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Abstract Inflationary models with a scalar field
nonminimally coupled both with the Ricci scalar and with the
Gauss–Bonnet term are studied. We propose the way of gen-
eralization of inflationary scenarios with the Gauss–Bonnet
term and a scalar field minimally coupled with the Ricci
scalar to the corresponding scenarios with a scalar field non-
minimally coupled with the Ricci scalar. Using the effective
potential, we construct a set of models with the same values
of the scalar spectral index ns and the amplitude of the scalar
perturbations As and different values of the tensor-to-scalar
ratio r .

1 Introduction

Cosmic inflation is a stage of an accelerated expansion of the
early Universe evolution that provides a simple explanation
of both the large scale structure we observe today and the fact
that the Universe is approximately isotropic, homogeneous,
and spatially flat at cosmological distances [1–10]. Inflation-
ary models yield accurate quantitative predictions for observ-
able quantities known as inflationary parameters. The current
observational constraints on the inflationary parameters [11]
give the values of the scalar spectral index ns and the ampli-
tude of scalar perturbations As , whereas the tensor-to-scalar
ratio r is restricted only from above. These constraints show
that the single-field inflationary models are realistic, but the
simplest inflationary models with minimally coupled scalar
fields should be ruled out.

Scalar fields (inflatons) play a central role in the current
description of the evolution of the Universe at an early epoch
[4,12–15]. The recent observation data support taking into
account quantum properties of the inflaton because quantum
corrections to the action of the scalar field minimally cou-
pled to gravity include non-minimally coupling term [16–
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19]. An important step towards the unification of physics at
all energy scales could be the possibility to describe the infla-
tion using particle physics models. For this reason, inflation-
ary models with scalar fields connected with particle physics
are actively investigated. We can mention models with the
Standard Model Higgs boson as an inflaton [20–30], super-
symmetric inflationary models [8,9,31–40], and inflationary
scenarios connected with nonsupersymmetric grand unified
theories [5,41–48]. Most of these models include a nonmin-
imal coupling between scalar fields and the Ricci scalar.

The standard way to analyze such inflationary models
includes the conformal transformation of the metric to for-
mulate them as equivalent models with minimally coupled
scalar fields. It has been shown in Ref. [49,50] that the infla-
tionary parameters can be considered as invariants under this
metric transformation with good accuracy. In other words,
in the slow-roll approximation, the observable inflationary
parameters are the same in both frames. Moreover, the frame-
independent classification of single-field inflationary mod-
els has been proposed using the expressions of the slow-roll
parameters and the relevant observables in terms of frame
invariant quantities [51]. F(R) gravity models can be refor-
mulated as the General Relativity models with scalar fields
as well. For example, the R2-inflation [1,7,52–54] and the
Higgs-driven inflation [21] have almost the same values of
inflationary parameters [55]. The simple reason why the
Starobinsky R2 inflation and the Higgs-driven inflation pro-
duce the same predictions for the inflationary parameters ns
and r is the possibility to omit in the slow-roll approximation
the Higgs gradient term in the Jordan frame action [47,56].
Note that each of these models includes only one arbitrary
parameter.

In this paper, we consider the gravity model, described by
the following action:

S =
∫

d4x

√−g

2

[
F(φ)R − gμν∂μφ∂νφ − 2V (φ) − ξ(φ)G]

,

(1)
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where the functions F(φ), V (φ), and ξ(φ) are differentiable
ones, R is the Ricci scalar and

G = Rμνρσ R
μνρσ − 4RμνR

μν + R2

is the Gauss–Bonnet term. We assume that F(φ) > 0 and
V (φ) > 0 during inflation.

There are a few reasons to add the Gauss–Bonnet term
multiplied to a function of a scalar field in the action. On
the one hand, this term arises in the string theory frame-
work as a quantum correction to the Einstein–Hilbert action
[57–60]. On the other hand, for inflationary scenarios with
a nonminimal coupling between a scalar field and the Ricci
term, one usually assumes that after inflation the scalar field
tends to a constant and the model tends to the General Rela-
tivity one. Considering inflationary models in the framework
of the Einstein–Gauss–Bonnet gravity, it is natural to assume
that a scalar field non-minimally coupled not only with the
Ricci scalar but also with the Gauss-Bonnet term. For exam-
ple, the Higgs-driven inflation with the Gauss-Bonnet term
has been considered in Refs. [61,62]. In such a way, one gets
another model with the same behaviour at a late time, but
with different evolution during inflation.

There are a lot of inflationary scenarios in Einstein–
Gauss–Bonnet gravity [61–86]. The most of them includes
a constant function F [63–69,71,73,75–82,86]. Note that
for models with a constant F , the problem of reconstruct-
ing the function V and ξ from the observational data has
been considered in Ref. [69]. The goal of this paper is to
generalize such inflationary scenarios to the case of a pos-
itive function F . We analyze the possibility to construct a
set of inflationary models with the same values of the scalar
spectral index ns and the amplitude of the scalar perturba-
tion As starting from the known model with a scalar field
minimally coupled with the Ricci scalar. There is an impor-
tant difference between inflationary models with and without
the Gauss–Bonnet term. A conformal transformation of the
metric is not a useful tool for the investigation of inflationary
models with the Gauss-Bonnet term. For this reason, it is not
obvious how the knowledge of a suitable Einstein–Gauss–
Bonnet gravity inflationary scenario with minimal coupling
can assist in the construction of inflationary scenarios with
nonminimal coupling. In our paper, we clarify this question.

