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Transformation optics (TO) is a powerful tool for the design of electromagnetic and optical devices
with novel functionality derived from the unusual properties of the transformation media. In
general, the fabrication of TO media is challenging, requiring spatially varying material properties
with both anisotropic electric and magnetic responses. Though metamaterials have been proposed
as a path for achieving such complex media, the required properties arising from the most general
transformations remain elusive, and cannot implemented by state-of-the-art fabrication techniques.
Here, we propose faceted approximations of TO media of arbitrary shape in which the volume of
the TO device is divided into flat metamaterial layers. These layers can be readily implemented by
standard fabrication and stacking techniques. We illustrate our approximation approach for the
specific example of a two-dimensional, omnidirectional “invisibility cloak,” and quantify its
performance using the total scattering cross section as a practical figure of merit. © 2012 American

Institute of Physics. [http://dx.doi.org/10.1063/1.4729012]

. INTRODUCTION

In recent years, the concept of transformation optics (TO)
has emerged as a powerful tool for the control and manipula-
tion of light."” Based on the form-invariance of Maxwell’s
equations under coordinate transformation, TO is a tool in
which the design of electromagnetic materials can be per-
formed conceptually by applying a coordinate transformation
to modify the trajectories of waves. By applying the desired
coordinate transformation to Maxwell’s equations, the pre-
scription for a medium can be obtained for which light propa-
gates as if it was propagating in a different coordinate system.
One of the more compelling concepts to emerge from the TO
approach has been that of (:loal<ing.4_ll The TO cloak arises
from a transformation in which a region of space is effectively
shrunk to a point or singularity, where its scattering becomes
significantly reduced. The effect of the transformation is that
waves appear to be guided around the “cloaked” region of
space, rendering both the bounding TO medium and the
cloaked region invisible to an external observer. Since the first
experimental realization demonstration of a metamaterial
cloak,” cloaking devices have been proposed for nearly any
imaginable geometry, including spheres,'*'? circular cylin-
ders,>'*! cylinders of polygonal cross-section,'®"® and also
asymmetric and irregular shapes.'® >

Though the coordinate transformations that lead to TO
media are often arrived at intuitively and can be simply
described, the physical implementation of TO media is typi-
cally challenging. In fact, while the mathematics of TO has
been known for more than a century, TO has only been
deemed relevant in the context of the ongoing development of
artificially structured metamaterials over the past decade.**
TO media are specified by spatially varying distributions of
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the permittivity and permeability tensors that derive from
coordinate transformations. To implement these distribu-
tions using metamaterials, the continuously varying consti-
tutive parameters are discretized throughout space and an
appropriate metamaterial design is chosen that achieves the
desired constitutive tensor elements at each discrete spatial
point. Finding the appropriate metamaterial element at each
point, however, is a challenging task since nearly arbitrary
control is required over each of the electric and magnetic
responses along six principal axes. For a given polarization,
the number of controlled responses reduces to three for a
complete TO solution which still represents a significant
challenge. Moreover, in certain circumstances, the required
values of the material parameters can get extremely large or
even diverge at the boundary of the TO device.””> Such
extreme parameters are almost impossible to implement by
common metamaterial structures.

The experimental implementation is further complicated
if the cloak possesses curved contours. A conformal cloak
designed to conceal a region of arbitrary shape generally
leads to a curvilinear alignment of the principal axes of the
permittivity and permeability tensors, resulting in a gradual
rotation of the local metamaterial cells throughout space.
The metamaterial architecture for such designs can be sur-
prisingly complex in all but the most symmetric designs.
Even for highly symmetric designs, such as that of a spheri-
cal metamaterial, the fabrication can pose a significant hur-
dle. Since most fabrication techniques are suited for the
production of planar samples, it is of considerable advantage
to seek approximation methods that will leverage standard
and commercial lithographic patterning.”* For TO devices
operating at microwave’ and THz (Ref. 26) frequencies, cy-
lindrical device shapes can be obtained by curling planar

