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Abstract. For an inequality system defined by an infinite family of proper convex functions, we introduce some
new notions of constraint qualifications in terms of the epigraphs of the conjugates of these functions and study
relationships between these new constraint qualifications and other well known constraint qualifications including
the basic constraint qualification studied by Hiriart-Urrutty and Lemarechal, Li, Nahak and Singer. Extensions
of known results to more general settings are presented, and applications to particular important problems, such
as conic programming and approximation theory, are also studied.

Key words: Convex inequality system, basic constraint qualification, strong conical hull intersection property,
best constrained approximation, conic programming.

AMS(MOS) Subject Classifications. Primary, 90C34; 90C25 Secondary, 52A07; 41A29; 90C46

1 Introduction

Many problems in optimization and approximation theory can be recast into one of the following two
types: one is a system of convex inequalities

gi(x) <0 foreachie I, (1.1)
and the other is a minimization problem

Minimize  f(z),

1.2
s. t. zeC, gi(x) <0, 1€1, (1.2)

where C' is a convex set, not necessarily closed. Many authors have studied these two problems with
various degrees of generality imposed on the index set I, the family of functions {g; : ¢ € I} or on the
underlying space; see for example [4-6,13-19, 21, 23,29-36] and references therein.

A special case of (1.1) occurs when each g; is the indicator function of a closed convex set C;; that is,
one considers a family of closed convex sets {C; : ¢ € I'}. In [13], Deustch, Li and Ward introduced the
notion of the strong conical hull intersection property (the strong CHIP) for a family of finitely many
closed convex sets in a Hilbert space in connection with the reformulation of some best approximation
problems. Their work was recently extended in [32,34] to the setting of a normed linear space with I
being an infinite set.

For the case when {g; : ¢ € I} is a finite family of continuous convex functions on a finite dimensional
vector space, the notion of basic constraint qualification (BCQ) was introduced by Hiriart-Urrutty and
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Lemarechal (see [19]). The notion was extended to cover the case of infinite family of continuous convex
functions with a continuous sup-function sup;c; g; by Li, Nahak and Singer (see [36]), who also studied
many aspects of BCQ in relation to other constraint qualifications. Recall from [32, 33, 36] that the
inequality system (1.1) is said to satisfy the BCQ at x € S:={z € X : g;(z) <0, i € I} if

Ng(x) = cone U 9 9i(x),

i€1(x)

(see the next section for notations and definitions). The concept of BCQ relative to C' was introduced
in [31-33] in order to take care of the abstract constraint set C'. In these papers, under some continuity
assumption as the one used in [36], the system (1.1) with the family {d¢; gi, ¢ € I} was considered in
place of {g; : i € I}.

Constraint qualifications involving epigraphs (first introduced in [8,9]) have been extensively used by
many authors (see for example [4-10, 15,16, 24-29, 35]). In particular in connection with the study of
a conic programming problem (see Example 2.1 below), Jeyakumar et al. [25,26,29] and Bot et al. [7]
studied several new constraint qualifications (such as what they called the condition (C*) and the CCCQ,
see [26,29] for their definitions). Inspired by these works as well as that of Dinh, Goberna and Lépez
in [15] (especially in regard with the new optimality conditions for (1.2)), we define the following concept:
the inequality system (1.1) is said to have the conical epigraph hull property (conical EHP) if

epiog = cone U epig;, (1.3)
i€l

where S = {x : ¢;(x) <0, Vi € I'}. In particular, (1.3) reduces to the SECQ introduced in [35] if
gi = 0¢, for some family of closed convex sets {C; : i € I'}. We show that by suitably choosing the
family {g; : ¢ € I}, the conical EHP reduces to the CCCQ defined in [7,26]. In section 4, we derive some
relationships between the EHP, the BCQ and the Pshenichyni-Levin-Valadier property (PLV property).
We also give some applications involving the strong CHIP and the convex Farkas-Minkowski systems
(studied by Li, Nahak and Singer in [36]).

In this paper, we consider (1.2) under minimal assumptions: f is a proper convex lower semicontinuous
function and that {g; : ¢ € I} is a family of proper convex functions (not necessarily lower semicontinuous)
defined on a locally convex Hausdorff topological vector space X with proper sup-function, where [ is an
arbitrary index set. The last three sections of this paper are on applications of results obtained in section
4. An optimality condition (of Lagrange type) for (1.2) is established in section 5 and as a consequence
we provide an improved version of [16, Theorem 3| on a characterization of minimizers for the problem
(1.2); our argument differs from [16] and allows us to treat the case when each g; is not necessarily
lower semicontinuous. In particular, our results here cover the interesting conic programming case in
which the feasible solution set is not necessarily closed (as the involved functions are not necessarily
lower semicontinuous). Several known results in the conic programming problem (see [24,26,29]) are
extended/improved in section 6. Finally, we study a best approximation problem in section 7.

2 Notations and preliminary results

The notation used in the present paper is standard (cf. [11,19,40]). In particular, we assume throughout
the whole paper (unless otherwise specified) that X is a real locally convex Hausdorff topological vector
space and let X* denote the dual space of X, whereas (z*, z) denotes the value of a functional z* in X*
at z € X, ie., (x*,z) = z*(z). Let A be a set in X. The interior (resp. closure, convex hull, convex cone
hull, linear hull, affine hull, boundary) of A is denoted by int A (resp. A, co A, cone A, span A, aff A,
bd A). The positive polar cone A® and the negative polar cone A® are defined respectively by

AP = {r* € X* : (2,2) >0 forall z € A}



C. LI, K. F. NG AND T. K. PONG

and
A® = {r* € X* : (2*,2) <0 forall z € A}.

The normal cone of A at zgp € A is denoted by Na(zo) and is defined by Na(z9) = (A — 20)®. The
indicator function §4 and the support function o4 of A are respectively defined by

0, x € A,
oo, otherwise,

oa(w) = {

and

oalz™) = sgg(w*,x) for each z* € X*.
x

Let f and g be proper functions respectively defined on X and X*. Let f*, g* denote their conjugate
functions, that is

fr(x*) :==sup{(z*,z) — f(z): x € X} foreachz” € X",
9" (z) == sup{(z*,z) —g(z™): ¥ € X*} foreach z € X.
The epigraph of a function f on X is denoted by epi f and defined by
epi f:={(z,r) e X xR: f(x) <r}.
For a proper convex function f, the subdifferential of f at x € X, denoted by 0f(z), is defined by
Of(z) ={z* e X*: f(x)+ (z",y—2z) < f(y) foreachye X}.
Moreover, the Young’s equality holds (cf. [40, Theorem 2.4.2 (iii)]):
flx)+ f*(z¥) = (z*,z) if and only if 2* € 9f(x). (2.1)

In particular,
(x*,(z*,z) — f(x)) € epi f* for each z* € O f(x). (2.2)

We also define
imdf :={y" e X*: y* € df(x) for some z € X}

and

domdf :={zx € X : of(x) #0}.
For a convex subset A of X, the following statements are standard and easily verified:
o4 =04, Na(x)=00a(z) foreachz e A, (2.3)
oa(z™) = (2", z) & 2" € Na(z) < (2", (z",z)) €epios for each (z,2") € A x X™. (2.4)
Moreover, for each (z*, ) € X* x R,
(%, @) €epiog < (z%,2) <« for each z € A. (2.5)

Let {A;: i € J} be a family of subsets of X containing the origin. The set ), ; A; is defined by

ZA . {ziGJo a;: a; €A;, 0 # Jy C J being ﬁl’lite} if J#£ 0,
= {0 if J = 0.

