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CONSTRUCTION AND ASYMPTOTIC STABILITY OF
STRUCTURALLY STABLE INTERNAL LAYER SOLUTIONS

XIAO-BIAO LIN

ABSTRACT. We introduce a geometric/asymptotic method to treat structurally
stable internal layer solutions. We consider asymptotic expansions of the inter-
nal layer solutions and the critical eigenvalues that determine their stability.
Proofs of the existence of exact solutions and eigenvalue-eigenfunctions are
outlined.

Multi-layered solutions are constructed by a new shooting method through
a sequence of pseudo Poincaré mappings that do not require the transver-
sality of the flow to cross sections. The critical eigenvalues are determined by
a coupling matrix that generates the SLEP matrix. The transversality of
the shooting method is related to the nonzeroness of the critical eigenvalues.

An equivalent approach is given to mono-layer solutions. They can be
determined by the intersection of a fast jump surface and a slow switching
curve, which reduces Fenichel’s transversality condition to the slow manifold.
The critical eigenvalue is determined by the angle of the intersection.

We present three examples. The first treats the critical eigenvalues of the
system studied by Angenent, Mallet-Paret & Peletier. The second shows that
a key lemma in the SLEP method may not hold. The third is a perturbed
activator-inhibitor system that can have any number of mono-layer solutions.
Some of the solutions can only be found with the new shooting method.

1. INTRODUCTION

The existence of sharp internal layer solutions is an important feature in singu-
larly perturbed parabolic systems. These systems are characterized by the drastic
difference in diffusion rates of the two equations and have found applications in the
fields of chemical reactions, morphogenesis, solidification, etc. We consider systems
that can be written in a fast-slow form with appropriate boundary conditions at
rz=0,1,

Uy = gy + flu,v), ueR™ veR",
Vp = Uy + g(u,v), 0<z<1.

(1.1)
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2984 XIAO-BIAO LIN

A well-known example of the above is the activator-inhibitor model [35] B7] where
f and ¢ are scalar functions.

(1.2) g(u,v) = apu — ayv,

The existence of mono-internal layer solutions for such models were studied by many
authors [12, [T4], 23] 36]. Multi-layered solutions can be constructed by a folding up
principle [40, B8, @6]. The stability of both mono and multi-layered solutions was
first proved by Nishiura and Fujii [39, [40]. For brevity, (L2) will be called the NF
model.

Another well studied model is the x-dependent scalar equation
L3 U = ugy + (1 —u?)(u —a(z)), 0<z<1,
(13) up =0, =01,
where a(x) is a C* function with a(x?) = 0, a’(2%) # 0 at points 0 < 2! < 2% <
- < 2" < 1. By letting v = x which satisfies v; = vy, v(0) =0, v(1) = 1, ([L3J)
can be converted into ([LI]) with g(u,v) = 0. Equation (I3) also has a long history
[T, T9]. Very general results of (I3]) were obtained by Angenent, Mallet-Paret &
Peletier [1]. (L3) will be called the AMP model.

We will only consider stationary internal layer solutions to (ILI)). They satisfy
the system

0= 62“11 + f(uv U)v

(1.4)
0="vp +g(u,v), 0<ax<l.

In both the NF and AMP models, the singular limit of the internal layer solutions
can be described as follows. f(u,v) = 0 has three branches of solutions u =
hi(v) and u = ho(v). The branches u = hy(v) consist of stable equilibria of the
reaction equation, u; = f(u,v), where v is a parameter. The branch u = ho(v) is
unstable for the same ODE. An internal layer solution (u(x),v(z)) stays near the
two slow manifolds v = hy (v) for most of the points x. These x form the regular
layers. Exceptional points are near a finite sequence {x?}7, where the solution jumps
between the two slow manifolds. These points form the internal layers. They are
also the places where €2u, is no longer negligible.

In the singular layer near x%, the stretched variable £ = (x — %) /€ is introduced.
If e = 0, the u-equation becomes

(1.5) uee + f(u,0) =0.

The condition on the parameter v = v(x%) is that ([L5) must have a heteroclinic
solution connecting the two slow manifolds u = h (7).
In the regular layers, when € = 0, v satisfies

(1.6) Uz + g(h(v),v) =0, h(v) = hx(v),

with boundary conditions at 2 = 0,1. Let 2° = 0 and 2"*! = 1. Then v is C!
in [0,1] and is C? in each (¢, 2'T!). When z crosses x%,1 < i < r, h(v) switches
between h_(v) and hy (v).

It is known that in the NF model, there is only one mono-layer solution which
jumps from near v = h_(v) to near u = hy(v). This solution is stable as a
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stationary solution to (ILI). In the AMP model, there can be many such mono-
layer solutions and their stability is determined by the signs of a’(z%) where z?’s
are the layer positions. Comparing the multi-layered solutions, we find that in the
AMP model, the layer positions are determined by the zeros of a(z), while in the
NF model, multiple layers and the layer positions are constructed by a folding up
method [40] 38| 46].

Although internal layer solutions in the NF and AMP model differ in many ways,
they are structurally stable solutions that persist under small perturbations of f
and g. To see structurally unstable internal layer solutions, let us consider the
following example,

0 = Uz, + f(u,ay + Ba(z)),

(17) 0= yﬁcx+g(u7y)'

a(z) is as in (C3) and g(u, y) = apu—ayy. The function f(u,y) can be (1—u?)(u—y)
or u —u® —y. By setting v = (y, ), (L) becomes ([4) with two slow variables.
The constants « and 3 are parameters. If 0 < a < 1, 8 =1 — «, (1) provides
a homotopy between the two types of systems. When moving « from 1 to 0, the
system moves from the NF type to the AMP type, and mono-layered solutions will
be created through some structurally unstable solutions.

We consider structurally stable internal layer solutions and their stability under
the assumption that the slow manifolds are normally hyperbolic. Thus, internal
layer solutions in Van der Pol’s equation and some other equations with turning
points will not be considered although they are structurally stable. The structural
stability in this paper relies on some transversality conditions which we believe to
be optimal in the sense that further weakening of these conditions would cause
the solutions to be structurally unstable. The understanding of the bifurcation of
internal layer solutions is far from complete and will not be touched in this paper.
A special example of bifurcation of internal layer solutions, caused by violation of
the conditions of this paper has been studied by Hale and Lin [I§].

We now preview some results in this paper.

In §2, we state some basic notations, definitions and lemmas.

In the first part of §3, we present a shooting method that determines singular
internal layer solutions. Since ([C4) can be converted into a singularly perturbed
first order system which has been treated before [30] [48], to compare our method
with the one used in [30], we first describe a geometric method from [30].

Let us consider the perturbed NF model (L7) with the Neumann boundary
conditions at = 0,1. Suppose (u(z,¢€),y(x,€)) is an internal layer solution with
layers near {z'}]. Let 2° = 0, 2"t! = 1. On the regular layers, the solution is
near the slow manifolds u = hy(ay + Ba(x)). At the singular limit ¢ = 0, y should
satisfy

(1.8) Yoz + g(h+(ay + fa(x)),y), 0<z <1,

with y;(0) = y,(1) = 0. Alternating signs of + must be used on successive intervals
(x%, 2'T1). The solution is C! throughout [0,1] and is C? on each (z?,2'1). At
28,1 < i <7, ygs has a first kind of jump.

When f(u,v) = u — u® — v, ([H) has heteroclinic solutions between the two
equilibria h (9) if and only if o = 0. Therefore, one of the conditions on z?, 1 <
i <r,is that ay(x?) + Ba(z?) = 0.
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The other condition on 2% comes from the boundary conditions that y(x, ¢) must
satisfy. Let us rewrite (L) as a first order system

w_,
a7’
dz
(19) % = glhloy + pa(e)).y), h=hs,
dx
= =1
dt
Define
T = {(4y,2,2) : ay + fa(z) =0}, i=1,...,m,
r’= {(y,2,2) 1z =0}, = {(y,2,2) 12 =1},
So ={(y,z,2) : 2=0, z = 0},
S1={(y,z,x) : 2=0,z=1}
The surface I'*, i = 1,...,r, where a fast jump of u can occur, is called the fast

jump surface. A solution of the boundary problem (&) must start at Sp and end
at S;. At first, h can either be h_ or k. ; then each time (y, z,2) hits %, i = 1,..., 7,
h switches between h_ and h.

The following hypothesis was imposed in [30].

Transversality Hypothesis. In the regions near a specific orbit (y(¢), z(¢), z(t))
of (), the flow of (ICH) intersects transversely with each I'.

By the Transversality Hypothesis, the Poincaré mapping P* : I'¥ — I'*t!
can be defined for each 0 < ¢ < r. Assume that the image of Sy under the com-
posite mapping P7--- P! - PO intersects transversely with S; in I'"+!. This inter-
section determines (y(1),z(1)). By applying the inverse mappings of P",--- ,P°
to (y(1),2(1),1), we find all the switching points (y(x?), z(x%),2*) and hence the
solution (y, z,x).

The necessity of the Transversality Hypothesis was questioned by K. Palmer
in a personal conversation. By studying the perturbed NF model in §6, I have
confirmed that the hypothesis is too strong. There exist structurally stable mono-
layer solutions where the reduced flow in the slow variables is not transverse to the
fast jump surface at the intersection. See Figure and Remark (iv) at the end of
§6.

The new shooting method presented in §3 does not need the Transversality
Hypothesis. Under some mild conditions, (H4)-(H6), a sequence of pseudo
Poincaré mappings {P}}; can be defined. The mapping P* is not a diffeo-
morphism from I'? to I'"*!, however, the image of Sy under the composite mapping
Pr...PL. PO is well defined. The transverse intersection of (P” - -- P!P%)S, with
&1 uniquely determined the solution (y, z, x).

In the second part of §3, we give a procedure to compute matched asymptotic
expansions of the internal layer solutions to any order of e. Our calculation relies
on solving a reduced system of boundary value problems with interface conditions
(BVPIC), which has a unique solution under conditions (H1)-(H6). In §7, we show,
that under an additional condition (HT7), the (BVPIC) can be solved if the SLEP
matrix, due to Nishiura and Fujii [40, [38, [46], is nonsingular.

Higher order expansions provide more precise approximations to the internal
layer solutions and are easier to obtain than exact solutions. For this reason, the
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asymptotic method has always been an important way to solve singular perturba-
tion problems. The expansion of internal layer solutions will also be used to obtain
the expansion of critical eigenvalues.

There is a close relation between computing the formal and the exact solutions.
Let (U, V) = (>0 €U;, > 0" €/V;) be a formal internal layer solution, and let (U +
AU,V + AV) be an exact solution. Then (AU, AV) satisfies a system of equations
similar to that satisfied by (U;,V;),7 > 1. If we know how to calculate higher
order terms (Uj;, V;), under the same conditions, we should be able to calculate the
correction (AU, AV). The idea will be outlined in the Appendix. See also [1§].

In §4 of this paper, we introduce a method to compute asymptotic series of
critical eigenvalues and corresponding eigenfunctions of the internal layer solutions.
Our approach can be used on some systems not covered by the SLEP method due
to Nishiura and Fujii [40, [38, [46].

Nishiura and Fujii have shown that the stability of internal layer solutions of the
NF model is determined by r critical eigenvalues A(e) = e\; + O(€?), where 7 is
the number of internal layers and the coefficient A; is an eigenvalue of the so-called
SLEP matrix.

Consider the eigenvalue problem

(1.10) MU = €Uss + fuU + 0V,
(111) AV = me+guU+gvVa

where (U, V) is the eigenfunction corresponding to the eigenvalue A, and the coeffi-
cients of U and V are evaluated on the internal layer solution (u(z,€), v(x,€)). For
the NF model, Nishiura and Fujii proved the following lemma.

Lemma A. The critical eigenvalues, p =Y € puj, jio = 0, of the operator €D, +
fu, in a suitable function space, is not equal to the critical eigenvalues of (L10),

(LI1). More precisely, A1 # j1.

By Lemma A, U can be solved from (LI0) and substituted into (LIT). This
yields the reduced eigenvalue problem

(1.12) AV = Vi + gu(X — €Dy — fu) ' fuV + g0V.

The SLEP matrix is derived from the above by correctly taking the limit as ¢ — 0,
which retains the contribution of the internal layers as jumps of V,, across the layers.
A1 < 0 is proved by studying the eigenvalues of the inverse of the SLEP matrix,

The SLEP method is an important contribution to the theory of internal layer
solutions. It can be used on many systems where Lemma A is satisfied. However,
it is shown by the two examples in §6.2 that Lemma A may not be satisfied for
some singularly perturbed systems. The asymptotic method used in this paper does
not rely on Lemma A. Assuming that the critical eigenvalues and eigenfunctions
have expansions Y €/ \; and (3 €/U;, > €/V;), we can use the method of matched
asymptotic expansion to compute (A;,U;,V;) to any desired integer j > 0.

We show that the calculation of A; for every j > 0 is related to an 7 X 7 matrix
A, which is not derived by the SLEP method, but is identical to the SLEP matrix
[40, 38, [46]. The matrix A will be called the coupling matrix, for its non-diagonal
terms reflect the interaction between internal layers.

When A is diagonal, the coupling is trivial and the critical eigenvalues can be
determined layer by layer. An example is the original AMP model (3) where the
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non-coupling is due to the condition g = 0. General conditions for the non-coupling
of critical eigenvalues are obtained in this paper, cf. §6.1.

In §5, we study mono-layer solutions. A geometric method which is equivalent
to, but more convenient than the shooting method is presented. We show that the
mono-layer solutions are determined by the transversal intersection of a fast jump
surface I'' and a slow switching curve C, where I'! is the set of all points in
the space of slow variables that allow a heteroclinic connection between the two
slow manifolds, and C is the set of all points (v, w, z), w = v,, where h must switch
from h_(v) to hy(v) in the slow equation ([[Z6), so that the mono-layer solution can
satisfy boundary conditions at x = 0, 1.

It is shown in this paper that the critical eigenvalue of the mono-layer solution
depends on the angle of intersection between I'' and C.

We comment that the condition C th I'! is equivalent to the well-known condition
on the transversal intersection of unstable and stable manifolds in the geometric
singular perturbation theory. It serves as a reduction of the condition to the lower
dimensional slow manifold. Details are given in §5.

In §6, we present three examples. The first example treats the AMP model
where we show that A\; can be determined layer by layer and is proportional to
a'(x%) where a(z') = 0 and z%’s are the locations of internal layers. The second
example is a coupled Ginzburg-Landau equation where Lemma A is not satisfied.
However, A1 can be obtained by the asymptotic method in this paper. The third
example is the NF model perturbed by a fast oscillatory term fsin(wx +b). We
show that the system can have any specified number of mono-layer solutions by
choosing (k,b,w). All these solutions are structurally stable regardless if some
violate the Transversality Hypothesis as stated in this section. The sign of A\; may
be negative or positive, depending on the angle of intersection between C and I''.
As the angle of intersection of C and I'* goes to zero, A\; — 0. In a separate paper
[18], Hale and Lin showed that the intersection of C and I'" can undergo saddle-
node or cusp bifurcation from their tangential intersections, which correspond to
the bifurcation of mono-internal layer solutions.

In §7, we show that the method of pseudo Poincaré mappings works if the cou-
pling matrix is nonsingular. We also discuss the stability of internal layer solutions.
In particular, Theorem [7.2] solves a resolvent problem by the asymptotic method
and Theorem[7.3]indicates why the stability of internal layer solutions is determined
by the formal critical eigenvalues.

Our original plan was to discuss formal series only. It was suggested by the
referee to outline the proofs of the existence of exact internal layer solutions and
critical eigenvalue-eigenfunctions. This is done in the Appendix. We apologize for
having skipped many details to keep the appendix “short”; some missing details
can be found in [I8]. By truncating formal series, we first obtain approximations of
the exact solutions. The existence of exact layer solutions and critical eigenvalue-
eigenfunctions near the approximations is proved by the contraction mapping prin-
ciple to the nonlinear systems, and an iteration method to the linearized systems.

Although the asymptotic method has a long history in mathematics, a systematic
treatment of matched asymptotic expansions of internal layer solutions is possible
only recently due to some new developments of fundamental concepts from dynam-
ical systems theory, such as exponential dichotomies [7, [44], 45], invariant manifolds
[10] and homoclinic/heteroclinic bifurcations [6 [42] [49]. Some recent works are
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listed in the Bibliography, which is far from being complete. In the past, the as-
ymptotic method was generally regarded as non-rigorous. Recent progress in the
theory of internal layer solutions has changed this greatly. Under very general con-
ditions, it is known that there is an exact internal layer solution near the asymptotic
one. The exact solution and the critical eigenvalues can be constructed by analyt-
ical methods as in [12] 29, 30, [18]. Alternatively, a geometric approach based on
the “Exchange Lemma” has been developed recently that can be used to prove the
existence of internal layer solutions [25, 48, [2'7], [17], and perhaps the existence of
critical eigenvalues and eigenfunctions with some modification.

2. NOTATIONS AND BASIC LEMMAS

Assume that an internal layer solution wu(z,€) has r internal layers near z =
xf,1 < i <r, and two boundary layers near 2z = 0, 2”1 = 1. Both internal and
boundary layers are called singular layers where u(z, €) does not converge uniformly
to its limit as € — 0. Regions that are not singular are called regular layers. We
use S or R to denote singular or regular layers. We use R? or S? to denote the ith
regular or singular region. Superscripts on a solution are used to show the type of
layer where the solution is located.

