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Abstract: In order to reveal the coupling effect among the chemical activity and the 

hydraulic seepage as well as the mechanical properties, a constitutive theoretical 

framework considering the chemical activity for saturated porous media is derived 

from the mixture theory incorporated with the chemical thermodynamics. First, to 

highlight the important role of porosity in the hydro-mechanical-chemical multi-field 

coupling mechanism, the solid strain is divided into the porosity-dependent skeleton 

strain, the matrix strain and the mass-exchange strain. The stress and strain state vari-

ables are determined from the energy-conjugated form of the energy balance equation 

for establishing constitutive equations. Second, under infinitesimal case, general elastic 

constitutive equations including the relationship between mass fraction and its chem-

ical potential are expressed by the free energy potential. Plastic model and the consti-

tutive equation of thermodynamic flux and force are derived from the dissipative po-

tential. Finally, under the guide of this theoretical framework, the complete swelling 

constitutive models in the confined compression are established for bentonite. The 

corresponding governing equations are formulated for multi-field two-phase saturated 

porous media. Compared with the experimental data, the proposed model can well 

reflect the chemical and mechanic coupling characteristics of representative elemen-

tary volume in the different NaCl concentrations of solution for saturated bentonite.  
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Nomenclature 

   indicator variable of phase  S,F   

   indicator variable of constituent in the fluid phase  L,c   

S , F  volume fractions of the solid phase and fluid phase.  

S0 , F0  initial volume fractions of the solid phase and fluid phase.  

S , F   average densities of the solid and fluid phases. 

S0 , F0   initial average densities of the solid and fluid phases. 

RS , RF   material densities (real density) of the solid and fluid matrix. 

RS0 , RF0   initial densities of the solid and fluid matrix (material) 

L
F , c

F   average densities of liquid solvent and solute in the fluid 

Sv , Fv , v   velocities of the solid, fluid phase and the mixture average velocity. 

X   original position of  -phase in the saturated porous media. 

F
X   original position of constituent in the fluid. 

Su , Fu   diffusion velocities of the solid and fluid phases. 

F
v   velocity of constituent in the fluid phase. 

L
Fu , c

Fu   diffusion velocities of the liquid solvent and solute in the fluid phase. 

Sĉ , Fĉ   mass exchange rate from other phase to solid phase and fluid phase. 

L
Fĉ , c

Fĉ   mass exchange rate of the liquid solvent and solute in the fluid phase 

SW  , FW  diffusion velocities of the solid and fluid phase relative to solid phase. 



 

 

L
Fc , c

Fc   mass fractions of the liquid solvent and solute in the fluid phase. 

Sσ , Fσ ,  Cauchy stress tensors of the solid and fluid phases. 

σ , TP   total Cauchy stress tensors and total pressure. 

SP , FP   matrix (material) pressures of the solid and fluid ( FP  is called pore pressure). 

Sp̂ , Fp̂  momentum supplies of the the solid and fluid phases. 

Sb , Fb   external force densities of the the solid and fluid phases. 

Sa , Fa   accelerations of the solid and fluid phases. 

q , r , ̂   heat flux vector, external heat supply and energy supply of  -phase, 

respectively. 

S , F   internal energy densities of the solid and fluid phases. 

σ , pσ  Terzaghi's effective stress and dissipative effective pressure. 

S , F   volumetric strain of the solid matrix (material) and fluid matrix (material). 

c ,   mass-exchange strain and temperature. 

SD , HD   deformation rates of the solid phase and skeleton deformation rate 

SF , HF  deformation gradients of the solid phase and solid skeleton. 

SE , HE   Green strain of the solid phase and solid skeleton. 

HT    Kirchhoff-type Terzaghi effective stress of the solid skeleton. 

S , F   entropy densities of the solid and fluid phases. 

r , i   entropy flow and entropy production. 

  dissipation function. 

p
HE , p

HT   Green plastic strain of the solid skeleton and Kirchhoff-type dissipative 



 

 

Terzaghi effective stress. 

L
F , c

F   chemical potentials with respects to L
Fc  and c

Fc  in the fluid phase. 

L
F , c

F  chemical potentials of the liquid solvent and solute in the unit molar of fluid . 

c0
F 0( , )P  , L0

F 0( , )P   standard chemical potentials of NaCl solute and water solvent. 

L
FM , c

FM   molar mass of the liquid solvent and solute in the fluid phase 

SU , HU  displacement of the solid and the solid skeleton. 

Sε , p
Sε solid strain tensor and plastic strain tensor under infinitesimal strain condition. 

SV , p
SV  solid volumetric strain and plastic volumetric strain of the solid. 

FV  volumetric strain of the fluid. 

Hε , p
Hε   strain tensor and the plastic strain tensor of the solid skeleton under infini-

tesimal strain condition. 

HV , p
HV  volumetric strain plastic volumetric strain of the solid skeleton. 

S , F   Helmholtz free energy of the solid and fluid phases. 

HS , HF Helmholtz free energy due to the solid skeleton deformation and fluid ab-

sorb action. 

RS , RF  Helmholtz free energy of the solid matrix and the fluid matrix. 

Hz , p
Hz   vertical strain and the vertical plastic strain of the solid skeleton. 

zP , p
zP Terzaghi's vertical effective pressure and dissipative vertical effective pressure. 

SzP , Sz  vertical pressure and strain of the solid matrix.  

Sz  vertical strain of the solid. 

RSE   compression modulus of the solid matrix. 



 

 

z0P , zrefP  initial vertical pressure and reference vertical pressure. 

e , p c
F( )c   rebound index and plastic compression index. 

Hmax   free swelling strain at z z0P P   for de-ionized water. 

 , Sd   water content and relative density of solid material. 

e
Hz   elastic vertical strain of the solid skeleton. 

p
Href  reference vertical plastic strain at z zrefP P   

p c
Hz0 F( )c  initial vertical plastic strain at z z0P P   and at the NaCl mass fraction c

Fc . 

p
1 , p

2 , p
3 , c  are three plastic parameters. 

c
zc F( )P c ,  yielding pressure at NaCl mass fraction c

Fc . 

zc (0)P   yielding pressure at c
F 0c   for de-ionized water. 

pc c
Hz F( )c   chemical plastic strain of the solid skeleton due to the change of mass fraction 

m,LV  partial molar volume of liquid water. 

FK   volumetric modulus of the NaCl-water solution. 

w   gravity of water. 

Fzk , dk   permeability coefficient and diffusion coefficient. 

F   Biot's increment of fluid content (fluid volume accumulation per unit bulk volume) 



 

 

1. Introduction 

Geotechnical Porous media include soil, rock, garbage, combustible ice, etc. 

When dealing with the geotechnical engineering involving environmental issues, the 

solid phase and pore fluid phase in the saturated porous media often contain some 

chemically active constituents (Di Maio et al., 2004; Chen et al., 2016; Detmann, 

2021). The chemically active constituents will alter the microscopic molecular and ion 

structure of the porous media to a certain extent, and then exhibit the macroscopic 

changes in the physical, mechanical and hydraulic properties of the saturated porous 

media. These arise from molecule-to-molecule, molecule-to-ion, and ion-to-ion inter-

actions are generally called chemical activity. The effects of chemical activity on the 

engineering mechanical and hydraulic properties of porous media can be relate to the 

fields such as nuclear industry, hazardous industry, municipal waste disposal, petro-

leum and gas extraction, and geo-environmental applications (Wei, 2014; Santamarina 

et al., 2018). For example, according to statistics, more than 290 landfills have pro-

duced excessive rubbish leachate in China since 2000, causing serious groundwater 

and soil pollution around the landfills and taking expensive costs of contaminated land 

restoration (Li, 2021). With the development of the environment geotechnical engi-

neering, the influence of chemical activity on the mechanical and hydraulic behaviors 

of saturated porous media has attracted extensive attention. It has become a significant 

trend to study the role of chemical activity in geomechanics (Loret et al., 2002; Gajo 

et al., 2002; Hu, 2008; Thomas et al, 2010, 2012; Dominijanni et al., 2014; Guimarães 



 

 

et al., 2014; Chen et al., 2010; Ye et al., 2014; Xie et al., 2015; Santamarina et al., 2018; 

Bai et al., 2020). 