We formulate a new method for the construction of appro-
priate slow-roll inflationary models due to the effective
potential method. Such a method allows us to reproduce
spectral index, the amplitude of scalar perturbation, and we
should only check the tensor-to-scalar ratio for considering
models with nonminimal coupling. A standard way of the
reconstruction of inflationary models [15,69,80] includes
the assumption of an explicit dependence of the inflationary
parameter ns and r as functions of the e-folding number Ne.
A broad class of inflationary scenarios with different non-
minimal coupling between the Ricci scalar and the inflaton

predicts the same functions ns(Ne) and r(Ne). This fact is
actively used to construct inflationary scenario in the cosmo-
logical attractor approach [39,47,70,87–98]. The generaliza-
tion of this approach to models with the Gauss–Bonnet term
has been made in [69,70,80]. It has been shown in Ref. [81]
that ns(Ne) can be expressed via the effective potential pro-
posed in Ref. [99] (see also, Ref. [100]) for models with the
Gauss-Bonnet term.1 In this paper, we show that the effec-
tive potential is a useful tool that allows us to generalize the
known inflationary models with the Gauss–Bonnet term. In
distinguish to the cosmological attractor approach, we con-
struct inflationary models with the same functions ns(Ne)

and As(Ne), but with different functions r(Ne).
The paper is organized as follows. In Sect. 2, we remind

the main formulae about the slow-roll regime in Einstein-
Gauss-Bonnet gravity and express the scalar spectral index
ns and the amplitude of the scalar perturbation As via the
effective potential. In Sect. 3, we show how the effective
potential can be used to check the possibility of construction
of an inflationary model with the given functions ns(Ne) and
r(Ne). In Sect. 4, we propose the way of generalization of
the Gauss-Bonnet inflationary model with a scalar field mini-
mally coupled with the Ricci scalar and construct inflationary
models with nonminimal couplings. Section 5 is devoted to
our conclusions.

2 Slow-roll regime in Einstein–Gauss–Bonnet gravity
with nonminimal coupling

Let us consider the Einstein–Gauss–Bonnet gravity model,
described by action (1). In the spatially flat Friedmann-
Lemaître-Robertson-Walker metric with

ds2 = − dt2 + a2(t)
(
dx2 + dy2 + dz2

)
,

one obtains the following system of evolution equations [61,
99]:

6H2 (
F − 4Hξ,φφ̇

) = φ̇2 + 2V − 6HF,φ φ̇, (2)

2Ḣ
(
F − 4Hξ,φφ̇

) = 4H2
(
ξ̈ − φ̇2 − Hξ,φφ̇

)
− F̈ + HF,φ φ̇,

(3)

φ̈ + 3H φ̇ = 3
(
Ḣ + 2H2

)
F,φ − V,φ − 12ξ,φH

2
(
Ḣ + H2

)
,

(4)

where H = ȧ/a is the Hubble parameter, a(t) is the scale
factor, dots denote the derivatives with respect to the cosmic
time t and A,φ ≡ d A/dφ for any function A(φ).

1 The effective potential for the model with nonminimally coupled
scalar field without the Gauss–Bonnet term has been proposed and used
in Refs. [101–103].
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In the slow-roll approximation, defined by the following
conditions [61]:

φ̇2 � V, |φ̈| � 3H |φ̇|,
4|ξ̇ |H � F, |ξ̈ | � H |ξ̇ |,

|F̈ | � H |Ḟ | � H2F, (5)

Eqs. (2)–(4) are:

3FH2 � V, (6)

2F Ḣ � − φ̇2 − 4H3ξ,φφ̇ + HF,φφ̇, (7)

φ̇ � − V,φ + 12ξ,φH4 − 6H2F,φ

3H
. (8)

To describe the Universe evolution during inflation we
use the dimensionless parameter Ne = − ln(a/ae) as a new
measure of time. The constant ae is fixed by the condition
that the end of inflation happens at Ne = 0. The function
H(t) is always finite and positive during inflation, hence, Ne

is a monotonically decreasing function. The parameter Ne

has been used in Refs. [15,80]. Note that in many papers
[14,61,63,77,81] the parameter N = −Ne is used as a new
independent variable for evolution equations.2

From Eqs. (6)–(8), we get the following leading-order
equations:

ln(H)′ = 2W,φVef f,φ , (9)

φ′ = 4WVef f,φ , (10)

where derivatives with respect to Ne are denoted by primes,
W ≡ V/F and the effective potential [81,99,100]:

Vef f (φ) = 1

3
ξ(φ) − F2(φ)

4V (φ)
. (11)

The slow-roll approximation (5) requires

|εi | � 1, |δi | � 1, |ζi | � 1,

where the slow-roll parameters are as follows [61]:

ε1 = (H2)′

2H2 � W ′

2W
, εi+1 = − ε′

i

εi
, i ≥ 1, (12)

ζ1 = − F ′

F
, ζi+1 = − ζ ′

i

ζi
, i ≥ 1, (13)

δ1 = − 4H2ξ ′

F
� − 4V ξ ′

3F2 , δi+1 = − δ′
i

δi
, i ≥ 1. (14)

It is easy to get:

ε2 = 2ε1 − W ′′

W ′ , ζ2 = −ζ1 − F ′′

F ′ , δ2 = −2ε1 − ζ1 − ξ ′′

ξ ′ .

2 The advantage of using the e-folding number N instead of cosmic
time t was shown in the context of the stochastic approach to inflation
in Refs. [10,14].

The tensor-to-scalar ratio r is presented in terms of the
slow-roll parameters as follows [61]:

r = 8|2ε1 + ζ1 − δ1| = 8

∣∣∣∣∣
(
H2

)′

H2 − F ′

F
+ 4H2ξ ′

F

∣∣∣∣∣ . (15)

Using the derivative of the effective potential

V ′
e f f = F2

4V

(
V ′

V
− 2

F ′

F
+ 4V

3F2 ξ ′
)

= F2

32V
r, (16)

and Eq. (10), we obtain

φ′2 = 4WV ′
e f f . (17)

From here, we get the following relation between the tensor-
to-scalar ratio r and a square of the field derivative:

r = 32W

F
V ′
e f f = 8

F

(
φ′)2

. (18)

The spectral index of scalar perturbations ns has the fol-
lowing form:

ns = 1 − 2ε1 − ζ1 − 2ε1ε2 + ζ1ζ2 − δ1δ2

2ε1 + ζ1 − δ1
= 1 − 2ε1 − ζ1 + r ′

r
,

(19)

where we simplify the expression for ns using Eq. (15). Intro-
ducing parameters

η0 = H2

F
= V

3F2 , η1 = η′
0

η0
= 2ε1 + ζ1,

we present ns via derivatives of the effective potential:

ns = 1 + d ln (r/η0)

dN
= 1 + d ln

(
F2r/V

)
dN

= 1 + V ′′
e f f

V ′
e f f

.

(20)

Note that this formula generalizes the result obtained in the
case of a constant F in Ref. [81]. During inflation V ′

e f f =
4W (Vef f,φ)2 > 0, so the condition V ′′

e f f < 0 is necessary to
get ns < 1.

The expression of the amplitude of the scalar perturbations
in terms of the effective potential is as follows:

As � 2H2

π2Fr
� 2W

3π2Fr
= 1

48π2V ′
e f f

, (21)

where we have used Eq. (16) to get the last equality.
To reconstruct an inflationary model we assume an explicit

form of the inflationary parameters as functions of Ne. For-
mula (20) shows how the knowledge of ns(Ne) allows to
calculate V ′

e f f (Ne) [15,69,80]. The inflationary parameters
ns and As are defined by V ′

e f f (Ne) only. So, if we assume a
some form of ns(Ne), then integrating Eq. (20), we get
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V ′
e f f (Ne) = exp

⎛
⎜⎝

Ne∫

N1

(ns(Ñ ) − 1)d Ñ

⎞
⎟⎠ , (22)

where N1 is an arbitrary constant, that can be fixed after
substituting V ′

e f f (Ne) into Eq. (21).

3 Inflationary scenarios with the given functions ns(Ne)

and r(Ne)

Let us try to construct models with the Gauss-Bonnet term
in which the functions ns(Ne) and r(Ne) are coincide in the
leading order of 1/Ne with conformal attractor models [87]:

ns = 1 − 2

Ne + N0
, (23)

r = 12Cα

(Ne + N0)2 , (24)

where |N0| � 60 and Cα > 0 are constants. The Starobin-
sky R2 inflation [1] and the Higgs-driven inflation [21] cor-
respond to Cα = 1.

Substituting (23) into Eq. (20), we obtain:

V ′
e f f (Ne) = Cef f (Ne + N0)

−2 = Cef f

4
(ns − 1)2, (25)

where Cef f > 0 is an integration constant. Using Eq. (21),
we get

As = 1

12π2Cef f (ns − 1)2 . (26)

From Eq. (19), it follows that η1 = 0 for ns and r are given
by (23) and (24). So, in this case V = CF2, where C is a
positive constant. If F is a constant, we obtain from Eq. (16)
that the potential V is a constant as well and the slow-roll
approximation does not work, because Eq. (8) gives that H
is a constant and ε1 = 0. For an arbitrary nonconstant F(φ),
we obtain that ζ1 = −2ε1 and during inflation ζ1 < −1.
Such inflationary scenarios can be possible but correct calcu-
lation of the inflationary parameters should include a numer-
ical integration of the Eqs. (2)–(4) without any approxima-
tion. We do not consider such inflationary scenarios and use
another way for constructing of inflationary scenarios with a
nonconstant function F .