In the remainder of this paper, let {g; : @ € I} denote a family of proper convex functions on X,
where I is an index set. Let G denote the sup-function of {g; : i € I}, that is,

G(z) :=sup{g;(z) : i€ I} foreachx € X.
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We always assume that the sup-function is proper. Let S denote the solution set of the inequality system
(1.1) defined by {g; : i € I}, that is,

S:={z: gi(x)<0,Viel}={z: G(z) <0}.
For each x € X, we define
T(@)={i € T+ gi(x) = G(x) = 0}

and )
I(z)={iel: gi(z)=G(x)}.

The consideration of optimization problem (1.2) abounds in the literature. We end this section
with one such example (which will be discussed in detail in section 6). Consider the following conic
programming problem that has been studied in [5], and has also been studied in [2,7,24-29] for the
special case when X, Z are Banach spaces and g : X — Z is K-convex continuous.

Example 2.1. Suppose that X, Z are locally convex Hausdorff topological vector spaces, C C X is a
convex set and K C Z is a closed convex cone. Define an order on Z by saying y <k x ify—x € —K.
We attach a greatest element co with respect to <x and denote Z* := ZU{+oo}. The following operations
are defined on Z®: for any z € Z, z+ 00 =00+ z = 00 and too = oo for all t > 0.

Consider the following conic programming problem:

Minimize  f(x),

s. t. xzeC, glx) e —K, (2:6)

where f: X — RU{+o0} is a proper convex lower semicontinuous function and g : X — Z* is K-convex
in the sense that for every u,v € X and every t € [0,1],

g(tu+ (1 —t)v) <k tg(u) + (1 —t)g(v),
(see [2,4,5,22,25]). Asin [4], we define for each N € K®,

(A g(x)) ifx €domy,

(2.7)
—+00 otherwise,

(Ag)(@) = {
where domg = {x € X : g(x) € Z}. It is easy to see that g is K-convex if and only if (Ag)(:) : X —
R U {400} is a convex function for each A\ € K®. The problem (2.6) can be equivalently stated as

Minimize  f(z),
5. t. do(x) <0, (Ag)(z) <0 for each A € K®.

Thus (2.6) can be viewed as an example of (1.2) by letting I = K® U {io} with iq ¢ I and

Gio = 0c, gr = Ag for each A € K®. (2.8)

3 The Basic Constraint Qualification

We begin with the following definitions adopted from [32,36]. In the remainder, we shall adopt the
convention that cone A = {0} when A is an empty set.

Definition 3.1. Let C be a convex set in X. The family {g; : i € I} is said to satisfy

(i) the Pshenichyni-Levin-Valadier (the PLV) property at x € X if

0G(z) =co U 0 gi(x); (3.1)



C. LI, K. F. NG AND T. K. PONG 5

(ii) the basic constraint qualification (the BCQ) at x € S if
Ng(z) = cone U 0gi(x); (3.2)

i€l(x)
(ii’) the BCQ relative to C at x € C NS if

Nens(x) = Ne(x) + cone | ] 0.gi(x); (3.3)
i€l(x)

(iii) the PLV property (resp. the BCQ, the BCQ relative to C') if (3.1) (resp. (3.2), (3.3)) holds for
eachx € X (resp. €S, z€CNS).

Remark 3.1. In [16, Definition 2] (under the assumption that each g; is lower semicontinuous), the
property that the family {g; : © € I} satisfies the BCQ relative to C was also described as the system
{6¢; 9iy © € I} is locally Farkas-Minkowski.

A relationship between the notions (ii) and (ii)’ in Definition 3.1 is shown in the following proposition.

Proposition 3.1. Consider a convezr set C and x € C N S. Then the family {g; : i € I} satisfies the
BCQ relative to C' at x if and only if the family {0¢c; gi, © € I} satisfies the BCQ at x. Consequently,
the family {g; : ¢ € I} satisfies the BCQ relative to C if and only if the family {dc; g, © € I} satisfies
the BCQ.

Proof. Take j ¢ I and set g; := d¢. Writing J := TU{j}, the family {d¢; gi, i € I} becomes {g; : i € J}
such that CNS={ye X : ¢;(y) <0,Vi € J} and J(z) = {j} U I(z), where for z € C' N S,

J(@) :={ieJ: gi(x)= maX{sZ_tell;gv:(w)ﬁc(m)} =0}

Then by (2.3),
Nc¢(z) + cone U 0 gi(z) = cone U 0gi(x).

i€l(z) icJ(x)
Thus the first assertion follows. The second follows immediately from the first. O
Remark 3.2. (i) We have
0G(x) 2 co U dgi(x) for each xz € X. (3.4)

Indeed, let i € I(z) and y* € dgi(x). Then gi(x) = G(x). Since y* € dgi(x) and g; is proper,
gi(z) # +o0. Now it follows that
"y =) <gi(y) — gi(x) < Gy) = G(x)  for each y € X. (3-5)

This shows that y* € O G(x) and so (3.4) is proved. Thus, the family {g; : i € I} has the PLV
property at x € X if and only if
0G(x) Cco U 0gi(x). (3.6)
iel(x)
Hence, the family {g; : i € I} has the PLV property if and only if (3.6) holds for each x € domdG.

(i) Ifi € I(z) and y* € 0g(z), then G(z) = 0. It follows from (3.5) that y* € Ng(x). Thus

Ng(z) D cone U 0gi(x) foreachx € S. (3.7)
i€l(x)
Therefore, the family {g; : © € I} satisfies the BCQ at x € S if and only if
Ng(z) C cone U 0gi(x). (3.8)

iel(x)
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(iii) Note that if x € int S, then Ng(z) = {0}. Recalling our convention cone®) = {0} (see Definition 3.1
(ii) ), it follows from (3.7) that

{0} = Ng(z) = cone U 0gi(x) for each x € int S.
1€l(x)

Hence, the family {g; : i € I} satisfies the BCQ if and only if (3.8) holds for each x € S\int S.

(iv) Applying parts (ii) and (iii) to the family of functions {0¢c; gi, i € I} in place of {g; : i € I} and
invoking Proposition 3.1, we obtain that the family {g; : © € I} satisfies the BCQ relative to C at
x if and only if we have

Nons(z) € Ne(@) + cone | 0gi(w), (3.9)
i€l(x)

and that the family {g; : i € I} satisfies the BCQ relative to C if and only if (3.9) holds for each
x € (CNS)\int (CNS).

Recall from [13,32,34] that a family of convex sets {C; : i € I} is said to have the strong conical hull
intersection property (the strong CHIP) at = € (), C; if

Na,., o) =Y Ne(x). (3.10)
el

If (3.10) holds for every = € (,.; C;, then we say that the family has the strong CHIP.

iel
Proposition 3.2. Let x € C NS and suppose that the family {g; : i € I} satisfies the BCQ at x. Then

{C, S} has the strong CHIP at = if and only if the family {g; : i € I} satisfies the BCQ relative to C at
.