© 2012 American Institute of Physics
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sheets of metamaterials. However, as the operational fre-
quency increases towards the optical range and the metamate-
rial layer thickness decreases to micro- and nanometer scale,
this approach becomes impractical. For TO devices with fully
three-dimensional shapes, such as spherical cloaks, curving
planar-layer metamaterials is not a viable approach even for
microwave frequencies. While substantial progress is being
made towards volumetric three-dimensional metamaterial fab-
rication methods,** the contemporary techniques remain pro-
hibitively difficult to use for structures that cannot be
conceived as “sandwiched” flat layers of meta-elements. For
three-dimensional TO devices such as the one shown in Fig. 1
faceted approximations are therefore essential.

In this paper, we present an approximation method that
overcomes these fabrication hurdles and enables the con-
struction of TO media with planar layers of metamaterials.
We start by the observation that every arbitrary TO medium
which may have curved surfaces can be substituted by a po-
lygonal (in two dimensions) or polyhedral (in 3D) approxi-
mation. Clearly, as the number of vertices increases, the
error in the approximation should decrease, and eventually
becoming negligible. Next, a coordinate transformation is
applied to the polygonal approximation to calculate the spa-
tial distribution of the permittivity and permeability tensors.
The resulting tensor distribution mirrors the architecture of
the required metamaterial realization. In three consecutive
approximations, we then reduce the complexity of the indi-
vidual metamaterial cells, align the cells in plan-parallel
layers and simplify the spatial distribution of the material pa-
rameters. The performed reduction of the metamaterial
architecture also eliminates the need of extremely large val-
ues of the permittivity or permeability and allows the usage
of common metamaterial structures. As a result, the original
TO medium (with possibly curved surfaces) is replaced
by an approximative TO structure that is composed by

FIG. 1. Full-wave simulation: faceted dodecahedral approximation to the
full-parameter spherical cloak, obtained by truncating the sphere circum-
scribing a regular dodecahedron. No correction to the material property dis-
tribution was made.
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plan-parallel, flat layers of simplified metamaterial elements.
Such layers can be readily constructed by standard litho-
graphic and stacking techniques.

In the following, we explain and demonstrate the pro-
posed approximation method for the example of a polygonal
invisibility cloak. The metamaterial invisibility cloak pro-
vides a useful structure for investigating the performance of
layered approximations because it can be well-characterized
by a single figure-of-merit: the (total) scattering cross-
section (SCS).27’28 For this reason, we choose the cloaking
transformation as illustrative example testing the perform-
ance of the layered approximations.

Il. TRANSFORMATION OPTICS OF POLYGONAL
CLOAKS

We restrict our analysis to two-dimensional (in-plane)
wave propagation through a cylindrical invisibility cloak
whose cross-section is formed by a regular N-sided polygon
and whose cylinder axis coincides with the z-axis. For the
incident wave, we consider a monochromatic TE-wave prop-
agating in the x-direction according to

E(x,1) = Ege!* -z, (1)

with the electric field amplitude E, the wave vector k£ and
the angular frequency .

For the implementation of a polygonal cloak, we apply a
very general transformation technique which is applicable to
a large class of geometries.”’ The technique does not require
a certain symmetry like in a circular-cylindric cloak,”® and,
in fact, is also applicable to geometries that do not possess
any symmetry at all. The only requirement is that the inner
and outer boundaries of the cloak can be parameterized in
polar coordinates as

r=Ri2(0), ()

where the indexes 1 and 2 refer to the inner and the outer
surfaces, respectively. For example, regular polygons with N
sides can be parameterized as follows:

i

"= cos(¢mod (2n/N) — n/N)’

3)

where 7; is the inradius of the polygon, i.e., the radius of the
inscribed circle of the polygon. The cloak domain (where the
constitutive parameters differ from vacuum) occupies the area
described in cylindrical coordinates by R;(¢) < r < Ry(¢).
The coordinate transformation that compresses the cross-
section of the inner surface to zero can be chosen as follows:

