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Introduction
The quest for improved designs for the cooling of heat-

generating devices has long been the goal of modern heat
transfer engineers and researchers. In an era of rapid advances
in the development of new high performance microchips
and electronic miniaturization, the trend is to install an ever-
increasing number of heat-generating devices into a given
space. The ability to remove heat from these devices has become
an important challenge in the design of these components.1 In
coming years, it is projected that the heat fluxes from these
devices may exceed 100 W/cm2 and air cooling techniques are
unlikely to be able to meet the cooling needs of these high heat
flux electronic packages,2,3 which is why there is great interest in
micro-channel cooling techniques. This development has also
led to an increasing demand for highly efficient cooling technol-
ogies. To solve these problems, several novel techniques have
been proposed and studied theoretically, numerically and
experimentally. These techniques have been reviewed by Dirker
et al.1 One of the new ideas is in the field of constructal design,4

where objectives and global constraint (fixed volume, area, etc.),
lead to a geometric form which performs maximally under given
constraints. Designing an optimal configuration for micro-
channels, where space and size are constrained, has become an
area of particular interest as optimization of flow system archi-
tecture is a widespread occurrence in engineering and nature.

We will atttempt to explore this technique in the optimal
design of a given micro-channel. The flow configuration/geome-
try is the unknown, and is free to change. According to
constructal theory, the optimization of geometry starts at the
smallest (elemental) scale, which in this study is a unit cell of a

micro-channel heat sink with a fixed volume and variable shape.
Optimal geometry has been determined for natural convection,5,6

and for forced convection with specified pressure differences.7,8

Most of these works have been reviewed in ref. 4 and are not
reviewed again here.

Significant research9–16 has also been conducted on the flow
and heat transfer characteristics of micro-channel heat sinks
because of the ability to remove heat from high heat flux areas.
These studies relied on the finite volume method to study the
flow and heat transfer characteristics. They captured results that
were also obtained experimentally,9,17 and proved the viability of
the finite volume method in the modelling of flow and heat
transfer in heat sinks or flow in small length scales.

The purpose of this paper is to optimize numerically the flow
configuration of a micro-channel heat sink, by using the finite
volume method. The volume of the heat sink cooling channel
and the volume of the conducting solid material are fixed. Also
fixed is the axial longitudinal pressure drop. We seek to determine
the optimal geometry for maximum global conductance (or
minimized peak temperature).

Model and mathematical formulation
Figure 1 shows a schematic drawing of the physical model and

the computational domain for a micro-channel heat sink. Heat is
supplied to the highly conductive silicon substrate with known
thermal conductivity from a heating area located at the bottom
of the heat sink; it is then removed by a fluid flowing through
a number of micro-channels as shown in Fig. 1. Using the
advantage of symmetry, we select for analysis a unit cell consist-
ing of a micro-channel and the surrounding solids, as is shown
in Fig. 2. This selection is based on the models of Tuckerman and
Pease, and of Kawano et al. First we reproduced the work of
Tuckerman and Pease, then applied constructal techniques to
the design according to the work of Kawano et al.15

The heat transfer in the unit cell is a conjugate problem that
combines heat conduction in the solid and convective heat
transfer in the liquid. The two heat transfer mechanisms are
coupled through the continuity of temperature and flux at the
interface between the fluid and the solid. The fluid with inlet
temperature T0 is driven through the micro-channel by a fixed
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This paper reports numerical optimization results for three-
dimensional heat and fluid flow in a rectangular micro-channel heat
sink using water as the cooling fluid. The conducting heat sink
consists of silicon wafer. Numerical simulation was conducted on a
unit cell which is a micro-channel heat sink with a fixed volume of
0.9 mm3 and a fixed axial length of 10 mm. Geometric optimization
was carried out to determine the optimal aspect ratio of a unit cell of
a heat sink that minimized the overall maximum temperature and
thus maximized the overall global thermal conductance. The effect
of total volume fraction of the silicon wafer on the optimal aspect
ratio and minimized maximum temperature was also studied.
Results show that as the pressure drop increases, the minimized
peak temperature decreases, and suggests that there is an optimal
allocation of solid volume fraction for a fixed pressure drop. The
behaviour of the optimized volume is in agreement with the
constructal design method, where the objective is to minimize the
peak temperature, subject to the constraints of fixed total volume
and solid (silicon wafer) material.
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‡Author for correspondence. E-mail: tbochende@tuks.co.za Fig. 1. Micro-channel computational unit cell of a heat sink.



pressure difference ∆P = P(z = 0) – P(z = L), which is maintained
between the channel inlet and outlet. The objective of the
following analysis is to determine the heat transfer characteris-
tics for a given micro-channel and the best possible configuration
(L, t1 /t2 , t2 /t3 , H/G) which corresponds to the maximal global
thermal conductance or global minimal thermal resistance.

