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CONSTRUCTIONS OF DISJOINT STEINER
TRIPLE SYSTEMS

JEAN DOYEN!

ABSTRACT. Let D*(v) denote the maximum number of pairwise
disjoint and isomorphic Steiner triple systems of order ». The main
result of this paper is a lower bound for D*(v), namely D*(6¢+3)=
4t—1 or 4141 according as 2¢+1 is or is not divisible by 3, and
D*(6t+1)=¢/2 or t according as ¢ is even or odd. Some other
related problems are studied or proposed for study.

1. Introduction and historical note. Given a finite nonempty set S of v
elements (called points), a Steiner triple system of order v on S is a collection
& of subsets of S (called /ines) such that every line has exactly 3 points and
every pair of points is contained in one and only one line. Any Steiner
triple system is also a balanced incomplete block design with parameters
v, k=3 and A=1 (see for instance Hall [10, Chapter 15]).

Kirkman [11] proved in 1847 that a necessary and sufficient condition
for the existence of a Steiner triple system (briefly STS) of order v is v=1
or 3 (mod 6). An STS of order v is sometimes denoted simply by S(v).

Let & and &’ be two STS on the same set S of points. & and & are
called disjoint if ¥ NS'=g, that is if they have no line in common.
According to [8], the construction of disjoint STS might be useful in the
design of certain statistical experiments.

Let us denote by D(v) the maximum number of pairwise disjoint S(v)
that can be constructed on a set S of v points. As S contains v(v—1)(v—2)/6
subsets of cardinality 3 and as any S(v) contains exactly v(v—1)/6 lines,
we have D(v)<v—2, except of course if v=1. We shall denote by D*(v) the
maximum number of pairwise disjoint and isomorphic S(v) that can be
constructed on S. Obviously, 1 £ D*(v)=< D(v).

It is clear that

D*(1)=D(l)=1 and D*B3)= D@)=I.

Cayley [6] proved in 1850 that D*(7)=D(7)=2. The following collections
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of subsets of the set {a, b, c, d, e, f, g} form two disjoint S(7):

& ={{a,b,c},{c,d, e}, {e. [, a},{a,d, g}, {b, e, 8}, {¢. [, g}, {b, 4. f}};
S ={{a,b,e},{b,c,f},{c,d,a},{d, e, [}, {f, 8, a}, {b,d, g}, {c. e, g}}.

The same year (1850), Kirkman [12] proved that D*(9)=D(9)="7. This
result was “discovered” again by Sylvester ([18], [19])in 1861, Walecki in
1883 (see Lucas [14, 161-197]), Bays [4] in 1917 and finally Emch [9] in
1929 (for more historical details, see Ahrens [1, 110-113]). The simplest
description of 7 pairwise disjoint S(9) on the set {a, b, ¢, d, e, f, g, h, i} is
given by the following square arrays

abc abd deg gha

def e f g hia bcd

g h i hic bcf e f i
gab ade dgoh
cde f gh i alkb
fhi i bc ¢ ef

The 12 lines of each system are simply the 3 rows, the 3 columns and the 6
products involved in the expansion of the “determinant’ of each array.

The other values of D*(v) and D(v) are unknown. Besides a few isolated
lower bounds such as D(13)=3, D(15)=2 (Kirkman [13]), D(31)=6
(Assmus and Mattson ([2], [3])), the only known general results are
D*(2"—1)=2 for every odd integer n=3 (Assmus and Mattson [2]) and
D*(61+1)=2 for every t>0: indeed, as was shown by Rosa [16] and
Di Paola [7], it is not difficult to construct two disjoint and isomorphic
cyclic STS of order 6141 (an S(v) is called cyclic if one of its automor-
phisms is a cycle of length v). v

In 1917, Bays [4] conjectured that D(v)=(v—1)/2 for every v=1 or 3
(mod 6), v>7. Our first theorem shows that this conjecture is true for
every v=3 (mod 6), even if D(v) is replaced by D*(v).