’_ R2(¢) r— -

Since the transformation (4) depends on both r and ¢, the €
and p tensors of the cloak are no longer aligned with the 7
and ¢ directions of the cylindrical coordinates. Therefore,
the expressions for the tensor components are equally
involved in cylindrical and Cartesian coordinates. Since our
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FIG. 2. (a) Distribution of the first and (b) second principal values of the in-
plane p tensor in the cloak derived from the exact coordinate transformation
of an octagon-shaped cloak according to Eq. (6). Note that the first principal
values diverge at the inner boundary of the cloak.

electromagnetic solver requires material tensor input in
Cartesian coordinates, the transformation (4) must be
expressed in Cartesian coordinates of the form x = x(’/,y’)
and y = y(x’,y’). This is achieved by applying the interme-
diate transformations x = rcos¢ and y=rsing in the
unprimed system and the inverse intermediate transforma-
tions ' = \/x'2 +y'2 and ¢’ = arctan(y’/x’) in the primed
system, respectively. In the Cartesian system, we can then
calculate the Jacobian matrix of the transformation defined
as Aj = Ox" /X' with i,j=1,2 (assuming x; =x and
X =y). Once the Jacobian matrix is found, the constitutive
material parameters for the cloak medium are obtained by

¢l =y = det(A) ' ALAL O (5)

where we used the Einstein sum convention of summing
over identical indices. After a straightforward algebraic cal-
culation, this yields the following expressions of a two
dimensional, polygonal cloak (TE-polarization):

/

fhy = — (r sing — Bcosd)” + “—rcoszq’),
orr r
oo,
My = po— (rcos¢ + fsing)” + Tsm o,

o’ 1 2\ .
/’ny = < -——+ ﬁ )Sln(}b COS¢ + %COS(qu) = .uy,w

r oar’  ar'r

r/

€ =—. (6)
or

The remaining expressions for 7/, o, and f§ depend on the
particular geometry of the polygonal cloak. If the inner and
outer boundaries of the cloak are regular, N-sided polygons
with inradius @ and b, respectively, these expressions are

given by
. b . a aib—a f—a
b—a cos(®))" ~ b 7 " Tcos?(®)’
)

where ® = ¢mod(2n/N) — /N is the angle between the
position vector r and the middle axis of the polygon section
in which the considered point is located. Note that in the

sin(®)
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limit N — oo, the angle ® and thus f tends to zero and the
resulting material parameters approach those of a circular-
cylindric cloak as expected.” The resulting distribution of
the in-plane p tensor of an octagonal cloak is exemplarily
plotted in Fig. 2.

lll. APPROXIMATIONS TOWARDS A METAMATERIAL
IMPLEMENTATION

TO devices can often be realized by collections of meta-
material cells, each designed to provide a local response that
approximates the permittivity and permeability tensors at
that point. The first step, then, towards implementation of the
TO device is the spatial discretization of the otherwise con-
tinuous permittivity and permeability distributions. After
having accomplished a reasonable discretization, the values
of the permittivity and permeability tensors can then be real-
ized by design of the metamaterial cells. However, as dis-
cussed in the Introduction, the spatial arrangement of the
cells within the metamaterial represents an impediment to
the manufacturability of the TO device. Furthermore, even
for the simplest case of a two dimensional, cylindrical cloak,
the exact transformation requires a careful control over four
independent tensor components throughout space (with
eventually diverging values) which also hampers an experi-
mental realization.

In order to overcome these technological hurdles, we
present in the following three different approximations of a
polygonal cloak which provide a stepwise reduction of the
complexity of the required metamaterial architecture and,
thus, enable a practical realization of a cloaking device with
state-of-the-art fabrication abilities. The three approxima-
tions, denoted as APX 1, APX 2, and APX 3, are depicted in
Fig. 3 and are implemented in the numeric model as
explained below.