’U,Ri(

x,€) = u(x,€), for x € R,
w3 (€ €) = u(ef + xp,€), for z € S
Each layer is further expanded in powers of €, u¥(z,€) = Z]OOO eJuP“( ), ete. If
the type of layer is clear from the context, we sometimes drop the superscript for
simplicity.
Let Cpy(I,R™) be the Banach space of uniformly continuous and bounded func-

tions with super norms. Here I is a closed finite or infinite interval. Let C} =
{ulu, o/, ... ,ul™ € Cy,} with the norm

o = Z [[u z)HCM

The space Cy, m > 1, is dense in Cbu_ .
For a continuous function w(§) > 0, let Er(w) be the Banach space of functions
with the weight w(§).

Er(w) = {u: R — R"[u(-)/w(-) € Chu(R,R™)}.
[ull p(w) = sup{|u(§)/w(E)], € € R}.
ERZ(w) = {ulu,... ,u'™ € E(w)}.

lullEm (w Z 1

Similarly, EZ% (w) and EJ' (w) are Banach spaces of weighted functions that are
defined on RT and R™. We use E™(w) to denote Eg*(w) or Eg% (w) if no confusion
should arise. One of the most often used weights is

[l

(2.1) w(€) = (1 +[g)e™, yER, j>0.
The second order equation (22)) is equivalent to the first order system (23)).
(2.2) uge + f(u) =0, weR"
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ug =,

(2:3) ve = —f(u), u,veR™

Therefore the phase space for ([Z2) is R?", consisting of points (u, u¢). We say p is
a hyperbolic equilibrium for ([2.2)) if (p,0) is a hyperbolic equilibrium for (2.3). We
say equation

(2.4) uge + A(§u =0

has an exponential dichotomy on an interval I C R if the system
Ug = 0,

ve = —A(§)u

has an exponential dichotomy on I. Here A(-) : I — R™*™ is a continuous matrix
valued function. The stable and unstable subspaces and the projections associated
to such spaces of (7)) are the ones associated to that of ([ZH). See [7] for an
introduction of the theory of exponential dichotomies.

We say (&) is a heteroclinic solution of ([Z2) if (u(€),ue(§)) is a heteroclinic
solution for the equivalent system (Z3)).

The following lemmas can be found in [33].

(2.5)

Lemma 2.1. Assume that p € R", f:R® — R" is C and there exists oo > 0

(2.6) f(p) =0, Re{oDf(p)} < —00.
Then
(2.7) uge + Df(p)u=0

has an exponential dichotomy on R with n—dimensional stable and unstable spaces.
Let 0 < a < \/og. Then the decay rate of solutions on the stable (or unstable)
subspace is bounded by e=¢, € >0 (or e*¢, € < 0), respectively.

Let W* and W™ denote the stable and unstable subspaces of (2.7), Then W* and
W™ are transversal to the subspace {(u,v): v =0}, i.e.,

(u,v) e W*N{v=0} =u=0,
(u,v) e W*N{v=0} =u=0.

Let p',i = 1,2, satisfy (Z4). Let q(€) be a solution to (Z2) defined on R~ with
q(¢) — p' as € — —oo, or defined on RY with (&) — p? as & — oo. Then

(2.8) uge + D f(q(§))u =0

has exponential dichotomies on R~ or RT respectively, with RPs(t) and RP,(t)
being n-dimensional subspaces in R?*". Here P,(t) + Ps(t) = I, t € R~ ort € RT,
are the projections to the unstable and stable subspaces. Moreover, the exponential
decay rate a > 0 is the same as that of [2.7). In the case where q is a heteroclinic
solution connecting p* and p?, RP,(07) N RP,(0") is at least one dimensional,
containing (¢(0),¢(0)).

Lemma 2.2. Assume that p',i = 1,2, and q(€) are as in LemmalZdl. Assume that
ue(0) # 0 for all nontrivial bounded solutions u to the equation uge + Df(q)u = 0.
Let X be ERY. (w) or Eg* (w), and g € X, where w is as in (Z1) and |y| < . Then
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there ezists a unique solution u € EJ'T(w) or EF***(w) to the boundary value
problem

uge + Df(qu = g,
ug(0) = ¢,

Moreover,

[[ul

er+2(w) < Cllgllzm ) + |9llzn)-

Let p* € R",i = 1,2, satisfy ([2:6). Let q(¢) be a heteroclinic solution to (2:2)
connecting p* to p?. Let X = EF'(w) where w(£) is as in Lemma 2.2l Define
Ly X — X with D(L,) = Eg*t?(w) by

(2.9) Lou = uge + Df(q(§))u.

Lemma 2.3. L, is a Fredholm operator with Fredholm index zero. Assume that
dim Ker(L,) = 1, then Ker(L,) = span{q} and Range(L,) = {1}+. Here 1 is the
unique nontrivial bounded solution for the adjoint equation, up to a scalar multiple,

def

Ly = e + DfT(q(€)) = 0.

W we x| [ wr(©u(eds = o).
From Lemma[Z3 if g € Ef'(w), then equation

(2.10) uge + Df(q(§))u =g
has a solution |u| < C((1 + |£9)e™"¢) if and only if
| wr@sei=o
Lemma 2.4. Assume the same conditions of LemmalZ3 Let ¥ = (—1&,1#)7 where

¥ is as in Lemma [Z3 Let & < 0 < &, g be continuous on [£1,&2], and ¢s €
RPs(&1), ¢u € RPu(&2) be two given vectors. Consider (2.10) on [£1,&2] with the

boundary conditions
Ps(gl) (:}L) = @, Pu(§2) (Z) = Qu-

The boundary value problem has a solution in [£1,&2) if and only if

&2
U7 (61)9s(€1) — ¥ (E2)¢2(E2) + i YT (€)g(§)dE = 0.

If also (¢, u) + (¢, v) = 0, then the solution is unique and satisfies

ul < C(l¢s] + [dul + l91),

where C' does not depend on & or &s.
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3. CONSTRUCTING MULTI-LAYERED SOLUTIONS

3.1. Assumptions and the existence of singular internal layer solutions.
We first state the assumptions used to construct a structurally stable singular in-
ternal layer solution. It turns out that these conditions also allow us to compute all
the higher order expansions of the internal layer solutions, as well as a true internal
layer solution for € > 0. Since our work relies on the normal hyperbolicity of the
slow manifold, we will avoid turning points. Vector fields that satisfy our assump-
tions form an open set in suitable function spaces. The internal layer solutions are
structurally stable in the sense that they persist when the vector fields are in that
open set.
Consider a singularly perturbed system:

g = Uy + flu,v), 0<z <1,

Ut = Uge + g(u,v), uwe€R™ veR™,

uz(0) = uy(1) =0,

Ajva(j) + Bjv(j) =B, j=0, 1.

The boundary conditions on v are the Robin type. A; and B; are n x n diagonal

matrices satisfying AgBg < 0, A1 B; > 0 and A? + BJQ- =1.
We consider stationary internal layer layer solutions of ([BI) that satisfy

(3.1)

0= upe + flu,v), 0<x <1,
uz(0) = uy(1) =0,

0 = vzz + g(u,v),

Ajva(j) + Bjv(j) =B, j=0,1

The slow equation is often written as a first order system

(3.2)

Vp = W,

(3.3) wy = —g(u,v), ue€R™veR™

In regular layers, the €?u,, term in ([32) drops. The u-equation is algebraic.
Assume

(H1) f(u,v) = 0 has several solution manifolds u = hi(v), 0 < i < r, on which
we have

Re{ofu(h'(v),v)} <0, 0<i<r.

Condition (H1) is natural since with v as a parameter, we want the reaction
equation, which is an ODE, to have multiple asymptotically stable equilibria. This
is related to the initial formation of internal layer solutions. See Fife [12] for further
details.

With u = h(v), the v-variable satisfies the following boundary value problem,

Vgz + g(h(v),v) =0, 0<a <1,
Ajua () + Bjv(j) = 85, =01,
where h(v) = hi(v), 0 < i < 7. There are r + 1 vector fields for the v-equation,
each is related to one h’. We need to find a sequence of points {x}}7_; such that

the switching from the (i — 1)th vector field to the ith occurs at @ = xf. We will
discuss how to find these points in detail.

(3.4)
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At the point of switching, the u equation has a rapid jump from u = h*=!(v)
to h'(v). This is possible if the second order equation €?u,, + f(u,v) = 0, using a
stretched variable £ = (x — ) /¢, has a heteroclinic solution in the following sense:

The second order equation wuge + f(u,v) = 0 can be written as a first order
system ug = 4, i = —f(u,v) where v is a parameter. From (H1), the system has
hyperbolic equilibria u = h*(v). The u-component of a heteroclinic solution to the
first order system will be called a heteroclinic solution to the original second order
equation. Assume the generic intersection of the unstable fibers of the equilibrium
u = h*~!(v) and the stable fibers of the equilibrium u = hi(v). That is, there is a
smooth (n — 1)-dimensional surface ¢ in R” such that the intersection is nonempty
if and only if v € X7 and the connection breaks transversely if v moves away from
¢ More precisely, assume

(H2) For any #° € %%, the following equation

Uge + f(u, ’T}i) =0

has a heteroclinic solution ¢*(¢), 1 < i < r, connecting hi~*(2%) to h(2'). Moreover,
there exists 79 > 0 such that, in the region Re A > —~, the only eigenvalue of the
linear operator on U

Uee + fulq'(€),2")U, U € L*(R),

is the simple eigenvalue A = 0.
Assumption (H2) implies that the eigenspace is spanned by ¢*(£), and there is a
unique bounded solution ¢*, 1 < i < r, to the adjoint equation, (see [42])

Yee + a(d'(£),0)p =0, (¥4 =1.

The function 9* can be used to measure the gap between the unstable fibers of
u = hi~!(v) and the stable fibers of u = hi(v).
(H3) The following vector

(3.5) v [ (i), o (€)de

is nonzero.

Using Melnikov’s method, from (H2) and (H3), we can show that locally there
exists an (n — 1)-dimensional surface Efocal C R™ for 1 < i < r, containing o°, such
that if v € 3} _,;, then uge + f(u,v) = 0 has a heteroclinic solution u near ¢*. The
vector n’ is the normal of ¥i  at v". The global surface X’ is the union of the
local ones.

We now describe the solutions of ([3.4) geometrically. Let

' ={(v,w,z) ER" xR" xR,v € £}, 1<i<r,
= {(v,w,z): z =0},

" = {(v,w,z) : x =1},

So = {(v,w,x) : Agw + Bov = fy, x = 0},

S1 ={(v,w,z) : Ayw+ Biv = 1, v = 1}.

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



2994 XIAO-BIAO LIN

FicURE 3.1. The pseudo-Poincaré mappings

Let w = v,. Obviously (vft, wf, z) satisfies a first order system:

dv

dt

dw

dt

dx

dt
Because of the boundary conditions, (v, w,z) must start at Sy and end at S; and
switch from u = hi=1(v) to h*(v) at each switching point @° %ef (vF (xd), wl(xd), )
on I'?

Additional knowledge regarding the flow on the slow manifold and I'* is needed
in order to form the solution of ([B8). In [30], it is assumed that the flow of (B8] is
transverse to each I'". Then a Poincaré mapping P? : I — I'"*1 0 < i < r, can be
defined. A shooting method can be used to find the switching points. However, as
mentioned in the introduction, the transversality condition is too strong so that it
rules out some structurally stable internal layer solutions.

To use a shooting method without assuming the transversality of the slow flow

to I'?, define the pseudo-Poincaré mappings as follows:

For the ith vector field, let the solution of (B:8) be ®i(x). Let S° = Sy. Since
the flow ®°(.) is transverse to S, M° def U{®°x) - S°, z > 0} is an (n + 1)-
dimensional smooth manifold. Assume that M9 intersects I'! transversely. St def
MO M T is an n-dimensional submanifold of I''. The procedure of associating the
sets S° — S!, denoted by PV, is a mapping between two sets. The mapping P°
will be called a pseudo-Poincaré mapping. See Figure Bl

We now proceed inductively. Assume that an n-dimensional submanifold S* C
I'* has been defined. Assume that:

(H4) The flow ®¢(-) is transverse to S*, 1 <i < 7.
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Assumption (H4) implies that
ML E J@i(z) - ST, x>0}

is a smooth (n + 1)-dimensional manifold. Assume that:
(H5) M° I,
Assumption (H5) implies that

SZH d:efMi_ azs

is an n-dimensional smooth submanifold of T*+!. With (H4) and (H5), the pseudo-
Poincaré mapping

pi. S - Sift

is locally uniquely defined. We assume that:
(H6) The image of S° under the composite mapping:

pr...pl.po

intersects transversely and nonemptily with S; in I'"*1.

The intersection clearly determines (v{*(1), w{t(1)) locally uniquely. The pseudo-
Poincaré mapping is only a set mapping, but due to (H4), its inverse is a smooth
point mapping form S — 8% . The switching points o’ on the surfaces I' can be
obtained by applying the inverse mappings of P7,--- ,P% to S"t1 NS, successively.
The solution (v, wl,z) of (B.6) can be computed by using ®¢(z) between these
switching points.

Remark. Similar to the construction of P? but going backwards in time, we can
define pseudo-Poincaré mappings Q° : Sfjl — &8¢, r>i >0, starting with S;"’l =
S1. However, this time we do not need any new assumptions. It can be shown
that Q° is well defined by the same assumptions (H4)-(H6). Also, on each I', we
can show that S* Si, which uniquely determines the switching point p*. These
comments are of theoretical interest but will not be used in the sequel. The proof
is omitted.

We have found a sequence of points
) =0<ap<zi<--<af<l=apt!

and a solution vft € C1([0,1]) of B4). The second derivative v, may have a jump
across z}y. The solution v{t is piecewise C* on (x§, z5™) and is in C° ([}, z5™])
by choosing one sided limits at xf and l‘6+1.

Let ¢° = ho(v{t(0)), 8 = v (0), ¢" Tt = A" (vft(1)), 97! = v{¥(1) be constant
functions.

The union of the regular and singular (boundary and internal) solutions,

ull = hi(wli(x)), vt = vft(x), forzh <z <azitt 0<i<wr,
for £ € R, 1<i<r,
uf® = q¢'(&), vy =0, {forée R, i=0,
foré e R, i=r+1,

forms a singular internal layer solution. It is the Oth order expansion for a multiple
internal layer solution.
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Based on the singular internal layer solutions, in the Appendix we show by
Newton’s method that for small € > 0, there is a unique true multiple internal layer
solution that is near the singular internal layer solution, and admits asymptotic
expansions to any orders in e. See [12] B0J I8]. The existence has also been proved
by a geometric method [25] [48]. The rest of this section is devoted to computing
the expansions of (u(e),v(e)).

3.2. Formal expansions of the layered solutions. Denote the expansion in
regular layers by

oo

(uB(z,€), vT(z,€)) = (Z ejuf‘(m), Zejvf(x)).
0

0

Let the position of the internal and boundary layers be x%(e) and introduce a
stretched variable & near a*(e).

o0
xi(e): et 0<i<r+1,
(3.7) 20: !

€= (z—a'(e)/e,

where £ e Rfor 1 <i<r, & >0fori=0and ¢ <0 for i =7r+1. The leading term
x{ has been obtained by the shooting method. Since the position of the boundary
r+1

layers are € independent, let x? =z, =0 for all j > 1. Denote the expansion of

boundary and internal layers near z*(¢) by

oo

(W€ 0), v5(€,€) = (Y duf(€), Y o (€)).
0

0
The expansions are determined by three things. They must formally satisfy
differential equations derived from (3.2)) and (8.3), boundary conditions in boundary
layers, and matching conditions between any two adjacent regular and singular
layers. We now describe them in detail.
1. In regular layers, the expansions must satisfy

(3-8) 0= eug, + f(u®,0"), 0=wvg +g(u®, ")

In singular (boundary and internal) layers, using & = (x — x%(€)) /e,

(3.9) OzuESE—l—f(uS,vS), O:vgf—l—ezg(us,vs), or
v? = ew?, w? = —eg(u®,v%).
Remark. Avoid the erroneous choices vgs = w”, wf = e2g(u”,v¥) and vgs = w”, wf

= g(u®,v%), which we realized only after unsuccessful trials.

We shall see in the future that v is a constant function. Thus, w¥(£,€) =
vgs (&, e)/e = Z?io ejwf (€). The formal expansion of w® starts from the € term
rather than the ¢! term.
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2. Boundary conditions in the boundary layers.
The following boundary conditions for (u(£,€), v°(€,¢€)) are to be satisfied in
boundary layers:

(3.10) ug'(0,€) =0, i=0,r+1,
(3.11) Aow™(0,€) + Bov**(0,€) = fo,
(3.12) Ayw0,€) + Bio® (0, €) = Br.

3. Exponential matching principles.
Let u® be the outer solution in one of the regular layers adjacent either to the
left or right of x§. The expansion of uf by the inner variable ¢ is denoted @’.

Do duaf(e) = (Y daf + e,
0 0

Zejﬁf(f) = vR(Z ejx;'» + €f).
0 0

The exponential matching principle.

(3.13) [57(6) = 3 (€)] + 7€) — uge(§)] < C(1+ [¢ )¢,
(3.14) 7€) = o7 (€)1 + 19/ (€) = vje(€)] < C(L+ [ e,

Let >°0° zf)f(f) denote the inner expansion of w¥(¢). If we recall that

vl(e) = w(e), in regular layers,

vgs(e) = ew”(€), in singular layers,
we can rewrite (3I4) in an equivalent form
[7(6) = 07 (©)] + [077(§) — wf (€)] < C(L+ [ )e™ ¢,
The main result of this section is the following theorem.

