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Abstract

We propose a consumption-investment decision model where past consumption peak h plays
a crucial role. There are two important consumption levels: the lowest constrained level and a
reference level, at which the risk aversion in terms of consumption rate is changed. We solve this
stochastic control problem and derive the value function, optimal consumption plan, and optimal
investment strategy in semi-explicit forms. We find five important thresholds of wealth, all as
functions of h, and most of them are nonlinear functions. As can be seen from numerical results
and theoretical analysis, this intuitive and simple model has significant economic implications,
and there are at least three important predictions: the marginal propensity to consume out
of wealth is generally decreasing but can be increasing for intermediate wealth levels, and it
jumps inversely proportional to the risk aversion at the reference point; the implied relative risk
aversion is roughly a smile in wealth; the welfare of the poor is more vulnerable to wealth shocks
than the wealthy. Moreover, locally changing the risk aversion influences the optimal strategies
globally, revealing some risk allocation behaviors.
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1 Introduction

It is intuitive that the historical peak of past consumption has great impact on individual con-
sumption decision. For example, to consume below a certain ratio of the historical peak brings an
impulsion to “reclaim the past glory”. If the consumption is forced to further decline to a level
that is far below the historical peak, it becomes unbearable and people will try to increase their
wealth (by financing, borrowing or selling illiquid assets) at any cost to satisfy consumption at a
certain (but low) ratio of past peak. Therefore it is not surprising that there has been literature
studying so-called drawdown constraint (Dybvig (1995) and Arun (2012)).
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We develop a theoretical model based on dynamic portfolio choice theory to incorporate afore-
mentioned psychological insights and study the effects of them on consumption and risky invest-
ment decisions. In our model, the process of standard of living represented by running maximum

of consumption, h; = hg V sup {cs}, plays a central role. Here ¢ £ {cy,s > 0} is the process of
0<s<t

consumption rate, and hg is the inherited running maximum level, which is usually determined by
exogenous factors, say, family fortunes. To be specific, the consumption is constrained to be no
less than Ah;, and the preference on consumption is assumed to be of the form:

[1— e Arle=ah)] " Ah < ¢ < ah,

1
_ ! B
U(C> h) = { i [1 _ efﬁg(cfah)] ah < ¢

B2 ’ -7

where A and a with 0 < A < a < 1 are exogenous constants, representing two important thresholds
of consumption level, and 51 and So with 81, B2 > 0 are absolute risk aversions. We allow 81 > s,

B1 < B2 or By = Bo.

In our model, the utility is produced by the difference between the agent’s instantaneous con-
sumption and a reference point ah. Besides, we also consider a change of risk aversions on different
sides of the reference point. This reflects psychological effects when consumption rises above or
falls below the reference point. In economical literature, changes of the individual risk aversions
are discussed and empirical evidences have been found. On the one hand, based on both natu-
rally occurring data and lab data, it is acknowledged that people become more risk averse when
experiencing crisis or fear, see Cohn et al. (2015), Guiso et al. (2018) and references therein. In
this paper, choosing 81 > (2, we model such crisis as the decline of consumption level. In this
case, people are more risk averse in crisis (¢ < ah). On the other hand, as an important part of
the Nobel-wining prospect theory, loss aversion is an effect that people become risk seeking when
the pay-offs fall below some certain reference point. When incorporating such extreme gambling
behavior into consumption decision, somewhat extreme optimal decisions are derived: people never
consume between 0 (or lowest constrained level) and the reference point, see Van Bilsen et al.
(2020) and Li et al. (2022) for examples. One possible reason is that consumption falling below
certain reference level is not generally treated as loss, but rather as bad luck or temporary crisis.
To incorporate gambling effect into consumption decision, we can conveniently choose 1 < (2 in
our model. In this case, people are willing to take more risk when their consumption is in danger
(¢ < ah). Our main interests are investigating consumption and portfolio behaviors under the
aforementioned preference change at the reference point. The reference point itself, however, can
be further generalized from the particular choice ah. We just list main results of this generalization
in Appendix D because solution techniques we use are still applicable.

It turns out that our simple risk-aversion-changing preference leads to consumption and invest-
ment decisions with significant economic implications.

We find five important thresholds of wealth, all depending on h and denoted respectively by
Whikrp(R), Wiow (h), Wiet (h), Wpeak (h) and Wypat(h), which are crucial to describe the derived con-
sumption and investment decisions. For those with @ > W,q¢(h), i.e., the very wealthy ones, the
best choice of consumption is to update the consumption peak in order to move to or main-
tain on the line x = Wypat(h). If © < Wikp(h), the wealth of the agent is insufficient for
keeping a consumption rate ¢ > Ah considering his standard of living in the past and leads to
bankruptcy, hence is not allowed in our discussion. The above results indicate that only those
x € [Whiep(h), Wypas(h)] are of special interests, and they are said to be in the effective region.
For the wealthiest and poorest people in effective region, the optimal consumption rate is clear:
the wealthiest (Wpeak(h) < & < Wypat(h), named as satisfactory region) revisit the historical peak
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Figure 1: Optimal consumption (above) and optimal risky investment proportion (below) when
fixing an h.



¢ = h, and the poorest (Whirp(h) < 2 < Wigw(h), named as gloom region) choose to consume at
the lowest level ¢ = Ah. As for the region of intermediate wealth Wio(h) < 2 < Wyeak(h), by
the reference threshold Wiet(h), we divide it into two sub-regions: depression and recovery. We
document two important phenomena. First, the (instantaneous) marginal propensity to consume
(MPC) out of wealth %% is decreasing for people in lower part of depression-recovery region (most
or all part of depression, sometimes plus part of recovery), which is consistent with empirical studies
(e.g. Arrondel et al. (2015)), and we predict that it is increasing for wealthier people, i.e., those
in the rest of depression-recovery region. However, if the wealth level is © = Wipq¢(h), called bliss
curve by us, the MPC out of wealth is then decreasing again. Second, the MPC out of wealth
jumps by a fixed proportion (/82 at the threshold Wiet(h), at which the risk aversion is changed.
This fact reveals one of salient features of our model and indicates that, generally, when getting
wealthier, people have lower or higher MPC based on its particular type of risk attitude (gambling
type or stop-loss type). See Figure 1 for a graphic illustration of optimal consumption decision.

We also obtain the optimal investment strategy 7, representing the amount of wealth invested
in risky assets, and optimal investment proportion 7*/z is obtained as a by-product. Recall that
in classical Merton’s problem, the optimal investment proportion is ’;;’Y" if relative risk aversion is
v. Therefore, the inverse of 7*/x can be treated equivalently as relative risk aversion, which we
call implied relative risk aversion (see also Jeon and Park (2020)). Keeping this in mind, we find
decreasing relative risk aversion (DRRA) and increasing relative risk aversion (IRRA) are both
possible even for a single agent and the implied relative risk aversion is roughly a U-shaped curve
(smile) in variable z with trough around Wies(h). Equivalently, risky investment proportion is a
hump with peak around Wiee(h). We further predict that this effect is more pronounced for poorer
people. In economic literature, there has been long standing debate on how relative risk aversion
varies in wealth distribution, and evidence for both DRRA and IRRA are found (Siegel and Hoban
(1982) and Bellante and Green (2004)). We provide an explanation for this: the RRA can decrease
in wealth because there is impulsion to get back to a higher consumption above ah if x is not so
large; the RRA can also increase in x if x has been enough for maintaining a satisfactory standard
of living. As for the portfolio choice itself, although it is widely admitted that for macro data, the
wealthier people tends to invest more proportion of their wealth in risky assets, there is no solid
agreement on the same question in micro aspect. That is to say, what happens to risky investment
if the wealth increases for a given household? Our model predicts that it is very likely that people
proportionally reduce risky investment if their wealth grows, which is consistent with empirical
studies (Brunnermeier and Nagel (2008) and Paya and Wang (2016)) or other possible alternative
models (Wachter and Yogo (2010)). Our model also allows opposite result, provided that the wealth
is not enough, which provides explanations for co-existence of both phenomena in some literature
such as Brunnermeier and Nagel (2008). See Figure 1 for a graphic illustration of optimal risky
assets allocation.

The literature most closely related to the present paper is Deng et al. (2022). In the aspect
of reference point, we adopt the setting of Deng et al. (2022) and rely on their solving techniques
as well as other celebrated tools such as dynamic programming, dual transformation and region-
wise solving method. Our choice of the reference point is for simplicity. It turns out that the
set of solving techniques we have used, inspired by Deng et al. (2022), is widely applicable to
other forms of reference point, see Appendix D. In addition to the reference point itself, our main
interests include investigating consumption and portfolio behaviors under the preference change at
the reference point. There are several distinctive features of our model, serving as complement to
the one proposed and solved in Deng et al. (2022). First of all, the preference change leads to an
upward or downward turn of optimal consumption at the threshold Wi.s(h), instead of a relatively



smooth curve in Deng et al. (2022). Moreover, we emphasize that the influences of preference
change on optimal consumption choice are global. For example, adjusting the risk aversion from
B2 to f1(< f2) in the region © < Wye(h) even changes the consumption behavior in the region
x > Wiet(h), revealing a kind of strategical risk allocation among different states of economics. In
terms of risky investment proportion, the preference change results in significant increase or decrease
with a wide range of wealth level. The preference change together with drawdown constraint leads to
a totally different optimal investment proportion curve comparing with Deng et al. (2022). Another
advantage of the present model is that considering preference change highlights the importance
of the wealth threshold Wies(h) that has been more or less neglected before. For example, the
risky investment proportion attains its maximum around Wit (h), and the value function has very
different sensitivity to wealth shock on different sides of the curve x = Wiet(h). The detailed
differences between our paper and Deng et al. (2022), as well as other implications of our model,
will become clear in Section 5.

To sum up, the model studied in this paper has considered and combined three aspects of the
economical and psychological background of the consumption and investment problem: (1) the
running maximum of past consumption is taken as the habit formation process; (2) a drawdown
constraint is imposed on consumption; (3) risk aversion is changing in the model and a reference
point is added. We have applied the solution method inspired by Deng et al. (2022) as well as other
celebrated tools. We have used dynamic programming principle to derive the HJB equation of the
problem, solved the optimal consumption and portfolio strategy thanks to the duality method and
numerically analyzed the solution and sensitivity of thresholds to certain parameters. From this
simple and intuitive model, we have found several interesting economic implications such as MPC
jump and RRA smile.

The rest of the paper is organized as follows: Section 2 is devoted to mathematically formulating
the optimal consumption and investment problem focused in this paper. We deduce the HJB
equation and obtain the feedback form of solution in dual form in Section 3. In Section 4, the
verification theorem is established and the optimal strategy is obtained in primal form. Numerical
analysis with fixed parameters are in Section 5, while in Section 6 we present sensitivity analysis.
Section 7 gives a brief conclusion. Technical proofs and some generalizations are presented in
Appendices.

Related literature. Our model is based on dynamic consumption-investment decision model,
whose classical form dates back to Merton (1969). A wide range of literature extends this problem
by taking habit formation into account, see Pollak (1970), Detemple and Zapatero (1992) and
Chapman (1998) for instance. The habit formation is usually modelled through habit formation
process and habit formation preference. Habit formation process is a process whose value at time
t is determined by the consumption process up to time ¢. Habit formation preference suggests that
the decision maker’s utility is depending on both the consumption process and the habit formation
process, which sketches how consumption habit affects current consumption behavior.