A. APX 1: Eikonal approximation

The complete parameter set for a polygonal cloak given
by Eq. (6) dictates the control of four independent tensor com-
ponents throughout space which is very difficult to realize in
practice. Therefore, in our first approximation APX 1, we
replace the exact material parameters by a reduced parameter
set in which one of the principal values of the in-plane u ten-
sor is set constant. This approximation is known as the eikonal
approximation and is based on the fact that for the wave prop-
agation inside the cloak only the refractive indices given by
ng = /e, and n, = /€[i; are relevant.”>**! Here y, and
py denote the eigenvalues of the p tensor > associated with
the local eigenvector basis {e,,es} as depicted in Fig. 3(b).
An eikonal cloak can be derived from an exact cloak in an in-
finite number of ways. Here, we fix ,uf;k = 1, in which case
the cloak is described by

=y w = ug 15 =1 (8)
With the reduced parameter set, the ray trajectories inside
the cloak are the same as in the exact cloak, however, the

surface of the cloak may have a nonzero reflectance due to
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(b)
Metamaterial —

Middle axis

APX 3

FIG. 3. Overview over the three approximations APX 1 to APX 3. The color
gradient visualizes the spatial distribution of the principal values of the ma-
terial tensors (here ,u;’.“‘ for instance) whereas the short lines indicate the spa-
tial orientation of the metamaterial cells. (a) APX 1: Reduction of the cell
architecture by using an eikonal approximation. (b) Enlarged polygon sector
of APX 1. (c) APX 2: Alignment of the metamaterial cells along flat layers.
(d) APX 3: Usage of identical metamaterial cells within each layer.

the impedance mismatch.>* To mitigate the wave reflec-
tance on the surface,s’33 additional steps can be taken. %33
Since one principal value of the permeability is set to unity,
the eikonal approximation corresponds to a simplified meta-
material structure in which the unit cell possesses a magnetic
response in only one direction. Such metamaterial cells can
be realized by flat metallic patterns like the split ring resona-
tors used in Ref. 5 and are much easier to fabricate than
those with two independent magnetic dipoles in different
directions.

Note that the eikonal approximation (8) refers to the
local eigenvalues of the u tensor whereas the tensor elements
derived in Eq. (6) refer to the Cartesian coordinate system
which, in general, does not serve as an eigenbasis for p. Con-
sequently, in order to apply the eikonal approximation to our
polygonal cloak, we have to determine the local eigenbasis
of the u tensor at each point of the cloak volume and then
perform the eikonal approximation according to Eq. (8). For
example, for points located at the middle axis of a polygon
section, this yields the following expressions:

ei b\ i r—ay? i
ez“=<b_a>, = () = o

Subsequently, in order to implement the eikonal approxima-
tion in our solver environment, we have to re-express the
1 tensor in the Cartesian coordinate system.

A further advantage of the eikonal approximation is that
it eliminates any infinite values of the tensor components
which usually occur at the inner boundary of a cloak.>> For
instance, all tensor components described by Eq. (9) remain
finite.

J. Appl. Phys. 111, 123106 (2012)

B. APX 2: Alignment of the metamaterial cells

In the second approximation APX 2, we assume that the
eikonal approximation of the cloak has already been estab-
lished and refer to the reduced parameter set of Eq. (8). In
addition to that, we assume that all metamaterial cells are
rotated about the z-axis such that the eigenvectors of the
u-tensor are aligned to be parallel and orthogonal to the outer
boundary of the polygon as schematically visualized in
Fig. 3(c). The resulting uniform alignment of the cells within
one polygon section allows a subdivision of the sections into
flat, plan-parallel layers which are significantly easier to fab-
ricate than bulk metamaterials with locally varying orienta-
tion of its elements. By stacking these pre-fabricated layers,
the polygonal cloak can be readily constructed.

In the numerical model, the rotation of the metamaterial
cells is implemented by applying a rotation matrix R(J) to
the 1% tensor at each point of the cloak volume (¢! remains
unchanged) according to

Meik,rol _ R(é)T'ueikR(é)7 (10)

with the rotation matrix

R(S) = <cos§ —sin5>' an

sind  cosd

In this notation, the tensor u®X is expressed in Cartesian
coordinates and ¢ is the angle between the radial principal
axis of the considered metamaterial cell (i.e., the e, eigen-
vector of %) and the middle axis of the polygon section in
which the element is located (see Fig. 3(b)). As a result, the
rotation misalignment of the metamaterial cells with respect
to the middle axis is removed and thus all metamaterial cells
in a given polygon section have the same orientation (see
Fig. 3(c)).