4 Generalization of inflationary models with minimal
coupling

4.1 The model with an exponential potential V and a
constant function F

The values of the inflationary parameters ns and r given by
(23) and (24) are not suitable. By this reason, we assume that

ns described by Eq. (23) only in large Ne approximation and
has a more complicated dependence on Ne:

ns = 1 − 2

Ne + N0
+ C2

(Ne + N0)2 , (27)

where a constant |C2| � 60. The corresponding effective
potential has the following form:

Vef f = Cef f exp

(
− C2

Ne + N0

)
. (28)

From Eq. (21), we obtain

As = (Ne + N0)
2

48π2Cef f C2
exp

(
C2

Ne + N0

)
. (29)

In Ref. [80], inflationary models with the Gauss-Bonnet
term and a constant F have been constructed by using explicit
functions ns(Ne) and r(Ne) given by (27) and (24) corre-
spondingly. In this model, the function F = M2

Pl , the poten-
tial

Ṽ = V0 exp

(
− ω0 exp

(
−

√
2

3Cα

φ

MPl

))
, (30)

and

ξ̃ = ξ0 exp

(
ω0 exp

(
−

√
2

3Cα

φ

MPl

))
, (31)

where V0 > 0, Cα > 0, ω0, and ξ0 are constants. The effec-
tive potential is

Ṽe f f = 4ξ0V0 − 3M4
Pl

12V0
exp

(
ω0 exp

(
−

√
2

3Cα

φ

MPl

))
.

(32)

Using Eq. (10), we obtain φ(Ne) in the slow-roll approx-
imation:

φ(Ne) =
√

6Cα

2
MPl ln

(
2ω0(3M4

Pl − 4V0ξ0)

9CαM4
Pl

(Ne + N0)

)
,

(33)

where N0 is an integration constant. We assume that the func-
tion φ(t) decreases during inflation, so φ′(Ne) > 0 and,
hence, ω0(3M4

Pl − 4V0ξ0) > 0.
Substituting (33) into expression (32) and comparing with

expression (28), we obtain:

Cef f = − 3M4
Pl − 4V0ξ0

12V0
, (34)

C2 = − 9CαM4
Pl

2(3M4
Pl − 4V0ξ0)

= 3CαM4
Pl

8V0Cef f
. (35)

Using the slow-roll Eq. (6), we get the parameter

ε1 � W ′

2W
= − C2

2 (Ne + N0)
2 . (36)
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The conditions that 0 < ε1 < 1 during inflation (for Ne > 0)
and ε1 = 1 at Ne = 0 give

C2 = −2N 2
0 , Cα = 4N 2

0

(
3M4

Pl − 4V0ξ0
)

9M4
Pl

. (37)

So, we get that M4
Pl > 4V0ξ0/3 and ω0 > 0.

The slow-roll parameter

ε2 = 2

Ne + N0
, (38)

so ε2 < 1 during inflation if N0 ≥ 2. If 8ξ0V0 < 3M4
Pl , then

all slow-roll parameters are less than one during inflation.
Substituting φ(Ne), given by Eq. (33), into the potential

Ṽ (φ) and the function ξ̃ (φ), we obtain

Ṽ = V0 exp

(
− 2N 2

0

Ne + N0

)
,

ξ̃ = ξ0 exp

(
2N 2

0

Ne + N0

)
. (39)

Using Eqs. (27) and (24), we obtain the inflationary param-
eters

ns = 1 − 2

Ne + N0
− 2N 2

0

(Ne + N0)
2 ,

r = 16N 2
0

(
3M4

Pl − 4V0ξ0
)

3M4
Pl (Ne + N0)

2 . (40)

The observable values of ns , obtained by the telescope
Planck [11]:

ns = 0.965 ± 0.04, (41)

allows us to restrict values of N0. Indeed, the parameter N0

belongs to the following interval:

2 ≤ N0 ≤ 0.0199Ne − 0.510

+0.0102
√

195N 2
e − 10000Ne + 2500.

We see in Fig. 1 that for any 55 ≤ Ne ≤ 65 it is possible
to find suitable values for N0, in particular, the constraint
2 ≤ N0 ≤ 5.06 corresponds to Ne = 65.

The observation condition As = 2.1 × 10−9 restricts val-
ues of the model parameters ξ0 and V0. From Eqs. (29) and
(34) we get

ξ0 = 3M4
Pl

4V0
−

(Nb + N0)
2 exp

(
− 2N2

0
(Nb+N0)

)

32π2AsN 2
0

, (42)

where Nb is the value of Ne, at which the observable value
of As is calculated. Other restrictions can be obtained from
the condition r < 0.065 (see Ref. [80] where this model
with ω0 = 2 has been considered in detail). Note that in the
case of ξ0 = 0, one can get an approximation the inflationary

Fig. 1 The inflationary parameter ns as a function of N0 for different
numbers of e-foldings during inflation: Ne = 55 (blue solid curve),
Ne = 60 (red dash curve) and Ne = 65 (green dash-dot curve)

parameters corresponding to the R2 inflation [1,5,7] putting
Cα = 1 and, so, N0 = √

3/2 ≈ 0.87.

