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ABSTRACT

The problem of constructing in parallel a maximal independent set of
a given graph is considered. A new deterministic NC-algorithm imple-
mented in the EREW PRAM model is presented. On graphs with n ver-
tices and m edges, it uses O ((n+m)/logn) processors and runs in O (log®n)
time. This reduces by a factor of logn both the running time and the pro-
cessor count of the previoudly fastest deterministic algorithm which solves
the problem using a linear number of processors.

Key words: paralel computation, NC, graph, maximal independent set,
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1. Introduction

The problem of constructing in parallel a maximal independent set of a given graph,
MIS, has been investigated in severa recent papers. Karp and Wigderson proved in [KW]
that the problem is in NC. Ther agorithm finds a maximal independent set of an n-
vertex graph in O(log*n) time and uses O (n®/log®n) processors. In successive papers, the
authors proposed algorithms which either are faster, or use a smaller number of proces-
sors. Luby in [L1] and Alon et a in [ABI] presented probabilistic algorithms running in
O(log?n) time on a EREW PRAM with a linear number of processors. Luby aso
described a technique for converting probabilistic algorithms into deterministic ones; the
technique preserves the running time but requires an increase in the number of processors
used to O(n’m), where m is the number of edges in the graph. The first deterministic
NC-agorithm on a linear number of processors (EREW model) was constructed in [GS];
its running time is O(log®n). Recently, Luby [L2] proposed a general method for con-
verting randomized parallel agorithms into deterministic ones, which does not require an
increase in the number of processors. In the case of MIS, the method yields a new algo-
rithm running on a linear number of processors in polylogarithmic time; however, it runs
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slower than than that in [GS]. All NC-algorithms for MIS mentioned above use the fol-
lowing top-level design proposed in [KW]:
Start with an empty independent set |. Find an independent set |, add it to |, and
delete | and the vertices adjacent to a vertex in |’ from the graph. Repeat the pre-
vious step until the graph is empty.
Call FINDSET the procedure which constructs 1. One can easily prove that an agorithm
with such a structure belongs to NC if FINDSET is designed so that, on any n-vertex
graph (n>0), it runs in polylogarithmic time and delivers an independent set C such that
IC[JN(C)|=Q(n/log®n) for some fixed s=0; (N(C) is the set of neighbors of C).

In this paper, we present a new deterministic algorithm for MIS which improves the
running time of the algorithm in [GS] by a factor of logn and simultaneously reduces,
also by a factor of logn, the number of processors used. The algorithm is implemented in
the EREW model of computation. Thus, the processor-time product of the algorithm in
[GS] is improved by log?n. These gains are due to the new version of the FINDSET pro-
cedure. The new procedure finds in O (log?n) time an independent set | such that remov-
ing I ON (1) reduces the size of the graph by half. Thus, the procedure FINDSET needs
to be called only O(logn) times.

To reduce the number of processors used, we modify the definition of the size of the
graph so that it takes into account the number of edges deleted. The result of this
modification is that the processor-reduction technique of Miller and Reif [MR] can be
applied to reduce the number of processors necessary by a factor of logn.

Both the algorithm of [GS] and the one of this paper use the idea of a partial color-
ing. A partial coloring is an assignment of colors to some, not necessarily, al of the ver-
tices such that no two adjacent vertices have the same color. Examples of partial color-
ings include the trivial coloring where every vertex has a different color, and the empty
coloring where no vertex is colored. If a coloring assigns colors to al of the vertices,
then it is called complete. The set of vertices with the same color is called a color class.

FINDSET constructs a sequence of partial colorings starting with the trivial coloring.
The objective is to find a "big" color class C (the definition of "big" is given later). If
such a color class C is found, FINDSET deletes CON(C) from the graph; if no color
class is "big", some of the color classes are merged. A side-effect of this is that some
vertices become uncolored. FINDSET halts when all vertices are either deleted or
uncolored. It returns the union of all the "big" color classes it found.