When the solid matrix (called the solid particles in soil mechanics) is incom-

pressible, the deformation of the solid phase in porous media is equal to the defor-

mation caused by the change of porosity. In the paper, the deformation caused by the 

change of porosity is referred to as the solid skeleton deformation. Many scholars 

modified the expression of Terzaghi effective stress to study the interaction between 

chemical activity and solid skeleton deformation. For example, based on the electric 

charge conservation between the solid phase and the pore fluid phase, Dominijanni, 

(2014) improved the effective stress to establish theoretical models considering 

chemo-mechanical coupling. Based on the surface fractal characteristics of swelling 

porous media, Xu (2019) proposed a modified effective stress formula with osmotic 

suction to calculate the swelling deformation of bentonite in NaCl salt solution. Based 

on the surface potential energy, Wei (2014) and Ma et al. (2019) theoretically pre-

sented the formula of inter-granular stress to consider the chemo-mechanical coupling 

in the process of the establishment of constitutive model (Yang et al., 2022). Based on 

the experimental observations, Zhang et al (2020) proposed an effective stress equation 

with consideration of osmotic suction effects for the compacted GMZ01 bentonite 

specimen with a void ratio higher than 0.5. The above studies have effectively pro-

moted the development of saturated geotechnical materials in the field of 

chemo-hydro-mechanics multi-field coupling, But the coupling of chemical activity 



 

 

and mechanic behavior under the compressible solid and fluid matrices remain to be 

further studied. 

As an axiomatic theory, Mixture theory is often used to study the chemo 

-mechanical coupling effect of saturated porous media, especially when considering 

the compressibility of the solid matrix and the fluid matrix. Bowen (1976) established 

the classical mixture theory, in which the macroscopic form of the field equations in-

cluding mass conservation, momentum conservation, and energy conservation is pos-

tulated. The hybrid mixture theory (abbreviated as HMT) introduced the averaging 

procedure into the mixture theory and established the relationship between the micro-

scopic field equation and the macroscopic field equation (Hassanizadeh & Gray, 

1979a, b; Bennethum, et al, 2000; Cushman et al., 2002). HMT (The hybrid mixture 

theory) found that the terms in Bowen's macroscopic field equation are precisely 

identified with microscopic counterparts after the microscopic field equations are av-

eraged. To modified the concept of chemical potential defined by Bowen in the mix-

ture theory and reveal the mechanical mechanism of swelling porous media, 

Bennethum (1996, 2000) defined a new chemical potential for a two-phase, 

N-constituent, swelling porous medium. Then she used free energy and the restrictions 

of the second thermodynamics law to establish a constitutive framework of swelling 

porous media. Borja (2006) derived the energy equation in terms of Skempton-type 

effective stress tensor and used the Skempton-type effective stress tensor to formulate 

the constitutive equation of saturated and partly saturated porous media. To highlight 



 

 

the effects of porosity on the constitutive characteristics of saturated porous media, 

Chen et al. (2016) and Ma et al. (2022) incorporated the chemical potential into Biot's 

theory of saturated porous media and established a ther-

mal-hydro-mechanical-chemical coupling model in terms of total stress and pore 

pressure. Zhang (2017) and Zhang & Cheng, (2015) established a unified ther-

mo-porosity-mechanical (TPM) coupled constitutive model of saturated clay based on 

non-equilibrium thermodynamics, and established a unified constitutive relationship 

using elastic potential energy and dissipation energy. The above theories have greatly 

promoted the development of mixture theory considering chemical activity from var-

ious aspects with breadth and depth. 

Porosity reflects the basis structural characteristics of porous media and plays a 

key role in the mechanical properties, permeability and chemical properties of porous 

media. In the theory of porous media without considering the chemical activity, the 

porosity seriously affects the permeability and compressibility (drained bulk modulus) 

of saturated porous media, so the solid deformation is often divided into the defor-

mations of the solid skeleton and matrix to establish the corresponding constitutive 

model (Carroll and Katsube, 1983; Detournay and Cheng, 1993; Cheng, 2016, Hu, 

2016). Here, the volumetric deformation of the solid skeleton is related to the change 

in porosity, and the volumetric deformation of the solid matrix is defined as the vol-

ume change of the solid material. In the theory of porous media considering the 

chemical activity, the porosity seriously affects the mass fraction of each phase and the 



 

 

absorption effect of saturated porous media (Chapuis, 2004, Dehghani et al., 2018); it 

plays the same equally key role as the porous media without chemical activity. There-

fore, in the theory of porous media considering chemical activity, it is equally neces-

sary to separate the skeleton deformation from the solid deformations, and adopted the 

skeleton strain as an elementary variable to establish a chemical-mechanical coupling 

model of saturated porous media. However, to update, few theories divide the solid 

deformation into the solid skeleton and matrix deformations and use the solid skeleton 

and matrix strains as elementary variables to build the constitutive relationship of sat-

urated porous media with chemical-activity. 

 Both in classical mixture theory (Bowen, 1976) and in the HMT ((Hassanizadeh 

& Gray, 1979a, b; Bennethum, et al, 2000; Cushman et al., 2002), the constitutive re-

lation of saturated porous media includes those of the solid and fluid phases as well as 

those between the thermodynamic fluxes and forces. However, most of the current 

researches on the effect of chemical activity in the geotechnical field only focus on the 

constitutive model of the solid phase, without providing the constitutive model of the 

fluid phase and the constitutive models between the thermodynamic fluxes and force.  

In fact, in deducing the governing seepage equation of the fluid phase and the seep-

age-diffusion equation of solute, the constitutive model of the fluid phase and the 

constitutive models between the thermodynamic fluxes and force are inevitably used.  

In addition, the different choices of chemical state variables lead to the different 

difficulties in establishing the fluid constitutive model and the entropy production ex-



 

 

pression. The dissipation potentials arising from the entropy production expression 

seriously determine and restrict the constitutive models between the thermodynamic 

fluxes and force (De Groot & Mazur, 1962). Among mass fraction, mass concentra-

tion, chemical potential and osmotic pressure, it is found that the choice of the mass 

fraction as a chemical state variable is the easiest to formulate the second thermody-

namic law and the entropy production. When the research object is a multiphase and 

multicomponent system, the mass fraction is conveniently used to derive the second 

law of thermodynamics and determine the value of chemical potential because the 

sum of all constituent mass fractions is equal to unity. Whereas the value of chemical 

potential determined by the mass concentration need to be constrained by the 

Gibbs-Duhem equation (De Groot & Mazur, 1962).  The Gibbs-Duhem equation is 

complex in the multiphase and multicomponent system, especially in the case of po-

rosity-dependent skeleton strain. The chemical potential changes with the mass frac-

tion, the pressure and the temperature. The osmotic pressure occurs under the pres-

ence of a semipermeable membrane and the equilibrium of the second law of ther-

modynamics (Johnson et al., 2021). Since in the process of the consolidation of satu-

rated porous media, the fluid phase cannot reach the thermodynamic equilibrium due 

to the seepage of fluid through the porous solid, in this case the thermodynamic 

mechanism of the osmotic pressure is implicitly contained in the seepage-diffusion 

equation and is difficult to determine it (can be explained in the following text). Con-

sidering the complex effecting factors between chemical potential and osmotic pres-



 

 

sure, different from most of current constitutive models, the mass fraction is chosen as 

a chemical state variable to establish the constitutive model of saturated porous media 

with chemical activity in the paper. 

The purpose of this paper is to establish a practical constitutive theoretical 

framework for considering the chemical activity of the geotechnical porous media 

based on the combination of HMT and the chemical thermodynamics. First, to highlight 

the important role of porosity in the chemo-hydro-mechanical coupling of porous me-

dia, the solid strain is decomposed into the solid matrix strain, the solid skeleton strain 

and the solid mass-exchange strain. The solid matrix strain is caused by the volumetric 

change of the solid material, and the solid skeleton volumetric strain is caused by the 

change in porosity, as well as the solid mass-exchange strain is caused by solid mass 

supply. Second, different from the previous researches, the matrix strain, the skeleton 

strain and the mass fraction of solute and their conjugate pairs (the effective stress, the 

matrix pressure and the chemical potential of solute) are adopted as the state variables 

of the constitutive model considering the coupling of chemical activity and porosity 

change. Third, the practical constitutive theoretical framework includes two parts: one 

is expressed by the free energy that is introduced to formulate the elastic model. The 

other is expressed by the dissipative potential that is introduced to formulate the irre-

versible constitutive model including the plastic model and the constitutive relationship 

between the thermodynamic fluxes and forces. Forth, under the guide of the above 

constitutive theoretical framework, a swelling constitutive model of bentonite consid-



 

 

ering the effect of NaCl-solution chemical activity and the chemo-hydro-mechanical 

coupling is presented based on the HMT and the chemical thermodynamics. This 

model includes the constitutive equations of the solid and fluid phases as well as the 

constitutive equations between the thermodynamic fluxes and forces. The governing 

equation of consolidation for the solid and fluid phases and the seepage-diffusion 

equation of salt solute are derived from the above constitutive equations. The classical 

osmotic pressure can be deduced from the seepage-diffusion equation of solute and the 

thermodynamic equilibrium. This result shows that the classical osmotic pressure has 

been implied in the seepage-diffusion equation of solute. Finally, compared the theo-

retical simulation results with the existing experimental data, they are finely consistent 

with each other. 

