea.
(See [Hel78, ch. VII (2)].)

Fact 2. The curvature tensor of M at p is given by
R(X, Y)Z=ad[X, Y1(Z2)=[[X, Y], Z]
forall X, Y, Zem.
(See [Hel78, ch. IV (4)].)
Note that K,(X)= R(X, v)v=[[X, v], v]=[v, [v, X]]=(ad v)>X. With the identifica-
tion dp: m—T,M, the above two facts imply that
Y )= Y |a)] for vea and |v|=1,
i=1

aed(M)

where A(M) is the restricted root system of g with respect to a. Therefore, letting
b(M)=max{ Z |oa(v)|: vea and Hvll=1},
aed(M)

we have A(M)>b(M).

REMARK. This b(M) is not dependent on the choice of the maximal abelian
subspace a in m. Indeed, let a’ be the other maximal abelian subspace in m. We choose
some ke K such that Ad,a’=a. By the above fact, if 4 is the restricted root of g with
respect to a, then the linear function A’ on a’ defined by

A(Ad, H)=A(H)

is also the restricted root of g with respect to a’. From this, we have

Y, le@l= Y |a'(Ad)l,
aeA(M) a’ed (M)
where A(M) and A'(M) are the restricted root systems of g with respect to a and a’,
respectively. Therefore, if the rank of M is <2, then

AM)=b(M),
since for any nonzero vem, there is a maximal abelian subalgebra containing v.

Before going further, we recall a definition: M is said to be a manifold of s-positive
(resp. s-negative) curvature if s is a smallest integer such that for each pe M and for any
(s+1) orthonormal vectors {e, ey, ..., e,} in M,, we have ) ;_, K(e,, ¢;)>0 (resp. <0),
where K(e, e;) denotes the sectional curvature of the plane spanned by e, and e;. This
s is determined for each irreducible symmetric space in [Lee93].

For convenience, we introduce a function x,: M— R given by letting x,(p) to be
the maximum of all ) 7_, K(eo, ¢;) for any (s+ 1) orthonormal vectors {e,, ey, ..., e}
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in T,M. And let k(M)=max,  k{p).

THEOREM 2.4. Let M be an n-dimensional symmetric space of noncompact type or
the product of such a space with a Euclidean space with an s-negative curvature. If
k(M)< —¢?, then the mean curvature of any closed hypersurface of constant mean
curvature in M is greater than (n—s)e.

ProoF. By the definition of s-negative curvature, there exist orthonormal vectors
{ey, ..., e} in T,M for some pe M such that ) ;_, K(e,, ¢;)=0. Letting v=e,, consider

the eigenvalues {ci(v)<ci(v)<- - <c2(v)} of K, Then ¢,(v)="--=c(v)=0 since
K(e;)=0 for all 1 <i<s. Furthermore, by hypothesis, ¢;(v)>¢ for all s+1<j<n. Thus
Yr_, ¢i(v)=(n—s)e. Theorem 2.3 implies the conclusion. O

THEOREM 2.5. Let M; be an nidimensional symmetric space of noncompact type
or the product of such a space with a Euclidean space and have an s;-negative curvature

and k(M;)< —¢?. Then
AM | x My)>min{(n;—s;)e,: i#j,1,j,k=1,2} .

PrOOF. It is clear that M, x M, has s-negative curvature, where s=max{s, +
ny, ny+5,} and k(M x M,)<max{—e¢?, —e3}. Then we apply Theorem 2.4. O

3. Constant mean curvature hypersurfaces in manifolds with a pole.
3.1. Preliminary. We begin with some definitions.

DEerINITION 3.1. Let M be an n-dimensional Riemannian manifold. A point p in
M is called a pole of M if exp: M,— M is a diffeomorphism, and an ordered pair (M, p)
a manifold with a pole.

DEerINITION 3.2. Given an (M, p), the radial vector field is the unit vector field v
defined on M —{p} such that for all xe M —{p}, v(x) is the unit vector tangent to the
unique geodesic joining p and x and pointing away from p. And a plane 7 in M, is
called a radial plane if © contains v(x) and the restriction of the sectional curvature
function to all the radial planes is called the radial curvature.

DEFINITION 3.3. Let V be the Levi-Civita connection and f be a C? function on
M. We define the Hessian of f as the second covariant differential D2f of f, i.e.,

D*f(X, V)=X(Yf)—(VxY)f
for all vector fields X, Y on M. Note that D*fis a symmetric tensor field of type (0, 2).
Now we have a useful result, whose proof can be found in [GW79, pp. 19-24].

THEOREM 3.1 [Hessian Comparison Theorem]. Let (M, p) and (N, q) be manifolds
with a pole such that dim M <dim N. Let y,: [0, r]->M and y,: [0,r]>N be normal
geodesics with y,(0)=p and v,(0)=q. p, and py denote the distance functions on M and
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N relative to p and q, and vy, and vy the radial vector fields of M and N, respectively.
Suppose each radial curvature at y,(t) is not less than every radial curvature at y,(t) for
all te[0,r]. Then for all XeM, ,, and for all YeM,,,, such that |X|=|Y| and

<X, vu(y1(n))) = <Y, vn(y2(n),
D?py(y (MNX, X)=D?pp(yo(nXY, Y) .