4.2 Inflationary scenarios with a nontrivial function F

Let us construct such a model with a nonconstant function
F(φ) that φ(Ne) and ns(Ne) are given by Eqs. (33) and (27)
correspondingly. To construct a set of inflationary models
with the same function ns(Ne) we put the condition that V ′

e f f
does not change. It also guarantees that the parameter As ,
defined by Eq. (21), does not change. To get the same function
φ(Ne) in the slow-roll approximation we add the condition
that the function W does not change. In other words, we
consider the model with

F = M2
Pl f (φ),

V = f (φ)Ṽ = V0 f (φ) exp

(
− ω0 exp

(
−

√
2

3Cα

φ

MPl

))
,

and

ξ(φ) =
(

ξ0 + 3M4
Pl

4V0
( f (φ) − 1)

)

× exp

(
ω0 exp

(
−

√
2

3Cα

φ

MPl

))
, (43)

where f (φ) is a double differentiable function.
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Note that we do not fix the parameter r(Ne):

r(Ne) = 12Cα

f · (Ne + N0)2 , (44)

where the parameters Cα and N0 are connected by Eq. (37),
hence, the observation data [11] gives restrictions on the func-
tion f . Other restrictions on this function can be obtained
from the condition that the slow-roll approximation should
be satisfied during inflation. We do not changeW (Ne), so, the
parameters εi do not depend on f , whereas other slow-roll
parameters depend on f .

In the following sections, we consider a few interesting
examples of the function F(φ).

4.3 The case of an exponential function F

Let us consider the case

f (φ) = f0 exp

(
βω0 exp

(
−

√
2

3Cα

φ

MPl

))
, (45)

where β is a constant. Using Eq. (33), we get

F = M2
Pl f0 exp

(
2N 2

0 β

Ne + N0

)
, (46)

and

r = 16N 2
0

(
3M4

Pl − 4V0ξ0
)

3M4
Pl f0(Ne + N0)2

exp

(
− 2N 2

0 β

Ne + N0

)
. (47)

Also, we obtain

V = f0V0 exp

(
2N 2

0 (β − 1)

Ne + N0

)
, (48)

ξ =

(
3M4

Pl f0 exp

(
2βN2

0
Ne+N0

)
− 3M4

Pl + 4ξ0V0

)

4V0

× exp

(
2N 2

0

Ne + N0

)
. (49)

Let us calculate the slow-roll parameters for this model:

ζ1 = 2βN 2
0

(Ne + N0)2 = 2βε1, ζ2 = 2

Ne + N0
= ε2,

δ1 = 2N 2
0 (1 + β)

(Ne + N0)2 −
2N 2

0 (3M4
Pl − 4V0ξ0) exp

(
− 2N2

0 β

Ne+N0

)

3M4
Pl f0(Ne + N0)2

.

δ2 = 2

Ne + N0

+
2(3M4

Pl − 4ξ0V0)N 2
0 β exp

(
− 2N2

0 β

Ne+N0

)
(Ne + N0)

−2

[
3M4

Pl f0(1 + β) − (3M4
Pl − 4ξ0V0) exp

(
− 2N2

0 β

Ne+N0

)] .

(50)

Fig. 2 Possible values of parameters J and β are in green domain

The condition |β| ≤ 1/2 is necessary to get |ζ1| < 1 during
inflation.

To fix f0 we put the following condition at the end of
inflation:

F(φ(0)) = M2
Pl ,

therefore,

f0 = exp (−2N0β) . (51)

To get the slow-roll evolution during inflation we restrict
the value of the product ξ0V0, after this the parameters ξ0 and
V0 can be obtained using Eq. (42).

At Ne = 0, we get

δ1(0) = 8J

3
+ 2β, δ2(0) = 2

N0
− 2β(4J − 3)

4J + 3β
,

where J ≡ V0ξ0/M4
Pl .

Let us consider the case N0 = 2 in detail. We get

− 1

2
≤ 4

3
J + 3β ≤ 1

2
, (52)

− 2 ≤ 2β(3 − 4J )

4J + 3β
≤ 0. (53)

Also, we have the conditions |β| ≤ 1/2. So, it follows from
inequalities (52) that |J | ≤ 3/4. Note that J = 3/4 is
excluded (see Eq. (32) for the effective potential). In Fig. 2,
the green domain corresponds to the values of parameters J
and β that satisfy inequalities (52) and (53). At β = 0, we
get the initial model with a constant F .
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Table 1 Model parameters and
the corresponding values of r
for the exponential function F