2.The volume fraction and density of saturated porous media 

The saturated porous media consists of a solid phase and a fluid phase in the pores. 

For the practical purposes, the solid phase is simplified to contain only one constituent 

for ease of study. In order to exhibit physical and chemical activities, it is assumed 

that the fluid filling the pores is a solution, which contains a liquid solvent constituent 

and a solute constituent. In general, a mass exchange occurs between the solid and 

fluid phases and between the solvent and the solute due to physical and chemical ac-

tivities. Let the symbol "S " be used to denote the solid phase and the symbol " F" 

denote the fluid phase; α={S, F} be the phase indicating variable. Let   be the 

volume fraction of α-phase.   be the average density of α-phase. R  be the mate-



 

 

rial density of α-phase, where R     . The total density of the saturated porous 

medium mixture is S F    . It should be noted that the physical quantities and 

their field equations described on the macroscopic scale in the paper can be associated 

with those on the microscopic scale by mean of averaging procedure (Hassanizadeh 

and Gray, 1979a,b; Achanta, et al, 1997; Bennethum,1996; Bennethum, et al, 2000; 

Cushman et al., 2002). The combination of averaging method and mixture theory is 

referred to as hybrid mixture theory(HMT). By the definition of volume fraction, we 

have: 

 S F 1    (1) 

As mentioned above, the fluid phase contains two constituents: liquid solvent 

and solute. Because the liquid solvent and the solute are mixed together, it is difficult 

to isolate their respective volumes and volume fractions from the fluid phase. Thus, 

the liquid solvent and the solute have the same volume as the fluid phase. Let the 

symbol "L" denote the liquid solvent and the symbol "c" denote the solute; ={L, c} 

be the constituent indicating variable in the fluid phase; F
  be the average density of 

constituent in the fluid. By the definition of average density, we have: 

 
L c

F F F F
L,c





   


    (2) 

3. Conservation equations 

3.1. Conservation of mass 

The hybrid mixture theory averages the solid phase and the fluid phase over the 

representative element volume (REV) of the mixture so that the solid phase and the 



 

 

fluid phase continuously share the space position of the mixture. If the original position 

of α-phase in the saturated porous media is denoted by X , and its spatial position at 

time t  by x , the motion equation of each phase can be expressed as: 

 ( , )t x x X  (3) 

If v  is the velocity of α-phase, the phase-averaged velocity of the saturated 

porous media is: 

  S S F F

1  


 v v v  (4) 

The relative velocity of α-phase is defined as: 

   u v v  (5) 

For scalar or vector fields Γ  defined on x  and t , the material derivative with 

respect to the α-phase is defined as: 

 
d

d t t






  


Γ Γ
Γ v  (6) 

The material derivative of Γ  with respect to the whole mixture is defined as: 

 
d

d t t


  


Γ Γ
Γ v  (7) 

Similar to the α-phase, if the original position of the -constituent in the fluid is 

denoted by F
X , and its spatial position at time t  by x , the motion equation of the 

-constituent in the fluid phase can be expressed as: 

 F F( , )t x x X  (8) 

If F
v  is the velocity of the -constituent in the fluid phase, for scalar or vector fields 

Γ  defined on x  and t , the material derivative with respect to the -constituent in the 



 

 

fluid is defined as: 

 F
F

d

d t t




  


Γ Γ
Γ v  (9) 

The relationship between Fv  and the velocity F
v  of the -constituent in the fluid is 

  L L c c
F F F F F

F

1  


 v v v  (10) 

The relative velocity of the -constituent with respects to the fluid phase is defined as: 

 F F F
  u v v  (11) 

Since we are assuming that the mass exchange rate from other phase to α-phase is ĉ , 

the conservation of mass for the solid and fluid phases are (Bowen, 1976; 

Hassanizadeh and Gray, 1979a,b; Bennethum et al, 2000): 

 

S
S

S S S

F
F

F F F

d
ˆ

d

d
ˆ

d

c
t

c
t

 

 


   


   

ν

ν

 (12) 

 where S Fˆ ˆ 0c c   (Bowen, 1976). Combining Eqs. (4) and (12) yields: 

 
d

0
d t

   v  (13) 

In geotechnical mechanics, engineers are concerned with the deformation of the 

solid phase rather than the deformation of the entire saturated porous media mixture, 

so the solid deformation is used as the reference configuration for poromechanics 

when building constitutive model (Houlsby. 1997; Coussy, 2004; Borja, 2006). Let the 

relative velocity of the fluid phase to the solid phase be defined as F F S W ν ν . Sub-

stituting the definition of FW , R     , and Eq. (4) into Eq.(12) yields (Borja, 

2006): 



 

 

 

S S
S RS S S

S S
RS RS

F S
F RF F F

F S F F F F
RF RF

ˆd d
0

d d

ˆd d
0

d d

c

t t

c

t t

   
 

     
 


      



           

ν

ν W W

 (14) 

If the mass exchange rate from other constituent to the -constituent of the fluid phase 

is denoted by Fĉ , the mass conservations of the -constituent in the fluid phase are 

(Hassanizadeh and Gray, 1979a,b; Bennethum et al, 2000):  

 

L L
L L LF F
F F F

c c
c c cF F
F F F

d
ˆ

d

d
ˆ

d

c
t

c
t

 

 


   


   

ν

ν

 (15) 

Obviously, Eq. (12)2 can be obtained from Eqs. (10) and (15), so L c
F F Fˆ ˆ ˆc c c  . Let 

F F F/c    is the mass fraction of the -constituent in the fluid phase, using 

Eqs.(12)2 and (15) yields (Bennethum et al, 2000): 

 

L L
L L L LF F

F F F F F F

c c
c c c cF F

F F F F F F

d
ˆ ˆ( )

d

d
ˆ ˆ( )

d

c
c c c

t

c
c c c

t

 

 


   


   

u

u

 (16) 

3.2. Conservation of momentum and moment of momentum 

Let σ   ( S,F )   be the Cauchy stress tensor of α-phase in the saturated 

porous media. Cauchy stress tensor is positive in tension in the paper. Because the 

deformation and destroy are only related to the solid phase in the geotechnical 

engineers, it is only necessary to build the constitutive model of the constituent rather 

than the entire saturated porous media mixture. Therefore, there is no need for the 

total stress tensor of the entire mixture as defined by the classical mixture theory. 

Only the total Cauchy stress tensor σ  of the solid phase is introduced, it is defined 



 

 

as (equal to the main part of the total stress tensor of the entire mixture in the classical 

mixture): 

  S F= σ σ σ  (17) 

It is noted that pressure is positive in compression in geotechnical mechanics. The to-

tal pressure is defined as T : 3P  σ I / . The pressure SP  of the solid matrix (material) 

is defined as S S S: 3 )P  σ I / ( . Assuming that water viscosity is not taken into ac-

count, the relationship between the pressure FP  of the fluid matrix (material) and Fσ  

is F F F: 3 )P  σ I / ( . FP  is also called pore pressure. Using the above relationship, 

Eq. (17) gives: 

 T S S F FP P P    (18) 

Fig.1 illustrates the relationship of various pressures acting on the representative 

elementary volume expressed in Eq. (18). 

 

Fig. 1 The schematic diagram for the representative elements body of saturated porous media 

According to the mixture theory, the momentum conservation equations of two 

phases are (Hassanizadeh and Gray, 1979a,b; Bennethum et al, 2000): 

 
S S S S S S

F F F F F F

ˆ

ˆ

 
 

   
   

a σ b p

a σ b p
 (19) 



 

 

where ˆp  is the momentum supply of α-phase. b  is the external force density of 

α-phase, a  is the acceleration of α-phase. According to HMT (Bowen, 1976; 

Hassanizadeh and Gray, 1979a,b; Bennethum et al, 2000), we have: 

 
S,F

ˆ ˆ( ) 0c    p u  (20) 

Assuming that the momentum moment supply vector of α-phase is zero, the stress 

tensor σ  is symmetric according to the momentum moment equilibrium of α-phase. 

