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Abstract: The nonlinear constitutive equations and field equations of unsaturated soils were
constructed on the basis of mixture theory . The soils were treated as the mixture composed
of three constituents . First, from the researches of soil mechanics, some basic assumptions
about the unsaturated soil mixture were made , and the entropy inequality of unsaturated soil
mixture was derived. Then, with the common method usually used to deal with the
constitutive problems in mixture theory, the nonlinear constitutive equations were obtained .
Finally, putting the constitutive equations of constituents into the balance equations of
momentum , the nonlinear field equations of constituents were set up . The balance equation
of energy of unsaturated soil was also given , and thus the complete equations for solving the

thermodynamic process of unsaturated soil was formed .
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Introduction

Soil is the most commonly used construction material in civil engineering and hydraulic
engineering. The characteristics of soil have been investigating for nearly one hundred years. But
because of its complex structure, changeable environment and being sensitive to the outside
conditions, the soil often shows varied properties'’” 2} . The main difficulty to the development of
geotechnical mechanics is how to set up constitutive equations which could satisfactorily account
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for engineering properties of soill¥ . Many constitutive models have been formed in the long-time
engineering practice, scientific research and theoretical investigation. These models™! can be
roughly classified as nonlinear elastic models®!, plastic models'® , endochronic models'”’, and
mixture models™ . Up to now, the geotechnical mechanics is still in the state of semi-experience
and scmi—thcorym , not only has no fast theory foundation, but also is far from complete
theoretical system!'” . The mixture theory!''" 2! possesses ability to deal with the constitutive
problem of composite medinm. Maybe, due to the tedious expression, no attentions from

(131 of mixture theory, only a few experts

geotechnical engineering has been paid to the ability
analyzed the transport processes in soil with the theory!™! . Although Chen Zheng-han'®’ ' 1)
proposed the axiom system of the mixture theory for geotechnical mechanics, there are still some

3] s the first scientist who used the

principles which need more discussion. A.C. Eringen
mixture theory to do research on the characteristics of unsaturated soil. His study only was the
simplification of mixture theory of porous medium and the natures of the unsaturated soil were not
involved.

In the article, unsaturated soil is treated as saturated mixture composed of soil solid skeleton
and liquid as well as gas in the pores of soil. By combination of material characteristics of three
constituents and use of classical mixture theory, the nonlinear constitutive equations, the field
equations and the balance equation of energy are derived. The complete equations for solving the
thermodynamic process of unsaturated soil are given. Thus the foundation of mixture theory of

constitutive relation for unsaturated soil is made.
1 Mixture Theory

Mixing several pure materials with different properties (physical or chemical properties )
forms mixture. The mixing maybe homogeneous locally and entirely (e.g. gas mixture and
solution) , or inhomogeneous locally but homogeneous entirely (e. g. suspension and porous
medium) . The pure materials, which form mixture, are constituents of the mixture. There could
be not only relative motion, but also interaction, even matter transformation (e. g. phase
transformation and chemical reaction) between constituents. Mixture theory is a system that
investigates the laws of motions, interactions and transformations of constituents, as well as
relationships between the motions of mixture and the actions upon it from the outside.

Mixwre theory is based on thermodynamics. It is the development of the continuum
theory(!7* '8 of single medium and called interaction continuum theory. It is well self-consistent
and systematic. In the theory, the mixture is visualized as the fold of continua that represent the
constituents, one point in the mixture is occupied simultaneously by the material points of
constituents and each constituent only has one material point at that point. Truesdell”' (1957)
developed the mathematical theory of mixture. The thegry has three axioms: 1) All properties of
the mixture must be mathematical consequences of properties of the constituents; 2) So as to
describe the motion of a constituent, we may in imagination isolate it from the rest of the
mixture , provided we allow properly for the actions of the other constituents on it; 3) The motion
of the mixture is governed by the same equations as is a single body. In sixties to seventies of
20" century, the mixture theory was studied intensively. Many scientists had made contributions
to its development. References [11] and [12] discussed the important works in the period. The
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mixture theories for complex media with special structure were also proposed, for example, the
mixture theory of materials with microstructure, the mixture theory of immiscible and structured
mixture and the mixture theory of composite material etc. Bedford and Drumheller™' summed up
lots of applications of mixture theory .