Proof. By the given assumption, (3.2) holds. Hence we have the following equivalences:
{C, S} has the strong CHIP at x < Nons(z) = No(x) + Ng(z)

< Neons(z) = Neo(x) 4 cone U 0 gi(x)
i€l(x)

< {g; : i € I} satisfies the BCQ relative to C' at z.

Recall from [21] that the inequality system f < 0 satisfies the weak BCQ at = € Sy\int S if
Ns, (x) C coned f(x) + Naom f(z), (3.11)

where Sy := {x € X : f(x) < 0}. The following proposition describes a relationship between the BCQ
and the weak BCQ .

Proposition 3.3. Let f be a proper convex function on X and x € Sy\int Sy. Then the family { f, ddom 5}
satisfies the BCQ at x if and only if the inequality system f <0 satisfies the weak BCQ at x.

Proof. Write g1 = f and ga = ddom ¢. If o satisfies, in addition, that f(x) < 0, then both the necessary
condition and the sufficient condition in the statement of the proposition are satisfied. In fact, since
x ¢ int Sy, [21, Lemma 2.2] states that

Ngf(l‘) = Ndomf(l')-

Consequently (3.11) holds, and the family {f, dqom s} satisfies the BCQ at x because of (2.3) and I(z) =
{2} (as f(x) < 0).
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Therefore, to complete our proof we need only consider the case when f(z) = 0. For this case note
that I(x) = {1,2}. Thus, by (2.3), the family {f, dqom s} satisfies the BCQ at x if and only if

Ns, (x) = coned f(x) + Naom f(z). (3.12)

Since the inclusion Ng,(x) 2 coned f(x) + Ngom s(x) holds trivially (thanks to f(x) = 0 and Re-
mark 3.2(ii) as applied to {f,ddom r}), (3.11) and (3.12) are equivalent. This completes the proof. O

4 The Epigraph Hull Property

Recall that the meaning of {g; : 7 € I}, G, X, S and I has been specified in section 2. The sup-function
G is sometimes denoted by sup;c; g;. Recall also that we always assume that G is proper.

Definition 4.1. The family {g; : i € I} is said to have

(i) the convex epigraph hull property (the convex EHP) if

epi (sup g;)* = co U epig;; (4.1)
el il

(ii) the conical epigraph hull property (the conical EHP) if

epiog = cone U epig;. (4.2)
icl

Remark 4.1. It is routine to show that

epi (sup;e; gi)* 2 colU,c epigi  and epios D conel ], ;epig;.

Thus the family has the convex EHP (resp. conical EHP) if and only if

epi (sup;c; gi)* C co Uie] epigf, (resp. epiog C cone UiEI epig;.)

Results in the following proposition are known: for (i) see [35] and for (ii) see [16,23,30]. Recall that
we have assumed that sup,c; g; is proper.

Proposition 4.1. Suppose in addition that each g; is lower semicontinuous. Then the following asser-
tions regarding epigraphs hold:
(i)

w*

epi (supg;)" = co U epigl . (4.3)
il i€l
(ii)
771}*
epiog = epid§ = cone U epig; if S is nonempty. (4.4)

iel

Corollary 4.1. Let {g; : i € I} be as in the preceding proposition. Then the following assertions are
valid:

(i) {g:: @ € I} has the convex EHP if and only if

co U epig; is w*-closed;
iel
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(ii) {g;: @ € I} has the conical EHP if and only if
cone U epig; is w*-closed,
iel
provided that S # ().

Proof. Since G = sup;c; g; is proper, (4.3) holds. Thus (i) is seen to hold. Similarly, (ii) holds by (4.4)
provided that S # (. O

Remark 4.2. In [16, Definition 1] and [17, Definition 3.1] (under the assumption that each g; is lower
semicontinuous), the system {d¢; gi, © € I} is said to be Farkas-Minkowski if

epioc + cone U epig; is w*-closed.
il
Letting ig ¢ I and writing g;, := dc, one sees that {0¢; gi, @ € I} being Farkas-Minkowski is equivalent
to {gi, i € IU{io}} having conical EHP.

The following example shows that the lower semicontinuity assumption for {g; : ¢ € I} cannot be
dropped in Proposition 4.1. In other words, Corollary 4.1 fails without lower semicontinity assumption
on {g;: i € I}.

Example 4.1. Consider the real Hilbert space 1? of square-summable series and let Q. be the convex
subset defined by

Q={zcl?: 2;>0, ViecN, x; #0 for at most finitely many i},

where x; denotes the i*t coordinate of x. Let I = {t € R: t > 0} and define a family {g; : t € I} of
proper convex functions by

-ty i, ifxeQ
gi(z) ::{ Siziiw fwey for each t € I.

+00 otherwise

Note in particular that g:(-) < 0 on domg;, domg; = Q4, and {x : g(x) < 0} = Q4 for each t € 1.
Thus S = (Veiz : ge(w) <0} = Q.
Lety:=(1,4,--- L --)and y, :== (1,5,---,=,0,--+) for each natural number n. Theny € I*\Q

and y, € Q4 for each n. Furthermore, one has that y, — y and
lim g:(yn) = lim —nt = —o0 < g:(y) = +oo  for each t € I
n—oo

(so each g is not lower semi-continuous); consequently, g;(y) = —oo, where g; denotes the closure of the
function g (cf. [40, Page 62]). Since gf = gi* by [40, Theorem 2.3.1(iv)], we see that

gi (z*) =g (z*) > (2*,y) — G,(y) = +o0  for each z* € 1> and t € I.

Thus
epig; =0 for eachtel.
On the other hand, (sup,c; g:)* = oq, which is proper since Qi # (. Hence the lower semicontinuity

assumption in Proposition 4.1 cannot be dropped.

Proposition 4.2. The family {gi,ddomg, : @ € I} has the conical EHP if and only if the family
{tgi,ddomg; : © € I,t > 0} has the convex EHP.
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Proof. By definition, the family {g;, ddom g4, : ¢ € I} has the conical EHP if and only if
epiog = cone U (epig; Uepicddomyg;) (4.5)
iel

while the family {tg;, ddomg; : @ € I,t > 0} has the convex EHP if and only if

epiog = co U U epi (tg;)" Uepiddomyg, | » (4.6)
iel Lt>0

thanks to the easily checked equality ds = sup;.q;ertgi- It suffices to prove that the sets on the
right hand side of (4.5) and of (4.6) are equal. To do this, recall from [40, Theorem 2.3.1 (v)] that
(tG)*(z*) = tG*(%) for each ¢t > 0 and a* € X*. Tt follows that

epi(tg;)" =tepig; foreachie I andt > 0.

Since epicdom g, is & cone, it follows that

co U U epi(tg;)* U epiadomgil =co U [U tepig; Uepioddom g,

el Lt>0 el Lt>0

=co U U t (epig; Uepicdomg;)
i€l t>0

=co U U t (epig; Uepiodomyg,)
i€l >0

= cone U (epig; Uepiodomyg;)
iel
where the third equality holds because (0,0) € epicgom g, for each ¢ € I. This completes the proof. [

Remark 4.3. The first part of the second conclusion of the following theorem was also independently
obtained in [16, Corollary 2] for the special case when g; were assumed to be lower semicontinuous.