One may just set the habit formation process as the average of the past consumption process.
A more reasonable and flexible choice of the habit formation process is the so-called linear habit
formation, i.e., the weighted average of the past consumption where more weight is placed on
the recent consumption. Such form of habit formation process has dominated the research in habit
formation setting since early literature such as Ryder and Heal (1973). Recently, taking the running
maximum process of past consumption as the habit formation process has opened another stream
of research in the study of habit formation. The running maximum process is non-decreasing
and only updates if the consumption level exceeds the historical running maximum, which brings



about mathematical challenges because of the connection to singular control theory. We follow
the running maximum habit formation model recently studied by Guasoni et al. (2020) and Deng
et al. (2022). However, our model takes into account more factors that may influence the decision
maker’s consumption and portfolio choice, including the constraint on consumption and the change
of risk aversion.

How utility depends on the consumption ¢ and habit h is another topic in habit formation. The
habit formation preference usually refers to the case that the utility is a function of ¢ — h, which
suggests that the habit has an inverse impact on the utility. A wide range of literature, Chapman
(1998) for instance, adopts the above habit formation preference setting. A more flexible model,
in Deng et al. (2022), requires the utility to depend on ¢ — ah where a may vary in [0, 1]. Guasoni
et al. (2020) uses a different approach by setting the utility to be a function of ;5 where a € (0,1).
All the above settings insure the inverse impact of the habit. How consumption is constrained,
on the other hand, is also important when studying habit-related model. Usually, the constraint
imposes a lower bound on consumption. In the extreme case, the consumption is prohibited from
falling below the habit (Muraviev (2011) and Yu (2015) for linear habit, Dybvig (1995) and Jeon
and Park (2020) for running maximum), which is termed as addictive habit formation. In other
literature it is required instead that the consumption is at least a fraction of the habit, such as Arun
(2012) and Angoshtari et al. (2022). In this paper, we also impose such drawdown constraint, in
which we require ¢ > \h, where A € (0, ). We assume A\ < « to ensure the validity of the reference
point awh where risk aversion changes. For A = 0, our model reduces to a model with no drawdown
constraint; for A = «, our model reduces to a model with no risk aversion change. It is worth
mentioning that both Arun (2012) and Angoshtari et al. (2022) obtain a threshold of wealth/habit
ratio below which the agent chooses to consume the lowest. We derive similar phenomenon, but
with a rather complicated threshold curve (x = Wigy (h)) of wealth-habit pair, instead of a simple
ray.

The paradigm of our setting is utility with reference points, which has been widely studied in
different economical problems, such as Jin and Zhou (2008) and He and Yang (2019). Another
common model under this paradigm is the S-shaped utility developed by D. Kahneman and A.
Tversky. Li et al. (2022) has studied such S-shaped utility in the context of running maximum
habit formation. However, such non-concave utility results in an extreme optimal strategy where
the decision maker never consumes between 0 and the reference point. Instead, we analyze a utility
with risk aversion change but in a concave form. As a result, we obtain a more reasonable optimal
strategy where the optimal consumption varies from the lower bound Ah to the running maximum
h in continuous values. Another related work is Van Bilsen et al. (2020), which permits the agent
to be risk averse in loss domain (setting 7, > 1 therein). This setting is consistent with ours, but
they model risk aversion change in terms of relative risk aversions.

2 Model Formulation

The financial market consists of one risk-free asset and one risky asset in our model. The risk-free
asset {S9 ¢t > 0} satisfies the dynamic

dsp = SPrdt,

where 7 > 0 is the constant interest rate. The risky asset {S},t > 0} satisfies

ds} = S} [udt + odBy],



where p > r is the expected return and o > 0 is the volatility. The Brownian motion B is defined
on the filtered probability space (2, F, {F:}+>0,P) satistying the usual conditions.

The decision maker determines his dynamic spending rate ¢ £ {c;,t > 0} and the dynamic
amount of his wealth invested in the risky asset denoted by m = {m;,t > 0}. Let ¢ be the investor’s
initial wealth, then his wealth process {X;,¢ > 0} follows the following stochastic differential
equation (abbr. SDE):

{ dX; = rXedt + m(p — r)dt + mod By — cidt, 2.1)

XO = XZ-

Given the consumption process {c¢;, ¢ > 0}, the running maximum process of past consumption
is defined as h = {h,t > 0}:
hy = ho Vsupcs, t >0 (2.2)
s<t
and hg is the inherited running maximum level. It is naturally required that the wealth level is
always non-negative under any admissible strategy to avoid bankruptcy. Thus we now introduce
the admissible strategies.

Definition 2.1. Process (c,m) = {(¢;,m), t > 0} is an admissible strategy of Problem (2.3) if it
is adapted w.r.t {F;}+>0 with

t
/ csds < 00, a.S.,
0

t
/ ﬂzds < 00, a.S.,
0

¢ > Ahg, a.s.,
X >0, a.s.,

for all ¢ > 0, where {h,t > 0} is the corresponding running maximum process given by (2.2)
and {Xy,t > 0} is the corresponding wealth process governed by SDE (2.1). We denote by A the
set of admissible strategies.

The goal of the decision maker is to maximize his expected total discounted utility on infinite
planning horizon [0, c0), which can be formulated as the optimization problem:

[ee)
sup Exo,ho/ e U ¢y, hy)dt, (2.3)
(e,m)eA 0

where vy > 0 is the discount factor. The utility function U(c, h) depends on both the consumption
c and the running maximum h. Precisely,

Ule b — é [1 — efﬁl(cfah)] , Ah <c<ah,
(67 ) - ﬁi [1 - 6—ﬁ2(6—0¢h)] , ah <c< h’
2

where 0 < A < a < 1, B1,82 > 0. ah is the reference point where risk aversion increases as the
consumption exceeds it. The utility is segmented with both segments taking the form of constant
absolute risk aversion (abbr.CARA) utility. The absolute risk aversion above reference ah is (s,
while the absolute risk aversion below reference is #1. The utility is concave and the marginal
utilities at the two sides of the reference point ach are equal and finite.



Remark 1. When A = 0, our model reduces to the model without drawdown constraint. When
a = X or 1 = B9, our model reduces to the model without reference ah and the corresponding
risk aversion change. However, our model does not reduces to the model without reference ah if
« approaches 1 from below. The reason lies in the fact that the updating of running maximum
is under the leveled-up risk aversion coefficient S when o < 1 but under risk aversion coefficient
B1 when a = 1 (the case @ = 1 actually reduces to the model without reference ah). In other
words, the model is somewhat “not continuous” at o = 1. Hence, we just consider the case a < 1.
Another two limiting cases 81 — 0 and B3 — 0 are discussed in Subsection 6.2.3.

Remark 2. Alternatively, we can consider more general reference point instead of ah. It turns
out that the solution techniques we used are still applicable. Base on these techniques and tools,
we give the results with an alternative reference in Appendix D, which is more general and reduces
to the current model in a special case.

For convenience, we only deal with the case that » = « in this paper. For the general case, all
the results are paralleled to the case » = v but more complicated. Interested readers can refer to
Appendix E for more details.

At the end of this section, we provide a lemma which gives a necessary condition for an admis-
sible strategy, which will be used later in Section 3.

Lemma 2.2. For any (¢,7) € A (if A # 0), the corresponding wealth process {X;,t > 0} and
running maximum process {hy,t > 0} must satisfy X; > %ht, a.s. for ¥Vt > 0.

Proof. Suppose that (¢, 7) € A and there exists ¢y such that P(X;, < %hto) > 0. Then there exists
e > 0 such that P(X;, < (1 —¢)2hg,) > 0. We only need to show that even for strategies with
lowest consumption, i.e., ¢; = Ahy,, Vt > to, there exists t; > o such that P(X;, < 0) > 0. For
strategies with ¢; = Ahy,, Vt > 1o, the dynamic of wealth becomes

dX; = rXidt + 7Tt(,u — T)dt + mod By — )\htodt, YVt > 1.
Solving this SDE, we obtain

t t
e_’"“wudu—l—ae”/ e " mydBy, Yt > tg. (2.4)

to

X, = er(t_tO)XtO + At [1 - er(t_to)} +(N_T)ert/
r

to

For t =ty + %ln(%), we have

P (er(t_tO)Xto + Aty [1 - er(t_to)] < 0)
T
A
=P (Xto <(1- e)rht())
>0.

To handle the sum of last two terms, we introduce the probability measure P by

P —r ( 77*)2
W gy s,
dP |~

t




Then {B; := B, + & —'t,t > 0} is standard Brownian motion under P and the sum of last two terms

equals oe’ ftto e "7,dB,, which has zero expectation under P. Hence
~ t ~
P(Je”/ e ", dB, < 0) >0, Vit >0,
to

then

t t
P <(,u —r)e / e "m,du + Uert/ e_mwudBu>
to to

t
:P<ae” / e B, < o)
2

0

>0, Vt > 0.

Since (¢, m) € A, we deduce that Xy, and hy, are F;, measurable. Then the sum of first two terms
and the sum of last two terms of (2.4) are independent. Therefore, choosing t; = tg + %ln(%), we
have P(X;, < 0) > 0 and the proof is complete. O

3 Derivation of the Solution in Dual Form

In this section, we apply the martingale optimality principle to derive the HJB equation of Problem
(2.3) and use the duality method to obtain the solution in dual form.
To begin with, the value function of Problem (2.3) is denoted by

V(xo, ho) = sup Ezo,ho/ e*VtU(ct,ht)dt.
(e,m)eA 0

Definition 3.1. An optimal strategy (c¢*,7*) of Problem (2.3) is an admissible strategy which
satisfies

oo
Buany | € Ul i)t =V (w0, ho).
0
The martingale optimality principle shows that the process {T';,t > 0}
t
[y 2 e "V (X, hy) + / e U (cs, hs)ds
0
is a local supermartingale for all admissible (¢, ) and is a local martingale for the optimal (¢*, 7*).

If the value function is smooth enough, applying the 1t6’s rule to {I';,¢ > 0}, we derive the HJB
equation of Problem (2.3) as follows!:

sup {—’yV(m, h) + Vyp(z, h) (rz + m(p —r)—c) —i—%Vm(az, h)o’m?+U e, h)} =0,

c€[0,h],meR (3 1)
dh
Vi(z,h) =0 on (z,h) s.t. o # 0,
For notational simplicity, we write z, h, ¢, 7 instead of Xy, h¢, ¢, ¢ in (3.1) and (3.4). % in the second line refers
to %, which is the derivative of h; in the sense of distribution. Heuristically, % # 0 means that the process {h:}

strictly increases at the instant ¢.



and the optimal feedback form of 7 is

p—r Vi(x,h)

oI (x,h) =— - 7me(m7 B

primal

As 7 — %, the optimal investment should decline to zero to avoid bankruptcy, we have

lm @M (3.2)
%_>%+ Vm(ac,h)
To solve HJB equation (3.1) with the boundary condition (3.2) based on the duality method, we
introduce the conjugate of the value function as follows:

V(y,h) =sup{V(z,h) — zy}, y>0.

x>0

Then we have the duality transform
T = _Vy ylh)7 B
V(.ZU, h) = V(ya h) - yVy(ya h‘)
Va(z, h) =y, X (3.3)
V;m (l’, h) N_ Vyy(y,h)
Vh($’ ) = Vh(y7 h),

and (3.1) is rewritten in dual form as follows:

sup { - {f/(y, h) — yV,(y, h)] +y [—Tffy(y, h)y+nm(p—r)—c|— %0273
c€[0,h],mTER 2Vyy(y, h)
+U(e, h)} =0, (3.4)

Vi(y,h) =0on (y,h) s.t. % # 0.

