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Abstract. Kobayashi [13] introduced complex contact manifolds as a variant of real contact manifolds. Later,
Ishihara and Konishi [11] defined normality of complex contact manifolds as for Sasakian manifolds in real contact
geometry. In this paper, we construct normal complex contact manifolds via reduction from hyperkéhler manifolds,
and give a new example of normal complex contact manifolds. To check the normality for the new examples, we give
a useful identity about sectional curvatures of normal complex contact manifolds. We also give an explicit example

of a non-normal complex almost contact metric structure on S#7+3 x g41+3,

1. Introduction

The theory of complex contact geometry started with the papers of Kobayashi [13] and
Boothby [4], [5], as a variant of real contact geometry. More recent examples, including
complex projective space and the complex Heisenberg group, are given in [1] and [3]. Ishihara
and Konishi [11] defined the so-called I-K normality of complex contact manifolds as for
Sasakian manifolds in real contact geometry. In this paper, we construct normal complex
contact manifolds via reduction from hyperkihler manifolds. Leaving the detailed notion of
hyperkéhler manifolds to Definition 5.1, we state the first main result as follows:

THEOREM A (Theorem 5.2). Let (1\71, J1, J2, J3, ) be a hyperkihler manifold. As-
sume that C* acts on M holomorphically, properly and freely. Then the quotient space M \C*
is naturally equipped with a smooth manifold structure and the quotient map w : M —
M \C* canonically induces an I-K normal complex almost contact metric structure on M \C*.

Using this theorem, we construct a new example of a normal complex contact manifold
(Example 6.2), a quotient space M = (C*\{z1222324 = 0})/C*, where C* acts on C*\ {0} by
(1 A (z1,22,23,24) = (A2, Az, A 23, AT ze) (Le €.

M is diffeomorphic to C3\{wjw,ows3 = 0}. This is a new example of an I-K normal complex
almost contact metric manifold.
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This paper is organized as follows. In Section 2, we recall the definition of complex
contact manifolds, which is a pair consisting of a manifold and a covering which admits a
holomorphic 1-form w. It is known that there exists a complex contact metric structure on
any complex contact manifold. The complex (almost) contact metric structure looks like
two (almost) contact metric structures which transform to each other via the fixed complex
structure. In Section 3, we recall the notion of I-K normality defined by Ishihara and Konishi
[11].

This normality implies any complex contact metric manifold is also a Kédhler manifold.
We prove that the sectional curvature K of an I-K normal complex contact metric manifold
has a special property:

PROPOSITION (Proposition 3.6).  On I-K normal complex contact manifolds, we have
2) KX, JX)+ K(X,GX)+ K(X,HX) =6,

for any X € H, where K(X,Y) is the sectional curvatures of the plane spanned by {X, Y},
and G, H and J are associated to the complex contact metric structure (see Definition 2.3).

By this theorem, we can check whether any complex contact structure has I-K normality.
For example, the odd dimensional complex projective space with the Fubini-Study metric is
an I-K normal complex contact metric manifold, but there are no other known examples.

On the other hand, Korkmaz [15] has introduced a different notion of normality. As
we show in Section 4, the normality Korkmaz defines is weaker than I-K normality, and
there are some manifolds which admit normal which Korkmaz defines complex contact metric
structures. In Section 5, we prove Theorem 1 and use it to construct new I-K normal complex
contact metric manifolds by a projection from a hyperkéhler manifold. In Section 6, we give
a new example of I-K normal complex almost contact metric manifolds.

The second main result is to construct complex almost contact metric structures. Calabi-
Eckmann [6] proved that S2PF1 x §29+1 admits a complex structure J. In section 7, we show
that 3-Sasakian structures on $*"*3 and $§*"*3 induce a non-normal complex almost complex
metric structure on S¥"+3 x §4%3 with respect to J.

THEOREM B (Theorem 7.2). The complex almost contact metric structure
(Gm,ns Hm,nv Jm,ns Um,ns Um,n, Um,nv Vm,ns gm,n) on S4m+3 X S4n+3 given by (15), (16), (18),
(19) and (21) is not I-K normal.

2. Definitions

We first recall the notion of complex contact metric manifolds [3].

