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Abstract
Construct maps and related item type frameworks, which respectively describe and 
identify common patterns in student reasoning, provide teachers with tools to sup-
port instruction built upon students’ intuitive thinking. We present a methodological 
approach–embedded within common assessment development processes–for devel-
oping such construct maps and item type frameworks which entails (1) articulating 
a construct map, (2) developing diagnostic item types, (3) comparing item type dif-
ficulties, and (4) modifying or providing evidence in support of the construct map. 
We present an example focused on students’ proportional reasoning based on its 
centrality to mathematical success. The results further inform our construct map for 
students’ proportional reasoning and provide a diagnostic item-type framework.

Keywords  Proportional reasoning · Assessment · Diagnostic · Item types · Construct 
map

Introduction

Mathematics instruction should focus on building upon students’ reasoning  
(Gravemeijer, 2004; Pellegrino et  al., 2001; Simon, 1995). While, theoretically,  
this premise makes sense, identifying and using student reasoning to make  
instructional choices is complicated. A lack of teacher-ready models of student 
reasoning for different mathematics domains along with a paucity of associated 
assessment resources may inhibit teachers from using students’ reasoning as a basis 
for instruction. Construct maps (Wilson, 2004) that describe common patterns in 
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students’ thinking, in association with assessment item-type frameworks to diagnose 
patterns in students’ thinking, could assist teachers in engaging in this practice.

Cognitively Guided Instruction (CGI) is an example of a project focused on  
articulating research findings in a manner that assists teachers in building upon  
students’ mathematical reasoning. CGI materials (e.g., Carpenter et  al., 2004) for  
addition and subtraction clearly articulate (1) a domain-specific construct map for  
students’ solution strategies (i.e., counting all, counting on, and derived facts), and (2) 
an item-type framework (i.e., join, separate, part-part-whole, and compare problems)  
to assist in the diagnosis of student’s understanding to inform instruction. While  
professional development around the CGI map and framework has demonstrated 
remarkable success (Carpenter et al., 1998; Fennema et al., 1996), relatively few other 
mathematics domains, with a focus on teachers as end users, have been similarly well 
articulated. Given the breadth of mathematics, the development of construct maps and 
item type frameworks should focus on core mathematics topics considered likely to be 
fundamental to students’ future success; proportional reasoning is one such topic.

Students’ ability to reason about situations involving ratios, rates, and propor-
tions is key to future success in mathematics and science classes (e.g., Bush & Karp, 
2013; Cetin & Ertekin, 2011; Johnson, 2015; Tucker et al., 2013). In particular, pro-
portional reasoning is known to influence students’ ability to conceptually under-
stand more complex mathematics and science topics (Akatufba & Wallace, 1999; 
Ramful & Narod, 2014). Extensive research has been conducted around students’ 
ability to reason proportionally (e.g., Karplus et al., 1983; Lamon, 2007; Lesh et al., 
1988; Tourniaire & Pulos, 1985). These projects have developed relatively in-depth 
models for understanding students’ proportional reasoning that distinguish among 
the different semantic structures of proportional reasoning problems (e.g., Harel & 
Behr, 1989; Lamon, 2005) and their relationship to student thinking. These models 
are invaluable for developing a nuanced understanding of students’ proportional rea-
soning and for developing high-quality curricular resources. However, in our profes-
sional development work with in-service teachers, we find teachers want relatively 
simple models that can be broadly and quickly applied to classroom instruction, 
such as the CGI solution strategy map and problem type framework.

Based on our professional interest in supporting teachers’ classroom practice, we 
focus on a relatively fine-grained model based on two ways students tend to rea-
son about proportional relationships–the composed unit and multiplicative compari-
son conceptions (Cengiz & Rathouz, 2018; Ellis, 2013; Lobato et al., 2010). This 
model emphasizes the importance of students’ fluently and flexibly making use of 
both conceptions with a focus on building a conceptual foundation for future top-
ics, such as the meaning of slope within linear functions. Due to our use of a fine-
grained measurement-based approach, we have adopted Wilson (2004) terminology 
of construct map to describe the articulation of a hierarchical model of cognition of 
increasingly sophisticated reasoning within a domain.

This paper has two main purposes. One is specific to proportional reasoning. 
Through the articulation of a construct map, we examine the hierarchical relation-
ship between composed unit and multiplicative comparison conceptions to itera-
tively improve our understanding of student cognition. The second purpose is to 
describe a particular measurement-based methodological approach that could be 
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used generally across mathematics to develop domain-specific construct maps and 
interconnected item-type frameworks. Overall, this approach involves.

1.	 Construct map articulation: articulating a theorized progression for the construct 
under examination (Wilson, 2004).

2.	 Item type development: developing item types and associated items that target 
specific components within the construct map, including intentional analysis and 
control for potentially confounding factors.

3.	 Comparing item types: using Rasch item difficulty measures to examine patterns 
in hierarchical relationships between item types, as well as examine potential 
confounding factors.

4.	 Reexamination of the construct map: using results as a basis for map revision of 
or as supporting validity evidence for the construct map.

We situate the description of this methodological approach within the domain of 
proportional reasoning, making use of the composed unit and multiplicative compar-
ison conceptions model of cognition (Lobato et al., 2010). We organize the remain-
der of the manuscript by presenting each of the above methodological steps, first 
described generally, followed by our example situated in proportional reasoning.

Construct map articulation

Construct maps represent the operationalization of a model of cognition, typically 
around reasoning processes. They are created at the beginning of the assessment 
development process to represent increasingly sophisticated levels of the construct 
under investigation in terms of respondents’ reasoning and item responses (Wilson,  
2004). They are similar to learning progressions (LPs) or hypothetical learning  
trajectories (HLTs) (Simon, 1995; Simon & Tzur,  2004) in that they are useful  
tools for constructs that have a hierarchical structure to their components (Wilson,  
2009). However, construct maps focus on developing an assessment structure  
rather than activities for classroom instruction (as is typical of LPs and HLTs, cf. 
Duncan & Hmelo-Silver, 2009; Simon & Tzur, 2004, respectively). We also see 
construct maps as useful resources for teachers when formatively assessing student 
understanding to help determine where a student lies along a trajectory of reasoning 
processes. Similar to LPs or HLTs, construct maps start as hypothetical models of 
cognition, often informed by extant research when available. The methodological 
approach outlined in the introduction and described in the remainder of this article  
can provide quantitative evidence for the hierarchical ordering of qualitatively  
different components within the construct map. It is important to note we use the 
term hierarchical ordering to refer to experiencing more or less difficulty with the 
qualitatively different components within the construct map. This is different from a 
developmental hierarchy, which would specify that a particular aspect of cognition  
is necessary to achieve the next level. Further investigation would be needed to 
determine if the hierarchy revealed by a construct map is related to development.
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Wilson (2009) describes the need for “Clear definitions of what students are 
expected to learn [i.e., define the construct], and a theoretical framework for how 
that learning is expected to unfold [i.e., the construct map]…” (p. 4). Our examina-
tion of proportional reasoning and related construct map articulation focuses on stu-
dents’ solution strategies and conceptions for missing-value problems and rate situa-
tions that are foundational to more sophisticated understandings, such as constant of 
proportionality, rate of change, and slope. We begin by explaining the connections 
between conceptions and common student solution strategies and the mathematical 
relationships involved in proportional situations. We use the term solution strate-
gies to describe the commonalities in the observable mathematical processes stu-
dents use to solve a problem. We use the term conceptions to describe how students 
perceive the relationships between quantities in proportional reasoning situations. 
Student conceptions inform their choice of solution strategies.