The success of such an approach depends on the definition of a "big" color class and
on the efficiency of merging. When an algorithm decides to merge, it should do it "fast"
and so that "not-too-many" vertices are decolored. The technical means by which this
task is accomplished in our implementation is the comparison of two representations of the
edge set E of a colored graph. The first one views E as the union of the sets L (C) of
edges with an endpoint in the color class C, where C ranges over the set of all color
classes. Roughly speaking, L (C) measures the size of the part of the graph that would be
deleted if C is added to I. The second representation of E partitions the edges into
classes so that the membership of an edge is determined by the colors of both its end-
points. Every class of the second representation measures the size of the graph which
would be decolored if merging were performed according to this particular class. The
Propositions 1 and 2 establish that if there are no big classes, then there is efficient



merging.
We expect that the consideration of these representations can be helpful in the design
of parallel algorithms for other graph problems.

2. Terminology

The definitions of class NC and models of computations can be found in [P], [V],
[KR]. The graph-theoretic terminology used in this paper is standard [BM]. The degree
of a vertex v in a subgraph H is denoted degy (v). Given a set KOV (G) of vertices,
oy (K) =2,k (1+degy (v)) is called the weight of K in H. If the graph is understood,
the indices in degy and oy (K) are omitted. We use weight as the definition of size when
we say that FINDSET finds an independent set | such that the deletion of 1 N (1) reduces
the size of H by half.

Let C =[C,,...,C,_1] be the collection of color classes of a partial coloring ¢. Then,
L; denotes the set of edges which have one endpoint in C;, and N, denotes the set of ver-
tices which have neighbors in C;. The consideration of L;’s yields the first method of
classifying the edges. To understand the second method, we need to define the functions

p if pis odd,
X(P) =1p-1 if p is even.
rev(i,q;p)=(q—i)modx(p).

(i+j)modx(p) if O<i,j<x(p)-1,
index (i,j;p) =1 2 modx(p) if j=x(p),
2] modx(p) if i=x(p).

One can readily prove that for every g and i (0<i,g<x(p)-1), j=rev(i,q;p) is the only
integer in the interval [0,x(p)—1] with index(i,j;p)=q.

Let @ be a vertex coloring and C =[C,,...,C, _1] be the set of its color classes. For
k=0,....x—1 let T, ={(C; ,C;):index (i ,j;r )=k} be a partition of C into[r/2 pairs and pos-
sibly one singleton. These x partitions of C are called the regular partitions of C. One
can readily check, that for al i#j, 1§ and 1; do not share a common pair. Thus, the col-
lection {1, . .., T4} presents a minima edge coloring of the complete graph whose
vertices are C,...,.C, _1.

/Fixlk and let T=ry,. For each 1=0,...[r /2, define B;=(C; nN(C;))0(C; nN(C;)) and

r/o—
B:L B,. The weight o(m) of 1tis then given by o(m) =o(B).

1=0
3. An Outline of the Algorithm

In this section, we present a description of FINDSET and prove that every applica-
tion of FINDSET reduces the weight of the graph by half.



Let G be a graph with n vertices and m edges. FINDSET starts by defining an
empty independent set | and a trivial vertex coloring on the vertices of G. Then, it
proceeds in phases. At every phase, one of the following actions is performed:

<1> A color class C* is found for which (N (C*))=(n+m)/logn. All vertices of C* are
added to | and all vertices from C* [N (C* ) are deleted.

<2> The color classes are partitioned into pairs (C;,C';), with possibly one color class left
over. The two color classes of each pair are merged. To make the merged color
class independent, the weights of the sets C; N (C'j) and C'; 0 N(C;) are compared
and the vertices of the set with the smaller weight are decolored.

Action <1> is done whenever possible; action <2> is done only when there is no suitable
color class C*. The actions are executed until a most one color class is left. If it is
indeed one color class, then independent of its weight the color classis added to | .

Action <2> is done by the procedure HALF . It constructs a regular partitioning 1t of
the minimal weight, and merges every pair of color classes matched by Tt

The following propositions show that action <2> does not decolor too many vertices.

Proposition 1. Let C=[C,, ...,C,_4] be the set of color classes of a coloring ¢ and
{m.....Ty 1} be the set of regular partitionings of C. Then

x—1 r-1

2.0(m) = 2 a(N(G)). *)

j=0 i=0

Proof. The set of partitionings {m;} (j=0,....Xx~1) contains every pair of color classes
exactly once. Therefore, for every colored vertex v, its contribution to the left part of the
inequality is equal to o(v)x (the number of color classes that contain vertices adjacent to
v). Obvioudly, the contribution of v to the right part is as big as that.