DEFINITION 2.1. Let M be a complex manifold with dim¢M = 2n + 1 and J the
complex structure on M. M is called a complex contact manifold if there exists an open
covering Y = {O,} of M such that:
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1) Oneach O, there is a holomorphic 1-form w; with w A (dwy)" # 0 everywhere;
2) If O, N O, # ¢, there is a nonvanishing holomorphic function £, on O, N O, such
that

3) w) = hwa)ﬂ in O; N OIL .

For each O,, we define a distribution H; = {X € TO, | wy(X) = 0}. Note that the
h;, are nonvanishing, and H, = H, on O, N O,. Thus H = UH, is a holomorphic,
nonintegrable subbundle on M, called the horizontal subbundle.

DEFINITION 2.2. Let M be a complex manifold with dim¢ = 2n+1 and J a complex
structure. Let g be a Hermitian metric. M is called a complex almost contact metric manifold
if there exists an open coveringf = {0, } of M such that:

1) Oneach O, there are 1-forms u, and v, = u, J, (1,1) tensors G, and H, = G, J, unit
vector fields U, and V, = —J U, such that

GiJy =—NGy, H =G} =—id4+u;, QU + v, ® Vs,
(4) 9(GiX, Y) = —g(X,GrY), ¢g(Un X) =u(X),
GuUn =0, u(U,)=1;

2) If O, N O, # ¢, there are functions a, b on O; N O, such that
u, = auy —bvy, v, =buy +av,,
5) G, =aG, —bH),, H,=0bG,+aH,,
a’+b*=1.

DEFINITION 2.3. Let (M, {w,}) be a complex contact manifold with complex contact
structure J and Hermitian metric g. We call (M, u, v, U, V, J, g) a complex contact metric
manifold if there exists an open covering 4 = {O, } of M such that (here and below G = G,
etc) :

1) On each O, there is a local (1,1) tensor G, such that (u;, v, Ux, Vi, Gy, H, =
G, J, g) is an almost contact metric structure on M

2) 9(X,GY) =du; (X, Y)+ (oa Avp)(X,Y) and g(X, HyY) = dvy(X,Y) — (o4 A
u)(X,Y), where 0y (X) = g(VxU,, Vi) with V the Levi-Civita connection with respect to
g.

REMARK 2.4. Foreman [8] showed the existence of complex contact metric structures
on complex contact manifolds.

REMARK 2.5. We can locally choose orthonormal vectors X1, ..., X, in H such that
{Xi, JX;,GX;, HX;, U,V | 1 <i < n}is an orthonormal basis of the tangent spaces of Uy.



512 MITSUHIRO IMADA

3. I-K normality on complex contact structures

We recall the definition of I-K normality introduced by Ishihara and Konishi [10] for
(almost) complex contact metric structures. We set the two tensor fields S and T by,

(6) S(X,Y)= [G,GI(X.,Y)+29(X,GY)U — 2¢(X, HY)V
+20(Y)HX — 20(X)HY + 0 (GY)HX
—0(GX)HY + 0(X)GHY —o(Y)GHX ,

(7) T(X,Y)= [H, HI(X,Y) —29(X, GY)U + 2¢(X, HY)V
+2u(Y)GX — 2u(X)GY + o (HX)GY
—o(HY)GX + 0(X)GHY —o(Y)GHX .

DEFINITION 3.1. A complex contact manifold M is I-K normal if the tensors S and T
both vanish.

REMARK 3.2. I-K normality implies that the underlying Hermitian manifold
(M, J, g) is a Kdhler manifold (cf. [11]).

We recall properties obtained by Korkmaz [15].

PROPOSITION 3.3. On an I-K normal complex contact manifold, for X, Y, Z € H, we
have