Mathematical relationships  In order for students to reason proportionally, they need 
to be able to generalize their understanding of important mathematical relation-
ships. More specifically, they need to fluently and flexibly make use of the scalar and 
functional relationships that exist in proportional situations. The scalar relationship 
describes the scale factor each quantity in the ratio can be multiplied by to generate 
an equivalent ratio (Lobato et al., 2010). The scale factor in the scalar relationship 
changes as the equivalent ratio to be generated changes. The functional relationship 
describes the constant multiplicative factor that exists between the two quantities 
in the ratio (Lobato et  al., 2010). The multiplicative factor in the functional rela-
tionship remains constant in all equivalent ratios. There are several terms describing 
these relationships in the literature, each of which has its own specific mathemati-
cal significance and value to the larger community researching proportional reason-
ing. We have chosen to use the terms scalar and functional relationships because 1) 
they appear in texts teachers are likely to encounter in practice (e.g., Lobato et al., 
2010) and 2) because the terms themselves describe how the relationships connect 
to larger mathematical concepts, namely scale factor and function. The top portion 
of Table 1 provides an example illustration of the scalar and functional relationships 
within the context of a missing-value problem.

Student conceptions  Students’ fluent and flexible use of the scalar and functional 
relationships involves coordinating multiple understandings of ratios, proportions, 
and rates. In this paper, we differentiate between mathematical relationships inher-
ent to all proportional relationships (scalar and functional) and students’ conceptions 
of proportional relationships–which depend on how a particular student understands 
the situation. A student may, for example, make use of the scalar or functional rela-
tionship as part of a taught procedure without being able to articulate or general-
ize the actual relationship. Our research interest is uncovering what mathematical 
conception(s) students actually hold, not simply which mathematical relationships 
they employ in their solution strategies.
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In missing-value situations, students tend to conceive of ratios as a composed 
unit–two coordinated quantities–typically making use of the scalar relationship to 
generate equivalent ratios (Lobato et  al., 2010). This conception of ratios is often 
initially demonstrated through strategies involving doubling and halving the quan-
tities in the ratio or additive scaling through iterating and partitioning to generate 
equivalent ratios. Eventually, this conception can develop into strategies that make 
use of the scalar multiplicative relationship where the initial ratio is treated as a 
composed unit and each quantity in the ratio is scaled (multiplied or divided) by 
a single scale factor (see the row for composed unit: scalar multiplicative strategy 
in Table 1 for an example). Another strategy that makes use of the composed unit 
conception involves the generation of a unit rate by dividing one quantity in the ratio 
by the other to generate a per-one relationship. This unit rate can then be scaled to 

Table 1   The mathematical relationships - scalar and functional - and student conceptions - composed unit 
and multiplicative comparison - demonstrated with the following missing value task. If the 12 cookies for $3  
relationship remains the same no matter how many cookies you buy, how many cookies could you buy  
for $45?

Mathematical Relationships

Associated Student Conceptions

Conception 
(Strategy)

Student Exemplar 
Response

Student Work Examples & 
Mathematical Relationship Used

Composed Unit 
(Scalar

Multiplicative 
Strategy)

I need to multiply 3 by 15
to get 45, so I multiply 12
by 15 to get 180 cookies

Scalar relationship

Composed Unit 
(Unit Rate 
Strategy)

I divided 12 by 3 to get 4
cookies for $1, if I have 
$45 then I multiply 4 by
45 to get 180 cookies

Functional &

scalar relationships

Multiplicative 
Comparison

Cookies are always 4
times more than the cost 
($), so I can multiply 45
by 4 to get 180 cookies

Functional relationship
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generate additional equivalent ratios (see the row for composed unit: unit rate strat-
egy in Table 1). These various approaches can all result in the correct answer to the 
problem but demonstrate different levels of fluency and flexibility in student concep-
tions and strategies related to the scalar relationship.

In contrast, the multiplicative comparison conception related to the functional 
relationship involves understanding and making use of the constant multiplicative 
relationship that exists between the two quantities in a ratio. There is some qualita-
tive evidence students tend to have increased difficulty conceiving of the multiplica-
tive comparison1 as compared to the composed unit conception (Simon & Placa, 
2012; Steinthorsdottir & Sriraman, 2009). Generation and use of a unit rate can 
mask students’ lack of understanding of the multiplicative comparison relationship 
due to the resulting numerical quantities being the same. For example, for the ratio 
of 12 cookies for $3, 4 cookies for $1 would be a unit rate, and the related multi-
plicative comparison is the number of cookies is always 4 times the dollars. The 
number four is the same in the unit rate and multiplicative comparison, and the solu-
tion strategy–dividing 12 by 4–is also the same. The difference is in students’ con-
ceptions, distinguished by examining how students express what the 4 means in the 
ratio context, 4 cookies for $1 (composed unit conception) or the number of cookies 
is always 4 times the number of dollars (multiplicative comparison conception). It is 
the multiplicative comparison conception that allows students to meaningfully gen-
eralize the relationship between the two variables in the equation, y = 4x.