   Although the fluid phase contains two constituents: liquid solvents and solutes, 

since the solvents and the solutes are mixed together, it is difficult to distinguish their 

respective stress tensor in the laboratory and the field. Therefore, as far as reality is 

concerned, we only provide the conversation equations of momentum and momentum 

moment of the solid and fluid phases. 

3.3. The energy balance equation 

Let q , r  and ̂  be the heat flux vector, external heat supply and energy sup-

ply of α-phase , respectively. Denoting the internal energy density of α-phase by  , 

then the internal energy equations of both the solid and fluid phases can be expressed as 

(Bowen, 1976; Hassanizadeh and Gray, 1979a,b; Bennethum et al, 2000) 

 

S
S

S S S S S S S

F
F

F F F F F F F F F F
L,c

d
ˆ

d

d
ˆ

d

r
t

r
t

  



  

   



      


       




σ v q

σ v q u b
 (21) 

According to the classical mixture theory (Bowen, 1976; Hassanizadeh and Gray, 

1979a,b; Bennethum et al, 2000), ̂  in Eq. (21) satisfies: 



 

 

 
2

S,F

1
ˆ ˆ ˆ ( ) =0

2
c u     



 


      
 u p  (22) 

In the porous media, the porosity represents the microscopic structure. For example, 

the free swelling capacity of swelling soils depends on the water content, which is 

closely related to the porosity under saturated conditions (Bennethum, et al, 2000; 

Cushman et al., 2002). Therefore, it is necessary to isolate the porosity-dependent 

strain from the solid strain. The porosity-dependent strain is called the skeleton strain 

in the geotechnical mechanics. However, Sv  depend on not only the skeleton strain  

but also the solid matrix strain, there is no one-to-one relationship between Sv  in 

Eq. (21) and the skeleton strain. To analyze the key role of porosity on constitutive 

model, the solid and fluid strain need to be divided into the skeleton strain and the 

matrix strain using Eqs. (14), (17), (21) and (22). 

More specific, there is F F FP σ I  when neglecting the fluid viscosity. Com-

bining this equation, the definition of FW  and Eq. (17), the sum of the strain energy 

rates of all phases in Eq.(21) can be obtained: 

 F F F
α=S,F

: : P         σ ν σ ν W  (23) 

Substituting Eq. (14)2 into Eq. (23) gives 

 

S
F

S F F F S
S,F

F
F RF F

F F F F F
RF RF

d
: :

d

ˆd

d

P P
t

c
P P P

t

 


 

 
 



      

   

 σ ν σ ν ν

W

 (24) 

 Let FP σ σ I , which expression is called the Terzaghi's effective stress in the ge-

otechnical mechanics. Substituting Eqs. (1) and (14)1 into Eq.(24) and replacing 



 

 

FPσ I  by σ  to simply it, Eq. (24) yields: 

 

S
S RS

S F
S,F RS

F
SF RF F

F F F F F
RF RS RF
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The matrix volumetric strain of α-phase is defined as R R 0ln( / )     , where 

R 0  is the initial density of α-phase.   is positive in compression. According to the 

definition of   and F  , the second item S
S F RS RSd / ( d )P t    on the right side 

of Eq. (25) becomes S
S F Sd / dP t  , which shows that the volumetric strain of the 

solid matrix is energy-conjugated with the pore pressure of the fluid phase. However, 

it is well known that the strain of the solid matrix should depend on the pressure of the 

solid matrix (Geertma, 1957, Cheng, 2016). This indicates that if the pore pressure is 

selected to energy-conjugate with the strain of the solid matrix in Eq.(25), it does not 

well capture the mesoscopic deformation characteristics of the solid matrix, and also 

not conducive to the establishment of a constitutive model of saturated porous media. 

That is, the second item on the right side of Eq. (25) should change the ener-

gy-conjugated pair. Now we carry out it. 

Based on Eq.(18), the pressure SP  acting on the solid matrix can be expressed 

as:  

 T F F
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P P
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  (26) 

Using Eq.(26) and R R 0ln( / )     , Eq. (25) become: 
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However, from (14)1, 
S

S Sd / (3d )t ν I  is related to not only the porosity but also 

the exchange of mass resulted from physical migration or chemical action. If the de-

formation rate resulted from mass exchange is abbreviated as the mass-exchange de-

formation rate and denoted by cd / d t , which is defined as: 
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S

ˆd

d

c

t




c  (28) 

where  c  is the mass-exchange strain. Since we require the skeleton volumetric strain 

uniquely determined by the change in porosity, based on Eq.(14)1, the term 

S
S Sd / (3d )t ν I  still need minus the mass-exchange deformation rate in order to 

become the skeleton deformation rate. Let the symbol SD  denote the deformation 

rate of the solid phase, and HD  denote the deformation rate of the solid skeleton. 

SD  is defined as 
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2
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Then, HD  is defined as 
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  D D I I  (30) 

According to Eqs. (29) and (30) and using Eq. (14)1, there are  
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1 1
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3 3
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Eq. (32) shows that HtrD  is uniquely determined by the solid volume fraction that 

has a one to one relationship with porosity. In geotechnical mechanics, a strain related 

to the change in the porosity is called the skeleton strain, that is why HD  is called the 

skeleton deformation rate in the paper. Since HtrD depends uniquely on the change in 

the porosity, it is relatively easier to establish the constitutive model using HD   than 

using S
S Sd / (3d )t ν I  or SD . After replacing S

S Sd / (3d )t ν I  by HD  and 

using the definition expression of SP , Eq.(27) becomes: 
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Let S  W u u , adding all of Eq. (21), then substituting Eqs. (22) and (33) into it 

yields: 
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Let S S/  F x X , T
S S S

1
( )

2
  E F F I ,  S Sdet /J   x X , RS RS RS0/J   ,

c S S0
ˆexp( / d )

t
J c t  , 1/3

H c RS S[ / ]J JF F , T
H H H

1
( )

2
  E F F I , 1 T

H H H
   T F σ F  . 

Where SF  is the deformation gradient of the solid phase, SE  is the Green strain of 

the solid phase, HF  is the deformation gradient of the solid skeleton, HE  is the 

Green strain of the solid skeleton, HT  is the Kirchhoff-type Terzaghi effective stress 

of the solid skeleton. Substituting HT  and HE  into Eq. (34) gives 
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Eq. (34) can be also rewritten as follows: 
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4. Entropy flow and production 

From Eq. (30), it can be seen that the solid deformation rate SD  of the solid phase 

is divided into three parts: the volumetric deformation rate of solid matrix S
Sd / dt , 

the skeleton deformation rate HD  and the mass-exchange deformation rate cd / dt . 

From Eq. (35), it can be seen that S
Hd / d tE  and S

Sd / dt  as well as the volumetric 

deformation rate of the fluid matrix F
Fd / d t  are energy-conjugated with HT , S SP  

and F FP , respectively. According to the thermodynamic theory (Annamalai et al., 

2011), in general, the Green strain HE  of the solid skeleton, the volumetric strain S  

of the solid matrix and the volumetric strain F  of the fluid matrix should be selected 

as the strain state variables of the constitutive model. The Kirchhoff-type Terzaghi 

effective stress HT , the pressure SP  of the solid matrix and the pressure FP  of the 

fluid matrix (i.e. pore pressure) are selected as the stress state variables of the consti-

tutive model. In addition, according to thermodynamics (Annamalai et al., 2011), the 

mass fractions of constituents and their energy-conjugated pairs (chemical potentials) 

in each phase are still selected as the state variables of the constitutive model when the 



 

 

chemical activity is taken into accounts. Since there is heterogeneity between the solid 

and the fluid phases in saturated porous media, the internal energy of α-phase is sim-

plified to only depend on the mass fraction of the constituents within the same phase 

(Bennethum et al, 2000). For geomaterials, plasticity is a frequent mechanical phe-

nomenon. When the constitutive mode need to describe a plastic behavior, an internal 

strain variable (generally called the plastic strain) and its energy-conjugated pair 

(generally called the dissipative stress) are introduced in the expression of internal 

energy (Collins and Houlsby,1997). According to the above explanation and assuming 

that a common temperature   is assigned for both phase, i.e. S F    , the internal 

energies of the solid and fluid phases in Eq. (35) can be expressing as 

p
S S H H S, , , )  E E（  and p L c

F F H H F F F, , , , , )c c  E E（ . Where,   is the entropy density 

of α-phase, p
HE  is the Green plastic strain of the solid skeleton, L L

F F F/c    and 

c c
F F F/c    are the mass fraction of liquid solvent and solute, respectively. Com-

pletely differentiating the internal energies of the solid and fluid phases yields:  
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According to the temperature definition in the thermodynamics (Annamalai et al., 

2011) and comparing Eq. (37) with Eq. (35), there are: 
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According to the thermodynamic theory (Annamalai et al., 2011; Bennethum, 

1996) and internal variable theory (Collin & Houlsby,1997), we have: 

 
L c p SF F F
F F H S FL c p p
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 .  (38b) 

where L
F , c

F  are the chemical potential with respects to L
Fc  and c

Fc  in the fluid 

phase, respectively. According to the thermodynamic theory, F F F/ M    , FM   is 

the molar mass of -constituent in the fluid phase; F
  is the chemical potential of 

-constituent in the unit molar of fluid phase; p
HT  is the Kirchhoff-type dissipative 

Terzaghi effective stress. Noting that Eq. (38b)3 only reflect the combined relationship 

between the elastic and plastic mechanic element (Collin & Houlsby,1997), Eqs. (38a) 

and (38b) are actually the general elastic constitutive equations of saturated porous 

media in terms of internal energy potential function. 