β J V0/M4
Pl ξ0 r

−0.5 0.72 2.3556 × 10−11 3.0565 × 1010 0.0001

−0.5 0.5 1.9630 × 10−10 2.5471 × 109 0.0008

−0.3 0.5 1.9630 × 10−10 2.5471 × 109 0.0017

−0.1 0.45 2.3556 × 10−10 1.9103 × 109 0.0045

−0.1 0.2 4.31863 × 10−10 4.6311 × 108 0.0083

0 0.2 4.3186 × 10−10 4.6311 × 108 0.0122

0.1 −0.2 7.4595 × 10−10 −2.6812 × 108 0.0311

0.1 −0.4 9.0299 × 10−10 −4.4297 × 108 0.0376

0.2 −0.4 9.0299 × 10−10 −4.4297 × 108 0.0554

0.25 −0.45 9.4225 × 10−10 −4.7758 × 108 0.0701

Substituting the chosen values of the constants into for-
mulae (29) and (47), we obtain

As = V0(Nb + 2)2

32π2M4
Pl(3 − 4J )

exp

(
− 8

Nb + 2

)
, (54)

r = 64(3 − 4J )

3(Nb + 2)2 exp

(
4βNb

Nb + 2

)
. (55)

The values of the inflationary parameter r and the corre-
sponding values of V0 and ξ0 for Nb = 60 are presented in
Table 1. For any values of these parameters, ns = 928/961 �
0.96566 and As = 2.1 × 10−9. One can see that the param-
eter r increases with growth of J and all values of r , but one,
do not contradict the observation data.

4.4 The coupling function F with a constant term

Let us consider another form of nonminimal couplings that
tends to a constant at small values of the field:

F = M2
Pl f (φ), f (φ) = 1 + f̃ (φ)

1 + f̃ (φend)
, (56)

where

f̃ (Ne) = f0 exp

(
−ω0

2
exp

(√
2

3Cα

φ

MPl

))
, (57)

f0 is a positive constant and φend = φ(0) is the value of φ at
the end of inflation.

To construct a model leading to an appropriate inflationary
scenario it is convenient to use the e-folding number formu-
lation. Using Eq. (33), we get

f̃ (Ne) = f0 exp

(
− N 2

0

Ne + N0

)
. (58)

With the help of Eqs. (39), (43), and (58), we obtain the
functions ξ and V in the following form:

ξ =

⎡
⎢⎢⎣ξ0 + 3M4

Pl

4V0

⎛
⎜⎜⎝

1 + f0 exp

(
− N2

0
Ne+N0

)

1 + f0 exp

(
− N2

0
N0

) − 1

⎞
⎟⎟⎠

⎤
⎥⎥⎦

×exp

(
2N 2

0

Ne + N0

)
, (59)

V =
V0

[
1 + f0 exp

(
− N2

0
Ne+N0

)]
exp

(
2N2

0
(Ne+N0)

)

1 + f0 exp (−N0)
. (60)

For the considering model the slow-roll parameters ε1 and
ε2 are coincide with (38), the slow-roll parameters ζ1 and ζ2

have the following form:

ζ1 = −
f0N 2

0 exp

(
− N2

0
Ne+N0

)

(Ne + N0)
2
(

1 + f0 exp

(
− N2

0
Ne+N0

)) ,

ζ2 = 2

Ne + N0
−

N 2
0 exp

(
N2

0
Ne+N0

)

(Ne + N0)
2
(

exp

(
N2

0
Ne+N0

)
+ f0

) .

We consider f0 > 0, hence, ζ1 < 0. Also, we see that
−1 < ζ1 < 0 and 0 < ζ2 < 1 during inflation for N0 ≥ 2.

To simplify expression of the slow-roll parameters δ1 and
δ2 we introduce a new constant K , namely we do redesigna-
tion of the constant V0:

V0 = AsM4
Pl

(
24π2N 2

0 + K
)

(Nb + N0)
2 (1 + f0 exp(−N0)) exp

(
− 2N2

0
Nb+N0

) .

After such supposition, the slow-roll parameters δ1 and δ2

can be presented in the following form:
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δ1 =
12 π2 f0 N0

2exp

(
− N2

0
Ne+N0

)
− K

12π2 (Ne + N0)
2
(

1 + f0 exp

(
− N2

0
Ne+N0

)) ,

δ2 = 2K

(Ne + N0)

(
K − 12π2 f0N 2

0 exp

(
− N2

0
Ne+N0

))

+
N 2

0

(
12 π2N 2

0 + K − 24π2(Ne + N0)
)
f0 exp

(
− N2

0
Ne+N0

)
(

1 + f0 exp

(
− N2

0
Ne+N0

))
(Ne + N0)2

[
K − 12π2 f0N 2

0 exp

(
− N2

0
Ne+N0

)]

−
24 π2N 2

0 f 2
0 (Ne + N0) exp

(
− 2N2

0
Ne+N0

)
(

1 + f0 exp

(
− N2

0
Ne+N0

))
(Ne + N0)2

[
K − 12π2 f0N 2

0 exp

(
− N2

0
Ne+N0

)] .