The following assumptions were made to model the heat
transfer and fluid flow in a unit cell under the conjugate model:
the hydraulic diameter of the micro-channel under analysis is of
the order of 100 µm; for water, the continuum regime applies
hence the Navier-Stokes equation can still be used to describe
the transport processes; steady-state conditions for flow and
heat transfer; incompressible flow; the properties of the solid
and fluid are constant; and the heat transfer due to radiation and
natural convection are negligible. Based on these assumptions,
the continuity, momentum and energy equations for the cooling
fluid are
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where ∇ = + +2 2 2 2∂ ∂ ∂ ∂ ∂ ∂/ / /x y z , and the origin of the
Cartesian frame (x, y, z) is located in the bottom left corner of the
computational domain.

For the volume occupied by solid, the momentum equation is
simply

�

U = 0 (6)

and the energy equation is

k Ts∇ =2 0 . (7)

The whole unit volume (cell) is treated as a unitary (continuous)
domain. The geometric boundary conditions for the computa-
tional domains are indicated in Fig. 2. The flow boundary condi-
tions are that no-slip occurs on the walls inside the channel. At

the entrance of the channel, the pressure boundary conditions
become

P
V

P= +
αµΒe

out2 3/ , (8)

where Be is the dimensionless pressure number based on the
unit volume.16,17 P = 1 atm at the channel outlet, and T = 20oC at
the channel inlet. The thermal boundary condition consists of an
assumed uniform heat flux that is imposed at the bottom of the
heat sink
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The remaining outside walls and the plane of symmetry of the
heat sink were modelled as being adiabatic. The continuity of the
temperature and flux at the interface of the solid and fluid
surfaces requires
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where n is the direction normal to the walls.
The shape of the heat sink and cooling channels are allowed to

vary, by changing G, H, t1, t2 and t3 . We are interested in the
geometric arrangement that maximizes the overall global
thermal conductance of the geometry, which in dimensionless
form is defined as

C
q L

k T T
=

−
”

( )max 0
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Here q” is the heat flux from the base of the micro-channel heat
sink, k is the thermal conductivity of the fluid, and L is the length
of the computational domain of the unit volume. The global
conductance C is a dimensionless way of expressing the ratio of
the total heat transfer rate divided by the largest excess tempera-
ture (Tmax– T0) reached at any point in the heat sink. The reciprocal
of C is defined as the dimensionless global thermal resistance.

Numerical method and code validation
The finite volume method was used to solve the continuity,

momentum and energy equations. A detailed explanation is
given in Patankar.19 In the finite volume method the domain is
divided into a number of control volumes such that there is one
control volume surrounding each grid point. The grid point is
located in the centre of the control volume. The governing equa-
tion is integrated over each control volume to derive algebraic
equations containing a point value of the dependent variable at
the grid point. The discretized equations express the conservation
principle for a finite volume.

The second-order upwind scheme was used to model the
combined convection-diffusion effect in the transport equations.
The resulting algebraic equations were solved using a line-by-
line tri-diagonal matrix inversion algorithm. The SIMPLE algo-
rithm18 was then applied to solve the coupled systems of equa-
tions. The solutions were considered converged with the
criterion |(γi+1 – γi+1)/γi+1|≤10–3, where γ represents u, v, and w,
and i is the iteration number. An additional convergence
criterion was that the residual of the energy equation was less
than 10–9. A grid independence study was carried out for the
dimensions given in Table 1 to determine their maximum
thermal resistance. Tests show that for a control volume a mesh
size of 20 in the x-direction, 40 in the y-direction and 150 in the
z-direction ensures a grid-independent solution in which the
maximum thermal resistance changes less than 2.5% when the
mesh is sequentially doubled.

The numerical code was verified in several ways. The first
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Fig. 2. Computational domain of a micro-channel heat sink.



method was to reproduce the work of Tuckerman and Pease9

and Toh et al.14 (see Table 1). The computational model in Fig 2
was amended by removing the solid component on top of the
heat sink and replacing it with a plastic cover and making t3 = 0.
The results obtained using the finite volume method were then
compared with experimentally measured thermal resistance
from different flow rates. The results of this work were then
compared with experimental results supplied by Tuckerman
and Pease9 using the local thermal resistance,

R x
T x T

q
( )

( )
”

=
−max 0 . (12)

In Equation (12) R(x) is the thermal resistance at some distance
x from the entrance. Tables 1 show the values of the dimensions
used to validate the present numerical model.