Let pF F
A F H F Hp

H H

ˆ : :
   

   
 

p E E
E E

 and       , Substituting Eq. 

(37) into Eq. (35) and using Eqs. (38a) and (38b) gives (De Groot & Mazur, 1962): 
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Noting that the following identity equation: 
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Let L L c c
F F F F Fc c    , substituting Eqs.(16) and (40) into Eq.(39) gives 
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Using the identity equation ( )b b b    a a a , Eq.(41) can be rewritten as fol-

lows: 
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According to non-equilibrium thermodynamics (De Groot & Mazur, 1962), the en-

tropy inequality can be obtained from the energy balance equation and the free energy 

potential function. According to Eq. (42) and the entropy decomposition theory of 

non-equilibrium thermodynamics (De Groot & Mazur, 1962), the entropy flow can be 

expressed from Eq. (42) as: 
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The entropy production can be expressed from Eq. (42) as: 
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On the right side of Eq. (44), the first item is the entropy production due to the 

plastic behavior. The second item is the entropy production due to seepage. The third 



 

 

item is the entropy production due to diffusion in the fluid. The forth item is the 

entropy production due to heat flux. The fifth and sixth items are the entropy 

production due to the mass exchange of chemical action between the solid and the 

fluid. The final item is the entropy production due to the mass exchange of chemical 

between the constituents in the fluid phase. According to the second law of 

thermodynamics (Annamalai et al., 2011), the entropy production, i.e. Eq.(44), should 

be greater than or equal to zero. Eqs.(10) and (11) yield L L c c
F F F F  u u , so the 

following dissipation function can be derived from Eq. (44), L L c c
F F F F  u u  and the 

second law of thermodynamics: 
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5. General constitutive equation under infinitesimal strain condition 

Under infinitesimal strain condition, the higher order items can be omitted. The 

spatial derivative is equal to the material derivative. Let SU  be the displacement of 

the solid, i.e. S S S U x X , Sε  and p
Sε  denote the solid strain tensor and the solid 

plastic strain tensor under infinitesimal strain condition, SV  and p
SV  are the corre-

sponding solid volumetric strain and plastic volumetric strain of the solid. HU  is the 

displacement of the solid skeleton, i.e. H S M U x x , Mx  is the position after matrix 

(material) deformation and mass exchange deformation, Hε  and p
Hε  denote the strain 

tensor of the solid skeleton and the plastic strain tensor of the solid skeleton under in-



 

 

finitesimal strain condition, HV  and p
HV  are the corresponding volumetric strain of 

the solid skeleton and plastic volumetric strain of the solid skeleton. Under infinitesi-

mal strain condition, there are S Sd / d tD ε , H Hd / d tD ε , S S0  , RS RS0  , 

F F0  , RF RF0  ,  H T σ   and p p
H T σ  . Based on the definition of SE  and 

HE , we have  
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The highest order items in Eqs.(46) and (47) are omitted under infinitesimal strain 

condition and noting that Sε  and Hε  are the linear part of SE  and HE , respec-

tively, we have: 
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Since S S
HV H S S S0 Sd / d tr d / ( d ) d ln( / ) / dt t t       D  which can derived from 

Eqs. (30) and (32) under infinitesimal strain condition, HV S0 Sln( / )   . Under in-

finitesimal strain condition, the higher order items of Taylor expansion of S0 Sln( / )   

can be omitted, we have 
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where S0  is the initial volume fraction of the solid. Base on the same reason, from 



 

 

the definition of the matrix strain R R 0ln( / )     , we can obtained under 

infinitesimal strain condition: 
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   (51) 

According to S Sd / d tD ε , H Hd / d tD ε  and Eq. (30), under infinitesimal strain 

condition we can obtain (Noting that Sε  and Hε  take the tension as positive while 

  takes the compression as positive) : 

  S H S c

1 1

3 3
   ε ε I I   (52) 

and   

 SV HV S c       (53) 

From Eq. (53), it can be seen that under infinitesimal strain condition, the volumetric 

strain of the solid phase can be divided into the solid skeleton volumetric strain, the 

solid matrix volumetric strain and the mass-exchange strain. 

Under infinitesimal strain condition, Eqs. (38a) and (38b) become: 
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where pσ  is a dissipative stress (Collin & Houlsby,1997). Helmholtz free energy 

0 0 0             is introduced, {S,F}  .  Substituting Eq. (54) into the 



 

 

complete differentiation of Helmholtz free energy yields: 
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Because the temperature   of the solid and fluid phases are assumed to be 

constant,   in Eq. (55) can be ignored without writing in the next text and Eq. (55)1-1 

and Eq. (55)1-2 can also be omitted. Under most cases for practical purpose, the 

Helmholtz free energy p
S H H S, , ) ε ε（  of the solid phase can be simplified as two parts: 

(i) one is a free energy of  RS S   due to the volumetric deformation of the solid 

matrix; (ii) another is a free energy of  p
SH H H, ε ε  due to the deformation of the solid 

skeleton. Due to L c
F F1c c  , the Helmholtz free energy p L c

F Sf Sf F F F, , , , )c c ε ε（  of the 

fluid phase can also be simplified as p c
F Sf Sf F F, , , )c ε ε（ . For most cases, 

p c
F H H F F, , , )c ε ε（  is also simplified as two parts: (i) one is a free energy of 

 c
RF F F,c   due to the volumetric deformation and the chemical activity of the fluid 

matrix; (ii) another is a free energy of p
FH H H, ) ε ε（  due to the absorb action expressed 

by the skeleton strain (Bennethum, et al, 2000). Let p p
HS H H S0 HS H H( , ) ( , )  ε ε ε ε , 

p p
HF H H F0 HF H H( , ) ( , )  ε ε ε ε ,    RS S RS0 RS S     ,    c c

RF F F RF0 RF F F, ,c c     , 

using the above relationship and equations, Eq.(55) becomes: 
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Eq.(56) is the general elastic constitutive equation in terms of the free potential 

function under infinitesimal strain condition. Because the temperature   of the solid 

and fluid phases remains a constant, the dissipation function Eq. (45) under 

infinitesimal strain condition becomes: 
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When the following inequalities hold, Eq. (57) is definitely valid.  
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S Fˆ ˆ 0c c   and L c
F F Fˆ ˆ ˆc c c   are used in the derivation of Eq.(58c). Similar to Collins 

and Houlsby (1997), the dissipative potentials is generally assumed to exist so that: 

  
p

p Hp
p
H

(d / d )

(d / d )

t

t






ε
σ

ε
 ;

w F
F F F A

F

( )
ˆ ˆP

 
   


W

p p
W

;  (59a) 



 

 

 
c c

c L c L d F F
F F F F c c

F F

( )
( )

( )

  



     


u

b b
u

; (59b) 

 
2 L S c FF

F F F F S
RF RS F

ˆ( )1
ˆ2

P cP

c

   
 


       


W .  (59c) 

The constitutive equation for inelastic physical and irreversible chemical processes 

can be obtained from Eqs. (59a) ~ (59c).  

6. Example 

Bentonite is an important buffer material in nuclear waste disposal repository, 

which is used to block the migration of high-level radioactive wastes such as nuclear 

waste. It is often subjected to the coupling action between chemical activity and me-

chanic force (Zhang et al., 2020). Many experiments have been performed on Bentonite 

and plenty of deformation characteristics and empirical formulas have been obtained 

from experiments (Di Maio et al., 2004; Ye et al., 2014; Zhang et al., 2016). The con-

fined compression test of bentonite is a very important experiment. It can provide a 

key basis for establishing a constitutive model. In order to characterize the effect of 

chemical activity on mechanical properties and deformation properties of saturated 

bentonite, Zhang et al (2016) carried out a confined compression test on bentonite 

saturated with NaCl solution. In this confined compression test, bentonite was taken 

from the Inner Mongolia Autonomous Region, 300 km northwest from Beijing, China. 