In our own previous interview research, we found that students who used the 
strategy of dividing one quantity in the ratio by the other regularly expressed the  
unit rate as a composed unit (Carney & Crawford, 2016). Thus, while we knew 
examining solution strategies to missing-value problems provided teachers some 
insight into student reasoning, we realized we needed to go beyond this approach 
to understand which conceptions students held. Figure  1 visually represents the 
respondent reasoning portion of the construct map involving student conceptions.  
It includes the elements of solution strategies and mathematical relationships  
to highlight these connections. The relationships in our initial construct map 
were hypothesized from the extant literature (cf., Karplus et  al., 1983; Lamon, 
2007; Lobato et  al., 2010; Misailidou & Williams, 2003a; Simon & Placa,  
2012; Steinthorsdottir & Sriraman, 2009; Tourniaire & Pulos, 1985) and our  
previous assessment development iterations (Carney & Crawford, 2016; Carney 
et al., 2015, 2016). While there is some evidence that the composed unit conception 
is more accessible to students than the multiplicative comparison conception (e.g., 
Steinthorsdottir & Sriraman, 2009), as depicted in our construct map, we could not 
find any empirical studies that quantitatively examined the relationship between 
these two conceptions (Noelting conducted somewhat related hierarchical work with 

1  While the term multiplicative comparison has been used to describe the multiplicative relationships 
both within and between measure spaces, similar to Lobato et  al. (2010), we use the term multiplica-
tive comparison to describe the constant multiplicative comparison that exists between the two quantities 
involved in a rate situation due to the importance of conceiving of this relationship for developing an 
understanding of slope, rate of change, constant of proportionality, etc.



1 3

Construct maps and item frameworks: an example in proportional…

proportions 1980a, b). Therefore, one aspect of our construct map we wanted to 
further investigate was the hierarchical relationship between the composed unit and 
multiplicative comparison conceptions as part of our efforts to iteratively improve 
our understanding of student cognition.

The construct map highlights what we found in our own prior research; examin-
ing student solution strategies to missing-value problems would not provide us with 
enough information to determine if a student held a multiplicative comparison con-
ception (Carney & Crawford, 2016). We thus needed items that would let us differ-
entiate students’ use of a composed unit conception from that of the multiplicative 
comparison conception. Our approach involves operationalizing and isolating the 
conceptions in item types. The next section describes our development of item types 
that targeted specific components in the construct map, including intentionally con-
trolling for likely confounding factors.

Item type development

In order for the results of assessments to inform classroom instruction, they need 
to situate the mathematics a student knows within a model of cognition that iden-
tifies critical components of conceptual understanding (Pellegrino et  al., 2001). 
Despite the recommendations from the National Research Council Committee on 
the Foundations of Assessment (Pellegrino et al., 2001), the majority of mathemat-
ics assessments still use a mathematics domain sampling approach to assessment 
design. In this method, the designer develops a table of specifications for a particular 
mathematics domain and creates the assessment by sampling tasks from across dif-
ferent aspects of that domain. For example, when assessing the domain of fraction 
operations, a matrix may be built based on the four operations (addition, subtraction, 

Student 
Conceptions

Multiplicative 

Comparison

Composed 

Unit

Informal or 

Contextual 

Reasoning

Scalar Additive or Doubling/Halving

(scalar or functional)

Scalar multiplicative (scalar)1

Dividing one quantity in 

the ratio by the other

(functional) 
Multiply unit rate by scale 

factor (scalar)1

Multiply given quantity by 

multiplicative comparison factor 

(functional)

Solution Strategies 
(Mathematical Relationship)

D

Fig. 1   The respondent (i.e., student) reasoning side of the construct map represents increasing sophistica-
tion in students’ proportional reasoning conceptions. We have included student solution strategies and 
mathematical relationships to highlight these connections
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multiplication, and division) and fraction types (e.g., different denominators, use of 
mixed and improper fractions, etc.). Then tasks from the matrix are sampled to cre-
ate an assessment. The results from these types of assessments usually indicate what 
mathematics topics within a domain a student knows and does not know, but they 
are not structured to provide insight into students’ conceptual understanding (e.g., 
the meaning of the numerator and denominator, understanding fraction iteration and 
partitioning, etc.) as recommended by the National Research Council Committee on 
the Foundations of Assessment (Pellegrino et  al., 2001). This makes such assess-
ments powerful as large-scale summative assessments but less useful for formative 
purposes. For example, such a fraction assessment might tell you that a student can 
add fractions and not divide them but not be able to identify why.

In contrast, our assessment and item type development approach uses student 
cognition as the underlying model situated within a particular mathematics domain 
of interest. The construct map lays out the qualitatively different aspects of cognition 
that need to be assessed, and then item types are developed to isolate these aspects 
of cognition. Thus, the assessment results can be interpreted in relation to important 
aspects of student cognition situated within the mathematics domain, thus support-
ing and informing instructional choices that build upon student thinking. In addition, 
when item types are constructed to elicit critical conceptions specific to different 
construct map levels, we can examine the hierarchical relationships within the theo-
rized construct map to better understand student cognition. Lastly, an important ele-
ment of this work involves controlling for confounding factors known to change the 
difficulty of an item. This involves intentionally structuring items to ensure the dif-
ficulty level of a group of item types is primarily reflective of the aspect of cognition 
being assessed and extraneous factors known to impact item difficulty (e.g., whole 
number versus fractional answers) are either eliminated or when that is not possible, 
distributed equally across item types.

Returning to the Cognitively Guided Instruction project, their work provides 
an example of using a model of cognition situated within a particular mathemat-
ics domain in conjunction with a set of item types to assess aspects of the model. 
The underlying model for cognition in CGI involves student ability to perform addi-
tion and subtraction operations via counting all, counting on, and using derived facts 
strategies. Particular item types were used to assist in determining where a student 
might lie within the model of cognition. For example, a join change unknown item 
type can be used to determine if a student is starting to use a count on strategy (ver-
sus count all) because a student using a counting all strategy will likely not be able 
to correctly solve a join change unknown problem (due to problem structure not pro-
viding the two parts to count all of). Correctly solving several join change unknown 
problems would be indicative of the child being capable of or nearly ready to apply 
counting on to strategies more generally. This example can also be used to high-
light the importance of controlling for confounding factors. For instance, three-digit 
addends would likely increase the difficulty of a join change unknown item and stu-
dents might answer incorrectly who actually do possess the ability to count on with 
simpler number sets.
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Item type framework for proportional reasoning

Our item types were designed to elicit the three aspects of student conceptions high-
lighted in our construct map; informal or contextual reasoning, composed unit, and 
multiplicative comparison. Carney et al. (2022) conducted cognitive interviews with 
33 students in grades 6–8 at three different schools using the item types described 
below to ensure student response processes supported the claim that students who 
solve particular item types correctly were likely to possess associated conceptions. 
The focus in designing the item types was to isolate students’ use of particular con-
ceptions to the extent possible. Our item type framework makes use of a contextual 
ratio situation and provides five different prompts (i.e., item types) related to this 
situation. Table 2 provides an example item block with the item types and their asso-
ciated conceptions.