Proposition 2. Let ¢ be a coloring and C=[C,, . . .,C,_;] be the set of its color classes.
If for every 120, o(N(C;))<(n+m)/logn, then there is a regular partitioning 1t of C and a
set D of vertices such that

(1) for every pair C',C" of color classes matched by T,
C'0C"-D is an independent set;
n+tm r
2 D)< —.
(2 o) 2logn x(r)

Proof. If for every i 20, a(N(C;))<(n +m)/|ogn then it follows from (*) that

ZG(n e {0tm)

logn

which in turn implies the eX|sience of a regular partitioning 1, of C with
n+m r
o(T)<

Let {(G;,C;)} be the set of pairs of 1. For every 1=0,..[r/3-1, compute

logn x(r)



o(C;; nN(C;,)) and o(C; nN(C;)) and denote D; the set having the smallest value of o.
Then, the union D =[ | D, satisfies conditions (1) and (2).
|

Theorem. FINDSET executes at most O (logn) actions. If n’ and m’, respectively,
are the number of vertices and edges of the graph G’ induced on the set of decolored ver-
tices, then

n'+m'£(%+o(l))(n +m).

Proof. If action <1> is applied, then the total number of edges and vertices deleted is at
least (n+m)/logn; thus these actions are executed at most logn times. Obvioudly, the
number of times actions of the second type are applied is also at most [logn] .

Let D' be the set of vertices that are decolored by the i th application of an action of
type 2 and let A=0D'. Then,

n'+m’'<so(A)<So(D'),
i
n+m i

o= 2100n x(1)”

and

[logn| r: [logn] .

G(A)S Z n+m i < n+m i ,

izo 2logn x(r;) 2logn ;S x(ri)

where r; is the number of color classes just before the i th application of the type 2 action.
llogn| r;

application of an action of type 2 reduces the number of color classes by half; if r;=3 is
odd, r; 1=(r;/2)+1. Thus,

To evaluate

, hote that x; <r; for even r;’s only, and for such r;’s, every

flognl r; <ﬂ (%wﬂ O <“ _| 5
< - glogn|+2,
i=0 X(rl ) i=1 2I _1 g

which implies the theorem.

Corollary. Any application of FINDSET yields an independent set |, such that
[1ON() |z (Y/2-0(1))(n+m).

In the next section, we will show that FINDSET can be implemented to run in
O(logn) time. This will imply that the running time of the algorithm is O (log®n).



4. Implementation of the algorithm

We will first see how to implement FINDSET to run in O (log?n) time on n+m pro-
cessors. Obviously, for every application of FINDSET, action of either type is executed
at most O(logn) times. Thus, we should show that the execution of each action requires
only O(logn) time.

A graph G is represented by a list L=L (G) of its vertices and edges. Each edge is
in this list twice, once in each direction. Thus, the length of L is n+2m. For each entry
of L, there is a processor attached to it. The processors are numbered by 1,...,n+2m; the
first n of them represent the vertices. In addition to its endpoints, each edge knows the
colors (if any) of the endpoints and the location of itself given in the other direction.
Almost all of the operations are done by sorting this list based on some key. >From
[AKS, C] we know that it is possible to sort m records in O (logm) time on m processors.

To delete a color class C, each edge checks the colors of its endpoints to see if one
has the same color as C. If one does, the edge deletes itself. Then FINDSET sorts the
list of edges to remove the deleted edges.

To decide whether to do action <1> or action <2>, FINDSET needs to calculate
o(C;), for each C; in @. It can calculate the degree of each vertex by sorting the list of
edges by their first vertex. It can then sort the list of vertices by color, and add up the
degrees of the vertices.

When HALF performs action <2>, it finds the regular partition 1t that minimizes
o(m). For this purpose, it needs to know the degrees of each vertex. It can calculate them
itself, or it can inherit them from the previous step. To calculate o(m), HALF calculates,
for each edge with two colored endpoints, index(i,j;r), where i and j are the colors of
the endpoints. It then sorts the edge list by index, breaking ties by first vertex. The
different first vertices that occur with a given index g are the verticesin DY for the parti-
tion ;. HALF then sums the degrees of these vertices to calculate the weights
o(ty) (t=0,..,x(r)-1) and selects the partition with the minimum weight.