It is a light gray powder, dominated by montmorillonite (75.4 % in mass). The liquid 

limit and plastic limit of the bentonite are 276 and 37 %, respectively (Zhang et al, 

2016). The specific gravity is 2.66 and the dry density is 1.70 Mg/m3. First, under the 



 

 

constant vertical stress of 0.5 MPa, the sample was hydrated to swell using either 

de-ionized water or NaCl solutions with concentrations of 0.5, 1 M, and 2 M. Mean-

while, the vertical displacement of the sample was recorded. Then, when the swelling 

strain reached a steady state, compression tests were conducted in a conventional way 

by successive loading to a maximum value of about 42 MPa. Noting that the mass 

fraction is adopted as chemical state variable in the constitutive framework in this pa-

per, the concentration is transformed to the mass fraction, and the experimental data are 

processed and integrated, as shown in Fig 2~3. Now, we use this experimental data 

and the above-established constitutive theoretical framework considering chemical 

activity to capture the one-dimensional constitutive model of bentonite considering 

the chemo-hydro-mechanical coupling. 

Under the confined compression, the horizontal solid strain is zero, i.e., only the 

vertical solid strain occurs. In order to simplify the analysis, the solid skeleton hori-

zontal strain and the matrix horizontal strains are also assumed to be zero, i.e. only the 

vertical strains of the solid skeleton and matrix occur. Strictly speaking, this assump-

tion does not hold, but when the strain of solid matrix is much smaller, it only brings 

little error. Under the above assumptions, the volumetric strain is equal to the vertical 

strain, p
HS H H( , ) ε ε  and p

HF H H( , ) ε ε  can be expressed as p
HS Hz Hz( , )    and 

p
HF Hz Hz( , )   , where Hz  and p

Hz  are the vertical strain and the vertical plastic 

strain of the solid skeleton, respectively. The elastic constitutive equation in terms of 

the potential function can be obtained from Eq. (56): 
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 (60) 

where z z FP P    is Terzaghi's vertical effective pressure. z zP     due to 

z z FP   , Noting that z  is positive in tension, so zP  is positive in compression. 

p p
z zP     is the dissipative vertical effective pressure. Similar to zP , p

zP  is also 

positive in compression. SzP  and Sz  are the vertical pressure and strain of the solid 

matrix, they are positive in compression. Eq. (60) includes the not only solid but also 

fluid constitutive equations, so a complete constitutive relationship should contain 

those of the solid and fluid phases. In addition, Eq. (60) still reveals that the mass 

fraction c
Fc  rather than the molar concentration in the NaCl solution is used as a state 

variable to establish the constitutive model.  

     For most elastoplastic problems, p p
HS Hz Hz HF Hz Hz( , ) ( , )       can be expressed 

as: 

 p p p p
HS H H HF H H HS H H HF H H( , ) ( , ) ( ) ( )z z z z z z z z                 (61) 

Substituting Eq. (61) into Eq. (60)2 gives: 

 p
z zP P   (62) 

Eq. (62) indicates that the dissipative vertical pressure is equal to Terzaghi vertical 

effective pressure, so p
zP  is also called Terzaghi vertical dissipative effective pressure. 



 

 

Eq. (62) also indicates that Eq. (60)2 yields the combination relationship of the elastic 

and plastic mechanic element and do not yield the specific plastic constitutive model. 

In the current study of bentonite, both the mass exchange between the solid and 

fluid phases and the mass exchange between the constituents in the fluid phase are not 

considered. That is, F Sˆ ˆ 0c c   and L c
F Fˆ ˆ 0c c  , and c 0   can be derived from 

Eq. (28), so Eqs. (58b) and (59b) can be omitted. Under the confined compression 

condition, Eq. (52) becomes as: 

 S H Sz z z      (63) 

where Sz  is the vertical strain of the solid, Hz  is the vertical strain of the solid 

skeleton, and Hz  is the vertical strain of the solid matrix. Based on Eq. (62) and the 

confined compression condition, Eqs. (58a) ~(58b) and (59a) ~ (59b) are degenerated 

into: 
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 (65) 

where z  denotes the vertical coordinates. Eq. (65) shows that the constitutive 

relationship should include the plastic constitutive model and the seepage law of fluid 

as well as the diffusive equation of solute in the fluid. Next, under the guide of 

Eqs.(60) and (64) and (65), the complete constitutive relationships including the 



 

 

aspects of the solid and fluid phases as well as the solute in the fluid phase are built in 

the section.  

6.1 Stress-strain equation of the solid matrix 

The solid matrix strain is called the strain of soil particles or the solid material in 

soil mechanics. Since the deformation of the soil skeleton depends on the change of 

porosity, its strength is much smaller than that of the soil matrix. So the deformation of 

the solid matrix is within the elastic range before the soil skeleton is destroyed. Eq. 

(60)3 indicates that the vertical strain of the solid matrix is uniquely determined by its 

vertical pressure. For a linear elastic model, Helmholtz free energy of the solid matrix 

can be expressed as 

  2
RS Sz RS Sz

1
( )

2
E    (66) 

where RSE  is the compression modulus of the solid matrix under the confined com-

pression condition. Substituting Eq. (66) into Eq. (60)3 gives 

 Sz RS SzP E   (67) 

6.2 Elastic stress-strain equation of the solid skeleton 

Let the elastic strain of the solid skeleton be e p
Hz Hz Hz    . Based on Eqs.(61) ~ 

(62) and the experimental data (Zhang et al 2016), the expression of p
HS Hz Hz( , )    

and p
HF Hz Hz( , )    can be written as: 
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 (68) 

where z0P  is the initial vertical pressure; e  is the rebound index, the experiment 



 

 

shows that it remains constant along with the variation of the mass fraction of NaCl 

( c
Fc ); Hmax  is the free swelling strain at z z0P P   for de-ionized water ( c

F 0c  ). For 

saturated porous media, the expression between the volume fraction S  of the solid 

phase and water content   is S F S/ (1 )d d   ( Lambe & Whitman, 1991), where 

Fd  and Sd  are the relative density of the fluid and solid matrices. Therefore, the re-

lationship between the free swelling strain Hmax  and the maximum swelling water 

content max  at z z0P P   is Hmax S0 S0 S max F S0 S0 S max( ) / ( )d d d          . Substi-

tuting Eq. (68) into Eq. (60)1 gives  

 
e

Hmax Hz
z z0 e

expP P
 




   (69) 

Eq. (69) can be transformed as: 

 e e z
Hz Hmax

z0

ln
P

P
   


  (70) 
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Fig. 2 Variation of skeleton elastic vertical strain with vertical effective pressure   



 

 

6.3 Plastic stress-strain equation of the solid skeleton 

According to the experimental data and elastic stress-strain relationship, the 

plastic strain of bentonite saturated with different mass fractions of NaCl solutions 

can be obtained, which is shown in Fig.3 (Zhang et al., 2016). Combined with Eq. 

(65a)1, the expression of p  can be adopted as:  

  
p c pp p
H 0 F HzHz Hz

p z0 p c
F

( )d d
( ) [ exp ]

d ( ) d
z c

P
t c t

  



     (71) 
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Fig. 3 Variation of skeleton plastic vertical strain with vertical effective pressure 

Substituting Eq.(71) into Eq.(65a)1 gives 

 
p c p

p Hz0 F Hz
z z0p p c

Hz F

( )
exp
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c
P P

t c

  
 
 

  


   (72) 

In order that Eq.(64)1 is smaller than or equal to zero, p
Hzd / d 0t  , i.e. zd 0P   is 

needed. Eq. (72) can be rewritten as: 

 p p c p c z
Hz Hz0 F F

z0

( ) ( ) ln
P

c c
P

   

      (73) 

where z0P  is the initial vertical effective pressure, p c
F( )c  is the plastic compression 



 

 

index. p c
Hz0 F( )c  is the initial vertical plastic strain at z z0P P   on the compression line 

at the NaCl mass fraction c
Fc . The schematic diagram for Eq. (73) is shown in Fig.4.  