9(VxG)Y, Z) = —o(X)g(HX,Y) + v(X)2(GZ, GY)
—20(X)g(HGY,Z) —u(Y)g(X,Z) —v(Y)g9(JX, Z)
Fu(2)g(X,Y) —v(Z)g9(X, JY),
and
9(VxH)Y, Z) = -0 (X)g(GX,Y) +u(X)2(HZ, GHY)
—2u(X)g(HGY, Z) +u(Y)g(JX,Z) —v(Y)g9(X, Z)
+u(Z2)g(X,JY)+v(Z)g(X,Y),
where V is the Levi-Civita connection with respect to g.
LEMMA 3.4. Under the same assumptions as in Proposition 3.3, we have
g(R(X,GX)Y,GY) =g(R(X, V)X, Y) + g(R(X,GY)X, GY)
+49(JX,Y)2(X,Y)—49(HX,Y)R2(GX,Y)
—29(GX,Y)* —4g(HX,Y)* —29(X, ¥)?
+29(X, X)g(Y,Y) —4g(J X, Y)?,

and
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g(R(X, HX)Y, HY) = g(R(X,Y)X,Y) + g(R(X, HY)X, HY)
+49(JX, Y)R(X,Y)+49(GX,Y)(HX,Y)
—29(HX,Y)* —49(GX,Y)* —29(X, ¥)*
+29(X, X)g(Y,Y) —4g(J X, ¥)?.

LEMMA 3.5. Onan I-K normal complex contact manifold, for X € H, we have

2UX,X)=-29X,X).
PROOF. Since J is parallel for V,

(8) g(R(X,HX)JX,GX)=g(JR(X, HX)X, JHX)
=—g(R(X, HX)HX, X).

By Lemma 3.4, we get

9) g(R(X,HX)JX,GX) =—g(R(X, HX)HX, X)
29X, X)(2(JX, X)) +29(X, X)).

Comparing the right hand sides of (8) and (9), we get the lemma. O
Finally, we have the following property of sectional curvatures.
PROPOSITION 3.6. On I-K normal complex contact manifolds, we have
KX, JX)+ K(X,GX)+ K(X,HX) =6,
for any horizontal vector field X, where K(X,Y) is the sectional curvature of the plane
spanned by {X, Y'}.
PROOF. Since J is parallel for V,
(10) g(R(X,GX)JX,GJX)=—g(JR(X,GX)X, JGX)
=g(R(X,GX)GX, X).
On the other hand, by Lemmas 3.4 and 3.5,
Jg(R(X,GX)JX,GJX)=—g(R(X,JX)JX, X)) —g(R(X, HX)HX, X)
—4g(X, X)R(JX, X) —2g(X, X)*
(11) =—g(R(X,JX)JX,X)—g(R(X, HX)HX, X)
+69(X, X)*.
This gives the conclusion. O

EXAMPLES 3.7. The odd-dimensional complex projective space with the Fubini-
Study metric of constant holomorphic curvature 4 is an example of an I-K normal complex
contact structure and satisfies K (X, GX) = K(X, HX) = 1 (see Example 6.1 below or [15]).
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4. Normality of complex contact manifolds

The notion of I-K normality seems too strong, since the complex Heisenberg group ad-
mits no I-K normal contact metric structure while the real Heisenberg group admits a normal
contact metric structure. Korkmaz introduced a weaker version of normality as follows.

DEFINITION 4.1. A complex contact metric structure is normal in the sense of [15] if

SX,Y)=T(X,Y)=0 forevery X,Y e H,
SWU,Y)=T(V,Y)=0 forevery Y.

From now on, we use this definition of normality.

The following lemma is obtained by Korkmaz [15].

LEMMA 4.2. If X is a horizontal vector field on a normal complex contact metric
manifold, then

g(R(X, JX)JX, X) + g(R(X, GX)GX, X) + g(R(X, HX)HX, X)
= —6g9(X, X)(2(JX, X) + g(X, X)) .

EXAMPLE 4.3. We introduce the example of the complex Heisenberg group, the
closed subgroup Hc of GL(3, C) given by

I b1z bi3
0 1 by bi2,b13,b23 € C
0 O 1

Blair [1] defined the following complex contact metric structure on H¢ (see also [3]). Let
Z1, 22, 23 be the coordinates on He = C3, defined by z1(A) = b23, 22(A) = b12,23(A) = b13
for A in Hc. Then the Hermitian metric

1412212 0 —22
0 0 1 0
1 —-22 0 1
78| 14wk 0 =
0 1 0 0
-2 0

is a left invariant metric on Hc. We define real 1-forms u, v and unit vector fields U, V by
decomposing the holomorphic 1-form 8 = (dz3 — z2dz1)/2 and the complex vector field
X = 4(9/0z3) into their real parts and the imaginary parts:

O0=u—iv, X=U+iV.
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Also define two type-(1, 1) tensors

0o 1 0
0 -1 0 0
0 zo O
G = ,
0 1 0
-1 0 0 0
0 7o 1
0 —i O
0 i 0 0
0 —izz O
H =
0 i 0
—-i 0 0 0
0 izp 1

Then one can check that (u, v, U, V, G, H, J, g) is a normal complex contact metric structure
on Hc [15].