Below we describe each item type and how it assesses the associated student 
conception.

•	 Small single-digit multiplier: informal reasoning. A missing-value problem 
where the scalar or functional multiplier was 2, 3, or 4. These items are designed 
to be relatively easy for students and even included a picture of the initial ratio 
in a food cost context (see Appendix 1). Students who do not possess an explicit 
understanding of the mathematical relationships and/or composed unit and mul-
tiplicative comparison conceptions would still be able to solve these problems 
using more informal reasoning strategies. The intent is for the items to screen 
for students who primarily hold an incorrect additive perspective (Misailidou & 
Williams, 2003a).

•	 Double-digit scalar multiplier: composed unit conception. A missing-value prob-
lem where the scalar multiplier is between 15 and 18. The multiplier is large 
enough that it is unlikely a student would solve them through informal strate-
gies alone but are still relatively accessible without a calculator. Success on these 
items would likely indicate some initial understanding of the scalar multiplica-
tive relationship, which involves the use of a composed unit conception.

•	 Unit rate situations: composed unit conception. The unit rate items ask for the 
value of one of the quantities in the ratio when the other quantity value was one. 
Previous research indicated students who demonstrated understanding of unit 
rate did not, for the most part, demonstrate an understanding of the multiplica-
tive comparison conception (Carney & Crawford, 2016). The intent for these 
items was to assist in the identification of individuals who possessed at least an 
initial understanding of generating a unit rate, which involves a composed unit 
conception.

•	 Equations: multiplicative comparison. Modeling a rate situation with a contextual  
equation is not something commonly found in the research literature but is 
a necessary skill for understanding algebraic representations of proportional  
and later linear relationships. The equation items involve filling in the blank  
of an equation, such as the number of cookies = ___ ● cost. These items are 
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designed to assist in the identification of individuals who could make use of the 
multiplicative comparison in an equation.

•	 Generalizing: multiplicative comparison. The generalizing items involve filling 
in the blank on a statement of the multiplicative comparison relationship, such 
as the cost is always _____ times the number of cookies. The intent is for these 
items to assist in the identification of students who could generalize the meaning 
behind the multiplicative comparison relationship (see Carraher et al., 2008) for 
more information on explicit statements of mathematical relations). Some stu-
dents may generate an equation by guessing and checking or using procedural 
means. Asking students to articulate the relationship in sentence form tests their 
conception of what that number means in context.

Controlling for confounding factors

In designing assessment items, developers must ensure confounding factors are not 
inappropriately influencing the results (i.e., limit construct-irrelevant variance). As 
math topics become increasingly complex, it becomes more difficult to isolate the 
qualitatively different levels or components in the construct map due to confound-
ing factors. For example, topics such as proportional reasoning necessarily become 
conflated with students’ ability to understand and reason with fractions and decimals 
(Fernández et al., 2011; Rupley, 1981).

Our approach to addressing these issues was to identify the primary factors 
known to influence students’ proportional reasoning from the extant literature. The 
attributes of ratios we identified were:

(A)	 Same units (e.g., gallons blue paint to gallons yellow paint) versus different units 
(e.g., cookies to cost and miles to hours) (Lawton, 1993).

(B)	 Continuous units (e.g., paint to paint and miles to hours) versus discrete units 
(e.g., cookies to cost) (Behr et al., 1992; Boyer et al., 2008; Jeong et al., 2007; 
Tourniaire & Pulos, 1985).

(C)	 Difficulty of the numerical relationship (i.e., was the solution a whole number 
or fractional answer) (Fernández et  al., 2011; Rupley, 1981; Saunders &  
Jesunathadas, 1988; Schwartz & Moore, 1998).

We attempted to control for these factors by consistently distributing them across 
the different item types. Thus, the effect of a particular confounding variable was 
relatively evenly distributed across the different item types. Therefore, we did not 
remove the potentially confounding factors but instead attempted to evenly distribute 
their influence across the item types. Appendix 2 provides the matrix of how these 
factors were distributed across the different item blocks that were used to make up 
the assessment forms.

However, some aspects of the numerical relationships could not be controlled. 
For example, the multipliers and answers for the double-digit scalar multiplier item 
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answers were all double- or triple-digit whole numbers, whereas the unit rate, equa-
tion, and generalizing items had a mix of a whole number and fractional answers. 
The impact of confounding variables is further discussed in the results and discus-
sion sections.

Existing proportional reasoning instruments

Several instruments have been built to better understand patterns in students’ pro-
portional reasoning using a similar analytic approach of examining associated Rasch 
item difficulties (e.g., Long et al., 2011; Misailidou & Williams, 2003b). For exam-
ple, Long et  al. (2011) built an instrument to assess the multiplicative conceptual 
field (Vergnaud, 1994) using a domain sampling approach to assessment construc-
tion. They used the subdomains of ratio, proportion, and percent from the TIMMS 
2003 Mathematical Framework and selected 30 associated items from the TIMMS 
2003 grade 8 item pool. Misailidou and Williams (2003b) also developed an instru-
ment to broadly assess the proportional reasoning domain, primarily drawing from 
missing-value items selected or adapted from prior research articles related to pro-
portional reasoning with a variety of numerical structures and contexts. In both 
cases, they conducted analyses related to student solution strategies and item diffi-
culties. However, their lack of specification of an a priori construct map to inform 
the selection of their assessment items and the absence of a specific intent to control 
for confounding factors make it difficult to determine how well the assessment iso-
lates particular aspects of cognition (in their case solution strategies).

Other projects, such as the Reframing Mathematical Futures II project (Siemon 
et al., 2017) and Mindmapper (Confrey et al., 2018), articulate hypothetical learn-
ing progressions, similar to a construct map. These types of assessments can be 
very useful to teachers to map individual students’ knowledge within a mathemati-
cal domain along a trajectory of topics. Our work is similar but differs in specific 
ways. First is grain size because our work focuses on specific student conceptions, 
as opposed to knowledge of mathematical topics within a domain, it is necessarily 
smaller in scale. Another is our focus on the development of item types, as opposed 
to specific items and assessments. Item types offer the benefit of flexible use by 
teachers in conjunction with the construct map, but there is likely some tradeoff with 
rigorous validation efforts associated with fully formed assessments. Additionally, 
the use of multiple items within an item type also allows researchers to address/
examine the impact of confounding variables on the placement of topics/concep-
tions along a difficulty hierarchy in a way the use of only a few items may not. This 
type of work serves as complementary to larger-scale learning progression assess-
ments, and the two approaches can likely inform and improve each other.