Theorem 3.1. Suppose (H1)-(H6) are satisfied. Then there exists a unique formal
series expansion of internal layer solution for (3.2). The solution has r internal
layers and two boundary layers. The formal series solution satisfies (3.8) in regular
layers, and (3.9) in singular layers. Moreover, the expansions must satisfy (3.10)-
(313) in boundary layers, and the matching of adjacent reqular and singular layers
@) and (F10).

The Oth order expansion (ull,v{) in reqular layers and (ug,vs) in singular layers
form a singular internal layer solution. In singular layers, u3’ = q*, v5® = v* with
vt € X if 1 < i < r. In regular layers, vl is a C*(0,1) solution for (F.4)) with
vi(xd) = v, and ul(z) = R (vl (z)) if v € (27, x%HL).

Higher order expansions of solutions are computable by a recursive procedure
described in the rest of the section.

Recall that [h](zf) = h(zh+) — h(zh—). We need to consider the following
boundary value problem with interface conditions at xf, 1 < i <.
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_(gufu_lfv_gv)VZEh

(BVPIC) n' '(wo (xo)Ax + V(x6+)) = E,
[V](xp) = Ej,
Vel (a) + [wi] () Az’ = E5.
Here f = f(ull, o), g = g(ul,vl), E1 :[0,1] — R™ is C* on each (:co,:c6+1) and

has a C°° extension to [z, i+1] EX E R, and Eo;, Ei, ES € R™, {Az*}7_, is a set
of parameters, to be determined as part of the solution.

Lemma 3.2. Assume that (H4)-(HG) are satisfied, then for all (Ev, Eaj, E3, E4, E5),
the (BVPIC) has a unique solution V : [0,1] — R"™ and {Ax'}]. The solution V is

in C®((xh,z4™)) and has a C* extension on each closed interval [z}, zh™].

Remark. With one more condition (H7), we can show that if the SLEP matrix,
introduced in §4, is nonsingular, then (BVPIC) has a unique solution. See §7.

Proof. The general solution for the first equation in (BVPIC) contains 2n(r + 1)
parameters, that is, 2n parameters in each of the r+1 intervals (x{, Hrl) Together
with Az?, 1 < < r, we have 2n(r + 1) +r unknowns, which have to be determined
from the other 4 equations in the (BVPIC). It is easy to see that the other 4
equations lead to a [2n(r + 1) + 7] x [2n(r + 1) + 7] linear algebraic system of
equations. The Fredholm index for this finite dimensional linear system is zero. It
suffices to show that if all the right hand sides are zero, then the (BVPIC) has only
the trivial solution V = 0, {Az'}] = 0.
The second order equation for V is converted into a first order system

dv/dt =
dW/dt (guf 1fv gv)
dx/dt = 1.

Assume the (V, W) and {Az'}] is a solution of the homogeneous (BVPIC). Let
Az? = Azt = 0. We show that at the switching point g’ the vectors
(3.15)
(V(zh£) + vfl (vd £) A’ W (zh£) + wil (vh£)Az’, Ax') € T, ST, 0<i<r+1,

where minus (or plus) is ignored if 4 = 0 (or ¢ = r + 1). Due to the interface
condition, the two vectors corresponding to plus and minus are equal and denoted
a’.

For i = 0, because of Az? = 0 and the boundary condition at x = 0, it is clear
that a° = (V(0), W (0),0) € T,,0S°.

Assume that BIH) is true for ¢, we show that it is true for ¢ + 1. First, the
assumption implies that (V*(z{+), Wi(zi+),0) € Tpi/\/lﬂ. Applying D®?, we find
that (V (2™ =), W(zit'—),0) € T,i+1 M. Observe that

A (of (=), wft (=), 1) € T M

Adding the two vectors, we have proved that the sum a**! is in T M.

From the third equation of (BVPIC), a’*! is tangent to I''*! at p'*!. Since
TWHSEH = Tpi+1/\/ti_ n Tpmf‘i“, thus a‘*! € TpiﬂSﬁ_l.

The statement (BI5]) has been proved by induction.
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From Az"t! = 0, the vector a"t! is also in T,r+1S;. From (H6), a™*! = 0.
Tracing backwards in time and using (H4), we can prove that a’ = 0 for all 0 < i <
r + 1. This proves that (V, W, {Az}}) is a zero solution. O

Equations satisfied by (uff, vff) and (uf, v7) are obtained by expanding [B.8)
and () in powers of e.

¢’th order expansion. In regular layers:
fu,v) =0,
q
(3.16) Uz + g(u,v) = 0.

From (H1), the first equation has locally unique solutions h(v) = hi(v), 0 <i <r.
Substituting into the second equation, we have

Vaz + g(h(v),v) =0,

where h = h' for x < = < 4. The function v{, obtained by the shooting
method, is a solution of the above. To uniquely determine v{?, we must find jumps
of (v&,vE) across each z}) and the boundary conditions at z = 0, 1.

In singular layers (internal and boundary layers):

uge + f(u,v) =0,

(317) Ve = 0,

we = 0.
The above indicates that v§, wj are constants in singular layers. Let vy® =
v’ wy® = w'. From the matching conditions, we have

vy’ =" =g (2p+) = vf (25-),
i = 0 = e ) = ).
In particular, (v&, wg) has no jump throughout [0, 1]. Thus, v € C([0,1]).
By expanding (1), (312), the boundary conditions on (vj,ws) are
Agwi®(0) + Bovg®(0) = Bo,
Ay " 0) + Byog " TH(0) = Br.
Based on the matching principle, we conclude that the boundary conditions on

(vE, wlk) are precisely as in ([3:4). Therefore vf® is the unique solution to the ¢’th

expansion in regular layers.
We now consider the u equation in singular layers.

(3.18) uge + flu,9) =0, 0<i<r+1.
From the matching conditions, ugi should satisfy
s (vl (xh)), € — —o0, if 1 <1,
ugie) — {0 L) o
R (vt (25)), € — 00, if i <7

Ifi =0, 7+ 1, u§® should also satisfy the boundary condition ugg(O) = 0. All these
are satisfied if u5® = ¢* in the ith singular layer.

Higher order expansions. Assume that uf,vf,uf, vf, xé, 0 < ¢ < j, have been
obtained. They satisfy the equations, boundary conditions and matching conditions
up to 1.
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In regular layers. Consider the e'th order expansion first,

(3.19) Sfuur + fov1 =0,

(3.20) Vigz + gut1 + gyv1 = 0.

Here the arguments of f., fu, gu, go are (ulf, vf'). From ([BI9) and (320), we have
uy = —f, ' four,

(3:21) Viae = (gufo o — go)v1 = 0.

Consider the e/th order expansion. All the terms involving only uft,vf, ¢ < j,
will be denoted £ - o - t.

(3.22) Uj—2.02 + futtj + fovj =L 01,
(3.23) Vjze + Gulj + govj =L -0-t.
Actually u;_9 45 € £-0-t. From (322) and (3223, we have
(3.24) uj = —fo  fovj +L-0-t,
(3.25) Vsen — (Gufi o — gy = L0,
From Lemma B2, if we can derive boundary conditions at = 0, 1 and interface

conditions at zf, 1 < i < 7, we can uniquely solve UJR, whence uf.

In singular layers. Consider the e!th order expansion first,

(3.26) uree + fuur + fovr =0,
(3.27) vie = wi = ',
(3.28) Wi = —g(ug i)-

The arguments of f,, fu, gu, gv are (u3, v
If we know v7(0), wy (0), then,

7 (€) = 7 (0) + w'¢,
§ .
W (€) = wd (0) — /0 o(uS, 57)ds.

Consider the e/th order expansion. All the terms involving only uf , vf , < g,
will be denoted £ - o -t.

(3.29) Ujee + futtj + fov; =L 01,
(330) Vjg = Wj—1,
(3.31) Wje = —Gulj—1 — GoVj—1 +L-0-1.
If we know v7(0), w5 (0), then
3
(3.32) v;(€) =05 (0) +/ (-0-t,
0
§
(3.33) w;(€) = w§ (0) +/ {-0-t.
0
Plug (B32) into (329),
(3.34) Ujee + futlj —l—fv(vjs(O)—i—é-o-t) ={-0-t.
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It is easy to verify by induction that £ - o - t terms above satisfy
[€-0-1] <O+ [E).
Using Lemma [Z3] (334) has a unique solution satisfying
Juj | < COA+1El), 5 (0) L ¢(0),
if and only if

/ P(E) - fovf (0)dE =L 0-t.

By the definition of n’ in (B5)), which is the normal of ¥, the condition simplifies
to

(3.35) n'. ij(O) ={-0-t.

By induction also, the integrands in the right sides of (B32) and ([B33) are of
O(1 + [£]971), therefore,

07|+ w7 | < C(1 + [€)).

To further compute U]R, wf,vjs and w] , we must use the matching conditions.
Recall that vf,wf‘ are C in (z},z5™). The domain where the functions are
O can be extended to an open interval containing [z, x5 ']. Consider the inner

expansion of outer solutions from the right of zj,

o0

Z VRO dal + €),

0 0
iej Zejx + €€).
0

In particular,

T (€) = vg' (),

Wy (€) = wi (xp),

51 (€) = vt (wh+) + vo(x0) (2] +€),

01 (&) = wit (zh+) + wos (zh+) (z] +€),
(3.36) o7 (&) = v (@h+) + vl (zh)zt + 0; + Py,

(3.37) Wi (€) = wi(wh+) + wi (wh+)a; + 85 + P,

The constants 6; and §; depend on x%,1 < ¢ < j. The polynomials PP, P} contain
terms &4, ¢ > 0, only. Similar formulas hold for the expansions of (uf,v®) from
the left of z{. On the surface, the matching of vf and ﬁjR or ij and @jR is very
complicated, since all the powers of £ have to be matched. However, we can show
the following.

Lemma 3.3. For all the choices of (v 0),w ( )), we have
R —

v —8ff = C1 + O((1 + |¢ )e D),
wi — @ = Co+ O((1 + |€7)e ),
(0),w§ (0)).

where the constants C1, Co depend on (vjs
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Proof. Recall that (> eij Zejw ) satisfies (B3). Using the stretched variable
= (z—Y al)/e, we ﬁnd that (3 €0, 3" ¢/wf') formally satisfies

~R R
U§ = ew

zbgz—eg( ;0 )

Expanding in the powers of ¢, we find that ( , W R) satisfies equations similar

to (B30), (E3T).
(3.38) THE T
(3.39) Wi = —gut] = G + L0t

Here, g, = gu(uf, o), etc. By induction, the right side of ([330) and (B38) or
(m and (3.39) differs by O((1+ ¢~ 1)e™ ”’|§|). After integrating and subtracting,

we have
£ ,
v —of =07 (0) — 5 (0) + /O O((1 + [P~ Y)e e de.
Similar statements hold for w. This proves the lemma. O

The matching of (v, wf) and (21!, @]') from the right of 2f becomes
(3.40) v; (xo—i—)—l—v()x(xo—l—)ac =v; S0)+£-0-t,
(3.41) w; (xo—i—)—f—wa(xO—i—)x = w; S0)+C-0-t,

where £ - 0 - t are computable constant terms. From Lemma [3.3] The polynomials

P} and P} in (3.36)), (8.37) cancel with corresponding terms in (8.32), (3.33) with

exponentlally small errors. Similar formulas hold for the matching of (v w?) and

j
(0, @f*) from the left of zf. Therefore, (340), BAT) and (B3F) lead to

(3.42) ni-(vf(xg—i—)—l—véi(xé)xj)—n v; SO)+C-0-t=10-0-t,
(3.43) [wi(zh) =C-0-t,
(349) [ + WhlEh)e = 0t

Here we have used the fact [vf%](z}) = 0.
(322), (B:43) and (B.44) form a complete set of interface conditions for vf* which

satisfies system (B:25). We still need boundary conditions for UJR. From (340) and
B4 at 2§ = 0 and the fact 2 = 0 for all j > 1, we have

(3.45) Aow (0+) + Bov (0+) = AoijO(O) + Bovfo(O) +l-0-t="0-0-t.
Similarly,
(3.46) Aowf(1-) + Bov(1-) = Agw"1(0) + Bov" 1 (0) + L -0t =L -0 L.

Please refer to (3.11) and (8.12). From Lemma[3.2] with interface conditions (3.42),

B43) and B44) at z{,1 < i < r, and boundary condltlons (45) and (B3:40),
equation (3:25) can be umquely solved. Once we have v, from ([B40) and (BAT)

we can find (v (0), w5 (0)). From B32) and B33) we can find (v7,w]). We then
find uf from (B24). . 4 4

The existence of u5?, 1 <i < r, such that [u'| < C(1+ [£)) is guaranteed by
condition (BEZ), hence ([B38) and Lemma [Z3l In boundary layers, ¢ = 0,r + 1,
since ¢* = h*(¥") are constants, from (H1), and the first part of Lemma 2] uee +
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Df(g")u = 0 has an exponential dichotomy. Also bounded solutions are in W* if
i=0or W"if i =r+1. From Lemma ZTlagain, bounded solutions with u¢(0) = 0
must satisfy v = 0. The existence of ujsi, i =0,r+ 1, with |uj31| <C(1+1£))isa
consequence of Lemma,

The matching of v and u® is satisfied due to the following lemma.

Lemma 3.4. If |uf —af| < C(A+E)), then |uf —af < C(1+ |€7)e= e,

The proof of Lemma B4 uses Lemma [Z3land can be found in [30].

4. CRITICAL EIGENVALUE AND EIGENFUNCTIONS

The purpose of this section is to present a procedure to compute formal expan-
sions of the critical eigenvalue and corresponding eigenfunctions (A(e), U(e), V (¢)).
We need to solve (LIU) and ([CIT) formally .

Analogous to the expansions of the layered solution, the critical eigenvalue and
eigenfunctions are determined by three factors: a system of differential equations;
boundary conditions in boundary layers; and the matching conditions. As in §3,
the arguments of fu, fo, Gu, go are (ull,vf?) in regular layers, and are (ug,vs) in
singular layers.

1. In regular layers,

(4.1) MU (e) = €U(€)ga + ful (€) + [V (€),
AMe)WV(€) = V(€)az + guU(€) + guV (€).

In singular layers, using the stretched variable £ as in ([3.7)), we have

(4.3) AOU(e) = Ule)ee + full(e) + fuV(e),
EXNOV () = V(e)ee + €(9uU(€) + 90V (€)).

Let W = V. Convert the V' equation into a first order system:

(4.4) Ve(e) = eW (e),
(4.5) We(e) = —€guU(€) — €9,V (€) + eA(e)V (e).

Denote the expansions in both regular and singular layers by

I,
eU;

We shall show later that Vos(f) = 0. Thus, there is no ¢! term in the expansion
of W9 = Vgs /€.

oo

W, €)=Y Wi ().

=0
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2. The boundary conditions in the boundary layers are
Us(z,e) =0, forxz=0,1,
A;W(j€) + BV (j,e) =0, j=0,1,
where W = V.. Expanding in the powers of €, we find:
UZ0)=0, i=0,r+1,
(4.6) AW ?20(0) + BoV,°(0) = 0,
AWPTTH0) + BV 0) = 0,
for all j > 0. Using W9(€,¢€) = VES(E7 €)/¢, we have WJS = Vjil’f in the above.
3. Exponential matching principles.

Let UT be the outer solution in one of the regular layers adjacent to zj. The
inner expansion of U® is denoted by UZ.

S U (€) =URD eal + e,
0 0

D EVEE© =V el + € e).
0 0

The exponential matching principle.

(47) T(€) = U (O] + |UJ(€) - Uk(©)] < ¢+ [gl)e ],
(48) VR - VIO + IVEE) - VO] < O+ e el

Let Y € WjR(f) denote the inner expansion of W¥. (EXR) is equivalent to
(4.9) V(€)= V() + W (&) = WP (O] < C(1+ [¢)e ¢,

(1) The ’th order expansion. Since \(e) is critical, A\g = 0.
In regular layers, from (@.1)), ({2),

JuUo + fuVo =0,
Vozz + gulUo + goVo = 0.
Therefore,
Uo = —f ' fuVo,
Vosa = (gufu ' fo = 90)Vo = 0.
In singular layers, from (£4), {3

Vog =0,
Woe = 0.

The last two equations imply that Vg and W{§’ are constants in singular layers.
Form the matching principle,

[Vo')(zp) = Wg'l(a) =0, 1<i<r.
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In the boundary layers, the constant solution (Vg*, W§') = (V5°(0), W' (0)) matches
with V& (z), WE(z), x = 0,1, respectively. Therefore, from (&S], the boundary
conditions for Vi are

(411) A;Vm(j)-f—BjV(j) =0, 57=0,1.

We need the following hypothesis,
(H7) ItV € CY([0,1]) NC?((x}, 25T),0 < i < r, then V = 0 is the only solution
for the following boundary value problem:

(4 12) Vxx_(guqulfv_gv)vzov
We comment that if (H7) is not satisfied, then the regular eigenvalues, which
solve the reduced eigenvalue problem (Z.1I), will have A = 0 as a root. In this case,
asymptotic expansions of critical eigenvalues are quite different and will not be
touched in this paper. In §7, a stronger assumption (H9), which implies (H7), will
be imposed to ensure that the regular eigenvalues are in the region Re A < —v < 0.
From (H7), we can prove the following lemma:

Lemma 4.1. Assume that V satisfies

Vaw = (9ufy ' fo = 90)V = En,

[V](zp) = E,

[Va](xp) = Es,

AjVa(§) + BV (j) = Euj, 7 =0,1.