For (3.4), the optimal feedback form 7* = 7*(y, h) is

(1 = r)yViy(y, h)

w(y, ) = LT (35)
And the optimal feedback form c¢* = ¢*(y, h) maximizing U(c) = U(c, h) — cy on [Ah, k] is
AR, eloe=Vih <y,
_ 1 < (a=A)B1h
k) = i In(y) + ah, 1 _ly < eh : (3.6)
- In(y) + ah, e~ (-)fh < 1
h, 0<y<e (Ima)fah

For the region where ¢*(y, h) = h, three sub cases need to be distinguished in order to apply the
second equation of (3.4) to solve the HJB equation. The first case is that the current consumption
just reaches the past consumption peak but does not update it; the second case is that the current
consumption reaches the past consumption peak and updates it; the last case is that the current
consumption exceeds the past consumption peak and forces the running maximum process to jump.
The last case can only happen at t = 0 where the inherited running maximum level is lower but
the initial wealth is abundant, which switches to the former two cases for t > 0. Hence we only

10



need to consider the first two cases for ¢ > 0. The second equation of (3.4) refers to the second

case where the running maximum A is updated, which instructs us to further separate the region

according to the above different sub cases. Specifically, the running maximum is updated if and

only if argmax{U(c,c) — cy} > h. Moreover, the running maximum h jumps if strict inequality
Cc

holds. As argmax{U(c,c) — cy} > h is equivalent to y < (1 — a)e~(1=" e deduce that for any
(&

initial point (yo,ho) s.t. yo < (1 — a)e~(1=B2ko it will jump immediately to (o, (17(11)52 ln(lyoo‘))
which is on the curve y = (1—a)e~(1=®)82"  Hence we only need to consider initial points (yg, ho) in
the dual region where y > (1 — a)e~(1=®)82h  Meanwhile, the second formula of (3.4) is equivalent
to

Vi(y,h) = 0 for y = (1 — a)e~ 1720, (3.7)

By the duality transform (3.3), the constraint =
the dual effective region C4 can be defined by

> % is equivalent to —Vy(y,h) > ’\7" As such,

Ah

Ca={(y, h)|y>(1- a)e~(I=Bh -y ) > L h > 0}.
Applying the duality transform again, the effective region C is
C 2 (@, h)|Va(a,h) > (1 — a)e (-0, 4> Aj h>0). (3.9)
Using the first equation of (3.4), we obtain
V() + 2T ) = G ), 39)
where U(y,h) = sup {U(c, h) — cy} with

Ah<c<h

ﬁi(l — ela=NBihy _ \py, ela=NBih < o
1 =
O(y.h) = é [1-y+yln(y)] —ahy, 1<y<ele ok
’ 31—y +yn(y)] —ahy, e 170k <y <,
ﬁi [(1 — e—(l—a)ﬂQh) —hy, (1- a)e—(l—a)ﬁm <y< o—(1—a)Bah
2 =
Define k = & 202) , Q= i Wy <0, o= @ > 1, then the general solution of (3.9) is
Cl(h)yql + CQ( )yq2 — 1Ahy —|— 1 [ e(a*/\)ﬂlh] (a*)\)ﬁlh <y,
(. h)= C3(h)y®+Cy(h)y ‘124—— [1 —y+ yln( )] + 25 y— iahy, 1<y <ele=Mbih (3.10)
v= C5(h)yq1+06(h)yq2+w2 [1—y+yln(y)] + —Bzh <y < 1, ‘
C7(h)y‘11—|—08(h)y‘12 hy_~_752 [1—6 (1ﬂ)52h] (1 Oc) (1ﬂ)52h§y<€*(17a)52h_

Based on the duality transform (3.3), the boundary condition (3.2) can be rewritten as follows:

lim  yV,,(y,h) =0. (3.11)
Vy(yvh)%_%i
Then we deduce from (3.11) and (3.10) that V,(y,h) — —22 o y — oo and that Cy(h) =

5
nd the dual effective region is simplified to

Q

0, Cy(h) > 0. Using (3.10), we obtain —%( Jh) > %h
Ca={(y.h)|y > (1 —a)e =% p > 0} (3.12)
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In addition, when y = (1 — a)e~(1=®82" and h — oo, the initial wealth 2 — oo and the utility
keeps near its maximum % for infinitely long time. Thus the value function tends to % This
boundary condition can be expressed as

s " 1
Jim [V (y, h) = yVy(y, 1)] ‘y:(lfa)e,u,%h =5

The above boundary condition together with Cy(h) = 0, (3.7) and smooth-fit conditions

V(erv h) = V(yiv h),
V,(y+,h) = V,(y—, h)

leads to

E1—q1 _(o_2)(g—
C h :0’ C h —_ — —e (O! )\)((]2 1)/61]7/’ 313
2(h) a(h) V261 g2 — i (3.13)
kBo—pB11—q
Cgs(h) =Cy(h) + — , 3.14
6(h) =Ca(h) v BB @ —q (3.14)
Cs(h) =Co(h) + —e~— L (1-a) aa—D)zh (3.15)
VB2 g2 — ¢ ’
_ —q1 k 1-q _ _
Cr(h) = (I—a)e Lo =t (a—=A)(g—1) o[-0 @-an)Bot(@-N(@-1)81 ]
(1—a)(gz—q1)B2+ (a—=A)(g2 — 1)31
ook -1 4
1+t (l—)e 22 —, (1-a)(1 ql)ﬁzh’ 3.16
( ) Y262 g2 — 1 (3.16)
Eog@—1 _q_oa-
Cs(h) =Cy(h) — o~ (-a)(1-a0)h,
5(h) =Cr(h) VB2 g2 — ¢
k Ba—PB1 qg2—1
C3(h) =C5(h) — — , 3.17
3(h) =Cs(h) ¥ Bif2 @ —a¢ (3.17)
k= a@—=1 _xa-g)sih
Cy(h) =C5(h) + 22 ela=N=q)Bih, 3.18
1(h) =Cs(h) Y261 g2 — 1 (3.18)

We can directly show

C1(h) >0, C4(h) <0,
C7(h) > 0, Cg(h) >0

and obtain the following order estimates of the coefficients C;(h), 1 < i < 8, which will later be
used in the proof of the verification theorem.

Lemma 3.2. As h — oo,

12



4 Verification Theorem and Optimal Strategy

In this section, we establish the verification theorem and apply the duality transform to obtain the
optimal strategy. First, we state the verification theorem which gives the optimal consumption and
investment policy in dual form.

Theorem 4.1 (Verification Theorem). For any (xo, ho) € C, where xo and hy are respectively the
initial wealth and initial past spending mazimum, and C is the effective region given by (3.8), the
value function V (zg, ho) can be attained by the optimal consumption and investment strategy given

by
@7 = { (¢ a0 B ). w” (i) 1] ) )1 2 0
where Yi(+) is given by
Yi(y) = ye'" M,
(n—r)> —r
with M £ { M, = e~ )t_HTBt,t > O} being the discounted state price density process,
{HI(-),t > O} is determined by
H{(y) 2 ho v sup &* (Ya(y), Hi(y),

s<t

y* = y*(xo, ho) is the unique solution of

IEu’tfoJlo /OOO c (Y%(y% Hg(y))Mtdt = To (4.1)

and the feedback functions c¢*(-,-) and 7*(-,-) are respectively given by

AR, el Nith <y,
—ﬁ% In(y) + ah, 1<y < ele=Nbih

c*(y,h) = T lny) + ah, o—(-a)h <y 1. (4.2)
h’ (1 — Oé)ef(lfo‘)ﬁQh S y < 67(17a)/32h_
FlC1(h)yn =t + Co(h)y=], el Vi <y,
(o h) = w—r %[Cg(h)yql Ly C4(h)yq2*1] + Téla 1 <y <ele=Mbih 43)
TR T T R [Cshyn 4 oy + gk e <y <, '
F[Cr(R)yn ™ + Cs(h)y®= 1], (1 —a)e (m0Bh <y < em(me)ih,
Proof. See Appendix A. O

Now, to apply the dual transform to present the primal value function as well as the optimal
consumption and investment policy with the primal variable, we need the following lemma in the
dual transform, and its proof is given in Appendix C.

Lemma 4.2. V,,(y,h) > 0 for (y,h) € Cq and hence the inverse of —V, (-, h) ewists.

13



Let f(-,h) be the inverse of —Vj(-,h) based on Lemma 4.2, then, using dual transform (3.3),

we have N

T = _Vy(y» h)7

4.4

{ y = f(z,h). “4)

As such, based on (4.4) and Lemma 4.2, the function f(-, k) is implicitly and uniquely determined
by

==V, (f(z,h),h). (4.5)

Plugging (3.10) into (4.5), we obtain the following forms of f(x,h) according to different regions:
(1) For el@=NBAith < f(x h), we have f(x,h) = fi(x, h) with fi(z, h) satisfying

A
+ =

z = —Ci(h)aq [fi(z, h)] "7 — Ca(h)ga [ fr(z, h)] =7 (4.6)

Based on Lemma 4.2, V,,(-,h) > 0, then the inequality e(@=NAh < f(x h) is equivalent to z <
VVlow(h) with

Wiow(h) = _Cl(h)qle*(a*)\)(lfql)ﬁlh _ Cg(h)qge(af)‘)(qul)ﬁlh + & (4.7)
y
(2) For 1 < f(x,h) < el@NBih £(2 h) = fo(z, h) with fo(z, h) satisfying
qi—1 go—1 1 k ah
xr = _03(h)Q1 [fZ(x7 h)] - 04(h)q2 [fz(l‘, h)] - ﬁ In [fQ(xa h)] - 7261 + 7 (48)
The inequality 1 < f(z,h) < el@= VA% is equivalent to Wigy(h) < & < Wiet(h), where
k ah
Wref(h) = _03(h)QI - C4(h)Q2 - W + 7 (4-9)
(3) For e (I=®A2h < (2 h) < 1, f(x,h) = f3(x, h) with f3(z, h) satisfying
qi—1 go—1 1 k ah
v =—Cs(h)q1[f3(z, h)]" — Co(h)ga[f3(x, )] — %ln [f3(z, h)] — 25, T (4.10)
The inequality e~(1=)%h < f(2 h) < 1 is equivalent to Wie(h) < 2 < Wear(h) with
Wpeak(h) = 705(h)q1€(1—a)(1—q1)ﬂ2h _ 06(h)q26—(1—a)(%—1)52h _ 2k + ﬁ (4.11)
B2
(4) For (1 — a)e=(1=0)Fh < f(z h) < e~ (=R (g h) = fy(x,h) with f4(z, h) satisfying
_ -1 h
z = —Cr(h)ar [faz, h)] ™" = Cs(h)ga [ fa(a, h)] =" + > (4.12)

The inequality (1 — a)e~(1=®52h < (g h) < =152k j5 equivalent to Wpear(h) < © < Wipa(h)
with

Wupdt(h) = —C7(h)q1 (1 — a)ql—le(l—a)(l—ql)ﬁzh — Cs(h)ga(1 — a)qz—le—(l—a)(qz—l)ﬁzh + : (4.13)

We summarize the forms of the primal value function as well as the optimal consumption and
investment policy in terms of primal variable in the following Theorems 4.3 and 4.4:
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Theorem 4.3. For (z,h) € C, where C is the effective region given by (3.8), the value function of
Problem (2.3) is

h) [z, )] + Co(h) [fi(x, )] ™ — ZARfi(x, h)

1 — ela— /\)51h) )\7 < 2 < Wiow(h),

P [faw, )] ™ + o) [falw, 1)) ™ + 5 [1 = falws k) + falw, ) n [foa, 2)] |
f (z,h) — 7ozhf2($ h), Wiew(h) <z < Wiet(h),
[ 2, 1)) " + Co(h) [ fa(z, h)]* + 7%[1 — f3(z, h) + f3(z,h)In [fg(m,h)”
J3
)[4

+’Y,31(

V(z, h)

25 (a: h) — 7ahf3(x h), Wiet(h) < & < Wheak(h),
h z,h ]‘11 + Cs(h)[fa(a,h)]™ = Shfa(z, h)
T [1 (1 O{)ﬁgh]’ Wpeak<h) <z < Wupdt(h)a

_l’_

(4.14)
where Wiow (h), Wiet(h), Wpeak (h), Wupas(R) and fi(z,h), 1 <1i <4 are given by (4.6)~(4.13).