5. I-K normal complex contact structures from hyperkihler structures
In this section, we construct a normal complex contact structure on the quotient space of
a hyperkihler manifold via a C* action. We first recall the definition of hyperkdhler manifolds.
DEFINITION 5.1. (M, Ji, J2, J3, g) is a hyperkéhler manifold if Ji, J,, J3 are com-
plex structures on a complex manifold M satisfying
JE=J}=Ji=0hi=—id,
and g is a Hermitian metric on M with respect to Ji, J> and J3.

We can produce a complex contact metric manifold from hyperkéhler manifolds

THEOREM 5.2. Let (M, J1, J», J3, g) be a hyperkiihler manifold. We assume that C*
acts on M holomorphically, properly and freely. Then the quotient space M \C* is naturally
equipped with a smooth manifold structure and the quotient map 1 : M— M \C* canoni-
cally induces an I-K normal complex almost contact metric structure on M /C*.

PROOF. Let {51} be an open covering of M. We choose local sections Syt n(5)L) —
5A. Then we define type (1, 1) tensors J, G and H on T(]VI/C*), and 1-forms u, v by

Ji(s)« X = (s0)J X,
(12) D@51 X = (520):GX +u(X)v + v(X)J1v,
J3(0)X = ()« HX —v(X)v +u(X)J1v,
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where v and J; v are unit tangent vectors to the orbit by C*. For example, u and v are explicitly
given by

(13) u(X) = g(Jhas X, v), v(X) = g(hsX, J1v) = —g(J35:X,v).
Finally, we define the unit vector fields U, V on M /C* by
(14) U=—-m:(v), V=m(J3v).

It is easily seen that the structure (u, v, U, V, G, H, J, g) (with g the metric induced by g)
satisfies Definition 2.3 and Definition 3.1. O

6. Examples of I-K normal complex contact structures from hyperkihler struc-
tures

EXAMPLES 6.1. By Theorem 5.2, the complex projective space CP2*+! with the
Fubini-Study metric admits an I-K normal complex contact structure. Now we express this
structure analytically in the case of n = 1.

Let C4\{O} have the hyperkihler structure (Jy, J2, J3, {, )), where Ji, J> and J3 act on the
position vector p = (z1, 22, 23, 24) by

Jip=C(iz1,i22,i23,i24),
Jop=(23,24, 21, —22),

and (,) is the standard metric on C*\{0}. We denote the norm ,/Zizlzkik of z =

(z1, 22, 23, z4) by ||z]|.

C* acts on C4\{0} by A - (21, 22, 23, 24) = (Az1, AZ2, AZ3, Az4), Which acts freely and
commutes with J;. We can easily check that at z, the orbit space of C* has tangent space at z
spanned by vectors

4
1 9 _ 9
v=—§ Lo +Zi=—)
2||z||j_l</82j JaZj>

. 4
i a _ 0

E i —Zjz=— | -
2||Z|| j:1<jazj JaZj>

By calculating with the inner product (, ), # and v are given by

Jiv=

1
U=—->
2||z]| #
J

(—z2j-1dz2j — Z2j-1d22j + 22jdz2j—1 + Z2jdZ2j-1)

2
=1
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[\S)

2|| || | — 22j-1d22j — 22jdz2j-1 + Z22jdZaj-1) .
J=1

Then in complex coordinates G and H are given by

_1<0A> H_l(o iA)
CzI2\A o)’ IzI2\—-iA 0 )"

where
2221 —llzlI> + 2222 2273 2224
A—i IzlI? — 2121 —2122 —2123 —2124
2421 2422 2473 — Izl + z4Za
—2321 —2322 IzII> — 2373 —2324

Finally, the two vector fields U and V are given by

2
1
U=—— —Z22j-1dz2j — 22j-1d22j + 22jdz2j—1 + 22;dZ0j - 1)

TEP

[ ]

—22j_1dZ2j — Z2jdz2j—1 + 22jdZ2j-1) .

l
2020 =

With the Fubini-Study metric g, we find that this complex contact metric structure
(u,v,U,V,G, H, J, g) is I-K normal and satisfies Proposition 3.6.