Furthermore, in order to account for the discretization of
the cloak volume into flat layers, the material parameters
were calculated only at the middle plane of each layer and
then kept constant across the layer thickness. In other words,
the material parameters in APX 2 vary only in the direction
parallel to the layers as depicted by the color gradient in
Fig. 3(c). This introduces a discontinuity of the material
properties at the interface between adjacent layers which is
naturally present in any layered composite.

C. APX 3: Homogenization of the layers

By now, the metamaterial cells possess a reduced com-
plexity and are uniformly aligned along flat layers. However,
the geometric dimensions of the metamaterial cells still vary
within these layers. In our final approximation APX 3, we
drop this requirement and assume that all layers are com-
pletely homogeneous as schematically visualized in
Fig. 3(d). This approximation further facilitates the fabrica-
tion process since no effort for the relative alignment of sub-
sequent layers is necessary. To implement APX 3 in the
numeric model, we calculated the material parameters u*
and ¢ at the center point of each layer and then kept
the resulting values constant within the entire layer. As in
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APX 2, all metamaterial cells are equally aligned in each
polygon section.

IV. SIMULATION RESULTS AND DISCUSSION

In order to quantify the validity of the different approx-
imations APX 1 to APX 3, we performed numerical calcu-
lations and determined the SCS for an exact polygonal
cloak as well as the approximate realizations APX 1 to
APX 3. In the simulation, the cloak core was filled with a
quasi-perfect electrical conductor with a conductivity of
10'° S/m. To verify the appropriateness of the numerical
model, we present in Figs. 4(a) to 4(d) the simulated field
distribution for an incident plane wave for the uncloaked
core, the exact polygonal cloak and, exemplarily, for the
two approximations APX 2 and APX 3, respectively. The
plots confirm that both approximations reduce the backscat-
tering as well as the forward scattering leading to a field
pattern that is qualitatively comparable to that of the exact
cloak.

For a quantitative description of the proposed approxi-
mations, we calculated the SCS of the differently approxi-
mated cloaks for an incident plane wave.?® According to the
optical theorem in two dimensions,e’4 the total cross-section
(which includes absorption and scattering) can be deter-
mined from the forward scattering amplitude f(0)

Otot = Os¢c + Oaps = —ZﬂRe{\ﬂf(O)}, (12)

where 1 is the wavelength in the medium surrounding the
scatterer—in our case, the free space wavelength. The scat-

(a) No cloak

(d) APX 3

J. Appl. Phys. 111, 123106 (2012)

tering amplitude depends only on the scattering angle and is
defined by the asymptotic formula

E(r,¢) ~ Eo <e"’“ +1Lfi)e"k"), r—oo,  (13)

T

in which r is the distance from the scatterer, E is the ampli-
tude of the incident plane wave, and k = 27// is the wave
number. Thus, in two dimensions f(¢) has the units of
(length)l/z, and oy, has the units of length. For a lossless
scatterer, g,,; = 0 and thus the optical theorem yields the
SCS (o) directly without additional calculations. Our simu-
lation software allows the calculation of the far-field ampli-
tude in the forward scattering direction; that quantity is
linearly proportional to the forward-scattering amplitude in
Eq. (12), which permits us to perform an inexpensive calcu-
lation of the total SCS. In the following, we present the SCS
for the three approximations APX 1 to APX 3 as a function
of the size of the cloaked area, the cloak shell thickness, the
number of polygon sides and layers, and the angle of wave
incidence. All calculations refer to the incident TE-wave
specified in Eq. (1) with fixed frequency w.