Proof. Applying dual transform (3.3) and (4.4) yields

V(w,h) =V (f(x,h),h) + zf(z,h).

Plugging in (3.10), the desired result follows. O
Theorem 4.4. For (20, ho) € C, where C is the effective region given by (5.8), let ¢f;00(+,-) and
;rlmal( -) be the feedback functions in terms of primal variable given respectively by
Ahv % S X S Wlow(h)7
. (l’ h) _ _ﬁln [f?(xvh)] + Oéh, I/Vlow(h) <z < Wref(h)7
primal \ % _% In [fg(x,h)] + ah, Wiet(h) < 2 < Wpheak(h),
h, Wpeak(h) <z S Wupdt<h)a
PO [, )T+ o) [ )P A < < Wi (h),
BT r LCs(h) [fala, )] ™71+ Calh) [fola, )] 271} + % Wiow (h) < & < Wiet(R),
Torimal\ % = - -
P o % 05(h) [f?)(xa h)] at + Cﬁ(h) [f?)(xa h)] e + %) Wref(h) <z < Wpeak(h)>
£ Ao [fala, )]+ CsM) [falw, W)™ 71 Wheak(h) < @ < Wipar(h),

where Wiow (h), Wiet(h), Wpeak (h), Wupas(R) and fi(z,h), 1 <1i <4 are given by (4.6)~(4.13).

Then SDE
Xy, HY)dt,

prlmal(Xt7 Hgk)( - T)dt + 7rpr1ma1(Xt7 Ht*)O—th - C;rimal(

dX; =rXydt + 7
XO = X0

with H 2 hy V supc X, HY) and Hj = ho, has a unique strong solution {X[, t > 0}. The

prlmal(

optimal consumptzon and investment strategy is

{( prlmal(Xt 7Ht ) prlmal(XZ(’ H:))’ t=> O}

Proof. The proof is based on the following Lemmas 4.5 and 4.6. Then, as the proof is similar to
that of Deng et al. (2022), we omit it here. O
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Lemma 4.5. The function f is C' within each sub-region of C: % <z < Wigw(h), Wiew(h) < x <
Wiet(h), Wiet(h) < 2 < Wpeak(h), Wpeak(h) < & < Wypas(h), and it is continuous at the boundary
of . = Wiow(h), x = Wiet(h), £ = Wyeak(h). Moreover, we have

1
folz,h) = —=——
AR TR
) —1
e[ m] " = Gm) [ n]) ) 5 <@ < Wiw(h)
-1
<£ {_03(h) [fg(ZC, h)] a2 04(h) [fg(l’, h)] Q2*2} - 761f21(x,h)> ) vvlow(h) <z< Wref(h)7
= -1
(z {=C5() [fs(, )] = Cih) [ fs(ar, )] "7 } - Wiu,h))  Wiat (h) <@ < Whea (),
-1
| e [fale, )2 = Co) [fae ]2} Weak (h) < & < Wepas(h),
(4.15)
f(w;h) = Vyn(f, h) fo(, ). (4.16)
Proof. The proof is similar to Lemma 5.6 in Deng et al. (2022) and omitted here. O

Lemma 4.6. The function c;rimal is locally Lipschitz on C and the function W;rimal s Lipschitz on

C.
Proof. See Appendix C. O

5 Numerical Analysis with Fixed Parameters

This section aims to illustrate and analyze some properties of the optimal policy and relevant
boundaries by fixing the market parameters and numerically computing the results presented in
Theorems 4.3 and 4.4.

For simplicity, we define the boundary of the lowest wealth level to satisfy the consumption
constraint ¢ > A\h as

&
o
The effective region is then between the two boundaries x = Wypqt(h) and & = Wyp(h). Using
three boundaries * = Wiow(h),z = Wiee(h) and v = Wpeak(h), the effective region is further

separated into four parts where the investor takes different strategies in consumption and portfolio
selection due to different states of wealth and habit. The ineffective region is separated into two

Whkep(h) =

parts C{ and C5:

Ci = {(x,h)|z < Wiiap(h), h > 0},

Cs £ {(z,h)|z > Wypas(h), h > 0}.
C{ defines the region where the wealth is too low to maintain the lowest consumption level ¢ = Ah.
The other part C§ implies that the wealth is so high w.r.t the current running maximum level (it

can only happen at time ¢ = 0 in the optimal case) that it is optimal to consume at a level strictly
higher than the running maximum and forces (x, h) to jump to x = Wypqi(h).
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Boundaries and regions
140 b

Wikep(h)
Wiow(h)
120 Wiet(h) i
Wheak ()
Wapar(h)

Figure 2: Boundary curves @ = Wyip(h), 2 = Wigw(h), 2 = Wiet(h), 2 = Wpeak(h) and = =
Wapdt (), different sub-regions I~IV (I:satisfactory, Il:recovery, III:depression, IV:gloom) of the
effective region and two sub-regions C;, i = 1,2 of the ineffective region with A = 0.3, a = 0.7, 31 =
1, B2=2, r=0.04, p=0.12, ¢ =0.3.

We fix parameters A = 0.3, «a =0.7, 51 =1, B2 =2, r=0.04, p =0.12, ¢ = 0.3 and compute
all the boundaries that separate the ineffective region and the effective region and different sub-
regions of the effective region. As shown in Figure 2, all boundaries are graphs of increasing
functions w.r.t the variable h. For fixed running maximum level h, if the wealth x is so low that
(z,h) fall into C{, the investor is too poor to sustain the lower bound consumption constraint;
if the wealth is a little higher that (z,h) belongs to sub-region IV of the effective region, then
the investor consumes at the lowest level set by the drawdown constraint; if the wealth is higher
but not high enough (sub-region III), the investor chooses to consume at a higher level than the
lowest level but no more than the reference point level ah where risk aversion increases; as the
wealth increase and (x,h) enters sub-region II, the investor has enough wealth to consume above
the reference point level ah but not enough to reach the running maximum level; with some
more wealth than the former case (now in sub-region I), the investor is able the consume at the
running maximum level but not wealthy enough to update it; if the investor has more wealth
than Wypae(h), then he may update the running maximum immediately by consuming above the
historical running maximum level and causes (z,h) to jump onto the boundary x = Wypas(h),
where he consumes at the running maximum level and continuously updates it. Based on the
aforementioned economic interpretation, we name the curve Wypa(h) as “bliss” curve, and four
sub-regions I-IV as “satisfactory”, “recovery”, “depression” and “gloom” region, respectively. As
can be seen from the analysis below, such a division of state space helps to provide a structural
description of both consumption and investment behaviour under our model.

The optimal consumption, shown in Figure 3, is non-decreasing in both the wealth x and the
habit h. In satisfactory region and gloom region, the optimal consumption is indifferent with
respect to x. That is, for the poorest people in effective region (gloom), they consume as little as
possible, while for the wealthiest (satisfactory), they revisit their historical peak of consumption
rate. However, in depression region and recovery region, increasing wealth will lead to an increase
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Optimal consumption Optimal i Optimal

1 15 2 25 3 35 4 45 5 55 6 1 15 2 25 3 35 4 45 5 55 6
h h

Figure 3: Optimal consumption with fixed parameters A = 0.3, a = 0.7, 1 =1, fo =2, r =
0.04, p=0.12, 0 = 0.3. The left panel plots the optimal consumption as a function of wealth and
consumption peak. The middle panel is the two-dimensional projection of the left panel with the
boundaries shown. The right panel is the contour plot.

in optimal consumption and the increase is more substantial in the region with lower risk aversion
(i.e., more substantial in depression region when 5; < (2, and in recovery region when 31 > f(2).
The above analysis suggests that increasing wealth causes one to consume more only in the following
two cases: the first case is when the wealth is at least Wypqt(h), he is so rich that he decides to
consume more even at the cost of raising running maximum h; the other case is when his wealth is
more than Wigy (h) but less than Wieak(h). There are two sub-cases divided by whether the wealth
is more than Wies(h) in the second case, and the (marginal propensity to consume) MPC out of
wealth is generally higher in the region with lower risk aversion.

Optimal portfolio Optimal portfolio Optimal portfolio

115 2 25 3 35 4 45 5 55 6
h

Figure 4: Optimal portfolio with fixed parameters A = 0.3, « =0.7, S1 =1, B2 =2, r=0.04, p =
0.12, 0 = 0.3. The left panel plots the optimal portfolio as a function of wealth and consumption
peak. The middle panel is the two-dimensional projection of the left panel with the boundaries
shown. The right panel is the contour plot.

The optimal portfolio is shown in Figure 4. The behavior of the optimal portfolio varies signif-
icantly in different regions. For fixed habit h, the optimal portfolio sees a dramatic increase with
respect to the variable x in gloom and depression region where the risk aversion is low. However,
once crossing © = Wie(h) and the risk aversion shifting to the high level, increasing wealth causes
the optimal portfolio to fall instead. The above result indicates that the change of risk aversion has
an overwhelming impact on portfolio selection in our model. For those in gloom and depression
region, earning money which increases his wealth stimulates him to invest more in risky assert;
while for rich people in recovery and satisfactory region, as well as on bliss curve, the more he
earns, the less he is willing to invest in risky assert. Similar conclusions can be obtained from the
analysis of optimal proportion of wealth invested in risky assets, or economically, optimal portfolio
allocation (see Figure 5).
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Figure 5: Optimal risky investment proportion with fixed parameters A = 0.3, o = 0.7, f1 =
1, Bo =2, r =004, o = 0.12, ¢ = 0.3. The left panel plots the optimal risky investment
proportion as a function of wealth and consumption peak. The middle panel is the two-dimensional
projection of the left panel with the boundaries shown. The right panel is the contour plot.
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Figure 6: Value function with fixed parameters A = 0.3, a =0.7, g1 =1, fo =2, r=0.04, p =
0.12, o = 0.3. The left panel plots the value function as a function of wealth and consumption
peak. The middle panel is the two-dimensional projection of the left panel with the boundaries
shown. The right panel is the contour plot.