Table 2 reports the maximum thermal resistance for three cases
tabulated in Table 1. These thermal resistances were reported at
z = 9 mm. Table 2 shows the comparison between the thermal
resistance measured experimentally by Tuckerman and Pease,9

numerically by Toh et al.,10 and those calculated [using Equa-
tion (12)] in this study. The agreement with the experimental
work is within 28% for case 1, 11% for cases 2 and 3, and within
2% for the numerical results.

In the second validation of the numerical results, the heating
component in Fig. 1 was placed on top of the micro-channel heat
sink, as in the work of Qu and Mudawar.11 The comparison was
made for different Reynolds numbers in the range of 90 ≤ Re ≤
400, where the Reynolds number is defined as

Re =
u hD

ν
(13)

and the hydraulic diameter is
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where Ac is channel cross-sectional area and S is the perimeter of
the micro-channel. Figure 3 reports the thermal resistance for
inlet and outlet for the cases tabulated in Table 1b. It can be seen
that the present numerical analyses also capture the work of Qu

and Mudawar,11 and predicts well the inlet and outlet thermal
resistances. The maximum differences are 1.8% for the inlet and
1.5% for the outlet resistances.

Once the model adopted in this work was validated, numerical
optimization was performed to determine the optimal geometry
of the micro-channel using the constraints outlined in the next
section. The above code verification and grid-independent test
provide confidence in the numerical code and approach used in
this work. A detailed optimization procedure for the heat sink is
presented in the following section.

Optimization constraints and parameters
The theory of constructal design is applied to an arbitrary unit

of micro-channel heat sink with a fixed given volume (length
and cross-sectional area), and substrate material. The only param-
eter that is allowed to vary is the cross-sectional shape of the heat
sink, and the ratio of the internal thickness of the vertical and
horizontal substrate.

The elemental volume constraint for a given computational
cell is

GHL = V(constant) (15)

and the volume of the solid substrate is

2Ht1L + (G – 2t1)Lt2 + (G – 2t1)t3L = Vs (constant) . (16)
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Table 1. (a) Dimensions of the unit cell of a micro-channel heat sink used for comparison with refs 9 and 10, when the heat sink is heated from the bottom.

Case H (µm) G (µm) t1 (µm) t2 (µm) H – t2 (µm) G – t1 (µm) φ L (mm)

1 533 50 22 213 320 28 0.6638 10
2 430 50 22.5 143 287 27.5 0.633 10
3 458 50 25 156 302 25 0.668 10

The thermal conductivity of silicon substrate is taken as 148 W/mK.

(b) Second dimensions of micro-channel heat sink used for the comparison with ref. 11.

Case H (µm) G (µm) t1 (µm) t2 (µm) H – (t2 + t3) (µm) G – 2t1 (µm) φ L (mm)

1 900 100 22.5 270 180 28 0.6638 10

Table 2. Comparison of thermal resistance at x = 9 mm.

Case from Table 1 q” (W/cm2) �Q (cm3/s) R (K.cm2/W)

Tuckerman and Pease9 Toh et al.10

Experimental Simulation Present calculation

1 181 4.7 0.110 0.157 0.154
2 277 6.5 0.113 0.128 0.126
3 790 8.6 0.09 0.105 0.103

Fig. 3. Comparison of numerical predictions at inlet thermal resistance, and outlet
thermal resistance.



For a fixed length we have

GH
V
L

A= = (constant). (17)

The volume of the micro-channel is

Vf = V–Vs (constant). (18)

Equation (16) can also be expressed in terms of the solid
volume fraction, φ = Vs /V = As /A. Equations (16)–(18) can be
solved simultaneously for t1, t2 and t3 such that for any changes in
the assumed thickness and geometric parameters, the aspect
ratio (t1 /t2 , t2 /t3 , H/G and φ), the total volume, and volume of solid
substrate remain fixed. Because the volume remains fixed, the
cross-sectional shapes of the heat sink changes in such a way that
the solid substrate conducts the heat from the base such that the
thermal resistance is minimized. The total number of micro-
channels in the heat sink is obtained by

num = +2 1

W
B t (19)

for a fixed total width, W.