A. Influence of the size of cloak

To evaluate the limitations of the proposed models, we
first calculated the SCS as a function of the size of the cloak.
For this purpose, we varied the radius of the cloaked area
from a = 0.5 to a = 3.5/ while the outer radius of the cloak
was proportionally increased according to b = 2a. The
assumed cloak geometry was a 10-sided polygon and for the
layered models APX 2 and APX 3, the number of layers was

(b) Exact polygonal cloak

FIG. 4. Simulation results for the
z-component of the electric field of a
TE-wave incident from the left for (a)
the bare conducting object without
cloak, (b) the polygonal cloak with the
exact transformations, (c) approximation
APX 2, and (d) APX 3.
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stepwise increased (starting from 5 layers) in order to keep
the layer thickness smaller than 1/10. The corresponding
material parameters are obtained from the transformations
discussed in Secs. II, and III. For the specified dimensions,
the material parameters cover the range

x4, 0< <025, ugt =1 (14)

Obviously, the used eikonal approximation eliminates the
need of extraordinary large material parameters which usu-
ally occur for metamaterial realizations of invisibility
cloaks.>*> For our implementations, the required material
parameters are restricted to realistic values which can be
readily obtained by common metamaterial structures.’ It
should be noted that the covered parameter range only
depends on the ratio b/a and thus is identical for all investi-
gated cloak sizes (for points located at the middle axis of a
polygon section this can be verified by Eq. (9)). In other
words, all analyzed cloak sizes can be realized by the same
set of metamaterial cells which provides a reasonable com-
parison of the different models.

In Fig. 5, we show the resulting SCS normalized to the
SCS of the bare conducting core for all three approxima-
tions. In order to validate the accuracy of the SCS calcula-
tion, we have also plotted the SCS of a polygonal cloak that
is implemented by the exact material parameters (black line
in Fig. 5). As expected, the resulting values of the SCS for
the exact cloak are almost zero. The red, blue, and green
curves in Fig. 5 show that all three models provide a reasona-
ble cloaking performance with a significant reduction of the
SCS. Obviously, the scattering of the models APX 1 and
APX 2 is almost independent of the size of the cloak with
values of the normalized SCS between 0.20 and 0.35. In con-
trast, model APX 3 is more sensitive to the cloak size and
shows a slight increase of the SCS from 0.30 to 0.54 as the
inner radius of the cloaked area increases from ¢ = 0.54 to
a = 3.5/. The increasing SCS for model APX 3 is a direct

0.8 T 1 T T T T T T T T T 1
—e— Exact
= —e— APX 1
.g 0.6 —e— APX 2 -
3 —o— APX 3
wa
v
v
S o04f ]
5)
&n
=]
=
g
5 02F -
O
wn
0.0 %o e e oo o oo |

0.5 1.0 1.5 2.0 2.5 3.0 35
Cloak core radius a/ A

FIG. 5. SCS normalized to the SCS of the bare conducting core for the pro-
posed approximations APX 1 to APX 3 in dependence on the cloak core ra-
dius a. The simulations refer to a 10-sided polygonal cloak with an outer
cloak radius of b = 2a. The black line indicates the SCS of an exact polygo-
nal cloak.
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consequence of the stronger approximations made in this
model. As shown later, this can be compensated by increas-
ing the number of polygon edges.

Once the area to be cloaked is specified, the cloak can
still be optimized by varying the size of the cloak shell.
Therefore, we determined the cloaking performance of the
different approximations with respect to the thickness of the
cloak shell (b — a) for a constant inner radius of ¢ = 2/ and
for a 10-sided polygon. Again, the number of layers in
APX 2 and APX 3 was stepwise increased to keep the layer
thickness smaller than 4/10. The resulting SCS of the three
approximations in dependence on the normalized shell thick-
ness (b — a)//. is plotted in Fig. 6.