To make preparation for the following deduction, here we give a brief introduction to the
classical mixture theory .
1.1 Kinematics of mixture

Consider a mixture composed of N continuous media B* (a =1, 2, -+, N). Each medium
or constituent is assigned a reference configuration. The position of the particle of the ath
constituent in its reference configuration is X, (material coordination) . The motions of particles
of constituents make up of the motion or deformation of the mixture. The motion equation of ath
constituent is

x, = x,(X,,1), (1)
where ¢ is time, x, (spatial coordination) is the spatial position occupied at time ¢ by the particle
labeled X, . Eq. (1) is also called deformation function of ath constituent. Assume that the
constituents satisfy the axiom of continuity, then a unique inverse of Eq.(1) exists, at least in a
neighborhood of x,, . The inverse of Eq. (1) is
X, = X, (x,,t). (2)

The axiom of continuity means the indestructibility and impenetrability of matter. The velocity
and acceleration of X, are defined, respectively, by

, a

va = xa = a_txu(Xa’t) = a:xa(Xast)’ (3)
. a? )
a, = x, = ﬁxa(x,,,z) = x,(X,,t), (4)

where ( ), denotes material derivative with respect to the motion of ath constituent. Given
Eq.(2), the velocity and acceleration can be regarded as functions of (X, , )
va = va(xa9t)’ aa = aa('xa’t)' (596)
They represent the velocity and acceleration, respectively, of particle of ath constituent which is
at the spatial position x, at time ¢ .
The deformation gradient at (X, ,t) is a linear transformation defined by

F, = GRAD,x,(X,,t), detF, =0. (7,8)
The linear transformation inverse to F, is
F.' = grad, X, (x,,¢) (9)
and
F,F;'! = F;'F, = 1, (10)

where GRAD, means differentiation with respect to the material coordination X, , grad, the spatial
position x,, 7 is unit tensor. The second deformation gradient at X, is given by
G, = GRAD_F,. (11)
- The velocity gradient for the ath constituent at (x, ,¢) is defined by
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L, = grad,v,(x,,t) (12)
and, by the chain rule,
L, = F,F;'. (13)
L, can also be expressed in the form of deformation rate tensor d, and spin tensor w, as
L, =d, +w,, (14)
in which
d, = (L o+ LD), w, = 3 (L - L), (15.16)

They are symmetric part and antisymmetric part of tensor L,, respectively, ( )7 signifies
transpose of tensor or matrix .
If p, denotes the density of ath constituent, then the density of mixture is defined by

N

plx,t) = Dlp,(x,1). (17)

a=1
Physically p, represents the mass of the ath constituent per unit volume of mixture. The quantity

is sometimes called bulk density as opposed to the true density. The true density for ath
constituent is denoted by 7, and equates the mass of the ath constituent per unit volume of the

constituent. The quantity given by
$,(x,1) = p,(x,6)/7,(x,1) (18)
is the volume fraction of the ath constituent. Physically ¢, represents the volume of the ath

constituent per unit volume of the mixture. $,(a = 1,2,:+, N) are a rough description of local
structure of the mixture. If

N
D2t =1, (19)
a=1
the mixture is saturated. There is no void between the constituents in saturated mixture . If
N
Did, < 1, (20)
a=1

the mixture is unsaturated. Voids may exist between the constituents of unsaturated mixture .
The velocity of the mixture at (x,¢) is defined by

v(x,t) = %Zpa(x,t)va(x,t). (21)
The diffusion velocity or barycentric velocity of the ath constituent u, is the difference of v, and v
ua(-xrt) = v,,(x,t)— V(x,t). (22)

It follows from Eqs.(17), (21) and (22) that
Epau,, = 0. (23)

1.2 The balance equations and Clausius-Duhem inequality of mixture
The local balance equations of mass, linear momentum, moment of momentum and energy
for the ath constituent are

0o + podive, = ¢, or (p, | detF, |)’ =|detF, | c,, (24a,b)
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p,,v; + ¢c,v, = divt, + pb, + p,, (25)
t,-t, = M,, (26)
poes v eo(en - hoi) = WL —divge % e + 0 - puves QD)

where ¢, is the growth of mass of the ath constituent, ¢, is the partial stress tensor, p, is the
momentum supply, it is also call local body force or inner body force, b, is the partial external
body force density, M, or m, is the growth of moment of momentum and reflects the couple
stress acting on the ath constituent. The relationship between skew-symmetric tensor M, and

vector m,, is
Ma xo = ”l‘z X xo, (28)
where x, is arbitrary vector. The components of M, are
Moy = My = Myz = 0, My =~ My = my,,
(29a — d)
My = - M3 = mays Moy = — My = myg3,

g, is the inner energy density, g, is the partial heat flux vector, r, is the heat supply density of
and ¢, is the energy supply.