Theorem 4.1. The following assertions are valid:

(1) If the family {g; : i € I} has the convex EHP, then it has the PLV property. The converse
implication also holds if dom G* C im0 G.

(ii) Suppose S # 0. If the family {g; : i € I} has the conical EHP, then it satisfies the BCQ. The
converse implication also holds if domog Cimddg.

Proof. (i) Suppose that the family {g; : i € I} has the convex EHP. By Remark 3.2(i), it suffices to
show that (3.6) holds for each z € dom 0 G. Take z* € 0G(z). By (2.2), (z*, (z*,z) — G(z)) € epiG*.
Now (4.1) implies that («*, (z*,2) — G(z)) can be represented as
(.L“*, (m*,x> - G(JT)) = Z )‘i(l‘fvai)v
iceJ
for some finite subset J C I, (2}, ;) € epig;, i € J and 0 < A\; <1 with ), ; A\; = 1. This implies
(@)~ Gla) = " i = Y Nag? o) = S0l ) — gi(a). (@)
icJ =N =
The equalities hold throughout (4.7) because (x*,x) = >, ; Ai(x],z) and g;(z) < G(z) for each i. As
Ai # 0 for each i € J, it follows that g;(z) = G(x) and ¢ (z}) = (z},x) — ¢gi(z) for each ¢ € J. Thus
J C I(z) and z} € 9 g;(z) for i € J, thanks to (2.1). Hence
xF = Z A&} € co U 0gi(x),

icl(z) iel(z)
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i.e. the family {g; : i € I'} has the PLV property. This proves the first part of (i).
Now we assume dom G* C im d G and prove the converse implication. In view of Remark 4.1, we only
need to show that

epiG* C co U epig;. (4.8)
iel
Take (y*, ) € epi G*. Then y* € dom G* and by assumption there exists z € X such that y* € 0 G(x).
Now (3.1) implies that y* can be represented as

vt = Ny
e

for some finite subset J C I(z), y} € dgi(z) for each i € J and 0 < \; < 1 with > ics Ai = 1. Note that,

for each i € J, (yf,x) — G(z) = ¢gf (y}) because y; € 0 g¢;(x) and G(x) = g;(x). Since
a>(y*,x) - Gla) =Y Ny z) — gi(w)),
icJ
there exists a set {a; : i € J} of real numbers such that
a= ZAiai and ¢ (y]) = (y],z) — gi(x) < oy foreach je J
icJ
This implies that (y;, ;) € epig; for each i and thus (y*,a) € colJ,c; epig;. Hence (4.8) is proved.

(ii) Suppose that the family has the conical EHP. We wish to show that it satisfies the BCQ, that is,
to show that (3.8) holds for each x € S\int S (see Remark 3.2(iii)). Take x € S\int S and z* € Ng(z).
Since the set on the right hand side of (3.8) contains the origin, we assume without loss of generality
that z* # 0. By (2.4), (z*, (z*,z)) € epios. Now (4.2) implies that (z*, (x*,z)) can be represented as

(%, (% 2)) = Y Nilaf, ),
icJ
for some finite subset J C I, (x}, ;) € epig’, A; >0, ¢ € J. Then we have
) = 3 o > 3 Mgt @) > Sl 2) — gi(a)). (4.9)
icJ icJ icJ
Since (z*, ) = >, ; Ai(z}, ) and g;(2) < 0 for each i € .J, the equalities in (4.9) hold throughout. Since
A; # 0 for each i € J, we obtain that for each i € J
gi(2) =0, (4.10)
and
gi (x7) = (a7, x). (4.11)
It follows from (4.10) that J C I(x). Also, summing up (4.10) and (4.11), we obtain for each ¢ € J that

9i (x7) + gi(x) = (7, 2),

which, by (2.1), is equivalent to = € dg;(x). Thus we have

z* = Z)\Zx;" € cone U 0gi(x).
iced i€l(x)
Therefore the family {g; : ¢ € I'} satisfies the BCQ.
We now turn to the converse implication. Assume domog C imddg. In view of Remark 4.1, we only

need to show that,

epiog C cone U epig;. (4.12)
iel
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Take (y*,«) € epiog. Since (0,0) clearly belongs to the right hand side of (4.12), we assume without
loss of generality that (y*, &) # (0,0). Now, since y* € domog C im 9 dg, there exists o € S such that
y* € 0ds(xg) = Ng(xp) by (2.3). The definition of BCQ implies that y* can be expressed as

v = Ny
ieJ

for some finite subset J C I(xo), y; € 9gi(xo) and A; > 0 for each ¢ € J. Note that, for each i € J,
(yr,x0) = gf(yr) because yf € 9 g;(xo) and g;(xg) = G(xg) = 0. On the other hand, since a > (y*,xg) =
> icg Aily;, o), there exists a set {a; : i € J} of real numbers such that

a= Z)‘iai and g7 (y!) = (y],z0) <y foreachie J
icJ

This implies that (y;, ;) € epig; for each i and thus (y*, ) € conelJ,;; epig;. Hence (4.12) is proved.
O

Recall from [35] that a family of convex sets {C; : i € I'} in X with nonempty intersection satisfies
the sum of epigraphs constraint qualification (SECQ) if

epion, , o, = 2 ierepioc,. (4.13)

The following proposition is on the relationships between the strong CHIP, the SECQ for a family of
convex sets, and the conical EHP for the family consisting of the corresponding indicator functions.

Proposition 4.3. Let {C; : i € I} be a family of convex sets in X with nonempty intersection. Then
the following assertions are valid:

(1) The family {C; : i € I} has the strong CHIP if and only if the family of functions {0¢, : i € I}
has the BCQ;

(ii) The family {C; : i € I} satisfies the SECQ if and only if the family of functions {0¢c, : i € I} has
the conical EHP.

Proof. Consider the family of functions {d¢, : ¢ € I'}, i.e. g; := d¢, for each i € I. Then,

S:={z: suII)éci(x) <0} ={z: don,_, ci(z) <0} = ﬂCZ- # 0.
€ i€l
Also, G(z) := sup;¢; dc,(z) = 0n,_, o, () and that G(z) = 0 for each = € S. Moreover, since dc,(z) = 0
for each z € S and each i € I, it follows that I(x) = I for each x € S.
(i) For each x € S, we have from (2.3) that

cone U d6c,(x) = cone U 06¢,(x) = cone U Ne¢, (z) = Zcone N¢, (z) = Z Ne¢, ().

i€l(z) iel iel iel iel

Therefore, when {d¢, : i € I} replaces {g; : i € I}, we see that (3.2) and (3.10) are equivalent and so
(i) is proved.
(ii) Note that each epio¢, is a cone and so

cone U epioc, = Z cone (epioc,) = Z epiog,.

i€l icl el

Therefore, when {0¢, : i € I} replaces {g; : @ € I}, we see that (4.2) and (4.13) are equivalent and so
(ii) is proved. O
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Corollary 4.2 (see [35]). Let {C; : i € I} be a family of convex sets in X with nonempty intersection.
If the family satisfies the SECQ, then it has the strong CHIP. The converse implication also holds if
domogs Cimdds, where S =(;c; Ci.