3.2. Theorem. We will use the Hessian Comparison Theorem to prove the main
theorem and so we need the following proposition.

PrOPOSITION 3.2. Let H be an n-dimensional hyperbolic space with a constant
curvature — c? for some positive c. Let p be any point in H and py, be the distance function
from p. Then for any x=exp,rv withve T ,H, |v| =1 and r>0,

D?py(X, X)=ccother  forany XeT(S,r), |X|I=1.
Proor. First we will prove that
D2py(X, X)=<VW(r), X,

where W is a Jacobi field along y(t)=exp, tv such that W(0)=0 and W(r)=X.

Fix an Xe T(S,(r)) with || X||=1. Consider the normal geodesic {(s) such that
{(0)=X. Let y,: [0,r]>M be a normal geodesic joining p to {(s). Then clearly y,=y.
Let W be the transversal vector field of y, along y. Note that

e the transversal vector field W of y, is a Jacobi field along y

e W(0)=0and W(r)=X

e Wly.

Let L(s) denote the length of y, and T=y. Now

D2p(X, X)=X{(p)—(Vx{)p)
(3.1) = Lp)0) — (V:0)(p)0) = L(0)

(3.2) =(Vy W, T>]5+Jr{<VTW, VWY —(RW, T)T, W) —(T{W, T))*}dt
0

=Jr{<VTW, VW) —<RW, )T, W)}dt
0

(33) =V W, W=V W (), W)y =<V W (), X .

We used the fact that { is a geodesic and W L T in (3.1) and (3.2). And in (3.3), we
needed the following by the Jacobi equation for W and integration by parts: if
{E;}i-, are orthonormal parallel vector fields along y and let W=Y"_, o;E,, then

di= '—Zl <R(Ta Ei)Ta Ej>aj s

J
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also so

<W, W)= Z gy = Z (R(T, E))T, Ej>°‘j°‘i
i=1

i,j=1
=<R<T, Z aiE,->T, Z ajEj>=<R(T, W)T, W>={(R(W, T)T, W),
i=1 j=1

i.e.,
VKW, WY =W, Wy+<{W, Wy=(W, Wy+<(RW, )T, W) .
On the other hand, we have

sinh ct

W(t)= E@®)

sinh cr
as in Proposition 2.2 of Section 2 where E{(t) is a parallel transport of X along y. So
V. W(r)=ccoth crE(r)=ccoth crX
and

D?py(X, X)={VW(r), X>={ccotherX, Xy =ccothcr.
|

Let us prove the main theorem.

THEOREM 3.3. Let (M, p) be an n-dimensional manifold with a pole. If its radial
curvature is < —c? for some positive constant c, then the mean curvature of any closed
hypersurface of constant mean curvature in M is greater than (n—1)c.

Proor. Fix x=exp,rv for any ve T,M, |lv|=1 and for any r>0. First we will
show that the mean curvature A(S,(r))(x) of S,(r) at x is greater than (n— I)c.

Let p be the distance function relative to p and let v=—grad p. Then v is the
inward unit normal vector field to S,(r) and S, denotes the second fundamental form
of S,(r) at x with respect to v. Choose an orthonormal basis {e,, ..., e,_y,} for T,(S,(r)).
Then we have

n—1 n—1 n—1
A(S,(N)x)=Tr S, = ;1 (Sde), er= .; Ve, vy)=— .; (V.e;, gradp)

n

== % (Voedo)=

n—
i o

X

1 n—1
eei(p)—(V,.e)p)= ‘;1 D?ple;, e;) .

i=1

If H is the n-dimensional hyperbolic space with a constant curvature —c? and py
be the distance function from some point g€ H, then for Xe T,S,(r) with [[X]|=1 and
pu(y)=r,
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D?p(e;, e,)>D?*py(X, X), (by the Hessian Comparison Theorem),
and for such X,

D?py(X, X)>ccothcr>c (by Proposition 3.2) .
Therefore, from the above three formulas, we obtain
h(S,(N)(x)>(n—1)c.

Note that v and r are arbitrary.

Now let N be a closed hypersurface of constant mean curvature in M. Then we
can choose v and r such that N is inside S,(r) and touches it at x=exp,rv. Clearly this
implies the conclusion. O

We close this section with a remark.

REMARK. Let M be a symmetric space of noncompact type. Then for any pe M,
(M, p) is a manifold with a pole. But except for an M with rank M =1, there does not
exist a positive ¢ such that the radial curvature of (M, p) is < —c2. Thus Theorem 2.3
of Section 2 and Theorem 3.3 above overlap only in the case of symmetric spaces of
rank one.
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