2. A lower bound for D*(v).
THEOREM 1. For every nonnegative integer t,

D*(6t +3)=4r+1 if2t+ 1% 0 (mod 3),
and
D*(6t +3)=4t—1 if2t+ 1 =0 (mod 3).

PrOOF. Let G={l,a,a?, - ,a?"} be a multiplicative cyclic group of

order 2¢t+1 and let us consider the Cartesian product S=G x{0, 1, 2}.
For every e€{0, 1, 2}, the subset G x {e} of S will be denoted by G, and any
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element (x, e) of G, by (x), or, when there is no danger of confusion,
simply by x,.

The set & consisting of (i) all subsets {x,, x;, x,} of S for any xeG,
(ii) all subsets {xo, yo, 21}, {X1, V1, 22}, {X2, Vs, Zo} Of S for any x, y, zeG,
where x#y and xy=2z?, is easily verified to be an STS of order 67+ 3; this
construction is essentially due to Bose [5].

(a) Let @,, ¢, -, ¢, be 2¢4+1 permutations of the set S defined as
follows: for every xeG and every i=0,1, -, 2t,

@i(x0) = Xo,  @i(x1) = (@'%)1, @i(x2) = (%),

Let &, be the STS whose lines are the images of the lines of & by the
permutation ¢,. The systems &, &, - - -, &, obtained in this way are
clearly isomorphic; we are going to prove that they are also pairwise
disjoint.

Let &, &, be any two of the above systems, with i#j (i, j=0, 1, - -,
2t).

Any line of &, having a point in Gy, G, and G, is of the form {x,,
(@'x),, (@*7x),}; in &}, such a line is {xg, (a’x"),, (a®'~7x"),}. If these lines
coincide, we must have

x=x', a&x=ax', a®ix = a2 ix’'
which implies a’=a’, a contradiction since i#;j.
Any line of &; having two points in G, is of the form {x,, y,, (a'z),}
where z2=xy; in &,, such a line is {xy, yy, (a’z"),} where z'2=x"y". If they
coincide, we have either

’ ’
X=X, X =y )
y=y, o y=x,

a'z = a’z’, a‘z = a’z’.

As G is abelian of odd order, we find in both cases a*=a’, a contradiction.

By similar straightforward computations, one can easily check that no
line of & ; having two points in G, or G, can coincide with a line of &, and
therefore #; and &; are disjoint.

(b) Let o be the permutation of S defined by o(xy)=x,, o(x,)=x, and
o(xy)=x, for every xeG. Let &; (i=0, 1, - - -, 2t) be the STS whose lines
are the images of the lines of &, by the permutation o. It is clear that
Lo L1 Loy Loy L1, 000, Ly are isomorphic and that P,
1, -+, Ly are pairwise disjoint.

If a system &; has a line in common with a system &}, this line must
necessarily have a point in G,, G, and G,. In &;, any such line is of the
form {x,, (@’x);, (@%~7x),}; in &, it is {(a®x")y, (@'x');, X;}. If these
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lines coincide, we have
—7 ! 1 A — ’
x = a®*~ix’, a’x = a'x’, a?t—ix = x’,

which gives a?~2*i=] and a*~~=1, that is a**=a®. Let us exclude the
systems &; which may have a line in common with one of the systems &,
&1, L. As the number of distinct cube roots of a® in the group G is
three or one according as the order of G is or is not divisible by 3, the
number of excluded systems will be three or one, and the theorem follows
immediately.

COROLLARY 1. D*(v)22 for every v=27, v=1 or 3 (mod 6).

This follows from Theorem 1 and from Rosa’s result mentioned in the
introduction.

COROLLARY 2. Foreveryv=7,v=1 or 3 (mod 6), there exists a balanced
incomplete block design with parametersv, k=3 and A=2, all of whose blocks
are distinct (compare with Theorem 15.4.4 in Hall [10]).

THEOREM 2. For every nonnegative integer t,

D*(6t + 1) = t/2 ift = 0 (mod 2),
and
D*6t+ 1) =1t if t # 0 (mod 2).