Proof. The corollary follows from Proposition 4.3 and Theorem 4.1(ii) (applied to the family of functions
{dc, : i €I} in place of {g; : i € I'}). O

Adopting a definition given in [36, Definition 5.3] originally in a more restrictive case, we say that a
linear inequality

(a*,z) <b (4.14)

(where a* € X* and b € R) is a consequence relation of (1.1) if every € S satisfies (4.14). Moreover, the

system (1.1) is said to be a convex Farkas-Minkowski (FM) system if every linear consequence relation

of the system (1.1) is also a consequence relation of some finite subsystem of it. The following result

was independently obtained in [16, Proposition 1] under the additional assumption that each g; is lower
semicontinuous.

Proposition 4.4. Suppose that S # 0 and that the family {g; : @ € I} has the conical EHP. Then the
system (1.1) is a convex FM system.

Proof. Let a* € X* and b € R be such that (a*,z) <b for each z € S. This means that
(a*,b) € epiog
thanks to (2.5). Since the family {g; : ¢ € I} has the conical EHP, it follows from (4.2) that
(a*,b) € cone U epig;.
iel
Thus, there exists a finite subset J C I such that
(a*,b) € cone U epig; Cepiog,,
icJ
where Sy :={z € X : g;(z) <0, Vi € J} and the inclusion follows from Remark 4.1. Again by (2.5),

one has (a*,z) < b for each € S;. This completes the proof. O

The following corollary was proved by Li, Nahak and Singer in [36, Proposition 5.4] under the addi-
tional assumptions that X = R™, S is compact and each g; is continuous (recall that if S is a weakly
compact convex set and X is a normed linear space, then domog C imddg; see [35, Proposition 3.1]).
A similar result was obtained in [16, Proposition 3], in which they assumed the family of lower semicon-
tinuous functions to have BCQ at a point z and deduced that every linear consequence relation (4.14) of
the system (1.1) with b = (a*z) is a consequence relation of some finite subsystem of it.

Corollary 4.3. Suppose that S # (0 and that the family {g; : i € I} satisfies the BCQ. Suppose further
that domog C imddg. Then (1.1) is a convex FM system.

Proof. By Theorem 4.1(ii), the assumptions imply that the family {g; : ¢ € I} has the conical EHP.
Hence the conclusion follows from Proposition 4.4. O

5 Optimality Conditions

Let X be a locally convex Hausdorff topological vector space as before. We use I'(X) to denote the class
of all proper convex lower semicontinuous functions on X as in [40]. For a subset of X, we define

Fa={fel(X): domfNA#QD, epiocs +epif* is w*-closed}.
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Since epio 4 = epioy for any convex set A,
feFas feFs (5.1)

It is known from [6, Theorem 3.2] that if f € F4 and closed convex set A are such that epio4 + epi f*
is w*-closed, then the subdifferential sum formula holds:

feFa=0(f+da)(x)=0f(xr)+0da(x) foreachz e ANndom f.
Thus, (5.1) entails that
fEFa=0(f+d7)(x)=0f(x)+ddéz(x) foreach x € ANdom f. (5.2)

As in [40], let A(X) denote the class of all proper convex functions on X. Let f € A(X), and recall
that the meaning of {g; : i € I}, G, X, S and I has been specified in section 2 and that we always assume
that G is proper. We consider the following minimization problem:

Minimize  f(x),

s. t. gi(x) <0, iel (5:3)
Clearly, T € S is a minimizer of (5.3) if and only if it is a minimizer of (5.4) defined as follows:
Minimize  f(z), (5.4)

s. t. reSs.

The following theorem gives a characterization for a feasible point T to be a minimizer. Note in
particular that it improves a result in [16, Theorem 4] as far as the lower semicontinuity of the functions
gi is relaxed. See also [5] for other related results. For h € A(X), let cont h denote the set of all points
at each of which h is continuous, that is

cont h := {x € X : h is continuous at z}.
Theorem 5.1. Let T be a feasible point of (5.3). Then the following statements are equivalent:
(1) The family {g; : i € I} satisfies the BCQ at T.

(ii) For each f € Fs, T is a minimizer of (5.4) with S in place of S if and only if there exist a finite
subset J C I(Z) and \; > 0, i € J such that

0€df(@+ > Xdgi(7). (5.5)

ic€J

(iii) For any f € A(X) such that cont f NS # 0, T is a minimizer of (5.4) if and only if there exist a
finite subset J C I(Z) and A\; >0, i € J such that (5.5) holds.

(iv) For each continuous linear functional f, T is a minimizer of (5.4) if and only if there exist a finite
subset J C I(T) and \; > 0, i € J such that (5.5) holds.

Proof. Recall a well known result in convex analysis (cf. [40, Theorem 2.5.7]) that if f € A(X) and A is
a convex subset, then

T minimizes f on A <= T minimizes (f +d4) on X <=0 € d(f + 54)(T). (5.6)
We now first prove (i)=(ii). Fix f € Fs. By (5.2), we have

O(f +05)(x) =0 f(z) + 0dg(z) for each z € SNdom f. (5.7)

13
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By (2.3), we know further that
00g(r) = Ng(r) = Ng(z) for each z € S. (5.8)
Thus by (5.6), (5.7) and (5.8), the assumption (i) implies the following equivalences:

7 minimizes f on S <= 0 € 9 f(T) + Ns(T) < 0 € 9 f(T) + cone U 0 ¢:(T).
icl(T)

The implication (i)=-(ii) is now clear.
Next, we prove (i)=-(iii). Let f € A(X) be such that cont f NS # (). Then [40, Theorem 2.8.7(iii)]
states that
O(f+0s)(x) =0 f(x)+ dds(x) for each z € SNdom f. (5.9)

Thus the implication (i)=>(iii) is seen to hold by (5.6) and (5.9).

To show the implication (ii)=-(iv), let f be a continuous linear functional on X. Then inf,cg f(z) =
inf 5 f(z) and f € Fg by [15, Remark 5.6]. The latter condition is equivalent to f € Fg, thanks to
(5.1). Since T € S, the implication (ii)=-(iv) is clear.

The implication (iii)=(iv) is immediate.

Finally, we turn to the proof of (iv)=-(i). We need to show that (3.8) holds for x = Z. Let y* € Ng(T).
Then T is a minimizer of the following optimization problem:

Minimize —(y*,x)
s. t. z €S

By (iv), there exist a finite subset J C I(Z) and \; > 0, 7 € J such that

0€—y"+ > Xdgi(@).

ieJ
Thus
y* e Z)\iagi(f) C cone U 0 g;(T).
i€ i€I(T)
Therefore T satisfies (3.8) as required to show. This completes the proof. O

Let A be a convex set in X and a € A. In the literature there are several unequivalent conditions on
“the relative interior” of A such as

acUnNnaff ACA (5.10)

and
acUnNaff AC A, (5.11)

where U is a neighborhood of a. For example, (5.10) was considered in [3,20] and (5.11) in [2,40]. As
(5.11) is not needed for our present study, we will follow the terminology of [3,20] to say that a is in the
relative interior of A and denoted by a € ri A, if there exists a neighborhood of a such that (5.10) holds.