Let g be the index of the selected partition 1. At this stage, HALF is considering the
list F of edges whose index is q. For every pair (C;,C;) of m, the vertices of one of the
color classes will be either decolored or recolored when C; and C; are merged; we call
this color class eligible. To find eligible classes, HALF computes o; =0(C; 1 N(C;)) for
every 1=0,...[r/2~1, and sets class C; dligible iff o; <0;. Once HALF has identified the
eligible color classes, it looks at each edge and decolors those vertices v belonging to the
eligible color class C; that are connected to a vertex with color rev(t,q;r). Finaly, the
pairs of color classes determined by q are merged into single classes by recoloring, for
every pair, al the vertices in the color class with the larger color, i.e. each vertex v with
original color c(v) changes its color to rev(c(v),q;r) iff rev(c(v),q;r)<c(v).

In general, the new color classes do not necessarily have consecutive numbers. To fix
this, the vertices are sorted by color, so that the set of colors in use can be determined.
Next, HALF renumbers the colors and gives each vertex its new color. To update the
colors of the first vertex stored with the edges, the list of edges is sorted by first vertex.
Then, the pointers to the other representation of the edges are followed to update the color
of the second vertex.

Each execution of the main loop of FINDSET requires between one and three sorts



and O(logn) time spent doing other miscellaneous work. Thus, FINDSET requires only
O(log?n) time in al. The number of times FINDSET is caled is O(logn) implying that
the running time of the algorithm is O (log®n).

So far, we have assumed that m+n processors are available. However, using the pro-
cessor reduction technique of Miller and Reif [MR], the algorithm can be executed on
(m+n)/logn processors without increasing the running time by more than a constant. For
an arbitrary k>1, if there are only (m+n)/k processors, then each real processor can simu-
late k virtual processors in the algorithm. Since a call to FINDSET halves the value n+m
of the graph, the number of virtual processors that every real processor simulates
decreases by a factor of 2 after each call to FINDSET. Thus, there is a constant C>0,
such that for every i=1,2,..., the ith call of FINDSET is executed in <C27'log®n time.
This increases the running time of the algorithm by a factor 2.

There is no problem allocating virtual processors to real processors. Each virtual pro-
cessor is responsible for a single item in list L of vertices and edges in the graph. It is
only necessary to readlocate virtual processors after each call to FINDSET. The new
representation of G—(I [ ][N (1)) can easily be calculated by sorting. The reallocation can
be even done after each execution of the loop in FINDSET. While this will speed up the
algorithm for a typical graph, the worst-case graphs do not get smaller fast enough to
improve the asymptotic performance of the algorithm.

Note that the same technique can be applied to reduce by a factor of logn the number
of processors used by the probabilistic agorithms from [L1] and [ABI].

5. Conclusion

An important property of a parallel algorithm is the total work W it does. Obvi-
ously, W<P xT, where P is the number of the processors used by the algorithm and T is
its running time. Thus, our deterministic algorithm for MIS does O ((m+n)log®n) work
which is a factor of logn more than the work done by the obvious sequential algorithm.
It would be nice to find an algorithm that does less work. One approach would be to
improve the sorting algorithm that our algorithm uses. This might be possible since the
keys of al the sorts are small integers. In fact, Reif has an agorithm that sorts n small
integers while doing only O(n) work on a randomized concurrent-read, concurrent-write,
PRAM [R]. However, if randomization is introduced in the model, then the algorithms
from [L1] and [ABI] are preferable. Thus, real improvement would be achieved if better
deterministic sorting algorithms were used. Obviously, they would be of interest for other
reasons as well. Another approach is to find a way to sort less often. Both approaches
appear to be very difficult.

A more promising way to improve the algorithm would be to reduce its running time
without increasing the work that it does very much (if at al). It may be possible to
reduce the running time of the agorithm by executing different calls to FINDSET in
paralel. There are severa ways to do that; the difficulty seems to be in developing a
better analytical technique for estimating the running time.

The dual representation of the edge set may also be useful for other problems, edge-
coloring and vertex-coloring being among the first candidates. Another potentially fruitful
application of this representation is the problem of constructing an independent set of a
guaranteed size. In [G], an agorithm was described which runs in O(log®n) time on
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O(n+m) processors and constructs an independent set with =n%/32m (m=n/2) vertices.
Conceivably, an appropriate change in the definition of the weight of a set will convert our
agorithm into one which builds an independent set containing =n?%(2m+n) vertices. This
is guaranteed by Taran's theorem [T] which also states that this bound is best possible in
terms of n and m.
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