By modifying the C* action on C*\{0}, we can give another example of a normal com-
plex contact metric manifold.

EXAMPLES 6.2. We consider another C* action on C4\{zlzzz3z4 = 0} by

A (21,22, 23, 24) = (Az1, Az, A 23, AT zg)

which also acts freely and commutes with J;. This orbit space has tangent spaces at z spanned
by the vectors

1 < R U
=—|z1— 20— + 70—
22\ oz T8z T e | P

d 9 9 8)
—3— —B— — U— — LU4—
*am 3823 4824 48z4

7 i < 0 0 + 0 _ 0
V=r———\ 27— — 27— DD— ——
T A TR R )

d + d d 43 8)
—73—— z 4 — U4— -
3813 3813 4814 4814
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We check that the quotient space M = (C*\{z12223z4 = 0}) / C* is a complex manifold. We
define a biholomorphic map ¥ on M by

22
F(lz1, 22, 23, z4]) = <z_ 2123, 2124) .
1

This map shows that M is diffeomorphic to C>\{wjw,w3 = 0}. By a direct computation of
the standard inner product (, ), # and v are given by

_ o o
u= m(—mdm + 21dz4 + z2dz3 — 72d73

—z3dz2 + 73dZ2 — z4dz1 + ZadZ1) ,

1 o I
v= m(—mdm —21d24 + z2dz3 + 22dZ3

+z3dz0 + 73d72 — z4dz) — 24dZ1) .

Then in complex coordinates G and H are given as follows:

1 0O A 1 0O iA
G:— - 5 H=—— 'y ’
Iz (A 0) Iz (-lA % >

where
7124 —2173 —2122 —lzlI* + 2121
A 2274 —223 lzlI> — 2222 2271
—2324 —lzlI* + 2323 322 —2321
Izl1? — z4Z4 7423 2422 —2471

Finally, the two vector fields U and V are given by

U i < 0 _ 0 0 43 d
= U —UT— — 27— +t 27—
2021\ 0z Yoz T oz | Pz

0 43 0 n 0 _ 8)
—-nB—+B3—+u——-—24—|,
3822 3822 4821 4821

—1< B B B _ 9
074 024 073 973

=s—\t—t+u -~ — 27—
2|zl

0 _ 9 n 0 43 0 >
— B —WB— TU—TU —]-
072 022 071 071
With the induced metric g from the standard inner product (, ) on C*, we can check that this
complex almost contact metric structure (u, v, U, V, G, H, J, g) is I-K normal. Thus we get
a new example of a normal complex almost contact metric manifold.
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7. A complex almost contact metric structure on S*"+3 x §41+3

We recall the 3-Sasakian structures on M*P+3,

DEFINITION 7.1. Let M*"t3 be a real (4n+3)-dimensional manifold. The 3-Sasakian
structure on M*+3 is a triple of Sasakian structures {®;, &, n;}i=1,2,3 on M3 satisfying

Pk =PiPj—1nj Q& =—P;Pi + 1 ®E,
nio®; =mne, i) =74,
where {i, j, k} is one of the cyclic permutations of {1, 2, 3}. Define M*t3 is called the 3-
Sasakian manifold if there exists a 3-Sasakian structure on it.
The typical example of 3-Sasakian manifold is $*"*3 obtained by taking as a hypersur-
face in the quaternion vector space H"*!. Each of three almost complex structures on H"*!
applied to the outer normal vector of the sphere gives a vector field &;,i = 1, 2, 3, on §4nt3,

These three vector fields are orthogonal each other and give rise to the standard 3-Sasakian
structure on S#113,

We show that 3-Sasakian structures on S**3 and $***3 induce a complex almost contact

metric structure on S*"1H3 x §M+3 . Let (@, &M, n"Yiz1,2,3 and {@]", &, nl'}i—12,3 be 3-

Sasakian structures on S*"*3 and §4"*3, respectively. We first define an almost complex
structure on S¥"13 x §41+3 py