As previously described, a construct map starts out as a theorized model where 
the ordering of elements is hypothesized based on previous research. Item types are 
then designed to assess the elements in the construct map. The next step involves 
conducting analyses on the item types to examine the relationships between them 
and to further develop and provide clarity to the elements in the construct map. 
Figure 2 presents our construct map for proportional reasoning including both the 
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student conception elements and the item types in a hypothesized order of difficulty. 
For the purpose of iteratively improving the articulation of our construct map, we 
wanted to determine if the item types would consistently manifest themselves in a 
similar hierarchical pattern. In other words, would particular item types be easier or 
harder than others? If so, this could provide evidence of a hierarchical order amongst 
the conceptions within our construct map of students’ proportional reasoning. In the 
next section, we present the methods and results related to our analyses. Our guid-
ing research question is: What information do the item type difficulties provide to 
inform modification of or evidence in support of the construct map?

Comparing item types

Once an item type framework has been developed that addresses the qualitatively 
different components or levels within the construct map, assessments can be devel-
oped and administered, and Rasch analysis is used to generate item difficulties to 
compare across item types. Rasch analysis generates scores for both student ability 
and item difficulty. The estimates of student ability and item difficulty obtained from 
a Rasch analysis situate test takers’ understanding (ability) and item difficulty along 
a common equal-interval scale when the data adhere to Rasch model requirements 
(Bond & Fox, 2013). While it is relatively common to compare student groups on 
their scale scores (cf., Foster et al., 2016), it is less common to compare item types 
on their difficulties but the analytic processes are the same.

Researchers (e.g., Andrich et al., 1997; Callingham & Siemon, 2021; Long et al., 
2011) have examined individual item locations (along an interval scale) to assist 
in describing patterns in students’ understanding of particular mathematics topics. 
Wolfe and Smith (2006) recommended the examination of means of similar types of 
items to provide valid evidence supporting an instrument’s assessment of a particu-
lar construct. Similarly, Bolt et al. (2016) used item type means to describe relation-
ships among construct components within an instrument. They use the term scale 

Fig. 2   The full construct map 
representing the relationship 
between student conceptions 
and the item types, including the 
hypothesized difficulty of the 
item types
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anchoring to describe the identification of regions along a measurement scale where 
particular construct components tended to be assessed by related items. Siemon 
et al. (2018) describe these as zones and outline the steps in the process of identi-
fying broad descriptions of behavior and teaching implications for each zone. Our 
approach seeks to intentionally isolate components within the construct map with 
our item types prior to assessment construction and administration. From a diagnos-
tic perspective, these item types can then be used to assess students’ understanding 
of different components within a construct. From the perspective of further articu-
lating a construct map, the item type means can be compared to better understand 
hierarchical patterns in particular components within a construct.

The following proportional reasoning exemplar section for comparing item dif-
ficulties is formatted using a more traditional method and result structure.

Methods: comparing proportional reasoning item types

Participants

The goal of student sample selection was to have a wide range of person abilities,  
or student knowledge, related to proportional reasoning across the different item 
types. This helps to ensure each item has enough individuals who respond correctly 
and incorrectly to the item, improving the accuracy of item difficulty estimates. 
Therefore, we sought out students we expected to have limited exposure to propor-
tional reasoning instruction (grade 6 students) all the way to students who should be 
done receiving classroom instruction on proportional reasoning (grade 9 students) 
and all the potential varying levels between.

In addition to our focus on a spread in abilities, we also wanted a relatively 
diverse sample across several variables that have the potential to influence math-
ematics achievement. Therefore, we secured samples from schools that differed 
across the following variables; instructional materials used (all four schools used 
different curricular resources), the socioeconomic status of students (schools ranged 
from 18 to 47% of students qualifying for free-and-reduced lunch), geographic set-
ting-rural (1), suburban (2), and urban (1), and school designation-public charter (1) 
versus public traditional (3).

The assessment was administered to 1140 students in grades 6–9 from four differ-
ent schools and school districts in the Pacific Northwest (grade six, 357; grade seven, 
310; grade eight, 417; grade nine, 42; and unreported grade, 14). The majority of 
students at two middle schools took the assessments (school one, 531; school two, 
378). The other two schools had a subset of students take the assessments (school 
3, 88; school 4, 143). Students at schools three and four were targeted with the goal 
of broadening the participation of students who typically performed relatively well 
on the end-of-year assessments. This portion of the sample of students was obtained 
to ensure enough students scored in the upper range of the assessment to increase 
personal reliability (Linacre, 2016). It is important to understand that random sam-
pling is not an assumption in the Rasch model. What is important is having a range 
of personal abilities (i.e., respondents that score from very low to very high on the 
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instrument). Item difficulty estimates are independent of the sampling distribution 
obtained if the data fits the Rasch model (Wright, 1977).

Setting and timeline

Meetings with teachers and school administrators were conducted to determine 
interest and discuss assessment administration procedures. The assessment packets 
were delivered to the schools within a week of these meetings. Teachers were asked 
to administer the assessments to students within the next 2 weeks. The administra-
tion directions requested that students not be allowed to use a calculator and that 
students could express their answer as either a fraction or a decimal if applicable. 
In addition, we communicated there was no time limit for the assessment but antici-
pated it would take students about 30 min.

Instruments

Six different forms of the assessment were created, each with four item blocks (see 
example item block in Table 2). There were a total of 20 items per form, with the 
first 10 items the same across all six forms and the remaining 10 items different. We 
needed data across a large collection of items, but there were too many items for 
each student to answer in a reasonable timeframe. Therefore, we used common item 
equating methods to put all data from each form on a common scale. This resulted 
in 68 distinct items (two items were repeated on two of the forms beyond the com-
mon 10 items). The items maintained a consistent format and spacing across all six 
forms. Appendix 1 provides the front side of an example assessment form.

Rasch data analysis

Researchers (e.g., Andrich et  al., 1997; Callingham & Bond, 2006; Long et  al., 
2011) have argued for the use of Rasch methodology in mathematics education due 
to its diagnostic capabilities in describing and interpreting student and test perfor-
mance in relation to the underlying construct. The dichotomous Rasch model can be 
represented by

where L is the natural logarithm of the probability of success over the probability 
of failure. Bn is a student’s ability and Di is an item’s difficulty. The equation states 
that the log-likelihood for a student to answer an item correctly is a function of the 
difference between the item difficulty and the student’s ability. As the positive differ-
ence between B and D becomes greater (indicating the student is more able than the 
item is difficult), the more likely a student is to respond correctly to an item. Con-
versely, the greater the negative difference, the more likely a student is to respond 
incorrectly to an item. In  situations involving dichotomous scoring (0 = incorrect, 

L = ln(
P

1 − P
) = B

n
− D
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1 = correct), when student ability and item difficulty are the same, the model pre-
dicts a 50% probability that the student would respond correctly (or incorrectly).