The slow-roll parameters δ1 and δ2 at Ne = 0 are as fol-
lows:

δ1 = 12 π2 f0 N0
2exp(−N0) − K

12 (1 + f0 exp(−N0)) N0
2π2

δ2 = 2

N0
+ f0 exp(−N0)

(
12π2N 2

0 + K
)

(1 + f0 exp(−N0))
[
K − 12π2 f0N 2

0 exp(−N0)
]

Solving inequalities |δ1| ≤ 1 and |δ2| ≤ 1 at Ne = 0, we
get the area of appropriate values of parameters f0 and K
restricted by the following curvatures:

1. the lower line is K = Kl = −12π2N 2
0 (corresponds to

δ1 = δ2 = 1 at Ne = 0)

2. the upper line is K = Ku = 12π2 f0N
2
0 exp(−N0)

(
2+ f0

(
N0+2

)
exp(−N0)

)
2 f0

(
N0+1

)
exp(−N0)+N0+2

,

(corresponds to δ2 = −1 at Ne = 0)

The tensor-to-scalar ratio r can be presented in the fol-
lowing form:

r = 2
(
24π2N 2

0 + K
)

3π2

(
1 + f0 exp

(
− N2

0
Ne+N0

))
(Ne + N0)

2
.

In the case of the lower boundary of area appropriate val-
ues of parameters 0 < f0 < ∞ and K = −12π2N 2

0 , the
expressions of the slow-roll parameters can be simplified:

δ1 = ε1 = N 2
0

(Ne + N0)2 , δ2 = ε2 = 2

Ne + N0

Also we get a simplification of V0:

V0 = 12AsM4
Plπ

2N 2
0

exp

(
− 2N2

0
Nb+N0

)
(1 + f0 exp (−N0)) (Nb + N0)2

and the tensor-to-scalar ratio

r = 8 N0
2(

1 + f0 exp
(
− N0

2

Ne+N0

))
(Ne + N0)

2
.

From the previews analysis, it is evidently that the N0 = 2
is an appropriate value. Here we should note that expres-
sions for parameters δ1 and δ2 are coincide with expressions
for parameters ε1 and ε2. At f0 = 0, parameters ζ1 and ζ2

disappear because F becomes a constant.
Considering conditions |δ1| ≤ 1 and |δ2| ≤ 1 at Ne = 0

and N0 = 2, we get the following inequalities:

−1 ≤ 48 π2 f0 exp(−2) − K

48 (1 + f0 exp(−2)) π2 ≤ 1

−1 ≤ −48 π2 f 2
0 exp(−4) + 2 K f0 exp(−2) + K

(1 + f0 exp(−2))
(−48 π2 f0 exp(−2) + K

) ≤ 1

Solving these inequalities, we get the area restricted by the
following curvatures:

1. the lower line is K = Kl = −48π2 (corresponds to
δ1 = δ2 = 1 at Ne = 0)

2. the upper line is

K = Ku = 48 π2 f0 exp(−2) (2 f0 exp(−2) + 1)

3 f0 exp(−2) + 2

(corresponds to δ2 = −1 at Ne = 0)

The corresponding area is green colored in Fig. 3.
Numerical analysis of the obtained model with K = Kl ,

N0 = 2, and Nb = 60 shows that ns = 0.965 and r < 0.065
at any positive f0 and the slow-roll regime is satisfied during
inflation. We present the values of V0, ξ0, Cα , r for N0 = 2,
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Fig. 3 The domain of appropriate values of parameters f0 and K is
green colored

Nb = 60, As = 2.1 × 10−9, and at several values of f0:
0 ≤ f0 ≤ 8 in Table 2.

To clarity behavior of slow-roll parameters we present
graphics of ζ1 and ζ2 at f0 = 0.1 and f0 = 8 in Fig. 4.

In the case of K = Ku , the expressions of the slow-roll
parameters δ1 and δ2 for an arbitrary N0 are rather long and
we present only δ1 at N0 = 2:

δ1 =
4 f0

[
3 f0 exp

(
− 2(4+Ne)

Ne+2

)
+2 exp

(
− 4

Ne+2

)
−2 f0 exp(−4)−exp(−2)

]

(3 f0 exp(−2) + 2)
(

1 + f0 exp
(
− 4

Ne+2

))
(Ne + 2)2

To clarity behavior of slow-roll parameters at K = Ku

we present graphics of δ1 and δ2 at f0 = 0.1, f0 = 2, and
f0 = 8 in Fig. 5.

Let us numerically analyze the obtained models with K =
Ku . If N0 = 2 and Nb = 60, then ns = 0.965 and r < 0.065

at any f0 ≥ 0 and the slow-roll regime is satisfied during
inflation.

We present the values of V0, Cα , r at N0 = 2, Nb = 60,
As = 2.1×10−9 and at several values of f0: 0.001 ≤ f0 ≤ 8
in Table 3.