Remark 5.1. If 0 € 1i4 and 2y € A, then txg € 1iA for each t € [0,1). To see this, consider the
Minkowski functional pa(x) = inf{\ : X'z € A} for each x € span A. By considering A and A as
subsets of span A, we have riA = {x € spand : pa(z) < 1} and A = {x € span A : pa(r) < 1}
(cf.- [40, Proposition 1.1.1(ii)]). Since pa(zg) < 1, we have pa(txo) = tpa(xo) < 1 for each t € [0,1).
Thus txg € ri A as required.

For f € A(X), define

contaf ={x edomfnaff A: flg5 is continuous at x}.
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Remark 5.2. If0 € conty f and xg € dom f Nspan A, then tzg € conty f for allt € [0,1). To see this,
consider dom f Nspan A as a subset of span A; in particular, 0 € conty f C int (dom f Nspan A). Since
xo € dom f Nspan A, it follows that txo € int (dom f NSpan A) for all t € [0,1). Consequently, by the

convezity of f, txg € conta f for allt € [0,1) thanks to [40, Theorem 2.2.9] because f|W is continuous
at 0.

Lemma 5.1. Consider the problem (5.4) and let f € A(X). Suppose that

(dom fN1iS) U (S Ncontgf) # 0. (5.12)
Then
inf f(x) = inf f(z). (5.13)
zeS z€S

Proof. By (5.12), we assume without loss of generality that
0 € (dom fNriS) U (SN contgf).

Let A > inf, g f(x) and take o € S such that A > f(z¢). To show (5.13) it suffices to show that
A > infgecs f(z). By the convexity we have

f(txo) < tf(mo) + (1 —1t)f(0) for each t € [0,1]. (5.14)
Letting ¢ 7 1 in (5.14), we obtain

limsup f(tzo) < Tim [¢f(z0) + (1~ )(0)] = f(wo) < A (5.15)

t—1—

This and Remark 5.1 imply that inf,cg f(x) < f(xo) if 0 € riS (S0 taxg € 11 S for each ¢t € [0,1)). Tt
remains to consider the case when 0 € S N contgf. But then Remark 5.2 entails that ¢tz is a continuity

point of fl—=ift € [0,1). Noting tzo € S, it follows from (5.15) that f(z;) < A for z; € S close enough
to txo, provided that ¢ < 1 sufficiently near to 1. Therefore inf__g f(2) < A in any case. This completes
the proof. ]

Remark 5.3. For two convez sets A,C in a Banach space X, recall from [34] that an a € A belongs to
rint-z=A if a € B(a,e) Naff C C A for some e > 0. Note that if X is a Banach space and f € T'(X),
then

rint_z=dom f C contg f. (5.16)

To see this we assume without loss of generality that 0 € S. Then aff S = spanS is a Banach space.
Since flgg € T'(aff ), (5.16) follows from [40, Theorem 2.2.20].

Corollary 5.1. Under the assumption of Theorem 5.1, for any T € S, the following statements are
equivalent:

(i) The family {g; : i € I} satisfies the BCQ at T.

(ii") For each f € Fg satisfying (5.12), T is a minimizer of (5.4) if and only if there exist a finite subset
J CI(T) and A\; > 0, i € J such that (5.5) holds.

Proof. Suppose (i) holds. Then Theorem 5.1(ii) holds. Let f € Fg satisfy (5.12). Then inf,es f(z) =
inf__g f(z) by Lemma 5.1. Since T € S, applying Theorem 5.1(ii) to this f, (ii’) is seen to hold.
Conversely, suppose (ii’) holds. Then part (iv) (and so part (i)) of Theorem 5.1 holds because any
continuous linear functional f on X belongs to Fs (by [15, Remark 5.6] and (5.1)), and satisfies (5.12)
(since dom f = X). The proof is complete. O

15
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The following result was proved in [15, Theorem 5.5] under the additional assumption that each g;
is continuous, which was recently extended in [16, Theorem 3] to the setting that some g; are allowed
merely lower semi-continuous.

Corollary 5.2. Suppose that f € Fg and that the family {g; : i € I} has the conical EHP. Assume that
either S is closed or the condition (5.12) is satisfied. Let T € S. Then T is a minimizer of (5.4) if and
only if there exist a finite subset J C I(T) and A\; > 0, i € J such that

0€df(@) + > Xdgi(T).

i€J

Proof. Since the family {g; : ¢ € I} has the conical EHP, it has the BCQ at T by Theorem 4.1(ii).
Moreover (5.13) holds by the assumptions and Lemma 5.1. Since T € S it follows that T is a minimizer
of (5.4) if and only if T is a minimizer of (5.4) but with S in place of S. Thus the corollary follows from
the implication (i)=-(ii) in Theorem 5.1. O

The following example shows that (5.13) and the related corollaries may fail if the assumption (5.12)
is dropped.

Example 5.1. Define S := {(z,y) € R*: 2> 0}\{(0,y) e R?: y < 1} and

flz,y) = {y; yo=0,

+o00  otherwise.

Then f is proper convex lower semicontinuous, S is conver and S = {(z,y) € R? : z > 0}. Note that in
this case dom f = {(0,y) € R? : y € R} which is disjoint from the set1i S = int S = {(z,y) € R?: = > 0}.
It is easy to see that inf, yeg f(x,y) = f(0,1) = % but inf(x,y)e§ f(z,y) = f(0,0) = 0. Thus (5.13)
fails.

Next we wish to show that f € Fg. To do this, note first that for each (x,y) € R?

2

(@, y) = sup{((u,v), (x,y)) — f(u,v) : (u,v) € dom f} = ‘%,
and that

US(*% y) = u>S(}11I))eR<(u’ U)7 (l‘, y)> =

0 ifx <0 andy=0,
+00  otherwise.

It is easy to see by the definition that

2
epi f* = {(z,y,7) € R?: % <r} and epios={(z,0,7r)€R*: 2 <0,r>0}.

Therefore, epi f* + epiog = epi f*. This implies that epi f* + epiog is weak*-closed. Since f is proper
and dom f NS # (), we see that f € Fg.

Now, note that (0,1) is the minimizer of the following problem:

Minimize  f(z,y)
s. t. ds(z,y) <0.

Note also that 0 f(0,1) = {(x,1) : « € R} and that Ng(0,1) = {\(=1,0) : XA > 0}. Hence the optimality
condition (0,0) € 9 f(0,1)+ Ng(0,1) fails even though f € Fs and the family {65} has the BCQ property.
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6 Applications to Conic Programming

We continue our study of the conic programming problem with notations as explained in Example 2.1.
It can be checked in a straightforward manner that the following facts are true. They are known when g
is continuous on X; see [24,30]. Some related results can be founded in [17].

Fact 6.1. cone Uy xe epi (Ag)" = Urcge epi(Ag)*
Fact 6.2. cone U, go 9(Ag)(2) = Urcxe O(A\g)(z) for each z € X.