Here Es, F3, Eqj € R, By € C((z},z™1)), 0 < i < r, and has one-sided limits
at the boundary points. Then there exists a unique piecewise C? solution V €
CH([0,1]) N C*((xp, 25™)), 0 < i <.

Proof. The general solution for the first equation in r 4+ 1 intervals has 2n(r + 1)
parameters which must be determined by a linear system of algebraic equation de-
rived from the other 4 equations. It is easy to verify that the Fredholm index of this
algebraic system is zero, therefore, it suffices to prove that the linear homogeneous
system has only the zero solution. The latter follows from (HT). O

It follows from (H7) that Vi = 0 on [0, 1], and hence V§° = 0 in all the singular
layers. With V¥ = 0, (f210) has a bounded solution U5 = ci¢® in the ith singular
layer. When i = 0 or r + 1, U5 = ¢ = 0, which satisfies the Neumann boundary
conditions. We shall assume ¢ = ¢! = 1. Tt is clear that the matching of inner
and outer solutions are also satisfied.

To summarize,
Ao =0, critical eigenvalue,
VOR =0, U(f” =0, in regular layers,
V& =0,U5 =chg', in the ith singular layers.

The constants c¢§ = cg ™' =1, but {cj}} remain to be determined.
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(2) The €e'th order expansion. In the regular layers, since A\gU + MU =0 =
Ao Vi + M\ V.. We have, from (@), ([E2),
f U+ fVE =0,
VA, + g U + g,V = 0.
Therefore,
Uf =~ £ f Vi,
Vite = (gufy ' fo = g0)Vi* = 0.

In the ith singular layer, the equations for (U, V;°, W{¥) become

(4.13) Mcod' = Uige + fuUP + fo Vi + 6 (fuud'u? + fund'o?),
(4.14) Vi =W =0,
(4.15) Wit = —guU5 — 9oV = —guchd'-

From (14), @I3),

VS = constant = Vi (z}),
Wi(o0) =Wi(=o0) = —¢j | gud’(§)dé,  1<i<r

— 00

Let M = g(q*(—0), %) — g(¢*(00), v%). By the matching principle,
(4.16) {

In the boundary layers, ¢° = 0, i = 0,7 + 1. Thus (V;%, W;%) are constants solu-
tions in the boundary layers. By the matching conditions and ([6)), the boundary
conditions for Vi are again (EIT)).

From Lemmal[Z]] there exist solution V!, 1 <i < r, of (@I2) that satisfies

[V](zg) =0, for all v,
(4.17) [Vo](xz§) =0, forall £+,
[Va](x5) = M".
By the superposition principle,

(4.18) ViIE=> "V

In order to find a solution Uy = O(1+|¢]) for (E13), the nonhomogeneous terms
must be in the range of a Fredholm operator, see Lemma 2.3 Therefore

/\106<W7 qz> = <wi, fvvls + C%)(fuuqzuig + fuquvf»
The above can be simplified using integration by parts as follows:
fuuqzuis + fuvqivig :af (fuuis + fvvls) - fuufg - fvvlsg
:85(_uls§§) - fuuig.g - fuvls,g
=- {(ufg)ii + fu(ufg)} - fvvfg-
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Since the term in the {} is in the range of a Fredholm operator, we have

(W, {(u)ee + Fulule)}) = 0.

Therefore,

(4.19) W', (fuud'uf + fuwd™vf)) = — (0", fovfe).
06A1<1/’ > Wz fv(V1 00”15)>

If we recall that (4%, ¢") = 1, n* = (¢, f,) and V;® and ”15 are constants, we have

chph =n' - (Vi = choiy). Using vf = w§ = wil(25) = vgk (), Vi¥' = ViF(xf), we
have
(4.20) coh = n' - (Vi (@) — chugh(xh)).

From (fEIR), equation ([fE20) becomes
)\106 :ni ’ (Z Cé‘/cg(q’f)) _Cf)w(l)%(xf)))v i = 1a27"' ) T

Define the coupling matriz A = (a;)rxr by

(4.21) aie =0’ - (V' () — dievgy (25)).
We comment that A is precisely the SLEP matrix in the NF model. We see that
A1 is an eigenvalue while (c§, c2,--- ,c)7 is an eigenvector for A.
c c
Ml =4
<o <o

To construct higher order expansions, we may use any of the r eigenvalues and the
corresponding eigenvectors of A. With such A\; and (¢}, c3, -+ ,cp), @EI3) has a
solution |U| < C(1 + |€]) which can be written as

Uy =27 + "
Here (%, Z) = 0, and the parameters {c!}| remain to be determined.
Finally, in the boundary layers, (fE13) becomes
Uige + fuli + fuV1 = 0.

With V;° already obtained, there exists a unique solution U7 = O(1 + |¢]) in the
boundary layers. See Lemma 22

(3) The ¢/th order expansions, j > 2. Assume that we have computed

A0, AL, A .

We have obtained in regular layers
Uo, U, -+, Uj-1,
Vo, Vi, -+, Vj—1,

Wo, Wi, -+, Wj_1.

In singular layers, we have computed all the above except for Uf_l which, in the
ith internal layer, has the form

UJS_il = C§_1qi + Z]Z:—la <q.ia Z]Z:—1> = 0.
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Assume that Z]Z;l has been determined but 02‘71 is still a free parameter. In the
€/th expansion, we will determine \;, {cé-_l}{, Vi, W; and UJR. We will determine
U js up to céqi.

Definition. An eigenfunction (U(¢),V(e€)) is called a normalized eigenfunction if
the corresponding parameters {03}71" satisfy

=1
(C%acﬁa".acz)l(c(l)ac(z)a"'vc{))v 621

It is not hard to verify that if (U(e),V (¢)) is a normalized eigenfunction, and
if a(e) = Y. €/ay is a scalar series, then (a(e)U(e), a(e)V (€)) is the general form
of all the eigenfunctions. In the sequel, we will assume that the eigenfunctions are
normalized.

In the regular layer, since \g = 0 and UE = V# =0,
MU+ + XU =10,
NV 4+ xVfi=t0-t
Therefore,
fU+ fV =1t 0-t,
ijﬁz +guUf+gv‘/;R :Z'O'ty
Uft=—f foVii 4+ L0t
(4.22) V= (gufi fo— )V =L 0t

From (HT), VjR can be uniquely solved for if the boundary conditions at z = 0, 1

and the jumps across {z}}7_; can be found. The jumps can be found by matching
the internal and regular layers. o ‘
In the 7th internal layer, since Uﬁl =cj_1¢"+Z;_; and Ve =0,
MUP 4+ NUG =iy d + g + Lot
AVE+- NV =00t

M’ + pAiq" = Ujze + fuU7 + fu VP

4.23 : :
(4.23) +fuu€j_1q'ur + fuuCj_1q'vi+ -0t
(4.24) Ve = WS,
Wj% = —guUjS_l - gUijil +4-0-t,
(4.25) = —C§_19uqi +0-0-1t,
4
(4.26) V2 (€) =V (0) +/O {-0-t,
s s S ¥
(4.27) WHO=WF )+ [ (e igud) + L0t
0

Notice that (VJS ,WJS ) behaves like a polynomial of degree j as |{| — oo. The
matching of higher powers of £ can be proved by induction, see Lemma B3 We
only have to match the constant terms. Integrating from £ = —oo to oo, and
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applying the matching principles, similar to (343]) and ([B44]), we conclude that for
1<i<r,
V() = €01,

[W]-R](xé) = cé_lMi +/0-0-1.

In the boundary layers, since ¢° = 0,47 = 0,7 + 1, from ([{26), ([E27), and the
matching of outer and inner layers, we have

VE(0+)=V0)+¢-0-t,
WE0+) =W20)+£-0-t.
Therefore the boundary condition at £ = 0 can be obtained,
AgW(0) + BoV#(0) = £ - 0-t.
Similarly, at = 1,
AW + BV =¢-0-t.

With all the boundary and jump conditions, based on (HT7), we can solve for VjR

from (Z22). Using the superposition principle and the basis functions {V;*}, we can
express the solution as a function of {cj_;}7.

T
(4.28) VA=Y " \Vi+tlo-t.
i=1
In order to have a solution [U| < C(1+ [¢]9),1 <i <r, for (Z23), the nonhomo-
geneous terms must be in the range of a Fredholm operator, see Lemma Z3. This
leads to

Cé)Aj + C;"—1>‘1 = <Wa fv‘/]'s + Cj‘_l(fuuq.iul + fuvqi’lh» +/0-0-t.
Using integration by parts similar to (1),

(4.29) oA + M = (@ fo(V) = ¢ _ywi(2h)) + -0 t.
From (EZ0)), we then have
(430) b= (W AV (0) — ¢ ufi (@) + £ ot

By the matching principle and (28],
V2(0) = Vi@h+)+ £ 0-t.
Thus
(4.31) oA + ¢y h = (@, fuo(VH (g +) — ¢ ywg' (25))) + £ -0 t.

Using (£28) we have
T
oA + C§—1>\1 =n' (Z cﬁ_lVf(xé) - Cé'—lwé%(xé)) +L-0-t
=1

In the matrix form

cj1 <
(4.32) (MI—A) : =N|:|+L-o0-t
i1 <o

We need the following hypothesis.
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(H8) A; is a pole of order one for the matrix A\ — A. (The Jordan blocks of
Al — A corresponding to A\ are of order 1.)

Remark. If (H8) is not satisfied, then A(e) may not be expanded as integer powers
of e. A discussion of asymptotic expansions for eigenvalues of an € dependent matrix
can be found in [20].

Condition (HS8) is always satisfied if all the eigenvalues of the coupling matrix
are distinct, which is certainly true if mono-internal layer solutions are considered.

Based on (H8), (cf, -+ ,ch) is not in the range of A1 — A. ([@32) uniquely
determines A; and {c}_,}7, due to the normalization

(le'—h e 7C§—1) 1 (C(l)a T 768)'

It is clear with such A; and {c;';l}{, we can uniquely find Z} = O(1+|¢p), (¢, Z;) =
0, such that the solution for ([L23) has the form,

S _ i i
Up =25+ ¢4,

in the ith internal layers.
V[t then comes from ([E28). V,° comes from [@.26). After obtaining V,%, in the

boundary layers, since ¢* = 0, i = 0,7 + 1, the equation for UJS becomes
S S _

Since the right hand side is of O(1 + [|¢|7), the above equation with Neumann
boundary conditions can be uniquely solved for a solution U = O(1 + |¢|7) in RT
or R~ respectively for ¢ =0, or i = 7 + 1. See Lemma 2.2]

We summarize our result in the following theorem:

Theorem 4.2. Assume that (H1)-(H7) are satisfied, than the asymptotic expan-
sion of critical eigenvalues \ and eigenfunctions (U, V') can be obtained up to e'. A\
is an eigenvalue for the coupling matriz A. The associated eigenvector {ch}} pro-
vides information about the eigenfunction (U, V'), which satisfies U® =0, Vit =0
and VIt = 3" cVE in regular layers, and U5 (&) = cbq* (&) and V& = 0 in the
singular layer at x.

Assume that (H8) is also satisfied. Then the higher order expansion of critical
eigenvalues and the corresponding eigenfunctions can be obtained by a recursive
procedure to any power of €.

The formal series expansions of eigenvalues and eigenfunctions satisfy ({{.1),

£2) in regular layers, {(£.3), (4-4) in singular layers, boundary conditions ({.0])
and matching conditions {{7), (£-3)-

5. MONO-LAYER SOLUTIONS AND A GEOMETRIC METHOD

We first introduce a geometric method to determine mono-layer solutions. We
show that the geometric method also determines A;, hence, the stability of the
mono-layer solution. At the end of this section, we comment on the relation of our
approach with the geometric singular perturbation theory.

Let ®_ and ®, be the solution maps of (38) where h = h® and h = h! respec-
tively for all #. Since ®_ and ®, are transverse to I'’ and I'?, the following are
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(n + 1)-dimensional manifolds,
M_ = U{¢_(x)80|0 <z <1},
M=o (x-S0 <z <1}

Lemma 5.1. If (H})-(H6) are satisfied, then M_ intersects with M transversely.
The intersection C is a smooth one-dimensional curve that satisfies C th T'L.

Conversely, if M_ th M and the intersection C satisfies C h 'Y, then (H4)-(H6)
are satisfied.

Proof. Denote p = (v, w’, x7) the intersection of C and I'*. Since I'! is of codi-
mension one, if T,M_ NT, M, is two dimensional, then there exists a nonzero
vector

ac T,M_NT M NTT

Therefore, a € T,S*. From (H5), the flow at g is transverse to S1. The derivative
of the Poincaré mapping P! will send a to a vector in the tangent spaces of both
S8? and S;. From (H6), it must be a zero vector. The contradiction shows that
M- h M.

We now show that C M I''. Assume a vector a € T,,C C T,I'!, then as the above,
ac S! N M,. Thus, as before, a = 0. This shows that C h T'.

The converse of the lemma can be proved by a similarly elementary argument
and will not be given here. O

The curve C %' M_ NM is called a slow switching curve since the slow flow
has to switch from u = h%(v) to h'(v) at some p € C in order to satisfy boundary
conditions at 2 = 0,1. C is not a solution curve of ([3:6) if the slow equation has a
jump caused by h® # hl.

We have obtained the following theorem.

Theorem 5.2. Assume that (H1)-(H3) are satisfied and C th T'! at some nonempty
point o = (v, wh, zT). Then there exists a singular mono-internal layer solution
with the internal layer at x = x¥ and (v(z"),w(z!)) = (vf,w!). Moreover, the
asymptotic expansions of the mono-internal layer solution to any powers of € can
be calculated recursively as in §3.

Let (Av, Aw,Az) be a nonzero tangent vector of C at p. We can show that
Az # 0. For otherwise using (Av, Aw) # 0 as an initial condition at x = zg, the
linear system

Ve =W,
Wy = (gufu_lfv - gv)va

where h = A if < 0, h = h' if £ > x(, has a nontrivial solution that is C' on
[0,1]. This is a contradiction to (HT).

After rescaling, assume that t = (Av, Aw, —1) is a tangent vector of C at p. We
have the following simple result.

Theorem 5.3. \; = n' - Av where n' is the normal of the surface ©' as in §3

and (Av, Aw, —1) is a tangent vector of M_ N My at (vE(xo), wlt(xo),x0). Let
N = (n!,0,0) be a normal of T'*. The result can also be expressed as

A =t-N.
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Proof. Since there is only one internal layer, we drop the super-index i = 1 for the
layer. Let (V., W) be a solution of the system (ZI2)) with

V(o) =0,
W](z0) = g(q(—00),) — g(q(c0), 7).
Then
(Ve(zo), We(z0—),0) € ToM_,
(‘/C(xo)a Wc(x0+)a 0) € T@M-i-'
The following two vectors are equal,
(Ve(zo) — wg' (w0), We(w0—) + g(q(—o0), ), ~1)

5.1
( ) = (V;(:L'o) _w(l)%(xo)awc(xO"')+g(Q(OO)76)a_1)'

It is clear that
(—wg! (o), 9(a(=00),), ~1) € TyM_,
(—w§(20). 9(g(00),0), —1) € TuMy.,
since they are flows of ®_ and & respectively. Therefore the common vector in
ET)) is in
To,C =T M_NToM,.

Thus, we must have V.(zg) — wl(x¢) = Av. The desired result now follows from
Theorem E2 where

A= (a11) =n' - (Vo(zg) — wii(20)) = n' - Av.
(|

A similar theorem can be stated for the existence of a singular heteroclinic so-
lution which has an internal layer. Let (p%,0) be a hyperbolic equilibrium for
the reduced system v = w, w' = —g(hi(v),v) with i = 0,1. Assume that
dimW*((p®,0)) — dimW*((p',0)) = 1 where the stable unstable manifolds of (p?,0)

are referred to the vector fields with h = h*. Assume the nonempty transversal

intersection of W*((p°,0)) and W*((p*,0)) on R?". Then C €of W (p®) N We(ph)

is a smooth one dimensional curve. Define I'! to be the set of points (v, w) € R?"
where u” + f(u,v) = 0 has a heteroclinic solution connecting u = h°(v) to h'(v).

We can show if C h I'! at a nonempty point, then there exists a singular internal
layer solution connecting (u,v) = (h°(p°),p°) to (u,v) = (h*(p'),p'). The singular
heteroclinic solution has an internal layer based at C N I''. Moreover, asymptotic
expansions of internal layer solutions can be obtained to any order of €. The critical
eigenvalue can also be determined by the angle of intersection of C and I't. This is
most useful if C and T'! has multiple intersection points, for it shows that generically
the stability index of these mono-layered solutions changes alternatively. See the
example in §6.3.

There is a close relation between our approach to the geometric singular pertur-
bation theory. According to Fenichel [10], there exist smooth stable and unstable
manifolds in R?™+2" of the normally hyperbolic slow manifolds u = hi(v), i = 0, 1.
These manifolds admit smooth foliations by strongly stable and unstable fibers re-
spectively. Let 9t~ be the union of unstable fibers passing through (u,0,v,w) with
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u = ho(v), (v,w) € W¥((p°,0)), and let 9+ be the union of stable fibers pass-
ing through (u,0,v,w) with u = h'(v), (v,w) € W*((p',0)). Using the geometric
singular perturbation theory, if 91~ intersects transversely with 9T at ¢ = 0,
then they also do so at small e. The internal layer solution is determined by this
intersection.