The balance equations of mass, linear momentum, moment of momentum and energy for the

mixture are
3,p +div(pr) = 0 or >, =0, (30a,b)
pa = divt + pb or >,p, =0, (31a,b)
t =t or >M, =0, (32a,b)
) ((il_i = uw(f'L) - divg + pr or >, =0, (33a,b)
where )

t= > (t, - pu, @ u,) (34)
is the stress tensor for the mixture, ®adenotes tensor production. The stress tensor t of the
mixture defined by Eq.(34) satisfies the relation

t-pp vV = E(t,,—pav,,ggv,,). (35)
The inner part of the stress tensor of the mixualre is

th= Do, (36)

The relationship between external body force & of the mixture and external body force b, of the

ath constituent is
o = Dp.b, - (37)

The energy density of the mixture ¢ is defined by

- Ly L)
€ = pZ paea'l'zpaua (38)
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and satisfies
p(s + %1}2) - ZP“(E“ + %vi) .
The inner part of € is expressed as
€ = ‘:; Z}Pa € -
Here g is the heat flux vector of the mixture, defined by
g = g+ 5 Dpatn,
and :

qO = E(qa - tlua + ‘anaua)'

a

Here ¢ meets the equation

q-tTv+ p(e +—;—v2)v = Z_}[qa - iy, + p,,(e,, + —;—vi)va].

The quantity
1

r = ;Zpa(ra + ba.ua)

is the heat supply density for the mixture and it has following relationship with r,

o(r + b-v) = Zpa(ra +b,v,).

L, the velocity gradient for the mixture, is defined by
L = gradv(x,t).
It can also be expressed as

L = %Z(MJ«I + u, @ gradp,) .

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

The axiom of dissipation, i.e., Clausius-Duhem inequality or entropy inequality of the

mixture system, is

E[pa"]:z + Co%, + le( gai) ~ (ogra] = 0

a e

or o %ZZ + Zdiv(gf + paryaua) - 2 ‘Ogr“ =0,

(48a)

(48b)

where 7,(x,t) and 6,(x,t) are entropy density and temperature of the ath constituent,

respectively . The entropy density of the mixture 7 is

1
7 = ;Emm-

(49)

Substimting Eq.(27) into Eq.(48a2) and eliminating the term p,r,, the reduced entropy

inequality of the mixture is obtained

q. -gradd,
— %

1 . .
E —0:[,0,,(7],,0,, -e) +t(£5L,) - 7

a
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éa—pa'va—ca(%ﬁa—en+%'ui)];0. (50)

The partial Helmhotz free energy density for the ath constituent ¢, is defined by
()ba = €5 — 6a77a9 (51)
Equation (50) is rewritten as

g, - gradf,
— Q3 +

YL (g + bl + u(£IL,) - 5

=~ 9

a a a

éa—Pa'Va—Ca(Sba—%'”Za)]?O- (52)

When each constituent is constrained to have the same temperature as every other
constituents, i.e.,

ga(xyt) = 0<xyl) (a = 1921”',N), (53)
the material derivative of 6(x, t) with respect to the motion of the ath constituent is
(6), = do/dt + g-u,, (54)
where
g = gradf(x,z). (55)

The entropy inequality (52) is simplified as

, 7]
- Etoa(pa - (077% + tI'[ E(tzl‘a)] - g.z(qa + (Oa’?a@ua) -

Spave = Seaf o - g0i) = 0. (56)

The research deals with the mixture of single temperature and no mass transformation exists
between constituents, i.e., ¢, = 0 (a = 1,2,--,N). In the case, the reduced entropy

inequality (56) is rewritten as

2[“ W; - Pa77r1816 - tr(paKaLa) - g—'(qa + (oanaeva) - pu'va] = 0-’ (57)

¢

where
Y, = pofes oK, = VI -1, (58,59)

¥, is the free energy of the ath constituent per unit volume of the mixture and K, is the chemical
potential tensor.

2 Basic Assumptions About Unsaturated Soil Mixture

In order to simplify the discussion, on the basis of soil mechanics'?!]