In the case of f0 = 0, when the model coincides with
the minimal coupling model (see Section 4.1), the slow-roll
parameter δ2 = 2

Ne+N0
does not depend on K . In this case,

the restriction to K can be obtained from the consideration
of δ1. The condition

= − K

12π2(Ne + N0)2

should be satisfied and we get K = K 0
u = 12π2 N 2

0 . So,
to satisfy the slow-roll regime we should choose |K | ≤
12π2N 2

0 . The numeral estimation of model parameters at
f0 = 0, K = K 0

u , N0 = 2, and Nb = 60 gives the following
values: V0/M4

Pl = 8.8336 × 10−10, ξ0 = −4.2452 × 108,
and Cα = 8.0001. The corresponding value of the tensor-to-
scalar ratio is r = 0.0250. Obviously, at f0 = 0, the slow-roll
parameters ζi are disappear due to F ′ = 0.

In the limit f0 → +∞, we obtain V0/M4
Pl ≈ 1.963 ×

10−10, ξ0 ≈ 2.5471 × 109, Cα ≈ 1.7778, and r ≈ 0.0008.

5 Conclusion

In this paper, inflationary scenarios of the Einstein-Gauss-
Bonnet gravity have been considered. We focus on inflation-
ary models with a scalar field nonminimally coupled both
with the Ricci curvature scalar and with the Gauss-Bonnet
term. To construct viable inflationary scenarios that do not
contradict the observation data we consider the inflationary
parameters as functions of e-foldings.

The application of the slow-roll regime to the model allows
to present the scalar spectral index ns(Ne) and the amplitude
of the scalar perturbations As(Ne) in terms of derivatives of
the effective potential. The main idea of the proposed method
is the construction of a set of inflationary scenarios with one

Table 2 Model parameters and
the corresponding values of r for
the function F with a constant
term in the case of K = Kl

f0 V0/M4
Pl ξ0 Cα r

0 2.9446 × 10−10 1.2736 × 109 2.6667 0.0083

1 2.5937 × 10−10 1.6183 × 109 2.3488 0.0044

2 2.3173 × 10−10 1.9631 × 109 2.0986 0.0028

3 2.0943 × 10−10 2.3078 × 109 1.8966 0.0022

4 1.9103 × 10−10 2.6524 × 109 1.7301 0.0017

5 1.7562 × 10−10 2.9972 × 109 1.5904 0.0015

6 1.6251 × 10−10 3.3420 × 109 1.4717 0.0012

7 1.5121 × 10−10 3.6868 × 109 1.3694 0.0011

8 1.4138 × 10−10 4.0313 × 109 1.2804 0.0010
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Fig. 4 The parameters ζ1 and ζ2 as functions of Ne. The blue lines
correspond to f0 = 0.1, the red lines correspond to f0 = 8

and the same effective potential. It allows us to construct new
models with suitable values of ns and As . Starting from an
inflationary model with the Gauss-Bonnet term and a con-
stant F that does not contradict observation data, one can
construct models with a nonconstant function F with the val-
ues of parameters ns and As , but with different values of r . In
other words, to compare the model predictions with observa-
tion data it is sufficient to check the tensor-to-scalar ratio of in
the nonminimal coupling model: r̃/ f (Nb) < 0.065, where r̃
is the tensor-to-scalar ratio of the known minimally coupled

Fig. 5 The blue lines correspond to f0 = 0.1, the grey lines correspond
to f0 = 2, and the red lines correspond to f0 = 8. The parameters δ1
and δ2 are presented at K = Ku

model [80]. Also, we treat with care to the slow-roll regime
during inflation that allows us to restrict the free parameters
of the models obtained.

In distinguish to the cosmological attractor approach and
the method proposed in Ref. [73], we do not fix r(Ne), but
fix φ(Ne) and ns(Ne). We also use the known inflationary
scenario with a constant function F = M2

Pl propose in Ref.
[80] to construct sets of inflationary models with nonconstant
functions F that is equal to M2

Pl at the end of inflation.
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Table 3 Model parameters and
the corresponding values of r for
the function F with a constant
term in the case of K = Ku

f0 V0/M4
Pl ξ0 Cα r

0.001 5.8887 × 10−10 1.294 × 105 5.3334 0.017

1 5.3727 × 10−10 1.224 × 108 4.8660 0.0091

2 4.9784 × 10−10 2.329 × 108 4.5089 0.0063

3 4.6674 × 10−10 3.334 × 108 4.2272 0.0048

4 4.4148 × 10−10 4.253 × 108 3.9985 0.0040

5 4.2062 × 10−10 5.096 × 108 3.8095 0.0035

6 4.0305 × 10−10 5.872 × 108 3.6505 0.0030

7 3.8802 × 10−10 6.592 × 108 3.5143 0.0030

8 3.7508 × 10−10 7.261 × 108 3.3971 0.0026

In this paper, we restrict ourselves to inflationary models
for which all slow-roll parameters are small during inflation.
At the same time, it would be interesting to consider mod-
els with a constant positive potential and with the potential
V = CF2 that do not satisfy this restriction. We plan to do
this in future using numerical analysis of evolution equations
without the slow-roll approximation.
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