PrROOF. Let G={l,aq,a? - -, a%*"'} be a multiplicative cyclic group of
order 2¢ and let us consider the set S=(G x{0, 1, 2}) U{oo} of cardinality
61+ 1, where oo is a new symbol. For every e€{0, 1, 2}, the element (x, e)
of the subset G X (e} will be denoted by (x), or, when there is no danger of
confusion, by x,. Finally, let L={1,a,a?,---,a'" '}, R={a',a'"?, -,
a*~1} and let & be the set consisting of

(i) all subsets {x,, x;, x,} of S for any xeL,

(ii) all subsets {00, x,, (@'x)s}, {00, X1, (@'x)o}, {0, X,, (@'x),} of S for
any x€L,

(iii) all subsets {xy, yo, 21}, {X1, V1, Za}, {X2, V2, 2o} Oof S for any x,
yeG with x#y and

(1) zeL and z?=xy if xy=a¥,
(2) zeR and az?=xy if xy=a%*1.

It is not difficult to verify that & is an STS of order 67+1; this con-
struction is due to Skolem [17].

Let @g, @1, **  , @,—1 be ¢ permutations of the set S defined as follows;
for every xeG and every i=0, 1,---, -1,

@.(x0) = Xo, @:(x) = (a'x);,
@,(x) = (a¥17x),, and @,(0) = 0.
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Let &, be the STS whose lines are the images of the lines of & by the
permutation @,. The systems %, &, -+, %, are clearly isomorphic.
Moreover a proof similar to that of the preceding theorem shows that
Lo» L1570+, Lyay are pairwise disjoint if 7 is even and that &, &,
<+, &, are pairwise disjoint if 7 is odd. The computations involved in
this proof being quite straightforward, they will not be reproduced here.

3. Alower bound for D(v). The two preceding theorems obviously give
a lower bound for D(v), since D*(v)<D(v). We want to prove now that
this lower bound is not best possible and can be improved in certain cases.
For instance, Theorem 2 gives D(19)=3; our next result will show that
D(19)=9.

THEOREM 3.  For every v27 with v=1 or 3 (mod 6),
DQ2v 4+ 1) = D(v) + 2.

ProoOF. Let D(v)=d and let S, S’ be two disjoint sets of cardinality v.
We shall denote by &, &, - - -, &, d pairwise disjoint STS of order v
on the set S, and by F;,,, 4., two disjoint STS of order v on the set S’
(the existence of at least two such systems follows from Corollary 1 and
our hypothesis v27).

Let « be any permutation of S consisting of a single cycle of length v
and let ¢ be any bijection from S’ onto S. Finally let us consider the set
T=S5US"U{0} of cardinality 2v+1, where oo is a new symbol.

We are going to construct d+2 Steiner triple systems 7, I 5, * * * , T 440
on the set T. For every i=1,2, - - -, d, the lines of 7, will be

(i) all lines of &,

(ii) all subsets {o0, x, a’~(@(x))} of T, where x is any point of S’,

(ii1) all subsets {x, y, «(@(2))}, {x, &’ (@(y)), 2}, {«*}(@(x)), y, 2} of
T, where {x, y, z} is any line of F5,,.

For i=d+1 or d+2, the lines of 7, will be

(i) all lines of &;,

(ii) all subsets {0, x, a*"}(@(x))} of T, where x is any point of S,

(iii) all subsets {x, &’ ((y)), " @(2))}, {« N p(x)),p,a(@(2)},
{0 (@(x)), " (@()), z} of T, where {x, y, z} is any line of F,,,.

It is easy to check that each . ,isan S(2v+1)and that g}, J,, - -,
T 44, are pairwise disjoint. This verification is rather tedious and will be
omitted here.

COROLLARY 3.  For every odd integer t 21,

D@6t + 1) =2t — 1.
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PrOOF. If t=1, the result is trivial. If r=2t"4+1=3, then 61+1=
2(6t"+3)+1 and so, by Theorems 3 and 2,

D6t +1)= D6t +3)+2= 4" +1=2t— 1.