The data were dichotomously scored (0 = incorrect, 1 = correct) and then ana-
lyzed using the Rasch model in the WINSTEPS version 3.70.0.5 (Linacre, 2016). 
There was no pattern to missing data, therefore, missing data was coded as miss-
ing, which does not bias estimates in Rasch measurement. Each form of the test 
was first analyzed independently with a focus on the examination of item fit for that 
form. Once specific fit issues were corrected (described below); the data from the 
six forms were combined into a single spreadsheet and analyzed through concurrent 
calibration.

Prior to examining the hierarchical functioning of the item type subgroups, we 
first determined if there was sufficient evidence of the technical quality of the items 
and their fit to Rasch model requirements. To do so, we examined the following item 
characteristics:

(a)	 Do the item fit statistics support unidimensionality and local independence?
(b)	 Do the item residuals support unidimensionality and local independence?

Item fit  The technical quality of the items in the context of the Rasch model is exam-
ined through fit statistics. Fit statistics assist in the identification of items whose 
data do not conform to Rasch model requirements for unidimensionality and local 
independence via a comparison of what is observed and what is expected by the 
model. Given the size of our sample, we initially identified four items with Z- 
standardized (ZSTD) infit and outfit statistics greater than 2.58 (p < .01) for misfit, and 
these items were flagged for further investigation. The fit issues involved 18 of the 
1140 students who had solved the majority of the problems either correctly or incor-
rectly, then incorrectly or correctly responding to a particularly easy or hard item, 
respectively. That is, their performance on that one item was not indicative of their 
performance on the overall assessment. For example, several students responded 
correctly to all of the assessment items except one extremely easy item. To examine 
the impact of these misfitting responses on the item measures, the data point repre-
senting an individual item (i.e., one of the 20 responses) was coded as missing for 
18 of the 1140 students. This resulted in no items with Z-Standardized (ZSTD) infit 
and outfit statistics greater than 2.58 (p < .01). A comparison of the resulting item 
measures for the four (originally misfitting) items to their original item measures 
indicated very small changes in the overall item measures (−0.04, −0.10, −0.11, and 
0.14) that were not statistically significant (p = 0.35, 0.37, 0.68, 0.47, respectively). 
Therefore, we opted to use the original item measures (i.e., the item measures prior 
to coding the 18 individual responses as missing).

Residual analysis  As the item fit statistics described previously are not useful in 
all situations for detecting model violations, a principal component analysis (PCA) 
of standardized residuals is also recommended. This combination of methods has 
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proven effective at detecting departures from the unidimensionality and local inde-
pendence requirements of the Rasch model employed in this evaluation (Linacre, 
1998; Smith, 2002).

The Rasch model assumes data are unidimensional. Data should be checked for 
this assumption. Data are composed of the Rasch dimension (the construct under 
investigation) and unexplained variance. The unexplained variance is composed of 
random variance and other effects (e.g., secondary dimensions, a strand within the 
Rasch dimension, or random correlations). A PCA of the standardized residuals is 
run in the WINSTEPS program to decompose the unexplained variance. If there 
are contrasts with eigenvalues greater than 2.0, then you need to examine the item 
clusters for these contrasts to determine if there is potentially a meaningful second 
dimension. In addition, disattenuated person measure correlations less than + 0.3 
may also indicate a secondary dimension.

The PCA of the residuals for our data indicated we had one contrast barely above 
an eigenvalue of 2.0 at 2.07. Given that this was 1.6% of the observed variance, 
we suspected this was likely random variation. However, we proceeded to check the 
item clusters to determine if a meaningful secondary dimension could be seen based 
on the item groupings. There did not appear to be an underlying structure when 
examining the clusters of items in the first contrast. However, to double-check, we 
also examined the disattenuated person measure correlations. They were 1.0 across 
the three clusters indicating there was not a secondary dimension. Therefore, our 
data can be assumed to fit the Rasch model assumption of unidimensionality and 
local independence.

Results: comparing proportional reasoning item types

A one-way ANOVA was conducted to compare the effect of item type on Rasch 
item difficulties for small single-digit multiplier, double-digit scalar multiplier, unit 
rate, generalizing, and equation items. There was a significant effect of item types 
on item difficulties at the p < .05 level for the five item types [F (4, 63) = 36.11, 
p < .001]. Post hoc comparisons using Tukey’s HSD test were conducted to  
determine which pairs of the five item type means differed significantly. These 
results are given in Table 3 and indicate there was a significant difference between 
all item types except double-digit scalar multiplier to unit rate and double-digit  
scalar multiplier to generalizing. Box plots of the item measures by item type are 
provided in Fig. 3.

Examination of the box plots in conjunction with the item type means in Table 3 
helps to illuminate the differences between the five item types designed to assess 
student understanding and student ability to make use of particular solution  
strategies. Small single-digit multiplier items are the easiest item types, followed by  
the two item types focused on the composed unit conception–unit rate and double-
digit scalar multiplier. There was not a significant difference between these two 
item types. The two item types designed to press for the multiplicative comparison 
conception–generalizing and equations–had the highest item difficulties, indicating 
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these items were the most difficult for students to answer correctly. Within these 
two item types, the equation item type was significantly harder than the generalizing 
item type.