The value function shown in Figure 6, is increasing in wealth x and decreasing in habit h, which
suggests that higher initial wealth and lower inherited past spending maximum result in higher
optimal value for Problem (2.3). Meanwhile, for regions below x = Wit(h) where the risk aversion
is low, especially for gloom region, the value function will fall dramatically due to a slight decrease
in z or a slight increase in h. Nevertheless, for regions above x = Wit (h) where the risk aversion is
high, the value function does not vary significantly as  and h vary. The above result indicates that
one can live almost as pleasant as a millionaire with his initial wealth equal to Wit(ho) where hg is
his historical consumption peak. Another fact shown is that poor people are much more vulnerable
to wealth shocks than the wealthy.

We are particularly interested in the decisions of consumption rate and risky investment pro-
portion in terms of wealth, fixing a standard of living, i.e., the function z — c¢*(z,h) and = —
7*(x, h)/z, which we present in Figure 7. As can be seen, the sensitivity of the optimal consump-
tion with respect to the variable x, or economically speaking, the marginal propensity to consume
(MPC) out of wealth, generally decreases with a growing wealth. This is admitted in vast economic
literature. However, a dedicated analysis (see Remarks 3-5) shows that while MPC out of wealth is
indeed decreasing in lower part of the depression-recovery region and at the bliss curve, it is instead
increasing in x in upper part of depression-recovery region. Besides, MPC out of wealth shrinks
or swells by 31/82 at Wyer(h), which is itself an interesting fact?. This fact also indicates that the

2Different from other related papers, the marginal utility of consumption is continuous at the reference point

19



Optimal consumption Optimal portfolio/wealth

0.35

——h=3
5 |——h=14 z
h=5 ’,
45F |= = =bliss ‘<

——h=3
—h=4

h=5|
- — —bliss

c*(x, h)
™ (z,h)/z

. . . . . .
20 40 60 80 100 120 140 120 140

Figure 7: Optimal consumption and risky investment proportion in wealth with h = 3,4,5 and
fixed parameters A = 0.3, a =0.7, g1 =1, s =2, r=0.04, p = 0.12, 0 = 0.3. The bliss curve
represents the optimal strategies when x > Wypqg¢(h), and h is updating on this curve.

MPC in recovery region can be globally lower or higher than that in depression region, and it is
lower in our numerical result (left panel of Figure 7). See Figure 1 in the introduction for a more
illustrative version of optimal consumption when fixing h.

Remark 3. Based on Theorem 4.4 and Lemma 4.5, we have for Wigy (h) < < Wpeak(h),

1 1
8(:*(30, h) _ { ?fz(ft,h)f/yyl(fz(x,h),h)’ VVlow(h) <z S Wref(h)a
ou B ey (oo Vet (1) < @ < Woeai(h).

7 (C3(h)+C4(h))+ %31 (C5(h)+06(h)) 1 - leads to the continuity of yVy, (y, h) at y = 1. Hence

80*@(;&) ’x—>Wref(h)+ = gé 86 aﬁ |2 Wit (h)~» Wh1ch indicates that the MPC out of wealth shrinks or

swells by . when exceeding Weet(h).

Remark 4. The bliss curve for optimal consumption is ¢ = W&}dt(m). Hence the bliss curve is
concave if and only if W 4 (h) > 0. Direct computation shows

Upay () = e~ Dn [Mw*(a*)\)(fh*l)ﬁl]h — M|

where
25 (1—a1) (a2 = 1)°(1 = )= (1 — @)g2f2 + (@ — A) (g2 — 1)1] 2
_ B . o
= (1—a)(g2—q1)B2+ (a—N)(g2 — 1)1 {(1 )B2 + ( /\)51} ;
My :£ﬁ2 —Al-a q2(1 — )Q2+1( ) ﬁg

Y2 BB @2 —q

Hence for 81 < Ba, we have M, My > 0 and thus there exists h = I(H(Ml)*ln(MZ)

: @ N(@=Dp such that
the bliss curve is concave in x for h < h. It implies that the MPC out of wealth decreases when

x > Wypat(h) and h < h. With current parameters, the threshold A is approximately 6.6.

¢ = ah, but we still document such an MPC shrink or MPC swell.
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For 81 > B2, we have M7 > 0, My < 0 and thus the bliss curve is concave in x, which implies
that the MPC out of wealth decreases when x > Wypat(h).

Remark 5. With Lemma 4.2, Theorem 4.4 and Lemma 4.5, it can be shown that W is

increasing (decreasing) in z if and only if 7*(y, h) is increasing (decreasing) in y, where z and y are
connected by y = f(x,h). As for e=(1=0)Bh <y < ela=N)Bih

Or"(y,h) _p—rr { C3(h)(q1 — 1)y 2 + Ca(h) (g2 — Dy >, 1 <y < el Voh,

oy o2 k| Cs(h)(q — 1y 2+ Cs(h)(qa — Ny 2, e”(mfh <y <1

and

Cs(h)(qr — e @2/ OV 4 Oy (h) (g2 — 1)l @2V = Oy () (1 — D@2V < g,
C3(h)(q1 — 1) + Ca(h)(g2 — 1) = C5(h)(q1 — 1) + Cs(h)(q2 — 1),
we conclude that if
Cs(h)(q1 — 1)e” @208 o Cu(p)(go — 1)e (22 (1—a)Bh (5.1)

then there exists Z(h) € [Wiow(h), Wpeak(h)] such that the MPC out of wealth is decreasing for

[I/Vlow( ), Z(h )]\{Wref( )} and increasing for z € [Ii’(h),Wpeak(h)]\{wref(h)} (Wriet(h) needs
to be excluded due to the MPC shrink or swell, see Remark 3). Specifically, Z(h) = —V,,(g(h), h)
with g(h) given by

3(h) = (— %)qg a1, for h s.t. C3(h)(q1 — 1) + Ca(h)(q2 — 1) > 0,
N Cs

5 )
( )
(—%%%%Wq1bﬂwLGWMQ—D+CNM@—D§O

It is straight forward to verify numerically that (5.1) is satisfied for h in a reasonable range (say,
h > 0.2 with the current parameters).

The threshold Z(h) is above Wit (h) if and only if C5(h)(q1 —1)+Cy(h)(g2—1) < 0. We observe
two cases: One case is that z(h) is always above Wiet(h), which is the case for 81 > [2; the other
case is that z(h) is above Wye(h) for h above certain threshold h and below Wiet(h) for h < h,
which is the case for 81 < B2. Moreover, as the difference f5 — 31 decreases to zero, the threshold
h increases to +oo and turns into the first case.

From the right panel of Figure 7, it is clear that for sampled h, risky investment proportion is
a hump in variable x, and the peak is around Wiet(h) (see also Figure 5) 3. If we interpret the
inverse of risky investment proportion as the so-called implied relative risk aversion (Jeon and Park
(2020)), we find that it will be a smile in wealth: people with intermediate wealth level have lowest
risk aversion, and hence have the highest risk tolerance. People with either very low or very high
level of wealth are much more risk averse. This effect comes intuitively from our model settings.
Poor people need to make their deposit above Wi (h) in order to satisfy the lowest consumption
constraint, hence are very sensitive to risk. It is reasonable for them to keep most part of their
wealth in safe assets. Rich people, on the other hand, have already been satisfied by the current
level of consumption (or even continuously consume more and more) and they tend to avoid the
risk of consumption declining to less than reference ah. A more illustrative version of optimal risky
investment proportion when fixing h can be found in Figure 1.

3Numerical analysis shows that risky investment proportion is indeed a hump in « for h above a relatively small
level. For h below that level (i.e, if h is extremely small), there is an apparent increase on the right end of the hump.
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Figure 8: With fixed parameters A = 0.2, 1 =1, B2 =2, r =0.04, 4 = 0.12, o = 0.3, the four
boundaries varies with different a.

6 Sensitivity Analysis

6.1 Impact of A and a on Thresholds

The parameter a determines the reference point ah where risk aversion changes. When a equals A,
our model reduces to the model without the risk aversion related reference point and the boundary
x = Wiet(h) coincides with & = Wi, (h). When « approaches 1 from below, the reference point
approaches the running maximum and the boundary @ = W,¢(h) coincides with = Wyeak(h). To
figure out the consequences of the ratio a on different boundaries, we fix A = 0.2, 51 =1, (2 =
2, r =004, p = 0.12, ¢ = 0.3, let a vary from A to 1 — 10~® and present the boundaries
separately (we do not consider the boundary Wi (h) since it does not depend on «). As shown
in Figure 8, the boundary z = Wpyeax(h) moves downward as « increases, while the other three
boundaries & = Wigy(h), Wret(h) and Wipq¢(h) have the tendency to move upward as o increases.
The above phenomenon illustrates that the criterion for the investor to be able to consume at the
historical running maximum level lowers as « increases while other three criteria to enter a higher
consumption level would generally raise up as « increases. The change of « is most influential
on x = Wiet(h), which is the boundary of whether to consume more than ah and an important
boundary in our analysis of both optimal portfolio and value function.

Another parameter of interest in our model is A, which reflects the degree of the drawdown
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Figure 9: With fixed parameters o = 0.7, 51 =1, o =2, r = 0.04, p = 0.12, o = 0.3, the four
boundaries varies with different A.

constraint on consumption. The consumption level is allowed to be relatively lower with smaller .
When A equals 0, our model reduces to the model without drawdown constraint and the boundary
2 = Whiap(h) coincides with the h axis. When X equals «, our model reduces to the model without
the risk aversion related reference point and the boundary x = Wiet(h) coincides with x = Wiy (h).
We fix a =0.7, 1 =1, Bo =2, r=0.04, p=0.12, 0 = 0.3, let A vary below o and graph the
boundaries separately (boundary @ = Whyp(h) is not shown here since it is simply linear) in order
to illustrate the impact of A on the boundaries. As shown in Figure 9, all four thresholds are higher
when \ increases. Among the four boundaries, A is most influential on the boundary x = Wiy (h),
which suggests that, with larger A, more wealth is needed for getting rid of gloom. However, A has
a negligible effect on @ = Wieak(h) and = Wypqi(h), indicating that whether to consume at the
historical level and whether to update the historical level have almost no reliance on the degree of
drawdown constraint.

6.2 Discussion for 5; and [,

In this subsection, we focus on the sensitivity analysis of the parameters 81 and B2, which are the
risk aversion coefficients below and above the reference awh. The difference B2 — 31 reflects the
magnitude of the risk aversion change over the reference. We mainly illustrate the results with
b1 < Bo. The differences in results with 51 > 9 are briefly discussed in 6.2.2. Two limiting cases
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Figure 10: With fixed parameters o = 0.7, r = 0.04, 4 =0.12, ¢ = 0.3, h = 4, impact of 8y — 51
on optimal consumption with fixed ;.
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Figure 11: With fixed parameters a = 0.7, r = 0.04, u = 0.12, 0 = 0.3, h = 4, impact of B2 — 5
on optimal risky investment proportion with fixed ;.

of interest are investigated in 6.2.3.

6.2.1 [ > b

In this part, we analyze the influence of 85 — 81 when 81 > [s.

To investigate the influence of By — 81, we have to fix either 51 or B2. One approach is fixing
81, then By — (1 is the increase in risk aversion when the consumption exceeds the reference ah.