Fact 6.3. cone [Jycxe 9(Ag)(x) =Urexe 0(Ag)(x) = Ng(x)o for each x € X, where Ng(z)o is defined
Ag(z)=0 Ag(z)=0
by
Ng(z)p:={u" € X*: (u",u"(x)) € U epi (Ag)*}.
AEK®

Generalizing the corresponding notions in [24,26,29] to suit our present noncontinuous situation we
make the following definitions (it is a routine to see that the notions in the following definition coincide
with corresponding ones in [24,26,29] in the case when g : X — Z is continuous):

Definition 6.1. For g,C, K as in Example 2.1, we say that
(i) the condition (C*) holds if the family {\g: X\ € K%} has the conical EHP;

(ii) the closed cone constraint qualification (CCCQ) holds if the family {6c, g : A € K®} has the
conical EHP;

(iii) the pair {C,g~*(—K)} has the sharpened strong CHIP at x € C N g~ (=K) if Nong—1 (i) () =
Nc(x) + Ng(x)o.

The following notion of K-lower semicontinuity was introduced in [37] and extended in [1,12] for
functions g : X — Z°. It was also considered in [4].

Definition 6.2. For g, K as in Example 2.1, the function g is said to be K-lower semicontinuous at
xo € X if for each neighborhood V' of zero in Z and any b € Z withb <g g(xo), there exists a neighborhood
U of zero in X such that

g(xg+U) Cb+V + KU {oo}. (6.1)

Clearly, if g : X — Z is continuous, then g is K-convex lower semicontinuous. Below we give an
example of a function that is K-convex lower semicontinuous but not continuous.

Example 6.1. Let X =1' and Z = I* respectively under the I°°-norm || - || and the I*-norm || - |1, and
let g denote the identity map from X into Z. Then g has the desired properties (that g is not continuous
is well-known). To see this, let us fix a nonzero element ¢ € X and let K denote its kernel in Z, that is
K:={z€Z: (c,z) =0}. By a well-known result (cf. [39, Page 24]), the distance to each z € Z from
the closed subspace K satisfies the so-called Ascoli formula:

d(z,K) = |<C’Z>‘, for each z € Z,

B llelloo

and it follows that
d(z,K) < al|z||eo, for each z € Z,

[lells
llells

where a := ; in particular we have

d(g(z),K) < a||g(2)||so, for each x € X,

This implies that g is K-lower semicontinuous at xg := 0 (for e > 0 and V = {z € Z : ||z|1 < €},
(6.1) holds with U = {x € X : |z|lo < £}). By the linearity of g, we conclude that g is K-lower
semicontinuous on the whole X.

17
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Proposition 6.1. Let g, K be as in Example 2.1. Suppose that g is K-lower semicontinuous and that
dom g is closed. Then for each A € K, \g is lower semicontinuous.

Proof. Let A € K®\{0} and let 7y € X. To show the lower semicontinuity of Ag at zo, we assume without
loss of generality that zyp € dom g (thanks to the assumption that dom g is closed). Let € > 0. By the
continuity of A, take a neighborhood V" of zero in Z such that |A(v)| < € for each v € V. By definition of
K-lower semicontiuity, there exists a neighbourhood U of z( in X such that (6.1) holds. Let u € zo + U.
By (6.1), there exist v; € V and k € K U{oo} such that g(u) = g(xo) +v1 + k. For the case when k € K|
we have

Ag(wo) = (A g(wo)) < (A g(u) —v1) < Ag(u) +e

For the case when k = oo, one has g(u) = oo, i.e., u ¢ domg. Thus, it follows from definition that
Ag(xp) — € < Ag(u) = oo. Therefore, Ag is lower semicontinuous at zg. O

Example 6.2 below shows that the converse of Proposition 6.1 is not true.

Example 6.2. Let X = L?0,1], Z = L?(0, 1] respectively under ||-||1-norm and || -||2-norm. Let K = {0}
and let Z® := ZU{+o0} as in Example 2.1. Let D = {x € X : ||z|l2 < 1} and let g(z) = x+Ip(x). Then
g is not continuous on D (as there exists a sequence {x,} in X such that each ||z, ||z =1 but ||z, |1 = £;
for example, let x,, = nxo,1/n2) be the characteristic function of the interval [0, 1/n?]), and so g is not
{0}-lower semicontinuous.

Let A € Z* = {0}®. We claim that \g is lower semicontinuous. Let r € R and let

A ={r e X: \(x) <r}

It suffices to show that A, is closed in X. To do this, let x € X and {x,} be a sequence in A, such
that ||z, — z||1 — 0. By an elementary result in Lebesque theory (see [38, Page 95, Proposition 18]),
there exists a subsequence {xy, } convergent to x almost everywhere. By Fatou’s lemma and the fact that
A, C D (by (2.7)), it follows that

1 1
/ |x|2dt < liminf/ |xnk|2dt <1,
0 ko Jo
thus x € D. Let € > 0. Since X\ € L?[0,1], there exists a simple function h such that |\—hl||2 < €. Noting
|z — 2nll2 <2 (as z,z, € D), it follows from the Holder inequality that
Ag(x) — Ag(xn) = (N x—xp) = (A —h,x —z,) + (h,x — )
< 2e+ ||h||lcollz — zpll1 — 26

This implies that
Ag(z) < liminf Ag(z,,) + 2e < 7+ 2¢,
n

and hence that Ag(x) < r as € > 0 is arbitrary. Therefore x € A, and A, is closed as wished to show.
By Fact 6.1, Corollary 4.1 and Proposition 6.1, the following remark is obvious:

Remark 6.1. Let g,C, K be as in Example 2.1. Suppose in addition that g is K-lower semicontinuous
and that dom g is closed. Then the condition (C*) holds if and only if

Usere epi(Ag)* is w*-closed;
more generally, the CCCQ holds if and only if
epioc + Uyexe epi(Ag)* is w*-closed.

(Thus, conditions (C*) and CCCQ defined in Definition 6.1 agree with the ones defined in [26, 29] for
the continuous case.)
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Corollary 6.1. The following equivalence holds for any x € C N g~ (—=K):

The family {0c, \g: X € K@} satisfies the BCQ at
={C, g7 (—K)} has the sharpened strong CHIP at x.

Proof. Note first that {z : dc(z) < 0, g(z) <0, € K} = CNg !(—K). Hence the family {dc, Ag :
A\ € KP} satisfies the BCQ at z if and only if

Neng-1(-k)(x) = No(z) + cone U d(Ag)(x),

AeK®
Ag(x)=0

which is equivalent to {C,g~1(—K)} has the sharpened strong CHIP at x, by Fact 6.3. O

The next two corollaries were respectively proved in [24, Propositions 3.3 and 3.4] under the additional
assumption that g is continuous.