When the item types are grouped within the conception they assess, as in Fig. 3, 
they highlight the trajectory of proportional reasoning conceptions from informal 
to the composed unit to multiplicative comparison. It is important to note that the 
unit rate, generalizing, and equation item type means were differentially impacted by 
items that had whole number answers (see the placement of whole number answer 
types in Fig. 4 indicated by the triangles). That is, as much as we tried to spread 
out the impact of confounding variables, answer type appeared to have differentially 
impacted the item type means of the multiplicative comparison item types compared  
to the unit rate item type. There were 14 unit rate items, 2 with whole-number 
answers, if removed the unit rate item difficulty mean increases by 0.16 (M =  −0.39, 

Table 3   Mean and standard deviation of the item difficulties for each item type and Dunnett T3 post hoc 
comparison results between item types

p < .001**; p < .01*

n SD DDSM UR G Eq

Small single digit multiplier (SD) 12 –
Double digit scalar multiplier 

(DDSM)
14 SD < DDSM** –

Unit rate (UR) 14 SD < UR* Not significant –
Generalizing (G) 14 SD < G** Not significant UR < G*
Equation (Eq) 14 SD < Eq** DDSM < Eq** UR < Eq** G < Eq*
Mean −1.91 −0.21 −0.55 0.60 1.79
S.D 0.80 0.49 1.03 0.98 0.70

Fig. 3   Box plot of item difficul-
ties by item type grouped by 
conception assessed
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SD = 1.02). There were 14 generalizing items, 4 with whole-number answers, if 
these were removed the generalizing item difficulty mean increases by 0.54, and the  
standard deviation decreases by 0.48 (M = 1.14, SD = 0.50). Lastly, there were 14 
equation items, 4 with whole-number answers, if these were removed, the equation  
item difficulty mean increases by 0.37, and the standard deviation decreases by 0.32 
(M = 2.16, SD = 0.38). If the 10 items with whole-number answers are removed 
from the ANOVA, there is a significant effect of item types on item difficulties at the  
p < .5 level for the five item types [F (4, 63) = 55.49, p < .001]. Post hoc comparisons  
using Tukey’s HSD test found the significant differences between the item types 
mirroring Table  3 with the addition of a significant difference between the unit  
rate (M =  −0.39, SD = 1.02) and generalizing (M = 1.14, SD = 0.50) item types. 
(These 10 whole number answer type items are indicated in the grayed-out boxes 
in Appendix 2). The implications of answer type impact are further discussed in the 
next section.

Fig. 4   Item difficulties by item type, highlighting the unequal impact of the whole number answer type 
items on the means of the three item types
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Discussion

The research reported here articulates a methodological approach to examining 
hierarchical relationships between qualitatively different components in a construct 
map, with a focus on iteratively improving the construct map specifications. The 
fourth and final step in this approach is reexamining the construct map, which we do 
in the next section first generally and then situated in our example of proportional 
reasoning. This is followed by implications for classroom instruction and assessment 
development.

Reexamine construct map

Reexamining the construct map involves determining how well the initial construct 
map aligns with the results of the item type analysis to determine if the proposed 
hierarchy aligns with the empirical findings. When findings differ, it is important 
to try to determine the cause. Is it an issue with the hypothetical model for cogni-
tion? Are the item types meaningfully assessing the conception? Or, are there con-
founding factors impacting the item type means? Determining the cause will help 
the developer understand if the construct map needs to be changed or if there is an 
issue with the items. This is a critical aspect of the methodological process and may 
result in further cycles.

For our proportional reasoning example, the student conceptions side of the construct 
map stayed the same in terms of ordering, but the item type side was revised to reflect 
the item type means (see the revised construct map in Fig. 52). The item type portion of 
the construct map is further discussed in implications for classroom instruction.

Our findings provide supporting evidence that item types designed to assess stu-
dents’ understanding of the multiplicative comparison conception are more difficult 
than item types designed to assess students’ understanding of the composed unit 
conception. This provides confirmatory evidence of the placement of these concep-
tions on the construct map. This finding is not surprising given the general accept-
ance in the literature of this hierarchical relationship (e.g., Simon & Placa, 2012; 
Steinthorsdottir & Sriraman, 2009). However, this study is the first we know of to 
operationalize these conceptions into item types and then examine the associated 
item difficulties. Given our previous research findings indicating no difference in 
item difficulties between problems designed to press for use of the scalar and func-
tional relationships in missing-value situations (Carney et  al., 2016), the current 
findings provide further evidence that the difference in difficulty is likely related to 
students’ conceptions–not the mathematical relationships themselves.

2  It is important to note our construct map is only one of several potential maps of proportional reason-
ing that could be developed depending upon the perspective and purpose of the developer. Our model 
may limit attention to other important aspects of proportional reasoning. We hope that others will 
attempt to verify aspects, modify the existing map and item type framework, and/or develop their own in 
the future.
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Implications for classroom instruction

Generally, we see the combination of the construct map and item types as use-
ful tools for teachers and curriculum and assessment developers. The hierarchical 
ordering of the qualitatively different components within the construct map helps to 
address Shepard’s (2018) call for qualitatively meaningful interpretation of quantita-
tive test scores. If used as a formative assessment tool, these item types can assist 
teachers in determining (roughly) where students are within the map and allow them 
to track student progress. Curriculum and assessment developers could incorporate 
the item types and construct map information into the materials, as called for in 
reviews of these materials (e.g., Dole & Shield, 2008).

More specifically for proportional reasoning, the finding of a significant difference 
between unit rate and item types designed to measure students’ understanding of the 

Fig. 5   The final construct map 
representing the relationship 
between student conceptions 
and item types based on the 
empirical difficulties of the item 
types
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multiplicative comparison conception (generalizing and equation), once answer type bias 
is controlled for, provides evidence that unit rate solution strategies–while mathematically 
resulting in the same answer–do not indicate an understanding of the multiplicative com-
parison conception as others have also suspected, “…we do not assume that the per-one 
notion of intensive quantities brings with it other important ideas, such as the invariant 
multiplicative relationship between covarying quantities (Simon & Placa, 2012, p. 39).” 
Additionally, the significant difference between the generalizing and equation item types, 
indicates stating the multiplicative comparison relationship in a generalized manner was 
easier for students than making use of the relationship in an equation. This provides some 
evidence that the ability to understand slope in an equation from both a composed unit 
and multiplicative comparison conception, may be contingent upon first meaningfully 
generalizing the multiplicative comparison relationship.

The findings related to the hierarchical relationships for students’ conceptions 
and item types have potential implications for classroom instruction that need  
to be further explored. For example, is the hierarchical relationship between the 
composed unit and multiplicative comparison conceptions a result of development 
or instruction? Lo et  al. (2004) describe an extensive focus on the multiplicative 
comparison conception in Asian textbooks. It is possible that for students who  
experience a different initial instructional experience around ratios, rates, and  
proportions the conception or item type hierarchies would shift. This would be an 
important area of research to help delineate the boundaries for application of the 
construct map and item type framework that also has instructional implications. 
What does the presence of a hierarchical relationship indicate in terms of classroom 
instruction? Do teachers need to focus first on one conception and then the other, or 
is the issue that the multiplicative comparison is not a significant enough focus of 
instruction (at least in some countries), and therefore, our instruction should more 
strongly focus on the articulation of the multiplicative comparison conception from 
the beginning of proportional reasoning instruction? These types of questions are 
not answered by the present research, but our work could support further research 
needed to assist teachers in making these types of instructional decisions.