The total dependence of the SCS on the cloak shell
thickness is a combination of two contrary effects. First, as
discussed in Sec. III, all approximations are based on a
reduced parameter set which implies a non-zero reflectance
of the cloak’s surface. The corresponding wave impedance
at the surface of the cloak is approximately

Jeik _ \/m ~1—a/b. (15)

Consequently, the wave impedance approaches that of free
space as the radius of the outer boundary b increases (a is fixed)
which leads to a decreasing scattering. This behavior is shown
by the SCS of model APX 1 (blue line in Fig. 6) which strictly
decreases from 0.77 to 0.14 as the cloak shell thickness
increases from 0.2/ to 44. On the other hand, an increasing
cloak shell thickness implies that the role of spatial imperfec-
tions introduced by the approximations gain significance, espe-
cially at the corners of the polygon. This leads to an increasing
scattering which partly compensates the improved impedance
matching. As a result, the SCS of model APX 2 and APX 3
which include stronger approximations than APX 1 decreases
only moderately as the cloak shell increases (see red and green
curves in Fig. 6). At a shell thickness of about 4/, the two coun-
ter effects of the increasing imperfections and the improving
impedance matching are almost balanced and the SCS of
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Q
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FIG. 6. Normalized SCS of APX | to APX 3 in dependence on the cloak
shell thickness. The considered cloak geometry is a 10-sided polygon with
an inner radius of a = 2.
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APX 2 and APX 3 approaches a value of SCS = 0.28 and
SCS = 0.41, respectively

B. Influence of the number of polygon sides and
number of layers

In order to estimate the fabrication effort of a polygonal
cloak, we next investigated the impact of the number of
polygon sides N on the cloaking performance. For this pur-
pose, we calculated the SCS as a function of N for the exam-
ple of a cloak with an inner and outer radius of a =2/
and b = 4/, respectively. The resulting SCS of the models
APX 1 to APX 3 is plotted in Fig. 7. Obviously, model
APX 1 is nearly independent of N with a constant SCS
around 0.25. This stable behavior is related to the fact that
the eikonal approximation used for APX 1 only affects the
reflectance of the cloak’s boundary while the wave trajectory
inside the cloak is identical to that of the exact polygonal
cloak. Since the performance of the latter is independent of
the number of polygon sides, the same also holds for APX 1.
In contrast, approximations APX 2 and APX 3 introduce spa-
tial imperfections inside the cloak volume which increase
with the size of the angle 27/N a polygon section spans (see
Fig. 3). Consequently, if N increases the spatial imperfec-
tions decreases and the SCS of both APX 2 and APX 3
decreases as well and approaches the scattering of APX 1. At
a threshold of about 12 polygon sides, we observed no signif-
icant difference between the three models.

A further fabrication issue for a successful realization of a
layered cloak is the number of layers that is necessary to pro-
vide a reasonable cloaking effect. In Fig. 8, we show the nor-
malized SCS as a function of layer package density,
exemplarily plotted for model APX 2. The assumed geometry
of the cloak was an 8-sided polygon with an inner radius of
a = 2/ and an outer radius of b = 4. As expected, the curve
shows a fast convergence towards a constant SCS which corre-
sponds to a quasi-continuous distribution of the material pa-
rameters. A sufficient convergence is already achieved for a
package density of about 8 layers per wavelength. For more
than 11 layers, the difference to the quasi-continuous limit is

2.0

1.6 -

1.2 -

0.4

Scattering cross section

oo Lo 000y

Number of polygon sides

FIG. 7. Normalized SCS for a polygonal cloak with an inner radius of a =
2/ and outer radius b = 4/ in dependence on the number of polygon sides.
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Scattering cross section

Number of layers per wavelength

FIG. 8. Normalized SCS for a polygonal cloak with an inner radius of
a =2/ and an outer radius b = 4/ in dependence on the layer package
density for model APX 2. The dashed line indicates the region where the
SCS differs from the SCS of the quasi-continuous limit by less than 5%.

less than 5% (see Fig. 8). This condition is usually satisfied in
common metamaterial implementations.

The local minimum at 2.5 layers per wavelength corre-
sponds to a reduced reflection of the cloak caused by destruc-
tive interference of waves that are partly reflected at
different layers. This interference minimum, however, is not
stable and critically depends on the considered frequency
and the angle of wave incidence.