We first investigate the influence on optimal strategies. When (s — (1 is enlarges, the main
influence on consumption is the decelerating of consumption increase once across the boundary
x = Wiet(h) (see Figure 10), which delays the arrival of consumption peak z = Wpyeak(h). The
decelerating effect in consumption increase can be explained by the conservative consumption be-
havior due to higher risk aversion above the reference. Meanwhile, change of 82 even influence the
consumption in the region x < Wiet(h), where only f; seems to be relative. This can be regarded
as an important risk allocation behavior: people suppress the consumption when he can tolerate
less risks to compensate the consumption elsewhere.

We now consider the risky assets allocation. As 8o — (31 enlarges, there is a decrease in risky
investment proportion once over certain thresholds around Wy, (h). The amount of decrease varies
with different wealth levels x and initial risk aversion (31 (see Figure 11 for more details). It is
reasonably expected that risky investment proportion should decrease due to higher risk aversion
above the reference. Again, the decrease is not constrained to those wealth levels in recovery region
(x > Wye(h)). It instead occurs prior to the threshold Wiet(h).

We also investigate the influence of 5o — 51 on the wealth thresholds. As is shown in Figure 12,
the increase of B2 — 31 leads to higher threshold Wyeak(h), especially for small k. The influence on
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other thresholds is negligible.

2 = Wyea(h) with ;=05 @ = Wyea(h) with 81=2
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Figure 12: With fixed parameters a = 0.7, r = 0.04, p = 0.12, ¢ = 0.3, impact of f2 — 51 on
2 = Wheak(h) with fixed .

Another approach to examine the effect of risk aversion change 82 — 3 is fixing 2 and viewing
B2 — (1 as the decrease in risk aversion when consumption falls below the reference ah.

As By — (1 enlarges, the decrease of consumption decelerates above Wiet(h) but accelerates below
Wiet(h) (see Figure 13). The acceleration can be reasonably explained by aggressive consumption
behavior due to lower risk aversion below the reference. Again, the effect of 51 is not limited to
r < Wref(h).

The risky investment proportion, on the other hand, sees a significant increase when Gy — 51
increases for wealth in the depression and recovery regions [Wigy (h), Wpeak(h)], especially around
Wiet(h) (see Figure 14). This is due to lower risk aversion below the reference.

However, the change in By — (1 for fixed B does not have a significant impact on wealth
thresholds. We merely observe a decrease in Wie¢(h) for small values of 8y as B3 — 31 enlarges (see
Figure 15).

Optimal consumption with 8 = 2 Optimal consumption with 6 = 3 Optimal consumption with 3, = 4

Figure 13: With fixed parameters o = 0.7, r = 0.04, 4 =0.12, ¢ = 0.3, h = 4, impact of 83 — 51
on optimal consumption with fixed (s.

Remark 6. The influence of S5 — 81 can only be studied fixing either §; or 2. The sensitivity
analyses for the influence of 82 — 51 on the optimal controls as well as the thresholds are established
for relatively small 8; or 2 (the fixed one). As numerical results illustrate, When the fixed f; is
sufficiently large, the optimal controls and the thresholds are nearly not affected by B2 — 81. This
phenomenon can already be well observed in the right panels in Figure 10, Figure 12, Figure 13
and Figure 15.

A special case in our model is B2 — 81 = 0, which suggests that risk aversion does not change
over the reference ah. In this case, Wi just exists symbolically but has no economical significance.
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Figure 14: With fixed parameters o = 0.7, r = 0.04, © =0.12, 0 =
on optimal risky investment proportion with fixed (s.
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Figure 15: With fixed parameters a = 0.7, » = 0.04, p = 0.12, ¢ = 0.3, impact of 8y — 31 on
x = Wiet(h) with fixed [s.

The depression region (x € [Wigw(h), Weet(h)]) and recovery region (z € [Wiet(h), Wpeak(h)]) share
strategies and one region would merge into another.

6.2.2 [ > B

In this part, we consider the case 51 > 82 and briefly discuss on the impact of 51 — 82 on optimal
strategies and boundaries. The impact for 8; > (2 mainly corresponds to that for §; < 85 and can
be well interpreted. However, it is beyond our expectation to observe a new peak around Wyeak(h)
in risky investment proportion that overtakes the peak around Wie(h).

The optimal consumption for g1 > (9 is still non-decreasing in . The main difference occurs
between [Wioy(h), Wpeak(h)]. As shown in Figure 16, when ;1 > [32, the risk aversion is lower in
the recovery region and the MPC out of wealth is thus generally higher in the recovery region,
which results in an upward turn at Wyee(h) (it is a downward turn when 1 < (82). When fixing
B1, as f1 — P2 enlarges, the increase of consumption accelerates over Wiee(h), bringing the arrival
of consumption peak Wpyeak(h) forward. When fixing (2, as 1 — B2 enlarges, the decrease of
consumption accelerates above Wiee(h) and decelerates below Wier(h).

As shown in Figure 17, when (1 — (5 enlarges, the optimal investment proportion sees an
apparent increase over certain threshold around Wiy (h) for fixed [ while there is an apparent
decrease for wealth in depression and recovery regions for fixed B2. Besides, we observe a new
peak around Wpyeax(h) that overtakes the peak around Wies(h) (see the red line in Figure 17). It
suggests that high proportion of risky investment is recommended for wealth in the recovery region,
especially around Wiet(h) and Wyeak(h).

The impact of increasing 1 — B2 on the boundaries coincides with the case 51 < Ba: lower level
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Figure 16: With fixed parameters o = 0.7, r = 0.04, 4 =0.12, ¢ = 0.3, h = 4, impact of 83 — 51
on optimal consumption with fixed 8; = 1.5 (left) or fixed 2 = 1 (right).
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Figure 17: With fixed parameters o = 0.7, r = 0.04, ¢ = 0.12, o = 0.3, h = 4, impact of 83 — 51
on optimal risky investment proportion with fixed 51 = 1.5 (left) or fixed f2 = 1 (right).

of Wpeak(h) with fixed 1, higher level of Wie(h) with fixed 82 and negligible effect on others.

6.2.3 Limiting cases

In this subsection, we briefly discuss two limiting cases when one of the §; takes extreme value: fix
61 and let By — 0; fix B2 and let 81 — 0.

Fixing 8, and letting S2 — 0 indicates that the agent becomes risk neutral when ¢ > ah. Since
Cy(h) — oo as B2 — 0, it is surprising to see that even the lowest constrained threshold W (h)
tends to infinity. The limiting consumption curve is a horizontal line ¢ = Ah. It suggests that
the agent always consumes at the lowest constrained level %h. He might be saving money from
consuming as less as possible in order to aggressively invest in risk asset once he reaches Wiet(h).
However, the day never comes because Wyet(h) tends to infinity as S — 0.

Fixing By and letting 81 — 0, however, has completely different consequences. This limit
corresponds to the case that the agent becomes risk neutral when ¢ < ah. A dedicated analysis
(see Remark 7) shows that all the thresholds have finite limits as 51 — 0. In particular, Wiy (h)
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and Wie(h) share the same limit. It indicates that the agent never consumes between the lowest
constrained level % and the reference level ah in this limiting case. The result is similar to that of
an S-shaped utility in Li et al. (2022) where the agent is risk seeking below the reference. However,
in S-shaped utility, the optimal consumption jumps from 0 to a level that is strictly higher than
reference point ah (see (3.25) in Li et al. (2022)), while our limiting optimal consumption jumps
from the lowest level to exactly the reference point.

Remark 7. From (3.13)~(3.18), we have, as 81 — 0,

C4(h) — — 00,
k1 -q _i_ﬁl—(h
VBage—qi V@ —q
ko 1—q 1— - kE1—q
Cq(h) — = 6( a)(q2 1)52}1_1 + —
(k) 7252%—(11( ) e -aq
Cr(h) —(1 — a)2 0" (q — )\)%ﬂﬁe—(l—m(@—m)ﬁah
Y42 —aq192 — q1
E_ @l —a-a)i-a)mh
Y2B2q2 — ’
Cs(h) =(1 — )21 (q — \ % l—a Ee—(l—a)(%—th)%h
Y42 —aq192 — q1
_ Ega—1 _q_o)1-q)sh
+[(1—a)2a _1 e—(1—a)( q1)ﬂ2,
( ) | VB2 q2 — @1

Ce(h) — (@ =) (g2 —1)h,

(= A)(g2 — 1)h,

+ (1 _ a)‘D_QI

C3(h) = — o0,
kl-ag @2-1 _a o)g-aphn
Ve -ae-—a
o k@1 a)a-asen
7

Y B2 q2 — q1

k-1 Kk g@p-1 (
Vho—au Ye-q

C1(h) —(1 — )21 (o — A)

a = N(1—aq)h.

Denote the finite limits of C;(h),i = 1,5,6,7,8 by CF(h). Then we have, as 31 — 0,

\h
Wiow(h) = — CE(h) g1 + =
k h
Wpeak(h) i Cé(h)QIe(lia)(liql)ﬁQh - CﬁL(h)Q2ei(17a)(qu)ﬂ2h ) +-
VB2
Wapdt (h) = — CE(h)qi(1 — a)n el 0ma)fh _ ol(p)gy(1 — a)t2tem(mellea—lBh ﬁ-
Y

To show that Wies(h) tends to the same limit —C¥(h)q; + % as Wigw(h), we prove Wiee(h) —
Wiow(h) — 0. In fact,
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(a—M\h k[ ¢ —1 o }
— -+ = a—AN)(1— h — a—\ — 1A

=0.

7 Conclusion

We establish a new theoretical model focusing on the risky investment and consumption behavior of
a sophisticated decision maker. We solve the optimal consumption and investment problem which
maximizes the expected total discounted utility with running maximum related reference point
and drawdown constraint. Mathematical analysis and computation illustrate that the optimal con-
sumption and investment policy are of semi-explicit forms with five important thresholds classifying
different ranks of people. Theoretical and numerical analysis of the solution and sensitivity analysis
of the parameters are conducted as well. The results are of economic significance in the following
aspects: the MPC out of wealth is generally decreasing but increasing with certain intermediate
wealth levels, and it jumps inversely proportional to the risk aversion at the reference point; both
DRRA and IRRA are possible and the implied relative risk aversion is roughly a smile in wealth;
wealth shocks are more influential on the welfare of the poorer people. As a special feature of our
model, risk aversion change results in significant changes in optimal strategies and the impact of
local risk aversion change turns out to be global.
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A Proof of the Verification Theorem

Proof of Theorem 4.1. Define

1 l—«

o) & bV = vy

Then, for any (zg, ho) € C and any y > 0, we have

[e.e]

Ewo,ho / e*’YtU(Ct, ht)dt = Eﬂco,ho / et (U(Ct, ht) — }/t(y)ct)dt + yEwo,ho / e Mydt
0 0 0
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< xoho/ e U (Yily), H (y))dt + yo

0
o0
Ez, ho/ e MU )th(y))dt+y$O
0
= V(y, ho) + yo, (A.1)

where the second, the third and the last line hold thanks to Lemma B.1, Lemma B.2 and Lemma
B.4. And equality holds with ¢; = ¢*(Y;(y), Hj(y)) and y = y*

Using the explicit expressions of ¢* (-, -), Y;(+) and H,(-), we know that ¢* (Yi(y), f[t(y)) is strictly
decreasing in y with lim c¢* (E(y),f[t(y)) = oo and lim ¢* (Y}(y),ﬁt(y)) = Ahg. As such, there
y—>0+ Yy—r0o0

exists a unique y to solve

B, / c* (Yt(y)a ﬁt(y))Mtdt = x9.
0

Hence, we deduce from Lemma B.2 that Eq.(4.1) has a unique solution y*. Using (A.1) yields
oo
1nf {V Y, ho) +ym0} = sup E,, ho/ e U (ct, hy)dt.
(e,m)eA 0

To make the left hand side in which V (-, -) is the solution of (3.9) equal the value function V (zg, ko)
which satisfies (3.1), V (-, ) must satisfy (3.4). Recall that (3.4) leads to (3.9) for ¢ = ¢*(y, h) and
m = 7*(y, h) where ¢*(-,-) is given by (3.6) which leads to (4 2) when restricted to Cq4 and 7*(-,-)
is given by (3.5). Plugging the expression of V(y, k) and ¢? — ¢; = 7, @ = 1,2 into (3.5) leads to
(4.3).