Implications for assessment development

The impact of confounding factors is an important component of this work and has 
implications for assessment developers. Our results indicate that careful attention 
to potential confounding variables–such as answer type–is an important component 
to determining where a topic or conception is “placed” along a score continuum. 
In other words, if confounding variables are not carefully attended to, the mean 
item difficulties of items assessing a topic can be impacted. Thus, impacting where 
the topic is considered to lie along the continuum. It makes one wonder whether 
large scale, online assessment systems that assign mathematical competencies to 
student scale scores (e.g., this student can add and subtract rational numbers) have 
controlled for confounding variables in ways that support their score interpretation 
claims. We hope that this work encourages assessment developers to carefully attend 
to this aspect of validity related to score interpretation.



1 3

Construct maps and item frameworks: an example in proportional…

Limitations and future research

The first item presented for each item block was the item type with the easiest item diffi-
culty (small single-digit multiplier) if reading from left to right. The remaining items were 
placed to the right in a vertical format and could be done in any order. However, if a stu-
dent moved from the top down within an item block, they would experience more difficult 
item types in the 2nd and 3rd items (see Appendix 1 for an example). It is possible that 
presenting the more difficult items earlier in the sequence may have impacted test takers. 
A future investigation could administer the items in different orders based on predicted 
difficulty to examine the potential effects of item type order as a confounding variable.

We maintained the contextual nature of the item block by using words instead of letters/
symbols within the equation, but it is still possible the more formal/mathematical structure 
of the equation item types impacted their difficulty. This progression in formality is similar 
to what occurs in mathematics classrooms. However, it may be useful to develop additional 
item types that assess students’ multiplicative comparison conceptions around the functional 
relationship to better understand the impact of formal mathematical structures on reasoning.

Conclusion

The National Research Council Committee on the Foundations of Assessment (Pellegrino 
et  al., 2001) called for the development of assessments focused on student cognition  
several years ago. More recently, we have seen a rise in the use of psychometric models  
in mathematics education as a tool for both assessment development and to investigate  
student cognition (cf. Izsak et  al. 2016). As noted by Izsak et  al. (2016), doing this  
combined work well requires the pairing of extensive expertise in understanding students’ 
cognition as it relates to particular mathematics domains with measurement expertise. We 
see this combined expertise as key to the development of high-quality information and 
materials applicable for use at the classroom level. We also see the need to be pragmatic in 
the choices we make when conducting this work if the focus is on classroom applicability.  
High levels of expertise in students’ mathematical cognition and/or measurement can  
lead to relatively detailed or precise models that may be ideal for research purposes but 
could go beyond what is desired by classroom teachers. Instructional usefulness should  
be the priority of this work (Pellegrino et al., 2016). For example, while our proportional 
reasoning domain articulation is relatively simple compared to the extensive research  
that has been conducted in this area, its focus is on generating information and materials  
useful to classroom teachers. Therefore, we made some pragmatic choices to simplify  
our domain articulation for that purpose, such as using language in our construct map  
that aligns with materials designed for use by middle school teachers around proportional  
reasoning (Lobato et  al., 2010; Olson et  al., 2015). Similarly, while our measurement 
model is relatively simple compared to others, its simplicity makes the interpretation of 
the construct map and item type framework accessible to a broad audience. Therefore, 
we see a combination of mathematics education and psychometric evidence as critical to 
this approach, while at the same time we see a need for a strong focus on instructional 
relevance.
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With regard to the development and articulation of construct maps and item type 
frameworks, while these may be relatively common processes as steps in an assess-
ment development cycle (Wilson, 2004), their articulation for use by teachers is less 
well defined. The materials generated by the CGI professional development project pro-
vide one example (e.g., Carpenter et al., 2004). We see the need for further investigation 
related to how well-developed construct maps and item type frameworks can be articu-
lated and presented to ensure their usefulness and accessibility for the classroom teacher 
and how this type of work can be scaled to large numbers of teachers. A focus on develop-
ing and scaling these types of instructional and curricular resources could assist teachers 
in answering the call to provide instruction focused on building upon students’ thinking.

Appendix 1



1 3

Construct maps and item frameworks: an example in proportional…

Appendix 2

The table below presents the fourdifferent ratios and three different units used in the 
construction of theitems from the item types. Each row in the table represents one 
item block.

Ratio Units
Items Types

Small Single-Digit
Multiplier

Double-Digit Scalar 
Multiplier Unit Rate Equation Generalizing

5:4

Discrete:
Cookies & Cost

Scalar x2 Scalar x15

C÷$ = 1.25 C= 1.25*$ $ is 0.8of C

Continuous
Different Units:
Miles & Hours Scalar x4 Scalar x18

M÷H = 1.25 H= 0.8*M M is 1.25of H

Continuous
Same Units:
Red and White 

Paint Scalar x4 Scalar x15

R÷W = 1.25 W = 0.8*R R is 1.25of W

5:2

Discrete:
Cookies & Cost

Scalar x4 Scalar x18

$÷C= 0.4 $= 0.4*C C is 2.5of $

Continuous
Different Units:
Miles & Hours Scalar x3 Scalar x16

M÷H= 2.5 H= 0.4*M M is 2.5of H

Continuous
Same Units:
Red and White 

Paint Scalar x4 Scalar x18

R÷W = 2.5 W= 0.4*R R is 2.5of W

Ratio Units Small Single-Digit
Multiplier

Double-Digit Scalar 
Multiplier Unit Rate Equation Generalizing

6:3

Discrete:
Cookies & Cost

Functional x2 Scalar x15

$÷C= 0.5 C=2*$ $ is 0.5of C

Continuous
Different Units:
Miles & Hours

Functional ÷2

M÷H=2 H= 0.5*M M is 2 of H

H÷M= 0.5 M=2*H H is 0.5of M

Continuous
Same Units:
Red and White 

Paint Functional x2 Scalar x18

W÷R= 0.5 W= 0.5*R R is 2 of W

12:3

Discrete:
Cookies & Cost

Functional x4 Scalar x15

$÷C= 0.25 C=4*$ $ is 0.25of C

Continuous
Different Units:
Miles & Hours Functional x4 Scalar x15

H÷M= 0.25 H= 0.25*M M is 4 of H

Continuous
Same Units:
Red and White 

Paint
Functional x4

W÷R= 0.25 R=4*W W is 0.25of R

R÷W=4 W= 0.25*R R is 4 of W

The grayed-out portions of the table indicate those items that were removed from analysis due to their whole number answers.
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