4. Disjoint and isomorphic cyclic Steiner triple systems. Let us denote
by D7 (v) the maximum number of pairwise disjoint and isomorphic cyclic
STS of order v. So for instance D¥(1)=D¥(3)=1, D¥(7)=2 and D¥(9)=0.

The following result is essentially due to Rosa [16].

THEOREM 4.  For every positive integer t,
D¥(6r + 1) = 2.

ProOF. Peltesohn [15] has established the existence of a cyclic S(v) for
everyv=1 or 3 (mod 6), except v=9. Let ¥ be a cyclic S(6¢+1) constructed
on the set S={0,1,--+,6¢} in such a way that the permutation a=
(0,1, -+, 6t) be an automorphism of &. The distance d,; of the points
iandj (i, j=0,1, -, 6t) will be defined as

d; = min{|i —j|, 6t + 1 — |i —j|}.

For every line {i, j, k} of &, the 3 distances d;;, d;, d,, are distinct.
Indeed, suppose for instance that d;;=d; and let «;; be the power of «
mapping i ontoj. As d;;=d;,, a,; maps j onto k and therefore also k onto i,
otherwise the points j and k would belong to two distinct lines of <. We
conclude that d,;=d; =d,,=(6¢+1)/3, which is clearly impossible.

Let & be the STS whose lines are the images of the lines of & by the
involution o=(0)(1, 6¢)(2, 6t—1) - - (i, 6t+1—i)--- (3¢, 3t+1). & is
isomorphic to . Moreover & and & are disjoint. Indeed, let {i, j, k}
(resp.{i, j, k'}) be the line of & (resp. ') containing the points i and j;
it is easily seen that d;;=d;;.. Therefore these two lines are distinct, other-
wise k=k" and d;=d,;, a contradiction.

ReEMARK. If & is any cyclic S(67+43) constructed on the set S={0, I,
+++,6t+2} and admitting the permutation a=(0, 1, --,6¢4+2) as an
automorphism, then % necessarily contains the lines {i, 2¢+1417, 4t 424}
for every i=0, - - -, 2¢t, and so & and its image &’ by the permutation
o=(0)(1, 614+2)(2, 6¢+1) - - - (3t+1, 3¢t+2) are never disjoint.

THEOREM 5. For every positive integer t#1 (mod 3),
DF(6t 4+ 3) = 4t + 1.

PrOOF. Let & be the S(6¢+3) constructed in the proof of Theorem 1.
The permutations 7, and m, of S such that for every xeG

m(Xo) = Xq, 1 (Xy) = X, m(X2) = Xo,
772(xi) = (ax)i (i = 0, 1’ 2),
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are clearly two automorphisms of . Moreover if 214150 (mod 3), the
permutation 7, consists of a single cycle of length 6¢/+3 and & is a
cyclic STS. The above inequality is then an immediate consequence of
Theorem 1.

5. Open problems. (1) Given a Steiner triple system & of order v=7
on a set S of cardinality v, is there always another Steiner triple system
&’ isomorphic to < and disjoint from % ? In other words, is there always
a permutation « of S such that the image of any line of & by « is never a
line of &?

(2) Is it true that D7 (6¢+3)=2 for every 1 =27

(3) The lower bounds for D(v) given in this paper can certainly be im-
proved. It is tempting to conjecture that D(v)=v—2 for every v29, v=1
or 3 (mod 6).

(4) Given an integer n such that 0=n=v(v—1)/6, let us denote by
D(v, n) the maximum number of STS of order v that can be constructed
on a set of cardinality v in such a way that any two of them have exactly n
lines in common, these n lines being moreover in each of the D(v) systems.
Itis an easy exercise to check that D(7, 0)=D(7)=2, D(7, 1)=3, D(7, 2)=
0, D(7, 3)=2, D(7,4)=D(7, 5)=0, D(7, 7)=co. Kirkman [12] proved in
1850 that D(15, 5)=15, but almost nothing is known in general about the
function D(v, n). For example, is it true that D(v, 1)=2 for every v=3,
v=1 or 3 (mod 6)?
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