, the following
assumptions about unsaturated soil mixture are made:

1) The unsaturated soil is saturated mixture composed of solid constituent ( solid
skeleton made up of soil particles) s, liquid constituent ( water, water solution or other
liquid in the pores of soil skeleton ) [ and gas constituent (air, water vapor or mixed gas in
the pores of soil skeleton ) g ;

2) No transformation of constituent’ s matter exists in the unsaturated soil mixture, i.e.,
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C, =0 (a = Syl’g);
3) At one spatial point, the three constituents of unsaturated soil mixture have same

temperature ;
4) The materials of solid constituent (soil particle) and material of liquid constituent are
incompressible, and their true densities ¥,(b = s,l) are constants. The gas constituent is

compressible, and its true density 7, is variable.

3 The Entropy Inequality of Unsaturated Soil

Saturated mixture is different from usval mixture and unsaturated soil mixture is also different
with saturated mixture. In this section, the entropy inequalities for saturated mixture and
unsaturated soil mixture are given.

3.1 The entropy inequality of saturated mixture

The unsaturated soil is saturated mixture composed of solid constituent, liquid constituent
and gas constituent. The word “unsaturated” in phrase “unsaturated soil” means that gas exists in
the pores of soil skeleton and the pores are not completely occupied by liquid constituent.
However, the word “saturated” in phrase “saturated mixture” means that the constituent volume
fractions ¢, (a = s,l,g) of the mixwre satisfy saturate condition (19), i.e.,

¢s+¢z+¢g=1- (60)
Its time partial derivative and spatial gradient are
D198, =0, D gradd, = 0. (61,62)

Using material derivative, Eq.(61) can be written as
> ($, - gradb, - v,) = 0. (63)
Because of Eq.(63), the inequality (57) is expressed as

- E\I/G - pnd,0 - Ztr(p,,K,,L,,) - %-E(ga + PallaVs) -

a

> (p. - Pgradé,)-v, - PO ¢, = 0, (64)

where P is Lagrange’s multiplier. Eq.(64) indicates that the interaction between constituents in
saturated mixture has one more term ( — P grad$_) than that in mixture which is not constrained

by sawrate condition, and the increasing rate of entropy density of saturated mixture is affected by
material derivatives of constituent volume fractions ¢, .
Free energy of the ath constituent per unit volume of mixture is the function of the

independent constitutive variables describing the recoverable energy of mixture system[ Bl e,

‘pu = ‘\Pa(e’cx’plypg’¢l9¢g), (65)

where C, = FTF, is right Cauchy-Green strain tensor of the solid constituent. Computing the

material derivative of Eq.(65) and summing over constituents, we obtain

. 3w, I,
2V, = G50+ 3'2(—35—"6)*‘
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o,
Etr(t:RLa) + Eku'va + E T¢I¢ s (66)
a a f !
where
I, I, av
k; = grad¥, - ( P gradpf + 8¢ grad¢f + a@f ) (f=1,g), (67)
v v
- Y\kf grad¥, - (a—cl[gradcs] + a—asg) s (68)
¥,  (ITNT\ . W\ o
tSR:FS(i+(aCJ) )FJ:ZF"(aC‘,)FJ’ (69)
A"
tfR :—pfﬁl (f: l,g) (70)
s
v, = Zpa‘lf,,. Given Eq.(66), Eq.(64) becomes
RV
~(or + 5gt)0 - DulCoks + L) - £oas -
aw ,
E[pa - Pgrad¢,, + k,, + (pa‘)ya + a—é’)g]-v., - P¢,, -
I,
Z(P+T¢;)¢f>o. (71)

Axiom of frame indifference!”) needs the velocities of constituents v, (a = s, [, g) appear in the
forms v, — v,(f = Il,g). Then the summation of term in the bracket in Eq. (71) over

constituents equals zero, i.e.,
AR
E[p,, - Pgrad?sa + k, + (P,ﬂ?a + —a—é—)g] =0. (72)

From Egs.(31b), (62) and (68), the above equation is simplified as
1 9¥,

17 =—;—'W (73)
and entropy inequality (71) as
- Etr[(paKa + tER)La] - %‘ql - Eff.(vf - vs) -
p 7
, 3‘?;) .
P - 4 ’
$, 2(P+ 3%, ¢ =0 (74)
where
I,
ffzpf—Pgrad¢f+kf+(pf77f+ 9) (75)
aw,
fo== S = b - Padd, + k4 (o + ot )e. (76)
7
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Equation (74) is the entropy inequality of saturated mixture. It illustrates that 3,6 makes no
contribution to the increasing rate of entropy density of the mixture system.
3.2 Entropy inequality of unsaturated soil mixture