It can be shown that the transverse intersection of 9~ and 9™ is equivalent
to the condition C th T'!. Details are left to the readers. We have found a simple
way to check Fenichel’s transversal condition in R?™+2" by reducing it to a lower
dimensional space R?".

Suitable changes can also be made for the case of a singular traveling wave
solution by included the wave speed as a phase variable.

Let us return to the original boundary value problem with boundary conditions at
x = 0,1. Again, the slow manifolds are normally hyperbolic. Let 9T~ be the union
of strongly unstable fibers passing through (u, 0, v, w, z) with u = h°(v), (v,w,z) €
M _, and let MMT be the union of strongly stable fibers passing through (u, 0, v, w, )
with u = h'(v), (v,w,z) € My. We prove that C h I'! is equivalent to the
transversal intersection of 9~ and M™ as follows.

Let us write uge + f(u,v) = 0 into a system we = @, Q¢ + f(u,v) = 0. At
the singular limit e = 0, we pick a point p = (u, @, v,w,z) € M~ NIMT where
p = (v,w,z) is on M_ N My and (u,@) = (g(0),4(0)) is on the heteroclinic
solution (g, q) connecting h°(v) to h'(v). Let

(Au, At, Av, Aw, Az) € T, NT,M".

Then (Av, Aw, Az) € T,C. On the other hand, since moving along (Av, Aw, Ax)
does not break the heteroclinic solution, we must have (Av, Aw, Az) € T,I'".

If I' M C, from the above argument, we have (Av, Aw, Ax) = 0, and the tangent
vector (Au, At,0,0,0) is on T,W*NT,W?. But the strongly unstable fiber W*(p)
has a one-dimensional intersection with the strongly stable fiber W* (). This shows
that (Au,Ad) = C(¢(0),§(0)) where C is a scalar, and T,9~ N T,9M™" is one-

dimensional. Since dimT,9M~ = dim7,9MM" = 2n + 1 4+ m and the intersection
occurs in a (2n + 2m + 1)-dimensional space, thus D~ h M*. The converse is also
true.

6. EXAMPLES

6.1. A z—dependent system. When the matrix coupling A is diagonal, then
there is no coupling among the internal layers through the slow field up to O(e),
and the r eigenvalues, A1, are determined locally layer by layer. This happens if

the jumps M % g(qi(—o00),7%) — g(gi(00), ') =0 for 1 < i < r.
As a special case, consider the following x dependent system
EUgy + fu, ) =0, weR™ 0<z<1,
u, =0, x=0,1.
Letting v = 2, we have ([C4) with ¢ = 0, whence M? = 0 for all i. Therefore,
(Vi, WE) =0 and Vi = 0. See (IX). The coupling matrix has the simplest form
A= —diag(n’ - wg' (§))i=:-

Using wf = vf, = 1 and (3H), we have the r eigenvalues

M= fo(q'(€).xf)), 1<i<r
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The above formula for A; is valid when v and f are in R™,m > 1. For scalar
equations, observing that the linear equation Uge + £, (¢°(€), zf)U = 0 is self adjoint
in L2(R), we must have 1* = ¢/|¢*|>. See (H2). Therefore,

N / T O a6, b )de

= ¢’ : /q"'<<><>> f(u, zp)du
Az Jgieoe)
(@)

Following Fife [12], let J(z) f(u,z)du. Then

= hi=1(z)
i|72iJi(a:i) 1<i<r
dx 0/ - =

The existence of a heteroclinic solution at x! is equivalent to J(z}) = 0 (equal
area rule), while (H3) is equivalent to %Ji(xé) # 0.

In the original AMP model, f(u,z) = (1 —u?)(u — a(z)). If ¢ connects u = —1
to u = 1, then J(z) = —3a(z). Thus Ji(z}) = 0 < a(z}) = 0, and \; =
21¢°|72a’(x). It is known that ¢'(§) = tanh(\%) and |¢*|2, = ¥ Therefore,
A\ = V2d/(x}).

Similarly, for the internal layer jumping from near v = 1 to u = —1, we can show
that \; = —\/ia’(xé).

We summarize the results in the following

A= —lq

Theorem 6.1. For the x-dependent system, A is diagonal, with
M= (0 fold'(€),ap), 1<i<r
In particular, for the AMP model \; = sign{q'}\/2a’(x}).

The stability index of the multi-layered solution derived from above agrees with
the result in [I].

6.2. Coupled Ginzburg-Landau equations. Consider (I.I)) with f(u,v) = u —
ud — %v, g(u,v) = o(v —v3) and u, = v, = 0 at z = 0, 1. The stationary solution
of this system is a pair of Duffing oscillators with a unilateral coupling in the fast
equation. We will show that Lemma A in §1 is not satisfied in this example. This
example is highly special since the slow equation does not contain u. At the end of
this subsection, we will give another example where coupling terms appear in both
equations.

As in the examples in §1, f(u,v) = 0 has three branches of solution manifolds
u = ho(v) and u = hy(v). At v =0, (LH) has a heteroclinic loop, ¢(§) and g(—¢),
connecting v = h_(0) and u = hy(0). Write the second equation of () as a
system

Uy = W,

(6.1) w, = —o(v —v°).
For any constant o > 0, (6]) has three equilibria (v, w) = (0,0) and (£1,0) and
has two heteroclinic orbits connecting the hyperbolic equilibria (+1,0). Notice that
the interval [—1,1] is contained in the domains of hy (v). The region bounded by
the heteroclinic loop is filled up with periodic solutions that surround the center
(0,0). For every point (1,0),0 < n < 1, on the v axis, there passes a unique periodic
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orbit whose period will be denoted d(n). Using an elliptic integral one can show
that d’(n) > 0 and there exist one sided limits d(0") = 2—\/’% and d(1) = oco. For any
m € NT, let o be sufficiently large so that % < % Fix that o. It is clear from the
above that there exists a unique 0 < 79 < 1 such that d(ny) = 2/m. Let (v(x), w(z))
be the period 2/m solution that satisfies v(0) = 1o, w(0) = 0. Let (vf(x), wl(z))
be the restriction of (v(x),w(x)) to = € [0,1]. vl satisfies the following.

ve(¢/m)=0, €£=0,1,...,m,

(6.2) v(f/m) = (=1)'n9, £=0,1,...,m,
1 ¢
—+—) = =0,1,...,m—1.
U(2m+m) 07 14 0; 5 ,m

Let {z! <2? <--- < 2"} be asubset of {;&-+L:¢=0,1,...,m—1}. It is clear
that vf*(z%) = 0,1 <i <r. Let 2° = 0 and 2" = 1. For z € (z'~1, 2%), define
ull(x) = hy(vfi(z)) if i is odd, and ufi(z) = h_(vE(x)) if i is even. The function
(udt, v{t) is the Oth order expansion of an r-layered solution in regular layers. Let

Si(e) = {q"(@ —g(-¢), ifiisodd

u .
0 7€) = q(9), if 7 is even.

Let v§'(¢€) = 0. The union of (uff(z),vfi(z)) in regular layers ('~ 2%),i =

1,2,...,7+1,and (w5 (€),v5"(€)) in singular layers at 27,4 = 1,2,...,r, is a singu-

lar internal layer solution. We can verify that Hypotheses (H1)-(H7) are satisfied
by this solution.

It is trivial to verify (H1)-(H3) since the u-equation is the same as the activator-
inhibitor model in §1. The Transversality Hypothesis in §1 is satisfied since the
fast jump surface I'" = {(v,w, z) : v = 0} is transverse to the flow at each z?, due
to vfl.(z') # 0. From the transversality hypothesis, (H4) and (H5) are satisfied.
We only need to prove (H6) and (H7). Let Sy = {(v,w,z) : z = 0,w = 0}, & =
{(v,w,z) : x =1,w =0} as in §3.

Let ®(z)(vg,wp) be the solution map for ([GI) with ®(0)(vg, wo) = (vo,wo)-
Assume that vf*(x) consists of m monotonic paths with m being even. (The
case m is odd can be considered similarly.) Let (vf*(0), w{(0)) = (10,0). Then
(vf (1), wE(1)) = (10,0) since m is even. Let An be a small variation of 7. The
periodic solution with the initial data (n9 + An,0) has the period d(ny + An) =
2(1+ Az)/m where Az is small. This leads to ®(1+ Az)(no+ An,0) = (no+ An,0).
Since d'(n) > 0, we have

dAzx
dAn

A tangent vector on (P"...P1P%S, can be obtained by taking the limit as
An — 0 on the following vector

(1) (o + An,0) — @(1)(10,0) _ 2(1)(no + An,0) — (1 + Ax)(no + An,0)

(6.3) > 0.

A A
(1 + Az)(no + An, 0) — (1)(10,0)
+ .
An
As An — 0, the first quotient in the right hand side has the limit
dAz , p

a0 () —o (vl (1) - (v (1)),
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due to equation (G.1), and the second has the limit (1,0) since

and

®(1)(10,0) = (10, 0)-
Thus, (1, —%a(vo (1) — (v§¥(1))?)) is a tangent vector on (P"...PYPYS,. By
B3) and —o(vf(1) — (v (1))3) # 0, the tangent vector is not on T'S;. This proves
both (H6) and (HT).

The results of §3 and §4 can be used on our system since (H1)-(H7) are valid. We
conclude that there is a matched asymptotic expansion of internal layer solution
(> €luj, > €fv;). Due to the special form of our system, v = v{ is independent
of €. There also exist asymptotic expansions of critical eigenvalues Y €/\; and
corresponding eigenfunctions (> €/ U. Y € V;) both in internal and regular layers.

From (H7), we see that the eigenvalues for the problem A\V =V, + g, (v (x))V
is nonzero. Let A(e), be a critical eigenvalue for (LI0) and (LII]). Using Ag = 0,
we infer that the eigenfunction (U, V') satisfies V' = 0. Substituting into (LI0O), the
critical eigenvalue satisfies

N = €Uy, + fuU, Uy(0) = U,(1) = 0.

From the above, the critical eigenvalue is precisely the eigenvalue of the operator
€2Dyy + fu in the function space HZ (I), see [39]. Therefore, the system does not
satisfy Lemma A.

However, using the method of §4, we can calculate expansions of A\ to any order
of e. In particular, since V;® = 0, the coupling matrix A,, is diagonal. From
(EZ0), the ith critical eigenvalue satisfies Ay = —n® - v (2!), similar to the case in
the AMP model.

We now briefly describe another example where both equations contain coupling
terms. The example is adapted from the AMP model. Consider (LIl) again with
flu,v) = (1—u?)(u—1v), g(u,v) = o(v—v®) +yu?v, and u, = v, =0 at z =0, 1.
The roots of f(u,v) = 0 consist of three branches: u = hy (v) and u = ho(v) where
hi(v) =1, h_(v) = —1 and ho(v) = 2v. (LFH) has a heteroclinic loop ¢(¢) and
q(—&) connecting the equilibria u = +1 if ¥ = 0. In regular layers, inserting u = £1
into the second equation of (I4), we have a reduced system

Vpz +0(v —0%) + 90, v,(0) = v, (1) = 0.

For any m € NT, as before, we can find o > 0,7 > 0 so that the above has an
oscillatory solution v (x) that satisfies (62). For any r < m, a singular r-layered
solution can be defined as in the previous example. One can verify that (H1)-
(H7) are satisfied, so the method of §3 and §4 can be used to obtain asymptotic
expansions for internal layer solutions and critical eigenvalues and eigenfunctions.
Since ¢(1,0) = g(—1,0), M? = 0 for all 1 < i < r, c¢f. ([@I6). Therefore, the
eigenfunction (U, V) for a critical eigenvalue satisfies V;® = 0. The coupling matrix
is diagonal. The critical eigenvalues for (ICT0)), (ICTT) and for the operator €2D,,+ f.,
in HZ,(I) agree up to €.

6.3. Multiple existence of mono-layer solutions. This is the longest exam-
ple and partially motivates the entire paper. As in the introduction, we con-
sider a homotopy between the AMP and the NF types system. Assume that
a(x) = sin(wz + b) and a = 1, § &~ 0 so that the system can be treated as a
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perturbation to the NF type system. After rescaling, assume that « = 1 and
0 < B < [y where 3y > 0 is independent of € and is to be determined in the sequel.
Only mono-layer solutions will be considered. Our goal is to show that by choos-
ing (8,w,b), the system may have any prescribed number of mono-layer solutions.
Moreover, some of these solutions can only be found by the new shooting method
using pseudo-Poincaré mappings.

We will only consider mono-layers that jumps upwards, so the superscript ¢ = 1
which is used to index internal layers will be dropped. For convenience, let 5 = %
where 0 < k < Bow. We consider the following system.

Uy = gy + F(u,y + gsin(wx +b)), O0<z<l,
(6.4) Yt = Yoz + 0G(u,y), u,y €R,
Uy =Yg =0, xz =0, 1.
Let v = (y,x). The stationary solutions of (6.4)) satisfies
0 = Ugy + flu,v),
0 = vgy + g(u,v),
Uy =Yg =0, =0,1,
z(0) =0, z(1) =1,
where

flu,v) = F(u,y+ % sin(wz + b)),
g(u,v) _ (UG(OU’ y)) )

The above system is of the form (3.2)).

The assumptions on F and G are listed in A1-A5 below. The nullclines of F
and G are plotted in Figure[G.Il These assumptions are identical to those used in
[39] and are qualitatively similar to the activator inhibitor model (1), (T2).

A1. The nullcline of F is sigmoidal and consists of three curves
R™={(u,y):u=h_(y),yel},
R = {(u,y) : u=ho(y), y € Io},
RJF = {(U,y) U= th(y)v Yy e IJr}v
where

I_=(y_,00), Io=(y—,y+), Iy =(-00,y4).

A2. Define J(y f:+(%) F(s,y)ds. J(y) has an isolated zero § € (y_,y4):

J(§) =0, dJ(y)/dy <0.
A3. F,<0on R~ and R*.

A4. G<0Oon R and G >0on R™. d%G(hi(y),y) < 0 for y € I.. The latter is
equivalent to —G,F,;'F, + G, < 0.
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y G=0

FIGURE 6.1. The nullclines of F' and G

A5. Gy|Ri S 0

To use the method in our paper, we verify (H1)-(H8). For a mono-layer solution,
(H8) is always satisfied. We first verify that when k = 0, the singular limit solution
actually satisfy (H1)—(H7). We then use a perturbation method to show that (H1)—
(HT7) are satisfied when k/w is small and when certain conditions are posed on
parameters (k,w,b).

The unperturbed system: k£ = 0. Under A1-A5, it is well known that there
exist 0g, €gp > 0 such that (6-4) has a unique stationary mono-internal layer solution
(u(z,€),y(z,e)) if 0 < 0 < 09 and 0 < € < ¢ [12} 04, 23] B6]. This solution
jumps upwards from near u = h_(y) to near u = hy(y) at  ~ zp. As € — 0,
this solution has a limit (uff(z),y{*(z)) in two regular layers separated by z¢ €
(0,1). (ufi(z),yf(x)) has a jump discontinuity at the internal layer xg. Using
a stretched variable £ = (x — x9)/¢, there exists the limit in the internal layer
(u(zo + €€, €),y(x0 + €€, €)) — (us(€),vy5(€)) as € — 0. The mono-layer solution
(u(z,€),y(x,€)) and the limit in regular layers (uff, yl?) are plotted in Figure
In particular, the jump point xq satisfies yf¥(z¢) = ¥ where § as in A2, and yf is
concave up for x < xy and concave down for z > xg; and y{fc >0,0<x<1.

There is a another mono-layer solution that jumps from near u = h4(y) to near
u = h_(y). But this will not be used in this section. By mono-layer solution, we
always mean the one that jumps upwards.

While the existence of the mono-internal layer solution is well known, the exis-
tence of matched expansions of this solution, or the existence of matched expansions
of critical eigenvalue and eigenfunctions has not been proved before. To this end,
we will verify (H1)—(HT).

From A1, the slow manifolds are R™ := {u = h4(y)} and R~ := {u = h_(y)}.
From A3, f, < 0on RTUR™. Thus (H1) is satisfied. It is clear that vf = (y, z)"
Y

satisfies (34) with 2§ = 29 and h® = h_, h' = hy. At 2 = 20,0 = (x , the
0
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uy :
u(x,€)

0 Xo 1

FIGURE 6.2. Mono-layer solutions and their singular limits

equation
Uge + f(u,@) = Uge + F(u,gj) =0

has a heteroclinic solution ¢(§) due to the fact J(g) = 0, (the equal area rule, see
A2). Thus the surface in (H2) is & = {(y,z)|y = g,z € R}.

The function ¢ is clearly an eigenfunction corresponding to the eigenvalue A = 0.
Using the fact

(6.5) Uee + fuU =0

has exponential dichotomies on R~ and R, we see that (¢(0),¢(0)) is in the in-
tersection of the unstable subspace at 0— and stable subspace at 0+; both are one
dimensional. Thus, the eigenspace is spanned by ¢. Equation (65 is self adjoint.
Let ¥ = ¢/||4||lpz. Then (¢, ¢) = 1 and ¢ is not in the range of the operator
O¢e + fu - I. Condition (H2) is satisfied.