Corollary 6.2. If g,C, K are as in Ezample 2.1 and the CCCQ holds, then

Neng—1(-x) (@) = No(@) + | 0(\g)(@), for cachz € Cng ' (=K), (6.2)

AEK®
Ag(z)=0

that is, {C,g 1 (—K)} has the sharpened strong CHIP at each point in C N g~ (—=K). In particular, if
the condition (C*) holds, then

Ny (—gy(x) = U d(\g)(z), for each x € g~ (—K). (6.3)

AeK®
Ag(z)=0

Proof. We need only prove the first assertion. Define I := K® U {ig}, ig ¢ K, and consider {g; : i € I}
as defined in (2.8). Then S := {z : g;(z) < 0} is exactly C N g~!(—K) and the active index set I(z)
is exactly {io} U{\ € K®: Ag(x) = 0}. Thus (6.2) simply means that the family {g; : 7 € I'} has the
BCQ, and hence the result follows from Remark 6.1 and Theorem 4.1. O

Corollary 6.3. If g,C, K are as in Example 2.1 and the condition (C*) holds, then for each x €
CNg Y —K), the family {C,g ' (~K)} satisfies the strong CHIP at x if and only if it satisfies the
sharpened strong CHIP at x.

Proof. By the given assumption, (6.3) holds, that is, Ny-1(_)(x) = Ng(z)o for each z € g~ (—K).
Consequently, the following equivalence holds for each z € C'N g~ }(—K):

Neng=1(-k) () = No(z) + Ng-1(— i) () € Neng-1(- k) (2) = No(z) + Ng(z)o.

Thus the result is clear. O

7 Applications to Best Approximation Theory

Let us recall from [14] that for a system of finitely many closed convex sets {D,C; : i € I} in a Hilbert
space, where C; = {zx € X : (a;,z) < b;} for some a; € X and b; € R, i € I, the following statements are
equivalent for each xg € DN ﬂie ; Ci

(i) {D,C;: i€ I} has the strong CHIP at each xy.

ii) For each z € X, Pprn.  ¢,(x) = x¢ if and only if there exists a finite set Iy C I such that
ﬂ’LEI K1
1 D(x - ZiGIo ai) Zo,
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where P4(z) denotes the projection of the point = onto a convex set A. This important result has been
extended in many aspects. For example, [32] discussed an extension to the case of an infinite system,
and [31] discussed a family of functions in place of that of closed convex sets.

Recall that for a Banach space X and its dual X*, the duality map ® : X = X* is defined by
O(x) == {x* : |z|* = ||z*||*> = (z*,z)} (cf. [40, Section 3.7]). Let {g; : i € I}, X, C, S and I be as in
section 2.

Theorem 7.1. Suppose X is a Banach space and let xyp € C' N S. Consider the following statements:
(1) {éc; gi, i € I} satisfies the BCQ at xg.

(ii) For each x € X, zy € Pons(x) if and only if

O(x —xg) N | Ne(xo) + cone U dgi(xg) | #0. (7.1)
i€l(xo)

Then (i)=(ii). If we further assume that X is reflexive and smooth, then (ii)<(i).

Proof. We regard the family {dc; g;, i € I} as {g; : j € J} by letting J = I U {i4} and g; := d¢, where
iy ¢ I. It follows that

J(xo) :={j € J: gj(z0) = maX{Silelggi(%)ﬁC(%)}} = {i+} U I(zo).

Suppose (i) holds and let © € X. Note that zg € Pong(x) if and only if x9 minimizes the function
1|l - —x||? over the set {z : dc(z) = 0, gi(z) < 0,Vi € I}. Since ®(z — z9) = -9 (3| - —|*)(x0)
(cf. [40, Page 230]) and since the family {g; : j € J} satisfies the BCQ at zo, it follows from (2.3) and
Theorem 5.1(iii) that z¢ € Pong(z) if and only if

O(z —x9) N | No(xg) + cone U 0 ¢gi(xo) | = P(x —x0) N | cone U dgj(xo) | #0.
i1€1(xo) j€J(z0)

Thus (ii) holds.
Now we assume in addition that X is reflexive and smooth, and turn to prove (ii)=-(i). By (3.9), we
need to show that

Nens(20) € Ne(wo) +cone | 0.gi(xo). (7.2)
i€1(xo)

To do this, take y* € Nons(zg). By the given assumptions, ® is bijective (cf. [40, Theorem 3.7.2 (vi)
and Page 230]). Thus there exists u = ®~1(y*) and it follows that xo € Pons(wo + u) by a well-known
result (cf. [40, Corollary 3.8.5]). Therefore, by (ii), (7.1) holds with = xg + u. Thus we obtain from
(7.1) that
y" = (20 +u— o) € Nc(zo) + cone U 9 gi(zo).
i€l(xo)

This shows that (7.2) holds as required to show. This completes the proof. O

Corollary 7.1. Suppose that X in Theorem 7.1 is a Hilbert space and let zo € CNS. Then the following
statements are equivalent:

(1) {dc; gi, @ € I} satisfies the BCQ at xo.
(ii) For each x € X, xg = Pons(x) if and only if

x —xo € No(zg) + cone U 0 gi(xo)- (7.3)
i€l (o)
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(iii) For each x € X, x9g = Pens(x) if and only if there exist finite subset J C I(xg), \; > 0, u; €
0 gi(xo), i € J such that
o = Pc(a? — Z )\Zuz)
icJ
Proof. The equivalence of (ii) and (iii) is standard in Hilbert spaces. The equivalence of (i) and (ii)
follows from Theorem 7.1 since (7.1) and (7.3) are now identical (because ® is the identity map for Hilbert
spaces) O

Corollary 7.2. Suppose in Corollary 7.1 that the family {dc; gi, i € I} has the conical EHP. Then for
each x € X and xg € CNS, Pons(x) = o if and only if there exist a finite set Iy C I(xg), x; € 0 g;(x)
and \; > 0 for each i € Iy such that Po(x — Zielo i) = xg.

Proof. Since the family {d¢; gi, @ € I} has the conical EHP, it satisfies the BCQ by Theorem 4.1(ii).
The result now follows from Corollary 7.1. O

For the next two corollaries, let g, C, and K be as in Example 2.1. These two corollaries were
established respectively in [28] and [29] but under the additional assumption that g is continuous.

Corollary 7.3. Suppose X is a Hilbert space and let g € CN g~ (—=K). Then the following statements
are equivalent:

(i) {6c,N\g: X € K®} satisfies the BCQ at xg.
(ii) The pair {C,g~(—K)} has the sharpened strong CHIP at xq, that is

Neng-1(—ry(T0) = No(zo) + U 9 (Ag)(zo)-

AeK®
Ag(zo)=0

(iii) Foreachx € X, 29 = Pong—1(—k)(2) if and only if g = Po(x—1) for somel € Jycxe 0 (Ag)(zo).
Ag(zo)=0

Proof. By Fact 6.3 and Remark 6.1, (i)<(ii). The equivalence (i)<>(iii) follows from Corollary 7.1 as
applied to I := K% and gy := Ag (so I(zo) = {\ € K9 : Ag(z0) = 0}). O

Corollary 7.4. Suppose X is a Hilbert space and that (C*) holds. Let 0 € CNg ' (—K) and z € X.
Assume that {C, g~ (—K)} has the strong CHIP at xo. Then the following statements are equivalent:

(i) wo = Pong-1(—k)(7).

(ii) o = Po(x —1) for some l € Jyege O (Ag)(wo).
Ag(zp)=0

Proof. By Corollary 6.3, the given assumptions imply that {C, g~!(—K)} has the sharpened strong CHIP
at zo. By the implication (ii)=-(iii) in the preceding corollary, the result is now clear. O
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