The plastic compression index p c
F( )c  varies with c

Fc . The varying law can be 

determined by the following equation: 

 p c p c p p
F 1 F 2 3( ) exp( / )c c       (74) 

where p
1 , p

2 and p
3  are three fitting parameters. The relationship between Eq. (74) 

and the experimental data are shown in Fig 5 (Zhang et al., 2016), which indicates that 

the compressibility of bentonite decreases with the increase of the NaCl mass fraction. 

 

Fig 4. Plastic vertical stress-strain compression lines 
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Fig 5. Relationship between the plastic compression index and NaCl mass fraction 

In the classical soil mechanics, the vertical plastic strain of the solid skeleton p
Hz  is 

chosen as a harden parameter, so p
Hz  is constant on the same yielding surface. Simi-

lar to the suction effects on yield stress shown in Fig.4 (Alonso et al., 1990), it is as-

sumed that all compression line pass through the same point which coordinates are 

p
zref Href( , )P   in the plane p

z Hz~P  . Let the current yielding pressure at c
F 0c   for 

de-ionized water is denotes by zc (0)P , the current yielding pressure at c
Fc  is denotes 

by c
zc F( )P c . c

z0 F zref( )P c P   is adopted so that p c p
Hz0 F Href( )c  . Using Eq.(73) for dif-

ferent NaCl mass fractions, as shown in Fig.4, the effect of the NaCl mass fraction c
Fc  

on the current yield pressure c
zc F( )P c  can be obtained as follows: 

 p p p c c p p
Hz Href F zc F zref Href zc zref( ) ln[ ( ) / ] (0) ln[ (0) / ]c P c P P P            (75) 

Simplifying Eq. (75) yields: 

 
p

p c
F

(0)

( )c
zc F zref zc zref( ) [ (0) / ] cP c P P P


     (76) 

Comparison between the experimental data and the simulation results calculated from 

Eq. (76) are shown in Fig. 6 (Zhang et al., 2016), they are consistent with each other. 



 

 

The experimental data also indicates that a plastic strain exists due to the change 

of NaCl mass fraction. This plastic strain is called the chemical plastic strain of the 

solid skeleton, which is independent of the dissipative potential and can be expressed as 

pc c
Hz F( )c . Noting that zP  is always z 0P  , so pc c

z Hz Fd ( )P c  is always smaller than zero 

only if pc c
Hz Fd ( ) 0c  . That is, when pc c

Hz Fd ( ) 0c  , pc c
z Hz Fd ( ) 0P c   which can obey 

Eq. (64)1. So introducing the chemical plastic strain does not violate the second law of 

thermodynamics. The experimental data describing the variation of pc c
Hz F( )c  with c

Fc  

are shown in Fig.7 (Zhang et al., 2016). Based on Fig.7, pc c
Hz F( )c  can be expressed as: 

 pc c c c c
Hz F p F( ) [exp( ) 1]c c      (77) 

where c
p , c  are chemical plastic strain parameters. 
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Fig 6. Comparison of simulation curves and test yield effective pressure 
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Fig. 7 Variation of chemical plastic vertical strain with NaCl mass fraction 

6.4 Stress-strain equation of the solid phase 

Using Eqs. (63), (67), (70), (73), (77) and e p
Hz Hz Hz    , and noting that p

Hz  

in fact include the plastic strain due to the effective pressure and the plastic strain due 

to the chemical activity, if the historic maximum yield pressure is c
zc F( )P c  at c

Fc  and 

the historic maximum mass fraction is c
Fcc , we can uniformly get: 

 
c c c c c S

Sz z p F F
z RS

d
d d exp( )d

P
P c c

P E

       
   (78) 

The parameters c  and   in Eq. (78) can be adopted from Table.1. 

Table.1 Adopting table of the parameters 
c  and   

Case 

c c
F Fcc c   

z zcP P   

c c
F Fcc c   

z zcP P   

c c
F Fcc c  

z zcP P   

c c
F Fcc c  

z zcP P   

  e  e  
e p c

F( )c   e p c
F( )c   

c  0 c  c  0 

We use the above constitutive equations to simulate the experimental data. Fig 2~3 



 

 

and Fig 5~7 provide the simulating results, and the parameters of the model determined 

by experimental data are shown in Table 2. The comparison of the simulation results 

predicted by these model parameters with the experimental data is drawn in Fig. 8 for 

the confined compression condition (Zhang et al., 2016). The comparing results that 

they are consistent with each other indicate that the HMT-based constitutive theoreti-

cal framework considering the porosity-dependent skeleton strain and the chemical 

activity can guide the establishment of the constitutive model of the solid phase for 

bentonite.  

Combining the free swelling strain Hmax  at ( z z0P P   and c
F 0c  ) with Eq. 

(78), we can obtain the current vertical swelling strain at any vertical effective pres-

sure ( zP ) and any NaCl mass fraction ( c
Fc ). If the current vertical strain is known, the 

relative vertical swelling strain quantity can be calculated from the difference between 

the current vertical swelling strain and the current vertical strain. 

Table 2. Model parameters for confined compression tests 

p
1  p

2  p
3  c  e

c
p  Hmax

zrefP /MPa zc (0)P /MPa RSE /GPa

0.033 0.046 0.034 1/0.077 0.02 0.132 0.23 1.04 1.23 20 
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Fig 8. Comparison of experimental data and simulation results for confined compression tests 

6.5  Stress-strain equation of the fluid matrix 

Noting that the fluid matrix (i.e. the fluid in the pores) is the NaCl-water solution. 

According to Eq. (56)4, a Gibbs energy c c
RF F F RF F F F F( , ) ( , )G c c P      for the 

NaCl-water solution is introduced. Based on the definition of the Gibbs energy of the 

NaCl-water solution, the following equation can be derived: 

 
c

RF F F
F

F

( , )G P c

P
 

 


; 
c

c L RF F F
F F c

RF0 F

( , )G c

c

 



 


  (79) 

Based on Eq. (79), there is  

2 c 2 c c L
c cRF F F RF F F F F F

F F F F RF0 F2 c
F F F F F

( , ) ( , ) ( )
d d d d d

G P c G P c
P c P c

P P c P P

       
    

    
   (80) 

Based on the chemical thermodynamic theory (Annamalai., 2011), assuming that the 

NaCl-water solution is an ideal liquid solution, the chemical potential can be ex-

pressed as: 
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  (81) 

where c0
F 0( , )P   and L0

F 0( , )P   are the standard chemical potential of NaCl solute 

and water solvent, respectively. c
FM  and L

FM  are the molar mass of NaCl solute 

and water solvent, respectively. R is the universal gas constant. For a fluid solution,  

FV  is an approximate constant (Annamalai., 2011). Assuming that the NaCl-water 

solution is a linear elastic material for the fluid pressure FP . Taking partial derivative 

of Eq.(81) with respects to FP , and then substituting it into Eq.(80) yields 

 
c

F F RF0 F F
F

1
d d dP V c

K
    (82) 

where FK  is the volumetric modulus of the NaCl-water solution. Fig 9 shows the 

strain variation of NaCl-water solution with the NaCl mass fraction (Simion et al., 

2015). Fig 9 indicates that F RF00.738 /V   , where 3
RF0 1000 kg / m  . 
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Fig 9. The strain variation of the NaCl-water solution with the NaCl mass fraction 



 

 

Integrating Eq. (82) yields:  

 
c

F F RF0 F F
F

1
P V c

K
    (83) 

Eq. (83) indicates that the strain ( F ) of solution is determined by the pore pressure 

( FP ) and the NaCl mass fraction ( c
Fc ) in the pore NaCl-water solution. 