The normal of ¥ is

h—(9)

= llall=*7.(9)

— 1) (5) -

R
since wi(zo) = yoxiﬂ?o) , we have n - wlt(zo) = J'(9) - y&t.(z0) # 0. Therefore,

(H3) is satisfied. See A2. Also the flow is transverse to X.
The major job is to verify (H4)-(H7). We use a geometric method similar to
that used in Theorem (.3l Since the flow of the x variable is trivial, it is reasonable
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to consider a reduced system that is equivalent to ([B6). (Equation ([B6) is 5-
dimensional.)

dy/dx = z,
(6.6) dz/dx = —oG(h(y + £ sin(wz + b)), y),
de/dx =1,

where k = 0, h = h_ if x < xg, h = hy if x > x. Obviously, (y&, 2£, ) where
28 = yE is a solution of (G.6). Let

Ty ={(y,z,x)|x =0},
Ty = {(y, 2, 2)|ly = 4},
Ty ={(y,z,2)|z =1},
(6.7) So = {(y,z,x)|z =0, z =0},

S ={(y,z, )|z =1, 2 =0},
= {(y,2,2)|r = z0}.

Denote ®_ the solution map of ([E8) with h = h_ for all 0 < z < 1. Denote ¢
the solution map of ([B8) with h = hy for all 0 <z < 1. We first prove (HT).
Let

M_ = J{®_(2,0)S/0 <z < 1},
My = {21z, )& 0 <z <1}
Let po = M_ NTI, py = M_ NII. Note that the matching point

o= (95(330%25(900),550) € po Mpg.

Lemma 6.2. For the unperturbed system, k =0, (H7) is satisfied. Also, po th i1
at @ in 1. See Figure[6.3.

M
r 1 Fz
y y
Ho \
M1
z z
x=0 x=1 X

FIGURE 6.3. The transversal intersection of ug and p;
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Proof. We first prove (H7). From (H7), it is easy to see that g th u; at p in II.
Let (Y~,Z~) be the solution of the linear variational system of the of (G
around the Oth order expansion, with k = 0,

n_z

Ly = (guf 1fv gv)
Y(0) = 1,
Z(O) =0,

If we recall that u?® = h(yf) where h = h_ if z < zg and h = hy if * > =0,
then using gy f, ' fo — 9o = ad%G(h(y),y) < 0 for z # xg, it is easy to show that
Y~ (z0) > 1, Z~(x0) > 0. Similarly, the solution (Y, Z1) of the linear variational

system
Yx =Z,
Ly = (guf fv v)
Y(1) =1,
Z(1) =0,

satisfies YT (xg) > 1, ZT(x¢) < 0.

Assume that (H7) is not satisfied for the mono-layer solution. Then there exists a
nonzero C* solution V' to (Z1Z). Without loss of generality, assume that V (zo) > 0.
Then there exist 1,72 > 0 such that V(zg) = 1Y " (x0) = 12Y " (z0). However,
we have a contradiction V.(zo) = v1Z (z0) > 0 and V.(zo) = 1221 (z0) <0. O

Since d Yo (:co) > 0, I'; is a cross section of ®_ and ®,, regular Poincaré
mapping P : T; — Ti;41,i = 0,1, can be defined. Hypotheses (H4)-(H5) are
clearly satisfied.

Lemma [6.2] implies that M _ intersects M transversely. The intersection is an
one-dimensional curve C passing through p. As in §5, it is called a slow switching
curve since the slow flow has to switch from v = h_(y) to h4(y) in order to satisfy
boundary conditions for y at x = 0, 1.

Let (Y, Z¢) be a solution to the following linear system:

dY/dx = 7

dZ/dx = —O'd G(h(y),v)Y,
(6.8) Z(0)=0, Z(1 ) 0,

[Y](z0) = 0,

[Z](x0) = o(G(h—(7),9) — G(h+(9),9))-
From Lemma [6.2] such a solution (Y¢, Z¢) uniquely exists. Similar to §5, we can
show that the vector

(Y(wo) — 25 (20), Z(x0—) + 0G(h—(5),§), 1)
= (Y(z0) — 25 (20), Z°(z0+) + 0G(h1(5), ), 1)

is a tangent vector of C at (ygf(20), 24 (o), x). Nishiura & Fujii in [39] proved that
Y¢(x0) — z§'(xo) > 0. Thus, C intersects T'; transversely. Suppose that ®_ maps
So onto S_ in 'y and ®, maps S; onto S, in I';. It is now easy to show that

S_ m8+ on Fl.

In fact, since C intersects I'; transversely, the tangent spaces of M have a common
subspace T,C which is not on T,I';. If the tangent spaces of S_ and Sy coincide,
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then T,M_ =T, M. This is contradictory to M_ h M. From here we deduce
that (H6) is satisfied.

Perturbed internal layer solution: k& # 0. We now show that (H1)-(H7) are
still valid if k/w is small.

Assumption (H1) can be quickly verified by the Implicit Function Theorem. In
fact, the slow manifolds are graphs of

k
u=hy(y+ —sin(wz + b)).
w

In system (G6.6), we now have k # 0 and h = h_ or hy if z < zf, or > 2 where
the jump point 2t is part of the unknowns to be found here.

We use our geometric method to construct singular limit solutions of (G.6]) and
show that (H2)-(H7) are satisfied for these solutions. Since (60) is piecewise C'°,
it is convenient to find the matching point p = (yt, 27, 21) first. With p as an initial
point at = z', a solution can be obtained by solving (6.6) in [0,2'] and [z, 1].
Notice that when k =0, p = (7, 2{*(z0), z0)-

First, due to the fact J(g) = 0, equation

k
uee + Fu,y + ” sin(wz + b)) =0

has a heteroclinic solution ¢ if y + %sin(wx +b) = g. The fast jump surface for

k#0is
- k . -
I ={(y,z,2)|y + = sin(wz + b) = g}.

The matching point must satisfy g € I';. The surface I'y is plotted in Figure [6.4l
As in the case k = 0, let ®_ and @ respectively be solution maps of ([6.6) with
h = h_ and h = hy throughout = € [0,1]. Define M_ and M as before.
The intersection of the three manifolds My and T'; determines the matching
point p. Since it is difficult to study the intersection of T'y with M_ or M, we
study the intersection of M_ and M first.

Lemma 6.3. The distances between My and the corresponding ones with k = 0
are O(2) in the C° metric and are O(£) in the C* metric. When k # 0 and k/w
is small, M_ and My intersect transversely. The intersection C = M_ N My is
a CY curve, and its distance from the one with k = 0 is O(k/w?) in the CY metric.
and is O(k/w) in the C' metric.

Proof. With the initial data (y, z,2) = (1,0,0), M_ can be expressed as
M- = {22y, z,2) =@ (2;7,0,0;k), 0<z<1,neR]},

where ®_ is the solution map of (G.6) with h = h_. Also, % satisfies the linear
variational system

(yr)" = 2k,
(6.9) (zx) = —aiG(h(y + L sin(wz + b)), y)yx — JEG(h y)h'l sin(wx + b)
dy w ’ ou w ’
(xk)' =0.
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I

y
z
= [
S
y X
o

S,

FIGURE 6.4. Poincaré mappings induced by the flow of (5.4)

The forcing term for (63) is of O(L), thus, in general (yk, 2k, zx) = O(1) only.
However, since sin(wx +b) is fast oscillatory, using a standard method in the theory
of averaging, we have

1
(Yrs 2k, Tk) = O(ﬁ)-

This proves that
k
2

®_(z;n,0,0;k) —@_(;n,0,0;0) = O(w )-

Thus, the distance between M_ and the one with k& = 0 is of O(k/w?) in the C°
metric. Using the same method, one can show

0 k
—{®_(2;1,0,0;k) — ®_(2;1,0,0;0)} = O(—).
377{ (231,0,0; k) (37,0,0;0)} = O(~)

From the right hand side of system (G, we have
2

0kox

Therefore, the distance between M_ and the one with & = 0 is of O(k/w) in the
C' metric.

O_(z;1,0,0;k) = O(1/w).
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The statements about M can be proved similarly.
The assertions concerning C can be proved using the implicit function theorem,
or a contraction mapping principle and will not be given here. ([l

When k& =0,
(Y(x0) — 20 (x0), Z(x0—) + 0G(h—(§),5), —1)

is a tangent vector of C at p with the y component being positive. Therefore, locally
the curve C can be expressed as

(6.10) r=2"(y,0), z=2"(y,0), §-T<y<y+T,
where z* and z* are C! functions and T > 0 is a constant.

Lemma 6.4. 22 (3,b) = —(Y(x0) — 28 (x0)) "' if k= 0. If k #0, then

dy
%x*(yvb) = O(k/w?),
0 0xz*(y,b),
%(Ty) = O(k/w).

Proof. The assertion for k = 0 is obvious.
To prove the assertion about %Lb, we can use a linear variational system to show

that @ is a C! function of b and a{;}% = O(k/w?) in the C° metric and is of O(k/w)
in the C! metric. Similar to the proof of Lemma [63] the fast oscillatory property
of sin(wzx + b) is important in the proof.

Since C is the intersection of ML, and since

C= U{(yvzvxﬂz = z*(y,b),x = x*(y,b)}

using the implicit function theorem, or contraction mapping principles, one can
show that z* and x* are C! functions of b and the desired estimates on %x* and

92 *
aboy L - O

Assume now k # 0 but k/w small. The transversal intersection of po and p; is
still true after the small perturbation. Thus (H7) is satisfied. From Lemma [G.3]
after the small perturbation, we still have M_ th M. Locally, C is still of the form
(EI0). Observe that the variation of I'y is :I:% in the y direction. If % < T, the
intersection of C with I'; is nonempty. Each point in the intersection is a candidate
for the switching point . The question is whether (H4)-(H6) are satisfied at the
intersection. From Lemma [5.1], conditions (H4)-(H6) are satisfied if C h Ty at .

Since T'; is flat in the z direction, to study the transversality of the intersection
of 'y and C, it is convenient to project out their z component. The images of
the projection are 'y — III'; and C — IIC. Several possible intersections of C
and T'; are depicted in Figure [6.5. The z direction is not shown. It follows from
Lemmal6 Al that if T is sufficiently small and w is sufficiently large, then %x* (y,b) =
—(Y(z0)—28(20)) 14+ O(T+k/w) < 0 for ally € (§—T, §+T). The nontransverse
intersection of IIT"'; and TIC can occur at the part of IIT'; that is decreasing. We
now elaborate at this.

First assume that k is sufficiently small so that

0 1

(6.11) 5y~ W:b)lk=0 < -
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The subscript & = 0 indicates that the left hand side of (611 is evaluated at
k = 0. Using the estimate on the dependence of C on k from Lemma [63], if 7" and
k/w are sufficiently small, we have

J ., 1
—_ b)| < =
ol < 7
forall y—T < y < g+7T. Since the maximum of the slope of IIT'y is k, IIC intersects
IIT; transversely at a unique point p = (y', 27, 2T) for any b € R.

Next, assume that k is sufficiently large so that

0 . 1
(6.12) |a—y$*(y,b)|k:0 > 7

If T and k/w are sufficiently small, we have
0 1
2 (u.b -
| a° (y,0) > &

forally—T<y<gyg+T. B
The intersections of C and I'y correspond to solutions of the equation

k _
- sin(wz*(y,b) +b) +y = 9.

Let ¢ = wx*(y,b) +b. With ® as a parameter on IIT'y, the intersections correspond
to zeros of the function

¢(,b) a5 — gsin¢,b)+b—¢: 0.

Once ¢ is found, the intersection is determined by

p—b
r=—
w
Since %x*(y, b) = O(k/w?), (Lemma 64), and z*(y, b) is a periodic function of
b, we have %—f > 0 and € — +o0o as b — oo. Therefore, if w is sufficiently large so
that % < T, then for each ¢ € R, there exists a unique b = b*(¢) such that € = 0.
Moreover, b* is a C! function of ¢ with

ob* or* Ox
1 =(1
(6.13) 9 14w 5 o9
Let y& be a solution constructed by such p. Condition C th I'; becomes 9b* /0¢ #
0, or equivalently,

k
, y=7- —sing.
w

*

Y14k

cos @).

*

ox
14 1 .
(6.14) +k oy cosp #0

Consider one period ¢ € [—37/2, /2] for the time being. For ¢ € [-37/2, —7/2),
cos ¢ < 0, [G.I4) is valid. The left hand side of (614) is positive if ¢ = —7/2, but is
negative if ¢ = 0. Therefore, it is easy to see that there exist ¢1 € (—7/2,0), 2 €
(0,7/2) such that

ox*

dy
Using the fact that 88—2* is almost a constant, it is easy to verify that ¢, ¢o are the

only points in [—37/2, 7/2] that do not satisfy (GI4]).
We summarize our results in the following theorem.

(6.15) 1+ k=—cos¢; =0, j=1,2
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Theorem 6.5. (1) Assume that k is sufficiently small so that (611) is satisfied.
Then there exists wg, depending on k, such that if w > wq, then for any b € R,
there exists a unique singular limit solution yl* that satisfies (H4)-(HG).

(2) Assume that k is sufficiently large so that (6.12) is satisfied. Then there
exists wo, depending on k, such that if w > wy, then the following is true: Assume
that ¢ # ¢; +2vm,j = 1,2, v € Z. Let b = b*(¢). Let the matching points
o = (y', 21,21 be determined by such ¢ and b. Then the singular limit solution y&
constructed by ¢ satisfies Hypotheses (H4)-(HG). Moreover, for any r > 0, there
exists k = k(r) such that if w is chosen to be sufficiently large, then the number of
solutions ylt that satisfy (H4)-(H6) is greater than r.

y ~ k.
flow y=y- a)sn(oox+b)
®3 ?1
*
x=x (y,b) /
X
flow
)
¢ *
! x=x(y.b)
y ~ K.
y=y- (—Dsm(mx+b)
X
®7
*
x=x (y,b)

FIGURE 6.5. Several possible intersections of IIC and IIT'; are de-
picted, not occurring simultaneously. (H4)-(H6) are not satisfied
at the tangential intersections corresponding to ¢1, ¢2 but are sat-
isfied at ¢3, ¢4 where the flow is tangent to IIT';. The internal layer
solution is stable at ¢5, @7 but unstable at ¢g.
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Proof. When w is sufficiently large, zooming in by a factor of w, the graph of TIC
is approaching a straight line with constant slope. The proof of the last statement
can be done by examining the graphs of the limiting straight line and —ksin¢. O

The stability analysis of the perturbed internal layer solution is relatively easy
once its existence is established. Since there is only one internal layer, the coupling
matriz A is a scalar. Recall that v = (y,z), V = (Y, X) and ¢ = ¢/|¢||3-. From §4,
the first two coefficients in the expansion of the critical eigenvalue A(€) are \g = 0
and

M =A=n-(V(zo) — wi(x0))-

00
n= s ((8),0)¥(&)dE
—o0
h+(y+§ sin(wz+b)) k
= IIcJII’2/ F,(u, y + — sin(wz + b))du
h,(erg sin(wz+b)) w

k
= |4l "2 Ju(y + » sin(wz + b))
= 141727 (9) (1, k cos(wz +b))".
The basis solution V. = (Y, X) satisfies

Yoo — 0(GuF, 1 F, — G,) (Y, X)” =0,
X:c;c207

[Y](z0) = [X](z0) = [Xa](z0) =0,
[Ya](20) = 0(G(h—(9),9) — G(h(9),9)),
X(0) =X(1) =0,

Y. (0) =Y, (1) =0.

It follows that X = 0. Then the equation for Y simplifies to (68). Thus ¥ = Y*°.
Since w = (2{#, 1), V. = (Y<,0),

A= [ld)| 72T (§)(YE(x) — 28(z) + Xk cos(wz + b) — k cos(wa + b))
= [l (@) (Y(x) — 25 (z) — kcos ),

where z = .

Consider the case when k is sufficiently small so that (GI1) is satisfied. Using
Lemma [64], if T is sufficiently small and w is sufficiently large, we have 0 < k <
Y¢(z) — 2£(x). The unique internal layer solution as in Theorem satisfies
A1 < 0, and hence is stable. In particular, this is true when & = 0. This result is in
agreement with Nishiura & Fujii [39].

Consider the case when k is sufﬁciently large so that (612) is satisfied. Using
Lemma [6.4 again we have Y¢(z) — 2£(z) < k. The stability of the internal layer
solution depends on the parameter ¢. If ¢1 + 2vm < ¢ < ¢ + 2um, v € Z, the
internal layer solution is unstable (A > 0); If ¢2 + 2vm < ¢ < ¢p1 + 2(1/ + 1), then
the solution is stable (A1 < 0).

Theorem 6.6. (1) Assume that (6.11) is satisfied. Then there exists w* > 0 such
that for each b € R, there exists a unique internal layer solution that is stable.

(2) Assume that (6.13) is satisfied, Then there exists w* > 0 such that if w > w*,
then the following is true. Let b = b*(¢) where ¢ # ¢; +2vm, j =1,2, v € Z. Let
y&t be determined by such b and . Then the internal layer solution corresponding
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to such y&t is unstable if o1+ 2vm < ¢ < ¢o + 2v, v € Z, otherwise the solution is
stable (A1 <0).

Remark. (i) Our analysis also suggests that when b = b*(¢;) + 27y, j = 1,2, the
intersection of C and I'; is nontransversal, and saddle-node type bifurcations may
occur. The analysis of bifurcations caused by moving b through critical values is
completed in [18].