Considering that the tue densities of the solid constituent and liquid constituent are
constants, from mass balance equation (24a) and ¢, = 0 (b = s5,1), we get

¢;, = - ¢,,divvb = - ?Sth'Lb (b = S,l). (77)
Noting that ¥; is constant and p; is not longer independent constitutive variable, then

ER 2,

v
th = - ¢l a—¢;“l, kl = gradlpl — (?é_l’grad¢l + 36—lg) . (78,79)
Equation (74) becomes
Ztr(tEDLa) - g"'QI - Eff'(vf -v,) + 0,8, =0, (80)
- 7
where
t’ED = - ((osKs + tsR - P¢.:I)’ (81)
th =- (oK, + tg - P4I), (82)
aw
tzD = - (pgKg + th)y O, =~ (P+ W;) . (83,84)

Here t,; and t,g are the dissipative part and the non-dissipative part of partial stress tensor £, ,
respectively. o, is the equilibrated interaction force . It follows from Egs. (81) to (83) and (59),

that the partial stresses of constituents are

tx = ?xl + th + tsD - P¢s1! (85)
tl = KPZI + th + tlD - P¢[I, (86)
t, = VI + tg + t,p. (87)

Equation (80) can be rewritten as

1
Ztr(tin)mn(da)mn + T‘):E(Mﬂ))"m(wf - w")m" - g—.ql -

G, m,n Jfim,n
E, Sro (v = v,) + ab, = 0, (88)
where
1
EaD = —f(taD + tZD)’ MaD = taD - tED‘ (89’90)

Here t%}, is the symmetric part of £,,. M, is two times of the skew part of ¢, and meets the
identity

DM, = 0. (91)
Equation (88) is the entropy inequality of aunsamraned soil mixtuare.
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4 Nonlinear Constitutive Equations and Field Equations of Unsaturated
Soil Mixture

4.1 Nonlinear constitutive equations and field equations of unsaturated soil
mixture
The independent variable in the entropy inequality (88)

Y0=(d,,,wf—w,,%,vf—v_‘,¢;,) (92)

are called the thermodynamic force of mixture system, the dependent variables

. 1
J() = (taD9§MfD, - 41 "f}"ag) (93)
are the thermodynamic fluxes of mixture system. Thus Eq.(88) is shortened as
Yo -Jo = 0. (94)
The dissipative part of constitutive equation turns to
Jo = F(Y5;3Yr03Y10)s (95)
where
YRO = (G,C”ngsblad’g)’ (96)
Y, = (G,,e, ,grad$,,grad$, ) . (97)

Y;, could be treated as the inner variable of the mixture system. Edelen'™ had given the general
solution of inequality (94), and it is
F = V(Yo)@o(Y0§YR0;Ym)+ W(Yo;Yno;Yxo), (98)

where W satisfies
W-Y, = 0. (99)

The dissipative potential function of mixture system @y ( ¥y Ygo3 Y;o) is given by
. 1 ;
B0 (Y43 Yros3Y1g) =LY0'F(TY0;YR0;Ym)—T£» (100)

Using Eqgs. (95) and (98), the components of thermodynamic flux (93) are

tho = 3d, * W,, (101)
%_MfD = ﬁ,ﬁj‘% + Wy (f=1,g), (102)
- q =a—gg’0—)+wq, (103)
—ff=9—(—$%+wﬁ (f=1,8), (104)
o, = E—;% + Wy (105)

where
W= (W, , Wy W, ,Wg, Wy,). (106)
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Although nonvanishing W provides the explanations for some phenomena, here we assume W = 0
for simplification. Egs.(101) to (105) are reduced to

2
ZD=£2 (a =s,1,8), (107)
2@,
an = 30w~ w,) (f=1l.g)> (108)
30,
9 = 572/6)° (109)
26,
-fr = v = v.) (f=1,8), (110)
26,
o, = E. (111)

From the above derivation, the nonlinear constitutive equations of unsaturated soil are
expressed, in the form of free energy functions ¥,(a = s,l,g) and dissipative potential
function &, , as