Thus, the dual of V(-,-) given by (3.10) is actually the value function of (2.3) and that
Eaoho Jo € U ¢y, hy)dt attains its maximum at (¢*,7*) given in Theorem 4.1. O

B Auxiliary Lemmas for Theorem 4.1 and Their Proofs

The following four lemmas are needed in proving Theorem 4.1.
Lemma B.1. The inequality holds in (A.1) and it becomes equality with ¢; = c*(Yz(y), H;r(y)) and
y=y"
Lemma B.2. For any y > 0 and any t > 0, we have HtT(y) = ﬁt(y)
Lemma B.3 (Transversality Condition). For any y > 0,
Jim By, [TV (Ve (), Hr(y)] = 0.

Lemma B.4.

V(y, ho) = Ezo,ho /000 efwﬁ(Yt(y), fIt(y))dt.

As the proofs of the first two lemmas are similar to the proofs of Lemma 5.2 and Lemma 5.3 in
Deng et al. (2022), we omit them here and only prove Lemmas B.3 and B.4.
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Proof of Lemma B.3. Based on the definition of Y;(-) and Hy(-), we have

(l’«*"")z T—EZTRB

lim Yr(y) = lim ye 252 7T =0, as., (B.1)
T— T—oo
lim Br(y) = lim hoV ——— In(— %) (B.2)
1m = 11m n =00, a.s.. .
T T T PR A )6, inf Y;(y) ’
s<

Using the expression of V (-, -) yields

Jim Eqy gy [e*WTV(YT(y), fIT(y))]
= Jim By 5, {e”T [07 (Hr(y))Yr(y)™ + Cs(Hr(y))Yr(y)® — iffT(y)YT(y)

v La- 6—(1—«1)&21%(@/))} 1

~Ba {(1,a)e—<1—a>B2HT<y>gyT(y)@—(l—a)azﬁT(y) }

+e T [05 (Hr(y))Yr(y)™ + Co(Hr(y)) Yr(y)® + 72/;2 Yaly)
L 1
5 (1 —Yr(y) + Yr(y) In (YT(y))> - ;OJHT(:U)YTCU)] L emammmire<yp(g)<1} } (B.3)

By Proposition 3.2, we have A
C’7(fIT(y)) = O(e~U=)(=0)BHr(Y)) a5 as T — oo, as such,

_~T ~
Eaoho€ 07(HT(y))YT(y)q11{(1,a)e—<1—a)52HT<y>SYT(y)@—(l—a)azHﬂw}

—T —(1—a)(1— A
e Y E$0,hoe ( Oé)( ‘h)ﬁ? T(y)YT(y)ql1{(1_a)e_(1_a)ﬁ2ﬁT(y)SYT(y)<e—(1—a)ﬁ21:IT(y)})

_ (p—
JYTEOCOJLO@ 20

_ O(
=0 <6_’YT}EJIO,}LO YT(y)l_q1+ql)
=0 <e

)THTB>

= O(e_VT), as T — oo,

then
. AT o _
Th—rgoExO’hoe ! C7(HT(y))YT(y)q11{(l—a)e*(lffJL)ﬁzﬁT(y)gYT(y)<e*(1*&)ﬁ2ﬁT(y)} =0. (B'4)
Similarly,
_~T A
]Exo,hoe Y CS(HT( ) q21{(1 ae (17a)52fIT(y)SYT(y)<e—(lfa)B2fIT(y)}

(e T Ewo.ho c1—a)(a2— 1)52HT(1/)YT( )q21{(1_a)e_(1_a),82ﬁT(y)SYT(y)<e—(1—a),62HrT(y)})
( -7 By .o Y1 (y)~ (q2—1)+q2>

_w-n? p=r _
( - IE:;roho 202 = BT> :O(e 7T>, asT—)oo,
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then
. —~T 2
Th—rgo Emmhoe "0 (HT(y))YT(y)q21{(lfa)e*(lfamzf:lT(y)SYT(y)<e*(1*0¢)32ﬁT(y)} =0 (B'5)

Using (B.2), as T' — o0,

1 ~
AT —(1—a)BoH _ AT
e 5 (1 — e~ (1=a)B2 T(y))1{(1_a)6_(1_a)ﬁ2ﬁT(y)SYT(y)<e—(1—a)[32f{T(y)} = O(e 7 ), a.s.,
from which we get
1 s
. 4T —(1—a)BoH —
Tlgl;oExo,hOe v 5 (1 — e (1=a)B2 T(y))1{(1_a)e—(1—a)B2FIT(y)SYT(y)<e—(1—a)621:IT(y)} =0. (B.6)
By the same way as in deriving (B.4), we have
. AT A
Jim By pee”” 05(HT(y))YT(y)ql]‘{ef(lfa)ﬁzflT(y)SyT(y)<l} =0. (B.7)

By Proposition 3.2, we have Cp (E[T(y)) =0(1), as. as T — oo. The facts (B.1) and g, > 1 yield

. —~T A
Jim By poe™ 06(HT(y))YT(y)q21{e—(l_amgﬁT(y)SYT(yKl} = 0. (B.8)
and
Th_{réo IE:xo,hoe_’y 728, YT(y)1{e—(l—a)52HT(y)§YT(y)<1} =0. (B'g)
Using (B.1) again and the fact lim+(1 —y+ylny) =1, we obtain
y—0
1
. T
Tlgrolo E:po,hoe K % [1 - YT(y) + YT(y) In (YT(y>):| 1{6—(1—a)ﬂzflT(y)SyT(y)<1} =0. (B.IO)
Based on Girsanov’s theorem, we have
eivTEwo,hoﬁIT(y)YT(y)
_ (=72  p—r _w=r?p_u—rp
= 0y [ (VTR £ e T
_ /L—T,,YT{ | T —(“;TQ)QT_N_TT(I)_:“_T T
O( s © o’ " 20 ( 20 \F)
o w—r w—r
3 T)— (- D]} ).
(et D) - et} )
It follows that
lim E,, e " Hr(y)Yr(y) = 0. (B.11)
T—o0
Thus, using (B.3)-(B.11), we have
. — AT A
Th_{%OEIo,ho [e 7 V(YT(y)vHT(y))] =0.
O
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Proof of Lemma B.J. Applying Eq. (3.9) and It6’s rule, we obtain

a{ eV Vi), Fily)] | = — O [Yaly), Hi(y)] dt

— BT e, [Yily), Hi(y)] Yily)dB,

o

+e Vi [Yily), Hi(y) | dH:(y). (B.12)

Define the stopping times: Vn > 1,
>_ 1
T (1-a)B

It follows that lim 7, = co and for V n > ﬁe(lf‘l)&ho, Ve>land VT >0,
n—oo

T £ inf {t > O’Yt(y) >nor I:It(y) In [(1 — oz)n} }

~ 1
Exo,hol{TngT} S ]P)xo,ho ({ sup Y;f(y) 2 n} U{ sup Ht(y) Z m In [(1 - oz)n] })

te[0,T] t€[0,T7]
_ —1
=Py no( SUp Yi(y) > n) + Py po ( sup Yi(y) n)
te[0,T)] t€[0,T7]

Sn_ZNEJL“o,hO sup Yt(y)gﬁ_'_n_QHEmo,ho sup Y;ﬁ(y)_zi
t€[0,T] t€[0,T7]

= O0(n 2 (1 + y*%)eMT) (B.13)

IN
vV 3=

<P, Y; >n)+P, inf Y}
< o,ho(tes[%%] i(y) > n) o,ho(tel[r&T] +(y)

for some constants M.
Integrating (B.12) from 0 to T' A 7, and taking expectation on both sides, we obtain

v(ya hO) :]E:Ito,ho |:677T/\Tn ‘7 (YT/\Tn (y)u -HT/\Tn (y))i|

TN, 5 .
+ IE330,h0 / e_FYtU(Y;f(y% H; (y)>dt
0

TN w—r _ .
+ Eap e / T, (Yily), Hi(y)) Yily)dB,
0

2

TNATn, B R .
~Euono /0 e (Yily), Hyly))dH, (y). (B.14)

The four terms on the right hand side of (B.14) can be evaluated as follows:
The first term in (B.14) can be split into two parts:

Eaco,ho [G_WT/\TH V (YT/\Tn (y) ) ‘E[T/\Tn (y))}
= Ez,h0 [e—’YTf/(YTQ/)’ Hr(y)) l{TSTn}:|

B o [V (V2 (0), () Lz | (B.15)
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Based on Lemma B.3, as n T oo, the first term in (B.15) tends to Eg 4, e*'VTf/(YT(y), I:IT(y))} ,
which converges to zero as T' 1 co. To handle the second term in (B.15), we first observe from the

definition of 7,, that either
1
Yr.(y) <n, Hr(y) = A=) In ((1—a)n)

1
Y. (y) =n, Hy, (y) < m In ((1 - a)n)

holds. In addition, it follows from the fact (Y7, (y), H,, (y)) € Cq4 that either
1
In ((1—a)n)

1 R
= Yo, (y) <n, Hp (y) = —a)bs
. 1
Yo, (y) =n, 0 < Hr,(y) < 1—a)b In ((1 - a)n)

holds.
Applying Proposition 3.2 with (3.10), we obtain the order estimate of V(Ym (y),Hr,(y)) as
a)n], we have, for sufficiently large n,

follows:
For % <Y; (y)<n, H, (y) = m In [(1 —
(y) = (’)(ln n), () — (’)(nﬂ*‘lx)ﬁz).