(ii) Recall that (Y¢(z) — z&(x),--- ,—1) is a tangent vector of C. If C is ori-
ented with the positive direction pointing to the decreasing of x, then A\; < 0 if
C passes through I'; from below; A; > 0 if C passes through I'; from above. This
interpretation agrees with Theorem B3]

(iii) The smallness of k/w is only used to ensure that the shape of the slow
switching curve C is computable by a perturbation method. For a general system,
this curve can be obtained by numerically computing the intersection of M. Con-
ceivably, we may find points where C h I'! is even when the oscillatory perturbation
is not small. The break of stability and the bifurcation of internal layer solutions
may occur in much general systems.

(iv) From Figure[6.3], we see that at the intersections corresponding to ¢ = ¢s3, ¢4,
the flow of (G.6)) is tangent to Iy, however, the internal layer solution is structurally
stable due to C rh T';. These solutions will be missed if one insists that the flow
must be transverse to f‘l.

7. FINAL REMARKS AND STABILITY OF INTERNAL LAYER SOLUTIONS

1. Our methods of constructing asymptotic series for the internal layer solutions
and the critical eigenvalue-eigenfunctions are actually related, although one uses
the pseudo-Poincaré mapping or the (BVPIC), the other uses the coupling ma-
trix (SLEP matrix). An intuitive reason is that the unknown shift {Az‘} in the
(BVPIC) can also be formulated by adding multiples of ¢ in the ith internal layer
as in the coupling matrix. The following lemma asserts that asymptotic expansions
for internal layer solutions can be obtained if the coupling matrix is nonsingular:

Lemma 7.1. If in addition to (H4)-(H6) as in LemmalZ2, condition (H7) is also
valid, then (BVPIC) has a unique solution if and only if the coupling matrixz is
nonsingular.

Proof. Let V! and M be as in (£17). Define V := > ] V:Az® which satisfies the
first two equations in (BVPIC) with zero right sides, and

[V](z5) =0,
Vol(zh) = MIAZ" = Azt [wl](zh), 1<i<r
Let V=V +V, V as in the (BVPIC), then
Vow = (gufo ' fo — 9u)V = En,
A;Va(§) + BjV(j) = Eaj, j=0,1,
[V](z5) = Ex,
[Va)(z5) = E.

According to Lemma 1] the above has a unlque solution V. Substituting V' =
V — V into the third equation of (BVPIC), n’ - (wf(z})Az’ + V (zi+)) = Ei, we
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have
T

n' - (wh(zf)Art — Z VEAZ') = B —n'V(zi+).
=1
The linear system for Az’ has a unique solution if the coefficient matrix, the nega-
tion of the coupling matrix, is nonsingular. [l

2. The name “critical eigenvalue” used in this paper is not precise. Following
Nishiura and Fujii, we have only considered critical eigenvalues whose eigenfunction
(U,V) has a jump in V, across xj. These eigenvalues will be called “singular”
critical eigenvalues. There may be “regular” critical eigenvalues that satisfy the
reduced eigenvalue problem (L.I2) with V € C'[0,1]. Calculation of regular critical
eigenvalues is quite different from the procedure given in this paper. From (H1)
there exists 41 > 0 such that if Re A > —v; then (f, —\)~! exists. To avoid regular
critical eigenvalues, we assume that

(H9) There exists v > 0 such that for Re A > —~, the following equation
(71) me_(>\+gu(fu_>\)71fv_gv)vzov
with boundary conditions (Z11]) does not have any piecewise smooth, nonzero so-
lution that is in C'*[0, 1].

Notice that (7)) comes from (II12)) by setting ¢ = 0. With (H9), it is easy to
show that there is no regular critical eigenvalue in the region Re A > —~.

For system (64) with & = 0, Nishiura and Fujii showed that (H9) is satisfied

[39). If k/w is sufficiently small, (H9) can be verified easily as a small perturbation
to the one with k£ = 0.

3. To use the expansions of critical eigenvalues in the stability analysis, we need
to prove that, in the region Re A > —fy > —~, all the eigenvalues are the singular
critical eigenvalues obtained in §4.

Consider an asymptotic series u(e) = >, €/ p; with po > —fB, Assume that
w(€) is not equal to any of the critical eigenvalues obtained in this paper. That
is, for any critical eigenvalue X" (¢),1 < ¢ < r, there exists an integer j§ such that
s = Aj,J < Jjo but pjo # Ajg. Let

jo = max{jd, 1 <i <r}.

We want to show that wp(e) is a regular value. Note that if the corresponding
eigenfunction of u(e) has an asymptotic expansion in €, then we know that p(e) is
not an singular critical eigenvalue due to results of the previous sections. However,
since we can not assume that the corresponding eigenfunction has an asymptotic
expansion in €, the result needs to be proved separately.

Assume that h(z,€) = (h*(x,¢€),h"(x,¢€)) is C* and admits asymptotic expan-
sions in the same regular and singular layers defined by the internal layer solution
(u(z,€),v(x,€)). Consider the resolvent problem

pU = €Uss + fuU + foV + hY,
MV = Voa + guU + gvV + hUa

with suitable boundary conditions at = 0,1. We look for a matched formal series
solution (U(e), V(€)). Denote the above as

(7.2) p= — A= =hle), E=(U,V), h=(h"h").
We show formally that the inverse of y — 2 exists, with (u —2)~1 = O(e 7).
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Theorem 7.2. Assume that p(e) = >, uj, wo > —Po = min{yo,7}, is an
asymptotic series that is not equal to any of the critical eigenvalues obtained in this
paper. Let jo be the largest of the powers as above. Then for any h(e) = Zj elh
with h; = 0 for j < jo and hj, # 0, the eigenvalue problem (7.3) has a unique
matched formal series solution = = E?io =,

Proof. Case 1. jo =0, i.e. py #0.
Consider the €’th expansion:
In regular layers,

MOU§ = qu(F + f'uVE)R + hga
Us' = (to — fu) T (S Vo + g,
HOV()R = V()};x + [gu(NO - fu)_lfv + QU]V()R + gu(;UO - fu)_lhg + hS

From (H1) and (H9), if we know the jumps (Vi VZ) at zf, we can solve for
(Ué%, VOR)'
In the ith internal layer,

VO*Z =0, VVOSg =0, V§ = constant, W5 = constant.
It means that there is no jump for (Vit, W) across z. Thus we can solve for V.
We also have Vi = Vi (xf).
U = Ule + FuUS + FVE + hi.
From (H2), p10 is not an eigenvalue for the above. One can uniquely solve for Uy

In the e/th expansion, we can solve for (U;,V;) both in regular and singular
layers much like the same way for (U, Vp).

Case 2. jo = 1. In this case pg = 0, 1 # A! for any 1 < i < r and hg = 0 but
hy # 0.

In the €%th expansion, since A\g = 0, hg = 0, we have
U(f” =0, VOR =0, in regular layers,
VOSi =0, UOSi =d\g*, in the ith singular layer.
d remains to be determined.

Consider the e'th expansion:
In the regular layer, since po = 0, U =0, V¥ = 0, then

0= qu1R + fUV1R + h?a
Uff = = (f VR +RY),
Vi, = (gufu ' fo — 9oV = gufu "By — hY.

From (H1) and Lemma FJ], if we know the jump of (Viff, Vi) across each xf, we
can solve for (U, ViF).
In the ith singular layer, since Vi® = 0, uoV;® 4+ p1 V¥ = 0, then

Vi =W§ =0,
Wit = —gudd’.
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Integrate from & = —oo to 0o, and use the matching principle,
Vit (2g+) = Vi(wp—) =0,
Wit (wp+) = Wit (ap—) = dgM'.

We can now solve for (Vi#, W). They are of the form
B=N"diVi+tot, W=D diWi+1l-0-t.
1 1

Here £ -0 -t involves hi. We have V;° = Vi (z}). Plugging into
pdyd’ = Uee + FuUF + foVi + di(Ffund'ur + fund'v1) + R,

we can solve for U if the nonhomogeneous terms are orthogonal to ¢*. Integrating

by parts as in (EI19),

T

dypn =y dgn’ - VE(ah) — djn’ - wgl (xh) + (', i) + £-0- 1.

=1
dj dg (! hit)
p| ] =A |+ +2-0-t.
dp dp (47, hY")
Since 1 # A}, 1 < i <r, pp is not an eigenvalue. The above has a unique solution

Assume that the e/~ !th expansion has been obtained. We have Ujs_i1 = dé_lq'i +
Z}_l where Z;:_l has uniquely been determined but d;_l has not. In the ¢/th
expansion, we can similarly show that

JlMl Z 0’ V() - d;l‘flni'w(})%(xé)"‘wi,h%"'e'o't-

d}_l d}—l <¢17 h;;,l)
Ml , e A . + . + £ -0-1.
di_, dy_, (¥, hy")
From this, we can solve for (d}fp s di_g).

Case 3. jo > 1. In this case there exists an critical eigenvalue \(e) such that
i = )\;, J < Jo, Wi, # )\;-0. We shall solve

(7.3) —A(e)= = h(e)

where h; =0 for j < jo, hj, 7é 0.

An important observation is that it suffices to find asymptotic series for ([Z:3) up
to the e/0th expansion. Let the normalized eigenfunction corresponding to A(e) be

(U(e), Vi(e)) = (Z er;,Zej‘_/ji).

In the future, we drop the index i on )\;» and (U%,V?). For expansions to the
order €/, j < jo, since h; = 0, and p; = A;, we have the same equations as the
eigenvalue-eigenfunction equations. Therefore, we set

Uj = koUj, Vj=koVj, Wj=koWj, j<jo,
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except for UJ%A = koU]i,l + d*¢" in the ith internal layer. The parameters
(d*,---,d") remain to be determined.

Consider the ¢/°th expansion. Let
Uj, = konO +U,
Vio = kOVjo +V,
Wi, = koW, + W.
Here U = U®,V = VS, W = W¥ in internal layers, and U = UR,V = VE W =
W in regular layers. - -
In regular layers, since (U(¢€), V (€)) satisfies the eigenvalue equations, then all the

terms multiplied by kg should cancel. In the e°th expansion, after the cancellation,
we have

0= quR"‘vaR‘f'h;Oa
R R R

0=V + g U + g, VP 1",
U = —f oV = f 0,

0=VE —gu(f " foVE = f'hY) + gV + hY.

We can solve for (U, V) if jumps of (V£ V.E) across z}) are obtained.
In the i-th internal layer, we again can cancel all the terms in both sides of the
equation that are also in the eigenvalue equation. Since

poUjy + -+ 150 U5 = koMUj 1 + -+ + X, U5) + Md'd" + koo — Ao ) UG -

0

After the cancellation,
Md'q + ko(pje — Njo)Us = Ugi + fuU® + fuVE + Y.

vE =0,

Wg = _diguq.ia

VE(ah+) = Vi ah—) =0,

WH(zg4) = WH(zp—) = d' M.
The solution of VE has the form

VE =" dV + O(|h, ).
(=1

Substituting VS = VE(z}) into the equation for U S using the Fredholm alter-
native, and integrating by parts as (£19), we have

Md' + ko (g, — Ajo)eh =0 - Y dVE(xh) — d'wg ()] + O(| o).

r=1
d? d? s
A1 =A _ko(:ujo _/\jo) +O(|hjo|)'
dr dr g
Since (cg,...,ch)7 is in the kernel of (A\; — A), it is not in the range of \;I — A.
Since uj, # \j,, there exists a unique ko that allows the equation for (d!,...,d")

to be solved. Without loss of generality, let (d',...,d") L (c},...,ch).
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After the e’°th order expansion has been obtained, we can compute the e/ot1th
and other higher order expansions by induction, with the similar method. [l

The series expansion is a formal solution to the resolvent problem. With the help
of some contraction mappings and iteration methods, similar to the ones outlined
in the Appendix, one can show that there exists a small ¢y > 0 such that if € < e,
then Y 7% e/y; is a regular value of the internal layer solution. The constant €
depends on |pj, — Ajo |-

Denote the critical eigenvalues by A (e) = >°5° ej)\y), 1 <?¢<r. A critical
eigenvalue A\ (€) is said to be stable if Re )\gé) < 0. It is said to be unstable if
Re )\y) > 0. We can show the following

Theorem 7.3. With (H9), there exists a constant eg > 0 such that if 0 < € < €,
then the internal layer solution is unstable if there exists at least one unstable critical
eigenvalue; the internal layer solution is stable if all the critical eigenvalues are
stable.

Proof. Only the idea of the proof is given. First if A()(¢) is an unstable eigenvalue
with Re A{ > 0, then from Theorem [A4]there exists a true eigenvalue of the internal
layer solution in the right half complex plane if € is sufficiently small. Thus the
internal layer solution is unstable.

Next assume that all the critical eigenvalues are stable. There exist ¢y > 0 such
that all the truncated eigenvalues \(e) = e/\gz) lie in the left half complex plane
provided that 0 < € < €y. A cone centered at A\(e) is defined as {eX : |\ — \{| < 6}
and is called an £ — ¢ cone. We choose § > 0 so that all such cones lie in the left
half complex plane for 0 < € < €.

Let u be a complex number with Rep > 0. Then for some sufficiently small 9,
4 is not in any of the £ — § cones. From Theorem [7.2] formally p is a regular value.
Using a contraction mapping argument, we can show rigorously that there exists a
small €y such that p is a regular value if 0 < € < ¢p. Care must be taken to ensure
that a common €y can be found for all such u. Details will be omitted due to the
length of the paper. We have shown that all the eigenvalues are in the left plane
Re A\ < 0, therefore the internal layer solution is stable. O

APPENDIX A. THE EXISTENCE OF THE LAYER SOLUTIONS AND THE CRITICAL
EIGENVALUE-EIGENFUNCTIONS

The iteration method as stated in Lemma [AT] will be used throughout this
section. Let £ be a bounded linear operator from Banach spaces F1 to Fy. We say
S : E5 — Fj is an approximate right inverse of £ if |[I — LS| < 1.

Lemma A.1. If L has an approzimate right inverse S, then the abstract equation
Lz =y has a (nonunique) solution v = Sy °(I — LS)y. If moreover, S is
invertible, then the solution is unique.

In practice, E; is the space of solutions and F5 is the space of forcing functions
plus the space of boundary and jump terms related to a system of differential
equations. The operator S is usually the inverse of a simplified operator £; derived
from £ by dropping some coefficients, changing the forcing terms, jump terms or
deforming the domain of solutions. If S = El_l, Liz1 =y, then |[I — LS| =C1 < 1
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means
(A1) (L1 — L)(z1)] < Cly|, for all ; € By.

Condition ((A) can be checked, a posteriori, without using the exact solution
x = L y. To solve a difficult abstract equation, we may need to find a finite chain
of operators: £;,1 < j < k, satisfying (A]) for any two adjacent operators. The
last equation Lxx; = y must be easy to solve.

For any integer m > 0, let xflp(e) =3 ejxf, 1 < ¢ <r, be an approximation of
the position of the ¢th internal layer . We look for Az’ so that x4, = xﬁp(e) + Azt
is the exact layer position. For convenience, we set Az’ = 0 for £ = 0,7 + 1 and
let 2% = xgp =0and 2" = xg;,rl =1. Let €®, 0 < B < 1, be an “intermediate
variable”. Define a sequence of points a*,0 < i < 2r + 3. Except for a® = 0 and
a?"t3 =1, points a' to a?"+2 are defined as

aQi:miA—eﬁ, 1<i<r+1,
a%“:miA—l—eﬁ, 0<s <.

The interval [0, 1] is divided by {a’ 12;6“3 into 2r+3 subintervals that alternatively
house singular and regular layers, see Figure [A]

I'={z]a" ' <z <a’1<i<2r+3},
10 < ¢ <r+1, are for the (r + 2)-singular layers,
1%, 1 < <r+1, are for the (r 4+ 1)-regular layers.

Let £ = a'/e. Then in the stretched variable £ = /e, I' = {6071 < € < €.
The width of a singular layer is O(¢?) in the z-variable, but is O(¢*~1) >> 1 in
the ¢ variable. The interval I’ is also called regular or singular layers if i = 2¢ or
204+ 1. If Az =0 for £ =1,...,r, then the corresponding unperturbed sequences
of points and intervals are denoted by af, £ and I¢.

For any integer m > 0, define the €"th approximations of eigenvalues, internal
layer solutions and eigenfunctions with W = (u,v) and W = (U, V) respectively,
by truncating the asymptotic series as follows:

m

)\gp:Zej)\?7 k=1,...,n,

0
m ] .

Wap(z,€) =Y W[ (x), rel, i=201<0<r+1,
0
m ) ‘

Wap(z,€) =Y W ((x —al)/e;e), wel',i=20+1,0<0<r+1.
0

A function W in I' will be denoted W if necessary.

RN L2 | 24T 242 243
(I \ | \ | L1 | | \ | L
Td 2.8 42 dld dld? P 2@
X X X X X X

FIGURE A.1. The partition of singular and regular layers where
i=20+1, 2 € I' = I*"*1 the (th internal layer.
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Although the interval I’ varies with Az? and e, Wy, is still well defined. In regular
layers, using the differential equations, the domain of WJR(x) can be extended from
z € R = (z571,25) to an open interval O containing R’. Therefore, if ¢ and
max,{Az*} are sufficiently small, then I C O’ so that W,,(x,¢€) is defined in I°.
In a singular layer, Wo,(z, €) is only shifted in the z direction when Az’ # 0.

Formal approximation of internal layer solutions. (up,vqp) defined above is
a formal approximation in the sense that after substituting into (El), the residual
errors in all layers, boundary errors at = 0,1, and jump errors between adjacent
singular and regular layers are small.