Results and discussion
A series of numerical optimizations and calculations has been

conducted and the results are presented to show the effects of
pressure drop, solid materials content, and effect of the external
aspect ratio for a fixed set of internal aspect ratios (the ratio of
base solid thickness to vertical thickness) on the optimal micro-
channel geometry. Some important fluid flow and heat transfer
parameters that are employed in this study are summarized in
Table 1b. The thermo-physical properties of water used in this
study are based on water at 20°C. The volume of the micro-
channel is fixed and it is based on the data given by Qu and
Mudawar.11 The applied heat flux at the bottom of the micro-
channel was set at 100 W/cm2. We seek to determine the
optimum geometry that minimizes the maximum temperature,
Tmax, or the overall global conductance.

Optimal micro-channel heat sink
The heat sink has five degrees of freedom, L, H/G, t1 /t2 , t2 /t3 and

φ. For this study three degrees of freedom were fixed: L, t1 /t2 and
t2 /t3, while the other two were allowed to vary with the assumed
pressure drop. In the first stage of the optimization, we fixed the
internal structure of the micro-channel by setting (t1 /t2 = 0.08,
t2 /t3 = 1 and φ = 0.8). The total volume of the unit micro-channel
was set to be V = 0.9 mm3, the axial length of the micro-channel
was fixed at 10 mm, and the unit cross-sectional area was
0.09 mm2. The heat sink is expected to occupy a total base surface
area of 10 mm × 10 mm. The pressure drop across a unit cell was
set at 50 kPa for the first optimization. Figure 4 shows how the
external shape H/G varies with Tmax (in all figures a marker is used
for the result of the numerical study and a trend line is used to
connect the markers). It shows that there exists an optimal
micro-channel cross section that minimizes the maximum
temperature at any point in the micro-channel arrangement.
This procedure was repeated for different ranges of φ as shown
in Fig. 5. This Figure suggests that there is an optimal allocation
of solid fraction that minimizes the maximum temperatures.

Figure 6 summarizes the effects of pressure drop on the optimal
external aspect ratio, in the range 10 kPa ≤ ∆P ≤ 75 kPa. For a
fixed solid fraction, the optimal external aspect ratio exhibits two
types of behaviour as shown in Fig. 6. At low pressure drop, the

optimized
H
G









opt

ratio increases with a rise in the pressure drop,

while for ∆P ≥ 50 kPa,
H
G









opt

increased slightly with increase in

the pressure drop and almost invariant for φ = 0.8. Similarly, the

optimized external aspect ratio
H
G









opt

decreases with an increase

in the solid volume fraction for the range of geometric parame-
ters investigated in this study. As the aspect ratio increases, the
channel becomes more slender in the vertical direction and the
value of the hydraulic diameter changes. The optimal hydraulic
diameter decreases with increase in the aspect ratio and with a
rise in the pressure drop. The minimum optimal hydraulic diam-
eter Dh,opt = 102 µm is obtained for a pressure drop of ∆P ≥ 50kPa
and φ = 0.8, whereas the maximum Dh,opt value of 154 µm corre-
sponds to a pressure drop ∆P = 10 kPa and φ = 0.3. In this work,
the optimal hydraulic diameter lies in the continuum region and
gives us confidence in our continuum assumption.

Figure 7 describes the behaviour of the minimized maximum
temperature difference, (∆T)min, with respect to the applied
pressure drop. (∆T)min decreases monotonically with increase in
pressure drop. There is an optimal volume of the solid fraction
and lies in the vicinity of φ = 0.5 and 0.4. For the range of
assumed parameters represented in in Fig. 7, the line represented
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Fig. 4. The effect of aspect ratio on the maximum temperature.

Fig. 5. The effects of aspect ratio and solid volume fraction on the maximum
temperature.



by φ = 0.5 and 0.4 is located below the lines corresponding to φ =
0.3 and φ = 0.8.

Figure 8 shows another way of reporting the results obtained
in Fig. 7. The results are reported based on the dimensionless
global conductance [Equation (11)] and dimensionless pressure
drop number, Be, from Equation (8). The maximized global ther-
mal conductance increases with an increase in Be. Figure 8
suggests an optimal solid fraction exists in the vicinity of φ = 0.5
and 0.4. This should be investigated further in future research.
For φ = 0.5, the maximized global thermal conductance can be
correlated within 0.05% with the power law

Cmax = 0.82Be0.38. (20)

These results are in agreement with previous work on the
constructal method,4 according to which maximum heat transfer
density means optimal packing such that flow regions that do
not contribute to global performance are eliminated.

For practical design purposes, Table 3 reports the geometry
and the numbers of micro-channels in a heat sink arrangement
for a given optimial geometry. The total base area for the silicon
wafer is fixed at 10 mm × 10 mm. Results show that, as the pressure
drop increases, the number of channels also increases for a given
solid volume fraction. These trends break down for high solid
volume fraction (φ = 0.8) and pressure drop (∆P ≥ 50 kPa). These
values can be used in future experimental set-ups to validate the
numerical results.