1 9%,
=" 7,36 " (73)
d @,
qg: = - a(g/e) (109)
Iw, 36,
P=- - > (112)
¢, I,
v, 4 a0,
P = - grad¥, + (P+ W)grad L - ag - m, (113)
4w (P 911’) dé, 71 rad 2%, (114)
Pe = - grad¥, + +9¢g gra + 3, w—gradg, — pg”gg_a(vg_vx)s
I,
p. =-(p+p,) = grad¥, + Pgradd, + W[grad(fs} -
30,
P8 + 2 5(_‘7—_;:7, (115)
2@ a0,
- _ T 0 77
t, = (¥, P¢)I+2F(ac )F Za(wf_w) (116)
axpl) ] 20, 20,
tl—[‘I’z—(P+a—¢;‘ ¢lI+9dl+3(w,—w,)’ (117)
Iw,\ . 30, 30,
tg=(1Ifg—pg apg)l+3dg+3(wg—w,)' (118)

Equation (113) is obtained from Egs. (75),(79) and (110), Eq.(114) from Egs. (75), (67)
and (110), Eq.(112) from Egs.(84) and (111), Eq.(115) from Egs.(31), (113), (114),
(62) and (73), Eq.(116) from Eqgs.(85), (69), (107), (108) and (112), Eq.(117) from
Eqs.(86), (78), (107), (108) and (112), and Eq.(118) from Egs. (87), (70), (107),
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(108) and (112).

Using the constitutive equations of p, and t, Eqs.(113) to (115) and Egs.(116) w (118)
in the balance equations of momentum (25), the field equations of three constituents of
- unsaturated soil are

v, = rad(aq") di [3@0 _ 9% 1, .5
Pe¥e = — P48 9 pg + vl 3 a(wg_w’) t 00,
v, d 0
(P+ 395 )gmd?S = PgNs8 — m: (119)
v, 3@0 a0,
vy = - ¢,grad( Er )+ dlv[ 5d, T 3w, W) + piby -
98,
¢,g_rad P - p,r],g - m, (120)
. IV 96, 30, }
_dIV{ZF‘,(aCE)F, + ads - zf}a(wf_ws) +psb_;__
I, 30,
dP+ 5+ dC, | - p,y, - 12
b, gra +acs[gra 1 - o8 + Zf:a(vf—v,) (121)
The summation of above three equations is
Dloavs = divey + pb, (122)
where
A2 T 36,
(g’l—pg 9,0 751 a¢) +2anCF Sja—'d: (123)

Constitutive Eqs. (112) to (118), field equations (119) to (121), balance equations of
mass (24) and (77), balance equation of energy (33), saturate condition Eq. (60) and
constitutive equation of entropy density (73) form complete equations for the thermodynamic
system of unsaturated soil mixture. Combining with boundary conditions and initial conditions,
the deformation functions x(X,,t), the partial stress tensors f,, the momentum supplies of
constituents p, , the temperature distribution @(x ,¢) and the heat flux vector g, can be obtained.
Thus the thermodynamic process of the mixture system is completely decided .

4.2 The balance equation of energy and thermodynamic equilibrium state of
unsaturated soil mixture

After using the constitutive equations of unsatrated soil mixture, the energy balance

equation of the mixture system (33) is
0[2.Con) + D div(pamara)] =
Etr( t* L) - divg - Z)par,z - Eff - (v —v,) + o b, . (124)
'3 a f

The distribution and change of temperature of the mixmre §(x,¢) could be decided from the
balance equation of energy .
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The entropy inequality (88) shows that the thermodynamic equilibrium state of the mixture
system is

d, =0, w, =w,8=0,v =, ¢;, =0 (a = s,l,g; f=1,g).(125)

In the sate, the entropy of system does not change and thermodynamic flux (93) equals zero!!

i.e.,
JO(YO = 0; Ygos Y[o) =0. (126)
Thus, when know the free energy functions ¥,(a = s,/,g) and the dissipative potential

function @, of the unsaturated soil mixture, the constitutive equations, the field equations and the
balance equation of energy can be derived, and the complete equations for the thermodynamic
process of the unsaturated soil mixture is formed. The function ¥, (a = s,l,g) and &, must

meet constraints of axiom of frame indifference, and should be the functions of invariants of
vectors and tensors in independent constitutive variables Y,, Yg, and Y, .

5 Conclusion

The constitutive relation of unsaturated soil is studied by use of mixture theory. The
nonlinear constitutive equation, the nonlinear field equations and the balance equation of energy
are given, and the complete equations for the thermodynamic process of unsaturated soil mixture
is constructed. The framework of the mixture theory for unsaturated soil is set up preliminarily .
The work provides some help for developing the constitutive theory of unsaturated soil .
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