If we let (—F*, —G") be the residual error of the approximation in I*, then

Uap,e¢ + [ (Uap; Vap) = —F",
Vap,zaz + 9(Uap, Vap) = G, 1<i<2r+3.

All the norms in this section are supremum norms unless otherwise specified. It is
easy to verify that |F?| 4+ |G?| = O(e™*1) in regular layers. In singular layers, the
Taylor expansion of f and g involves polynomial growth terms of €. Since the layer
width in ¢ is of €71, the residual error due to truncation of f is O(em+1¢mtl) =
O(eﬁ(mﬂ). In singular layers, only the ¢™~'th order expansion of g was used due
to the extra term e in front of g, thus the truncation error |G| = O(e™?). In the z
scale, the L' norm is O(e”(™+1). In conclusion

|F| 4+ |G| = O(e™*!), in regular layers,

A2 , ,
(8.2) |Fi| 4 |G = O(Pm D)) in singular layers.
If we define the jump errors between layers with Az® =0,/ =1,...,r, as
UZJ[SI(GB) - U’fzp(aé)) = _Jf’ U’;J;g,lx(az)) - U’fzp,x(aé)) = _JQia
Vap ' (ag) = vp(ag) = —J5, vepl(ag) — vy 2 (ag) = —Ji,
then we have
4 4
A3 Ji| < CePmh),
(A-3) > D1
i=1 j=1

For a proof see [29] [30] [1§].

Existence of internal layer solutions. Let (uqp+u, vep+v) be the exact solution
with the exact layer position xﬁp(e) +Axz’. The functions (u,v) satisfy the following
linear variational equations. In regular layers,

uge + fyu+ fov = F' (&) + M'(u,v,¢),

Vex + gu+ glv = G (x) + N'(u,v,¢).
In singular layers,

uge + fiu+ fiv = FY(€) + M (u,v,e),

Vpw = GH(x) + N'(u,v,€).

The coefficients are based on linearizing at the €’th order approximations. For
example, in regular layers, fi = fu(uf(z),vf*(x)),i = 2¢. In singular layers,
L= fiust(€ — xb/e),v5 (& — xb/€)),i = 2¢ + 1. Similar definitions apply to
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1098, i, If € is used in regular layers, let x = €£ and if x is used in singular layers,
let £ = x/e.

A direct linearization would yield vy, +g;,u+gyv = G*()+N*(u, v, €) in singular
layers. But since the length of the layer is O(¢?), giu + giv = O(e (|u| + |v])) and
is included in N*.

The nonlinear terms satisfy,

M+ [N < C(|u'? + [0 + € (ful + [o]).

Let I', i = 20+ 1, be a singular layer. Observe that adding Az* does not change
the values of u’ at the boundaries of I’. When Az’ # 0 the jump conditions for

(u,v) are
uH(a') — ' (a") = g, (a') — ugy ' (ah),
ui(aifl)_uifl(az 1) u;pl(aifl)_uip(aifl).

After linearization, we have
Wt (a’) —ui(a?) = Ji — ul T (b ) Axt + K
(@) —u e ) = T+ uom (:co YAzt 4+ Ki™
The nonlinear terms satisfy
K = O( 80+ [P 4 (180 + |u' ),
Ky = O0(1Az [ + [u ™1 P+ €2 (|Azf| 4 [u'H).

Similar formulas for the jumps of u,, v, v, can be written at the junction points.
If we can solve the following system of linear nonhomogeneous equations, then
the nonlinear system can be solved by the contraction mapping principle.
In a regular layer I*,i =20,1 < (<r+1,

(A4) uge + fyu+ fov = F'(€),

(A.5) Uz + gyu+ gyv = G ().
In a singular layer I*,s =20+ 1,1 < ¢ <7 +1,

(A.6) uge + fau+ fov = F'(€),

(A7) Vpw = G ().
The boundary conditions at x = 0,1 are

uz(0) = ux(1) =0,

A8 _ _ |
49 Ajvg(4) + Bjv(j) =0, j=0,1.

Denote w, uz, v, v, by 2, the jump conditions for i = 2¢ + 1, I' a singular layer,

i+1 7 E
(A9) | i: (a') - 1 Z'(a") = Jj - 1 — 205 (z5+) A
2'(a*77) — 2= (az ) Jz + zow(xo )A:c

where j =1,2,3,4 if z = u, u,, v, v, respectively.
We can prove the following result
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Theorem A.2. The system ([A.4)-(A77) with boundary conditions (A.8) and jump
conditions (A9) has a unique solution (u,v,{Az'}]) that satisfies

4
{AZ Y + lul + o] < COIF+ D 1G 1 + D> 131

i j=1

By the superposition principle, the proof is divided into two steps.

(1) STEP ONE: We solve the nonhomogeneous system (A4)-([A7) in each layer,
taking care of the boundary conditions ([AZ8]) but ignoring the jump conditions

(2) STEP TWO: We solve a homogeneous system ([A.4)-([A.7) with zero (F*, G?)
and zero boundary conditions, but nonhomogeneous jump conditions, which are
modified to accommodate the change due to the first step. The sum of the solutions
in the two steps is the solution of Theorem [A-2]

System (A4)-(A9)) bears some resemblance to the linear systems in §3. However,
in regular layers, the term uge = €?uz, can not be dropped to make an algebraic-
differential system. Because of this, even the relatively easier STEP ONE is not
trivial to carry out. The point is we need to find a solution in each layer that is
bounded uniformly by (F*, G%) as the length of intervals approaches infinity in the
¢ scale when ¢ — 0. The procedure of performing STEP ONE is discussed in [18]
and will be skipped in this paper.

To accomplish STEP TWO, based on Lemma [A1] we will simplify the system
to make it easy to solve. Eventually, the system is reduced to the (BVPIC) which
is known to have a solution.

In regular layers, by the change of variable u =y — (f1)~! fiv, (A) becomes

Vo + gLy + [g) — g (F1) " filv = 0.

The idea is if y = 0, we are on the slow manifold of the linear system, so that the
deviation y must be small. If we drop g%y, then the system to solve in regular layer
is

(A.10) uge + fuu+ fio =0,
(A.ll) Uza + [92 - g;(f;)_lff)]v = 0.

In singular layers, we convert v,, = 0 into a system v, = w,w, = 0, and approxi-
mate it by v, = 0, w, = 0. Then in singular layers

(A.12) uge + fuu+ frv =0,
(A.13) vy =0, wy =0.

Recall that by the iteration method, all we need is to solve the system approximately
with small errors. After solving for (u,v,w), we can show a posteriori that g’y is
small in L! norm, see [I8] for a proof, and |w|z:1 < Ce’|w|~ is also small.

We look for solutions of a system consisting of (AI0)-(A13) plus the boundary
conditions (A.8) and the jump conditions ((AX9). The next step is to reduce the
system to the (BVPIC) as in §3.

First we solve for v in regular layers from (AII)). We need jump conditions for
v between two adjacent regular layers, one before the other after the /th internal
layer I' = I?**!'. Observe that from ([(ATI3), (v',w’) are constants in I°. If we
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Recall that [vfl](z§) = 0, from the jump conditions (A9), we find that

(A.14) vt (') — o a ) = JE T

(A.15) wt(a’) —w N = Jp+ I+ Artwg ] (),

(A.16) Agv2(at) 4+ Bov?(a') = AgJj + BoJ3,

(A.17) A2 T2(q22) 4 B2 (g2 2 = _AljfrJrl _ B1J§r+1.

Let us turn to the u equations in singular and regular layers. Consider (A.10) and
(A12) with Neumann boundary conditions. For the jump conditions on (u,u,),
consider the ¢th singular layer I*, i = 2¢ 4+ 1.

utHa') —'(a’) = Hi == Jf —ugy " (ah+) A,
Wit (') — (o) = Hy = Jj + ult! (ah—) Aa

Equations for u have the property that in the two boundary layers and all the
regular layers, uge + fiu = 0 has exponential dichotomies in I* = (£71,£%). In each
internal layer I* = I**1 ¢ =1,...,r, Uge + fiu = 0 has exponential dichotomies
only on the two half-subintervals of I*. By having an exponential dichotomy for a
second order equation, we mean that the corresponding first order system on (u, u¢)
has an exponential dichotomy. The constants and exponents of the dichotomies do
not depend on € or the length of the intervals, which approaches infinity as € — 0.
Let the projections to stable and unstable spaces in I* be P(¢) and P.(£). The
projections in internal layers have a jump at the middle of the interval I' since the
dichotomies only exist on half of each I°.

If H}, 7 = 1,2, is given, the system with jump conditions and exponential di-
chotomies described above has been studied in [29} [31],[30, [I8]. The problem to solve
is similar to the classical shadowing lemma except for the lack of exponential di-
chotomies in the whole internal layers. Assuming at &', RP! (%) @RPIL(£Y) which
can be verified in our system, we have the unique splitting (Hi, Hi)™ = ¢+l — @i
where ¢it! € RPHL(¢Y) and ¢!, € RPL(£Y). Denote ¢f, := Q' (Hi, HL)™, ¢ttt =
QL(H{, H})™. The system for u can be approximated by a local boundary value
problem in I*:

(A.18)

Uge + fiu+ fiv =0,

PHE) (€™, ux(871) = 6L,

Pa(€)(ul€"), uz(€)) = ¢,
In regular layers, and in the two boundary layers, the above always has a solution
for any continuous or L! function v(¢) and any vectors (¢, ¢%,). In internal layers,
v is constant, If ¥ = (=%, "), where v’ is the solution to the adjoint equation
as in §2. To have a solution u in I = I?**! which is (—e®~!,¢#~1) using local

coordinate, a Melnikov type condition must be satisfied, see Lemma 2.4l

s . o - ,

/@—1 V() for'dE = U (EN) Y, — WI(ET e,
= WH(EN)Qy (H, Hy)" — (€™ HQU (Hy ™1 Hy )T

It is now clear, based on W(¢) being exponentially small as & — oo, we can drop

the Az’ in the (H?, Hi) terms, defined in (AI8). The right hand side is ap-
proximated by given terms involving only (Ji™*, Ji~t Ji, J3). If we denote nfj :=
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ffﬁ_il fiab*(€)d¢ and use the jump condition v+ (a?) — vi(a’) = Ji — wl(x§) Az,
we have a condition on v**!(a?):
(A.19)

ng - (v (') + w (26) Aa’) = UHENQ, (1, )T — WH(ETHQT (AT LT
In the simplified system, the v variable in regular layers must satisfy (A.19), with

jump conditions (A14)), (A15) and boundary conditions (A1), (AIT).

If we shrink the singular layer to a point z§,0 < ¢ < r + 1, and move a
and a**! to zf, and approximate the nf by n® = [*_ fip*(¢)d¢, then (AI9) is
approximated by

nt - (v (@l +) + wl (z5+)Az’) = given terms.

20

This is precisely the third equation in (BVPIC). The boundary conditions become
the second equation in (BVPIC) and the jump conditions the last two equations in
(BVPIC). According to Lemma [32] the modified system has a unique solution. If
we solve this (BVPIC) and map the solution in each (x5!, z5) by a near identity
map to (a?*~1,a?"), we have a good approximation of the v in regular layers. The
error of the approximation approaches zero as ¢ — 0. By Lemma [A] this means
that the system for the v variable in regular layers has a unique solution.

The v in singular layers can be obtained by jump conditions to their neighboring
regular layers. Finally, since the Melnikov type condition is satisfied in each internal
layer, u with boundary and jump condition can be obtained.

Once the linear system has been solved, the nonlinear variational system can be
solved by a contraction mapping principle. We summarize the result below:

Theorem A.3. For any integer m > 0, there exists eg > 0 such that if 0 < € < €,
there exists a unique internal layer solution (Uegqct, Vezact) near the formal approxi-
mation (Uap, Vap)- The internal layer solution has exact layer positions (determined
by some phase condition) x%,,..,1 < € <r, that is near acgp. Moreover,

|Uezact — Uap| + [Vewact — Vap| + Z |x£zact - xf;,pl < Pt 0<p<L
4

Formal approximation of critical eigenvalue and eigenfunctions. By trun-
cating the formal series of eigenvalues and eigenfunctions as above, we can show
that Agp(€) and (Uygp, Vup) are approximations of eigenvalue and eigenfunctions with
small residual in each I’ and jump errors between layers.

If we let (—F%, —G?) be the residual error of the approximation of eigenvalue and
eigenfunctions in I*, then

— XapUap + Uap g + fi(exact)U + fi(exact)V = —F,
~XapVap + Vap.az + g (exact)U + ¢! (exact)V = —G*, 1 <i<2r+3.

Here fi(exact) = fu(Ueract; Veract) in regular layers, etc. One can verify that |F|
and |G| satisfy estimates (A-2)) with perhaps different constants C.

When A =0,/ =1,...,r, the jump errors between layers are defined as
Us ' (a)) = Usp(ap) = —J1, Uspi(ab) = Usy o(ag) = —J5,
Van (ad) = Vap(ap) = =J5, Vaia(ap) — Vapolag) = —Jj

They satisfy (A3) with perhaps different constants C.
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Existence of critical eigenvalue-eigenfunctions. We outline the proof of the
following result:

Theorem A.4. For any integer m > 0 and 1 < k < r, there exists ¢g¢ > 0
such that if 0 < € < €q, then there exists a unique eigenvalue-eigenfunction triplet
(Mezacts Uezact, Vezact) near ()\’;p(e),Uap,Vap). Moreover,

|)\§p - )\exact| + |Uap - Uexact' + |Vap - ‘/exact| = O(€(m+1)ﬁ)-

When we construct Uy, an undetermined term e™ct " can be added in the fth
singular layer. The vector {cf,}7_, will be determined now. Let an exact solution

be
Aezact = A’;p + ™,
Uezact = Uqp + €™ 11U, in regular layers,
Uezact = Unp + €™ ch " + €m0, in the ¢th singular layer,
Vezact = Vap + em Ty, in regular and singular layers.

In regular layers,
Uge + fuU + [,V = F'(&) + M'(U,V, A, e),
Viw + gLU + giV = G'(z) + N (U, V., \, ).
In the fth singular layer,
= Mg’ = AcGd" + Uee + U + £V + FuuCind un + Fuucind‘vs
= F'(§) + M'(U.V, A, ¢y ),
Ve=eW, We= gy’ +G'(2) + N'(U,V.\ ey, ).

The nonlinear terms satisfy
[MY| 4+ N[22 < CUP + [V + AP + [efu|? + (U] + [V] 4+ [A] + [efa]))-

In regular layers, the nonlinear terms satisfy a similar estimate.

There are also boundary conditions at x = 0,1 and jump conditions at {a’} to
be satisfied. The nonlinear system can be solved by a contraction method if the
following linear system can be solved.

In regular layers,

Uge + .U + [V = F'(8),
Ver +0,U + g,V = G'(x).
In the fth singular layer,
= M€pd” = Ao’ + Uge + FuU + £V + fuuchndiun + foucidton = F1(6),
Ve=0, We=—g'c d"+ G ().

The boundary and jump conditions are

Ui(a®) = U2 (@* %) =0, A;Vo(§) + B;V(j) =0,
U™ a") — U'(a’) = Ji, Uit (a") — Ui(d") = J,
Vitl(a') — Vi(a') = Ji, Vit (a') — Vi(a') = Ji.

The linear system is again solved in two steps. First we solve the nonhomoge-
neous system in each layer with no concern of jump conditions. This is done in
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[18] and will be skipped here. In the rest of this section, we solve the system with
F' =0,G" = 0. The iteration method as Lemma [A] will be used.
Integrating in the ¢th singular layer, we have

Vi(al) - Vi(ai~1) =0,
Wia') = Wia™") = ¢ (g(g" (=" 1), 0) = g(g" ("), 0)) = e, M.
Here M := g(¢*(—o0),v) — g(q°(c<),v) as defined in §4. It is now clear that the
jump of (V, W) between the two regular layers next to ! are approximately
Vit (@h) — Vitl(ai~l) = Ji 4 Jitt,
Witl(ad) — Wi (ai=Y) = Ji + Ji71 4 ¢ ML
Using the change of variable U =Y — (f{)~1fiV, in regular layers
Vio = l9u(fu) 7 o = glV +guY = 0.

Dropping the small term g%Y, and also observing that a’ and a'~! are ¢? close to
x§, an approximate system of V has the form

Vaa — [g;(fﬁ)_lfé - gf}]V =0,
V() = J5+ I3~
Val(zf) = Ji + T + ch, MY,
with homogeneous boundary conditions. The solution can be written as V =
¢t Vit given terms, V! as in §4.
To determine c!,, plug V into the U equation in internal layers. In order to have

a solution in 7?1, we have a Melnikov type condition

—1
/ (€, —Mend” = A’ + LV + Fuulmd i + Fuuchd vn)dg
75—
= given terms.

Replacing the domain of integration by (—o0, c0), using (£I9), and recalling that
n’ = ffooo fotd€, we finally have

T
e, + Aef = né(z Vi — et wl (b)) + given terms.
1

With A being the coupling matrix, the above can be written as
(A — MI)c,, = Acp + given terms.

Here we denote a r-vector (¢!,...,¢")™ by ¢ . Since ); is a simple eigenvalue and

co is not in the range of A — A1, there exists a unique A such that the above
can be solved for a unique vector c,,. After that, we can determine a unique
U+ | % in each singular layer. Approximations for (U, V) in regular layers can
also be solved accordingly. The exact solution of (U, V, A, {ct,}) is obtained by the
iteration method as in Lemma [AT1
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