6.6  Darcy's law of the fluid phase 

For the confined compression condition, w F( ) W  can be expressed as 

w Fz( )W ,where Fz Fz SzW v v   is the vertical relative velocity of the fluid phase. If 

w F( )zW  is adopted as 2
w F0 F Fz Fz/ (2 )W k   , where Fzk  is the permeability 

coefficient, w  is the gravity of water. Substituting the expression of w Fz( )W  into 

Eq.(65)2 yields: 

 
w F0 FF

F Fz Az Fz
Fz

ˆ ˆP p p W
z k

  
  

   (84) 

The static momentum balance equation for the fluid of NaCl-water solution is   

 F F
Fz

( )
ˆ 0

P
p

z

 
 


 (85) 

Substituting Eq.(84) into Eq.(85) by eliminating the Fzp̂  of Eq.(85) yields   

 Fz F F
Az F0 Fz

w w F

ˆ 0zk P k
p W

z


  


  
  (86) 

It is worth noting that under the confined compression condition, only the 

vertical flow and the vertical deformation are not equal to zero. In this case and the 

infinitesimal strain condition, the definition of Azp̂  becomes: 

 
p

F0 F F0 FHz Hz
Az p

Hz Hz

( ) ( )
p̂

z z

    
 

  
 

   
  (87) 



 

 

Noting that F0 F Hz HF Hz( ) / /         , p p
F0 F Hz HF Hz( ) / /          and HF  

is the function in term of p
Hz Hz  . Eq.(87) becomes: 

 
p e e

HF Hz Hz HF Hz Hz
Az e

Hz Hz

( ) ( )
p̂

z z

     
 

    
 
   

  (88) 

Noting that the vertical effective pressure remain constant when the chemical plastic 

strain of the solid skeleton changes, so the skeleton swelling strain in the elastic model 

will decrease with the chemical plastic strain. Eqs.(68) ~ (70) and (77) yield: 

 
pc c

Hmax Hz FHF
ze e

Hz

( )
exp 1

c
P

 
 

  
    
  (89) 

Substituting Eqs.(88) and (89) into Eq.(86) yields: 

 
pc c e

Hmax Hz FFz F Fz Hz
z F0 Fze

w w F

( )
exp 1 0

ck P k
P W

z z

   
   

   
      

  (90) 

For non-swelling material, pc c
Hmax Hz F( ) 0c   , Eq. (90) is degenerated into the clas-

sical Darcy law. According to the experiment data, the permeability coefficient of 

bentonite will change with the skeleton volumetric strain and NaCl mass fraction 

(Castellanos, et al, 2008).  

Noting that Fĉ  is assumed to be zero in the current study of bentonite. Based on 

F0 F0 RF0   , F F RF    and Eq.(12)2, we have under the infinitesimal strain case: 

RF0 RF F0 F
FV

RF0 F0

   
 
 

         (91) 

where FV is the volumetric strain of the fluid. Using S0 F0 1    and S F 1    

and Eqs.(50) and (51) yields (Hu, 2016) 

          S0
FV F HV

F0

  


           (92) 



 

 

where HV  is the solid skeleton volumetric strain. In practical engineering, it is more 

concerned about the fluid flowing out or into the saturated porous media. Biot's in-

crement of fluid content (fluid volume accumulation per unit bulk volume) is defined as 

F F0 FV SV( )     .Using Eqs. (53) and (92) yields: 

F F0 FV SV HV F0 S F( ) ( )                     (93) 

For the confined compression condition, noting that (i) only the vertical flow and the 

vertical deformation are not equal to zero, (ii) as the above-mentioned, it is assumed 

that only the solid matrix and skeleton vertical strains is not equal to zero in order to 

simplify the analysis. Under these conditions, the volumetric strain is equal to the ver-

tical strain, i.e. SV Sz  , HV Hz   S Sz   and F Fz  , After using Eq.(63), Eq.(93) 

becomes: 

Fz Hz F0 Sz F Sz S0 Sz F0 F( )                                 (94) 

Differentiating Eq.(94) with respect to time ( t ) yielding: 

 Sz SzFz F
S0 F0

d dd d

d d d dt t t t

  
      (95) 

Substituting F0 S0 1    and Eqs. (67), (78) and (83) into Eq.(95) yields: 

 
c c

c c c c F0 S F0F z F F F
P F F0 F

z RS F

dd d d d d
exp( )

d d d d d d
z PP c P c

c V
t P t t E t K t t

           


  (96) 

Using equation F F0 FV SV( )     and making the divergence of Eq.(90) with respect 

to z yields: 

pc c e
Hmax Hz FFz F F Hz Fz

z F0 Fze
w w F

( )
exp 1 ( )z ck P k

P W
z z z z t

   
   

                     
  (97) 

Incorporating Eqs. (96) with (97) gives:  
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 (98) 

Eq. (98) is the consolidation governing equation of bentonite considering the swelling 

behavior and the chemical activity. 

6.7 Seepage-diffusion equation of NaCl solute  

For the confined compression condition, only the vertical flow and the vertical 

deformation are not equal to zero. In this case, F
b  is degenerated into Fzb , and c

Fu  

is degenerated into c
Fzu .Assuming that c c c c 2

d F Fz d F Fz( ) ( ) / 2u k u   , Eq. (65c) yields:  

 
c cc L

c L c cd F FzF F
Fz Fz d F Fzc c

F Fz

( )( )

( )

u
b b k u

z u

  


 
     

 
  (99) 

where dk  is the diffusion coefficient. Noting that only the vertical flow occurs in the 

confined compression condition and c c
F F Fˆ ˆc c c  is assumed to be zero in the current 

study of bentonite, substituting Eq. (99) into Eq.(16)2 and using Fz Fz Fz
c cv u v    

Fz Fz Sz
cu W v   and Eqs. (9) and (99), Eq. (16)2 yields: 
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  (100) 

Under the infinitesimal condition, S 0zv  , F F0   and c c
F F0  . Using these 

equations, Eq. (100) can be degenerated into: 
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 (101) 



 

 

The partial molar volume m,LV  of water solvent is an approximate constant, so for an 

ideal NaCl-water solution, its chemical potential of the water solvent can be expressed 

as： 
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where m,LV  is the partial molar volume of water solvent. Substituting Eq. (81) into Eq. 

(102) gives 
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Eqs. (102) and (103) yield: 
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Substituting Eq. (104) into Eq. (101) yields: 
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Eq. (105) is the seepage-diffusion law of NaCl solute in the bentonite. When Fz 0W  , 

c
F / 0c t    only if the following equation is hold: 
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The action of semipermeable membrane on the NaCl solute diffusion is equivalent to 

the equilibrium of the chemical potential of NaCL solute under the external load, so 

c c
Fz F /b z   . Substituting c c

Fz F /b z    and Eq. (103) into (106) yields: 
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Integrating Eq.(107) yields that the equilibrium expression of the water solvent 

chemical potential is: 
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where C  is constant. Noting that L L
F F Fz m,L0

( / )d
z

P M b V z   is zero when c
F 0c  ,so 

0C  . Since c
Fc  is a very small quantity, we have: 
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 Substituting 0C   and Eq. (109) into Eq.(108) yields: 
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The right side of the last equation in Eq. (110) is the same as the expression of the 

classical osmotic pressure (Johnson, et al., 2021), so L L
F F Fz m,L0

( / ) d
z

P M b V z   is the 

classical osmotic pressure. The derivation of Eqs. (105)~(110) show the classical 

osmotic pressure can be derived from the seepage-diffusion equation of NaCl solute 

(i.e. Eq.(105)) and the classical osmotic pressure hold only under a very special 

condition ( Fz 0W   and c
F / 0c t   ) in the saturated bentonite. Fz 0W   and 



 

 

c
F / 0c t    mean both the momentum of the fluid phase and the chemical potential of 

the constituents in the fluid phase reach the thermodynamic balance. But there exists 

the consolidation process of bentonite after the external action is loaded, in this case 

Fz 0W  , so both Fz 0W   and c
F / 0c t    do not always hold for the saturated 

porous media. Therefore, for the saturated porous media, the expression of the 

classical osmotic pressure is not hold at any case. 

7. Conclusions 

(1) The solid deformation can be decomposed into the porosity-dependent skele-

ton deformation, the solid matrix deformation related to the material deformation, and 

the mass-exchange deformation related to the mass supply. The porosity-dependent 

skeleton strain is isolated from the solid and fluid strains in order to highlight the im-

portant role of porosity change on the hydro-mechanical-chemical multi-field cou-

pling effect. 

(2) The energy equation of saturated porous media is expressed in terms of ener-

gy-conjugation based on the HMT and the chemical thermodynamics. A constitutive 

theoretical framework of saturated porous media considering chemical activity has 

been established. The studies show that the elastic constitutive equations and the 

combination relationship between the elastic and plastic mechanic element can be de-

rived from the free energy potential function. The irreversible constitutive equation 

such as the plastic equation and the constitutive model between thermodynamic flux 

and force can be derived from the dissipative potential function.  



 

 

(3) Under the guidance of the above constitutive theoretical framework, a 

one-dimensional constitutive model considering the hydro-mechanical-chemical cou-

pling is proposed for the bentonite saturated with NaCl-Water solution based on the 

confine compression experiments. This coupling constitutive model includes the con-

stitutive equation of the solid phase, the constitutive equation of fluid phase and the 

seepage-diffusion equation of salt solute, in which the interactions among the chemi-

cal activity, the solid skeleton deformation, the matrix deformation and the seep-

age-diffusion of NaCl solute are carefully studied. 
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