5) Inn(X,Y) = (P7'X —ni V)&, P1Y +ni" (X)&")

where (X,Y) € T (S¥"*3 x §*+3). Since J,, is integrable [16] (see also [6]), then

(§4m+3 5 §4+3J, 0) is a complex manifold. Moreover, it is also proved that the product
space of two normal almost contact metric manifolds is a complex manifold with the above
Jm.n- Next, we define a metric g, , on S¥"+3 x §4113 by

(16) g (XL V), (X, Y)) = gn (X, X') + 0" GO (X))
+ YY)+ i),

where g, and g, are the associated metrics to 3-Sasakian structures on S*"+3 and §**+3
respectively. It is easily checked that g, , is a Hermitian metric with respect to J,,; .

X € TM** and Y € TM*t3 are decomposed to the subspace spanned by
6", &, &3}, (&1, &5, &3} and their orthogonal complements uniquely as follows.

X = Xo+ 0" (X)&" + 1y (X)&" + 15 (X)E"

17
a7 Y = Yo+ " (XE! + nt(X)EL + nl (X)EL,
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where Xo € Span{&]", &y, &7'}E, Yo € Span{&}', &), &7}, With this decomposition, we

define the two type-(1, 1) tensors G, , and H,, , by

03 (X) —n5(Y)
2

ny' (X) —mp(Y)
2

(18) Guan(X,Y) = (%”Xo §' + i (NE" + 01" (X",

7Y — & — ' (V)& — nI”(X)SS) :
(19) Hm,n(Xv Y) = Jm,n Gm,n(Xs Y) s

where (X, Y) € T (S*"3 x §%%3). We can check that G and H satisfy the condition to be
a complex almost contact metric structure. Using the formula (18), we get

(20) Gr W (X, Y)
mexy — (Y mexy — n"(Y
=<(¢£’1)2X0_77T(X)51m+772( )2772( )55,1_773( )2773( )‘i__;’n7
mexy _ p"(Y mexy — (Y
(¢§‘)2Yo—'7'f(Y)§f‘+n2( )2 5 ( )§;+n3( )2 n3( )§§,>

= (= Xo— 0" (X" — 15 (X&) — 0 (X)&;",
—Yo —n{(ME] — (V)& — 15(Y)E3 )

n5' (X) +n3(Y) n5 (X) +n5(Y)
T 2

where (X, Y) € T (S*"+3 x $#+3). Here we define 1-forms u, . v, and dual orthonor-
mal vector fields Uy, », Vin,n which satisfy Definition 2.2. by

&', &)+ (&3, &),

_ 1 om n _ 1 m n
@1 !’/lm,n = ﬁ(n3 +773)’ Um,n = ﬁ(ﬂz +772),

Unn = E 8. V= 5E ).

With these elements, we get

(22) G,zn’n(X, VNV=-XY)4un, X, Y)QU + vy (X, Y)® V.
Moreover, by (17), (18) and (20), we have

(23) Jm,nGm,n (X5 Y) = _Gm,nJm,n (Xa Y)
mexy — p (Y
= <<15§”Xo + wﬁ" -7 (X)&" +ni ()&,
X)) —niY
@1 Yo - Ms;’ (08 — n’f(Y)Eg’) .

(24) 9m.n (Gm,n (X,Y), (X/a Y/)) = —0Gm,n ((Xa Y), Gm,n (X/a Y/))
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= gn(PY X0, X() + 92 (D5 Y0, Y) + 01" (X) (05 (X") — n5(Y"))
=X (n§ (X)) = (YD) + i (V) (05 (X)) — n5 (Y1)
=t (¥ (n5(X) = n§ () .

Note that the second Betti number of compact Kéhler manifolds is not zero, and Kiinneth
formula shows [9]

H2(S4’”+3 « S4n+3) ~ @ Hi(S4m+3) ® Hj(S4"+3) = {0}.
i+j=2

Since S#"+3 x §4+3 admits no Kihler structure, this structure is not I-K normal.

THEOREM 7.2. The complex almost contact metric structure on S¥"+3 x g4n+3
(Gm,n, Hm,na Jm,n, Um,ns Um,n>» Um,n, Vm,n, gm,n) given by (15), (16), (18), (19) and (21) is
not I-K normal.
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