C. Influence of the angle of incidence

As a final aspect of the proposed polygonal approxima-
tions, we analyzed the influence of the orientation of the
cloak with respect to the incident wave. This dependence is
exemplarily shown in Fig. 9 where we have plotted the nor-
malized SCS of the models APX 1 to APX 3 as a function of
the angle of wave incidence (an angle of 0" corresponds to
the case where the wave impinges normally to a polygon
side). The calculations refer to a polygonal cloak with an
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FIG. 9. Normalized SCS in dependence on the angle of wave incidence for
(a) an 8-sided polygonal cloak and (b) a 9-sided polygonal cloak. The angle
of 0 corresponds to the case where the impinges normally to a polygon
side.
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inner and outer radius of a =2/ and b = 44, respectively,
and we considered an 8-sided polygon (Fig. 9(a)), as well a
9-sided polygon (Fig. 9(b)).

The resulting curves show a periodic modulation which
mirrors the annular period of a regular polygon. Obviously,
the angle sensitivity of a 9-sided polygon is smaller than that
of an 8-sided polygon. For example, the SCS of model
APX 2 varies from 0.32 to 0.52 if the cloak is an 8-sided
polygon but only from 0.35 to 0.42 if the cloak consists of 9
polygon sides (red lines in Figs. 9(a) and 9(b)). The reason
for the reduced angle sensitivity is the odd number of polygon
sides as can be explained as follows: there are two symmetric
orientations of a polygonal cloak with respect to the incident
wave. The first occurs if a polygon side is normal to the inci-
dent wave (case 1) and the second occurs if a vertex of the
polygon points towards the source (case 2). If the polygon
has an even number of sides the two cases possess strongly
different SCS because the front and the back of the cloak are
defined by either two parallel sides (case 1) or two opposing
vertices (case 2). However, if the number of polygon sides is
odd, a side is always opposite to a vertex and thus the two
cases have a comparable geometry. This leads to similar
values of the SCS and thus to a reduced angle dependence.

In the case of the 9-sided, polygonal cloak to which
Fig. 9(b) refers, the standard deviation from the annularly
averaged SCS is less then 10% for all three models APX 1 to
APX 3. Hence, if the number of polygon edges is not too
small, the omnidirectional cloaking ability of the exact po-
lygonal cloak is still well maintained by the proposed
approximations.

V. CONCLUSION

In this paper, we proposed an approximation method for
a practical realization of TO components of arbitrary shape
by flat layers of metamaterials. The proposed method starts
from a polygonal approximation of a possibly curved shape
for which an exact coordinate transformation can be estab-
lished. In three consecutive approximations, we reduced the
complexity of the metamaterial cells required for the exact
transformation (APX 1), arranged the cells in plan-parallel
layers (APX 2), and simplified the spatial material distribu-
tion within these layers (APX 3). As a major advantage, the
polygonal approximation significantly mitigates the fabrica-
tion constraints since the resulting TO components can be
implemented by flat metamaterial layers. This can be readily
achieved by standard lithographic and stacking techniques.

We have validated the proposed method for the example
of a polygonal invisibility cloak and quantified the accuracy
of the approximations by comparing the SCS of the cloak
with that of an exact polygonal cloak. All three introduced
approximations showed a comparable and reasonable cloaking
performance. For instance, for a cloaked area with a diameter
of 4/ and realistic geometric dimensions, we achieved a
reduction of the SCS down to 14% of the uncloaked core.

In a detailed parametric study, we have investigated the
performance of the models in dependence on different geomet-
ric variables such as the number of polygon edges, the cloak
shell thickness and the number of metamaterial layers. In this

J. Appl. Phys. 111, 123106 (2012)

context, we have also shown that the omnidirectional cloaking
ability of the exact circular-cylindrical cloak is well maintained
by the introduced flat-face approximations. Such flat layers can
be manufactured even with micro- and nanoscale dimensions
by standard fabrication techniques.

The presented method enables the construction of TO
media in the high frequency range and is also applicable for
the realization of three-dimensional TO devices.
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