Figure 9 shows the temperature distribution of an optimized
micro-channel heat sink with a unit volume of 9 mm3 (∆P =

50 kPa,
H
G









opt

= 8, φ = 0.8, t1 /t2 = 0.08 and t2 /t3 = 1). The figure

illustrates the temperature distribution at the inlet plane
through to the outlet of the micro-channel heat sink; note that
the deep blue colour shown at the inlet of the micro-channels
gradually changes to light blue for the axial location of z = 5 mm

and to green at the outlet (z = 10 mm), as heat is conducted away
from the bottom of the unit. This temperature distribution varies
almost linearly from the inlet to the outlet of the micro-channels
and is distributed optimally along the given volume, so that
the maximum temperature at any given point in the heat sink
geometry is minimized. The temperature is a maximum at the
exit plane for any given geometry,

Conclusion
This paper addresses the fundamental problem of numerically

optimizing a three-dimensional rectangular micro-channel heat
sink by solving the three-dimensional conjugate heat transfer
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Fig. 6. The effects of pressure drop and solid volume fraction on the optimized
aspect ratio.

Fig. 8. The effects of dimensionless pressure drop number and solid volume frac-
tion on the dimensionless global thermal conductance.

Table 3. The total number of micro-channels, in a given heat sink arrangement, for a total base area of 10 mm × 10 mm.

∆P (kPa) (H/G)opt numopt = (W/G)

φ
0 3.

φ
0 4.

φ
05.

φ
0 6.

φ
0 8.

φ
0 3.

φ
0 4.

φ
05.

φ
0 6.

φ
0 8.

10 9 8 7 7 5 100 94 88 88 75
25 13 11 9.5 9 7 120 111 103 100 88
50 16 13 11 10 8 133 120 111 105 94
75 17 14 13 11 8 137 125 120 111 94

Fig. 7.The effects of pressure drop and solid fraction on the minimized temperature
difference.



model, in which the micro-channel’s hydraulic diameter is in the
order of 100 µm, which is in the continuum region. The heat sink
uses water as the cooling fluid, and consists of silicon wafer. The
total volume of the heat sink is fixed, as is the axial length. In the
first part of this paper, the numerical code is validated against
known numerical and experimental results for micro-channels
and was found to be in agreement with them. Numerical optimi-
zation results show that the optimal aspect ratio of a unit cell is a
function of the imposed pressure drop and the solid volume
fraction. The numerical results also indicate that there is an
optimal solid volume fraction.

The main conclusion is that constructal optimization procedures
need to be implemented to optimize the thermal and flow field
design of the micro-channel heat sink, which will lead to the best
external shape (aspect ratio) that minimizes (maximized global
thermal conductance) the temperature difference between the
cooling fluid and the maximum temperature at any point in the
heat sink geometry.

We recommend that for future work both the external and
internal aspect ratios (all the degrees of freedom) should be
optimized simultaneously. Also, that the effects of thermal
stresses on the optimized geometry at such a small length scale
should be investigated. We expect that the conceptual design of
micro-channel heat sinks using the constructal method will lead
to the improved design of heat sinks, with superior performance
and enhanced global thermal conductance.

Nomenclature
A channel cross-sectional area, m2

Be Bejan number based on a unit volume
B channel width, m
C dimensionless global conductance
Cp specific heat at constant pressure, J/kg.K
D diameter, m
G computational width (B + t1), m
H height, m
k thermal conductivity, W/mK
L axial length, m
n normal
num number of micro-channels
P pressure, Pa

�Q flow rate, m3/s
q” heat flux, W/m2

R thermal resistance, K.m2/W
Re Reynolds number
S perimeter of the micro-channel, m
T temperature, K
T0 inlet temperature, K
t1 half thickness of the vertical solid, m
t2 thickness of the base of the channel, m
t3 top thickness of the micro-channel heat sink, m
u, v, w velocity components in the x, y and z directions, m/s
�

U velocity vector, m/s
V volume, m3

W width of the heat sink, m
x, y, z Cartesian coordinates, m

Greek symbols
α thermal diffusivity, m2/s
∆ difference
µ viscosity, kg/ms
ν kinematic viscosity, m2/s
ρ density, kg/m3

φ volume fraction of solid material
γ dependent variable

Subscripts
c channel
f fluid
max maximum
min minimum
opt optimum
out outlet
s solid
h hydraulic diameter
Ω interface between the solid and fluid
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