H,,
If (1 — a)e*(lfa)fg?HTn W <Yy, (y) < e~(1=a)B2H7.(4)  then we have, for sufficiently large n,

V(Y (y), Hr,(y)) = O(n~™).
If e~ (1=e)BeHrm (v) < Y. (y) < 1, then we have, for sufficiently large n,
V(YTn (y)7 ﬁTn (y)) = O(n_ql) :

If1<Y; (y) < e(@=NBiHm () then we have, for sufficiently large n,
V(Yr,(y), Hr,(y)) = O(n®).
(a=M)B

V(Y (y), Hr,(y)) = O(n0=%).
<

If e(a= B, () <Y, (y), then we have, for sufficiently large n,

L__In [(1 — oz)n], we have, for sufficiently large n, either

FOI‘ YTn (y) =n, 0 < IA{Tn (y) (I—Q)BQ
1< Vs (y) < el NBHm )
or
(@=NBH W) <y, (y).
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f1<Y, (y) < e(@=NB1Hxn, ¥, then we have, for sufficiently large n,

If e(@=2)B1Hr, (v) <Y., (y), then we have, for sufficiently large n,

V(Yo (), By (y)) = O(n 0 G008,

- - _ (—q1)Va2v(1—q) =201 . '
In summary, we have V( (y) H‘rn( )) - O( ( )52) Applylng (B 13) with

k> () VeV (1l—q) Ea )‘))gl) we deduce that the second term in (B.15) converges to zero as
n 1 co. Hence the first term in (B.14) tends to zero by first letting n 1 oo and then 7" 1 co. Because

Ty, tends to oo as n — o0, based on monotone convergence theorem, we obtain that the second
term in (B.14) tends to Eyy s, [o° e U (Yi(y), He(y))dt, as n — oo and T — co. The third term
in (B.14) vanishes because the integral is a martingale. If H;(y) strictly increases, then Y;(y) must
be strictly decreasing, hence (Y}(y), f[t(y)) is on the boundary. Using the boundary condition, we
have V3, (Y:(y), fIt(y)) = 0, as such, the last term in (B.14) vanishes. Thus, the proof follows. [

C Proofs of Other Results in Section 4

Proof of Lemma 4.2. If el@=NBih <y then

q2— 2
ky

As C1(h) > 0 and Ca(h) = 0, we have V,,(y,h) > 0 for el@=VAh < g
If 1 <y <el@NBh then

Vi(y. h) = Ca(l) 2y =2 + Co(h)

(7 1—1 2—1 L
yVyy(y, h) = Cg(h)k yI 7 4 Cy(h )k: yT 4+ B
Let ¢(y) = yVyy(y, h), then
¥(y) = Ca(h) (a1 =y~ + Ca(h) (g2 — Ly 2.

Noting that Cy(h) < 0, ¢(y) is either increasing, decreasing or first increasing then decreasing, we
only need to show (1) > 0 and ¥ (el®=MA1h) > 0. Precisely, using C7(h) > 0,

1
Y(1) =Cs(h ) + Cy(h ) 751
r 1 1
oo+ L | — o—(a=N(@-1ih
k 7(h) ’Yﬂ1Q2—Q1{ ¢ }
1 -1 —(1-a)(1-q1)Bah
- ]_i q1)P2
Y62 g2 — ¢1 [ ‘ ]
>0

and
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@b(e(a_k)ﬁlh) 03(h)k elar—1)(a— A)51h+04(h)k elez—D(e=Nph

51
zg&(h)e(flrlﬂaﬂ)ﬁm L el {1 N 6—(a—A>(1fq1>mh]
Y012 — @1
i q2 — 1 1— e—(]_—a)(l—ql)ﬁghi| e(qg—l)(a—)\)ﬁlh
VB2 q2 — ¢
>0.

Thus ‘N/yy(?/a h)>0forl1<y< ela=X)pih
If e=(1m)B2h < 4y < 1, then

~ 1
YWy (y, 1) =Cs () =y~ + Co(h)—y® " 4+ —
k? k vB2
1 -1 T 1 1—q
C=(h qll‘i‘i :|+|:Chq21+
5 )k VB2 42 — ¢ ol )ky VB2 42 — ¢
For any fixed h > 0, if C5(h) > 0, then Cs(h)7y®~' + %ﬁ > 0; If C5(h) < 0, then
Cs(h)fyt~t + 752 qq; qll is increasing in y and
T _ 1 QQ—l
Cs(h) =yt~ 4 —
sl )k‘y VB2 42 — ¢
>0 (h) Ce-e0-agen . L 4271
k VB2 42 — q1
(1-— a)qr‘h%ql;qull(a - Mg —1)

:(1 I I ( I 5 e~ l(1=a)(g2—1)B2+(a=N)(q2—1) 1] R
—a)(q@2 —q1)b2 + (o — q2 — 1

1 qo — 1
+ (1 _ a)QQ q1__—
VB2 2 — ¢
>0.

Similarly, we have

P I e
k VP2 a2 — @
It follows that Vj,(y, h) > 0 for e=(1m)Fh <y < 1.

Finally, If (1 — a)e~(1m®)82h < y < ¢=(1=a)B2h_ thep

Cs(h) > 0.

ol ) = Crlh) Ly~ + Cu(h) Ty,
As Cy7(h) > 0 and

k 1—(]1 o - k, 1_q1
Cg(h) = —= 1— e (@N@-1pih] L _*
" VB (]2—(]1[ } V262 42 — q1

[e(l_a)(‘h—l)52h _ 1] > 07

we have Vi, (y, h) > 0 for (1 —a)e= 0~

(1—a)B2h < y < e~ (1=a)B2h  Thys the proof is complete. O
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Proof of Lemma 4.6. By Lemma 4.5, f is C'! and continuous at the boundaries, as such, using the
fact that C;(h), 1 < i < 8, are C*', we conclude that Cprimal &0d 754000 given in Theorem 4.4 are
locally Lipschitz on C.

*
primal

19}
Lipschitz, we only need to show that i o and ‘g;;“al are both

Now to prove that 7*
bounded. -

Step 1: %‘“l is bounded:

By definition of W;rimal given in Theorem 4.4, we have

primal is

Cy h)(Q1—1)[f1($ h)](h 28f1(mh)
O g — 1) [y o )] 22 e A < g < Wigw (h),
Cs(h) (g1 — 1) [ fol, b)) 2 220
Omfuimal _ p =17 ) +Cu(h) (g2 — 1)[fol, )] 2 22ED -y (h) < & < Wiet(R),
dr 02 k| Cs(h)(q — 1)[fa(x, b)) "2 2leh)
+Cs(h) (g2 — 1) [f3(x, h)] 2 722ER) (b)) < 2 < Weak(h),

Cr(h)(qn — V) [falw, h)] 2 2L220)
+Cs(h) (g2 — 1) falr, )] = 22U Wi (h) < 2 < Wopae(h).

\

Differentiating (4.6), we obtain
q1—2 8f1(x7 h’)

1 = —Ci(ha(q —1)[fi(z, h)] 7
oWl — V) [, ) 220D (1)

It follows from (4.15) and (C.1) that, for % <z < Wiew(h),

onr . —r r _ x
e e L R RGOS e
- S a- e By
where
A h) = (a1 = @)Ci(h) [fi(w, )",
Bi(z,h) = % {—Cl(h) (1@, 1)) "2 = Co(h) [fu(a, h)]qH} .

or* .
As Cy(h) =0, % is constant for /\Th < 2 < Wiow(h). Differentiating (4.8), we obtain

U= Gy [l m] 2R
g—20f2(x, h) 1 Ofa(z, h)
—Cy(h)g2(g2 — 1) [ fo(z, h)] N ey S (C.2)
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Using (4.15) and (C.2), we have, for Wioy(h) < 2 < Wiet(h),

or* . - - -
grgljmal _ “0_2 {(I—Q2)+k(QI_QQ) 5(h)[fo(a, h)]™ QW
1 0 fo(x, h)
+(1- q2)7ﬂ1f2(337 h)  Ox }
-t [omee SR

where

Aalw) = Han— @)Co(B) [falo "+ (1 g2) -,

Bo(a,h) = = Ca(h)[fala, )] ™" = 2 Cu(h) [fola, )] " = !

%.

As el MBI > £ (1 h) > 1 for Wiy (h) < 2 < Wiet(h) and C3(h) = O(1), there exists a constant Ay
such that [Ag(x, k)| < Ay for Wipy (h) < 2 < Wiet(h). As Vyy(y, h) > 0, we know that Ba(z, h) < 0
for any h > h. Using Cy < 0 and ¢; < 0 < 1 < ¢ implies that %Cg(h)yqr1 + £Ca(h)y®~ Ly 751
as a function of y is either decreasing, or increasing, or first increasing then decreasing. Hence for
Wlow(h) <z< Wref(h)7

—Bs(xz,h) > min { kCg(h) + fC'4(h) + 03(h)e*(1*q1)(a*>\)ﬁ1h

Lo
k vB1 k

1
+%C4(h)€(Q2—1)(04—>\)51h + %} (03)

> 0.

Plugging the expressions of C3(h) and Cy(h) in (3. 13) and (3.17) into (C.3), we obtain that the

expression in (C.3) is continuous in h with a limit 761 qq; ql > 0 as h — oo. Hence there exists a

constant BQ > 0 such that —Bs(z,h) > By > 0, i.e. % is bounded for Wiy (h) < & < Wier(h).

Slmllarly, p“mal is also bounded for the rest two regions Wier(h) < o < Wpeak(h) and Wyeak(h) <
r < Wupdt(h)

Step 2: M is bounded:
By definition of ¥

L

—rr .
primal’ denote c11 —7 5> We obtain

Cr(h) (g1 — 1) [fi(a, )] P2 28R o (n) [ fo (2, b))
+Co(h) (@2 = 1) [ fi(w, h)] 7GR 4 Co(h) [fi(, )], A < 2 < Wigw (h),
Cs(h) (g1 — 1) [fala, h)] "2 22ER 1 Cln) [ fo(, b)) "
Oprimal _ ) +Cu(h) (g2 = ) [ folw, 1)) ™2 EB00  Ch(m) [fol, )] P, Wiow (h) < 2 < Wier(h),
oh ) Cs(h)(au — 1) [fala, )] RN oo () [ fy (e, b))
+Co(h) (g2 — 1) [ fa(x, h)] 22 2BEM o Ot (n) [ f3(2, h)] 7", Wiet(h) < @ < Wieak(h),
Cr(h)(qr — 1) [falz, b)) " 7222 o L (h) [ fa(, b)) "
+Cs(h) (g2 — 1) [falw, )] 222801 4 L (h) [£alz, )] ™7, Whear(h) < @ < Wpat (h).

Differentiating (4.6),
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q—2 afl(wv h)

0 = ~CiWar(a — D[file. )" =07 = Clh)ar [f(a, )] "7
@—-20f1(z,h) ' @-1 | A
—Ca(h)q2(g2 — 1) [ f1(, h)] —on Cy(h)aa[fi(a, )] ™ + 5 (C.4)
Then, using C2(h) = 0, we have for % < x < Wigw(h),
aﬂ';rimal - A
o~ Mg
Hence aﬂ%;bm‘"‘l is constant for )\Th <z < Wigw(h).
Differentiating (4.8),
0 = ~Csmala — DR h) "B ogg [ m e
—20 h _
T RN AT e LAL0 ST P e
VB1fe(z,h)  Oh = (©5)
Using (C.5), we have for Wiy (h) < & < Wiet(h),
aﬂ';rimal — ¢ {C/ (h) [f ((L‘ h)]ql_l(l B @) + i
oh T TEERT © e
q1—1 1 1 8f2($7 h)
+[Cs(h) [fa(z, h)] (1 —q2) — ol on }
kB Tﬁ / q1—1 . ﬂ &
- {Cg(h) ) 1= 2y 4 2
k Ci(hai[fo(w, )] + Cy(h)go[ fa(z, )]~ — &
+;A2($7 h) BQ(I, h) 7 } .

Thus, using the expression of C3(h) and Cy(h) in (3.13) and (3.17), we obtain that C%(h) and C(h)
are both bounded. Moreover, we have 1 < fo(x, h) < el N8 for Wig(h) < 2 < Wiet(h). Apply-

ing the estimates of As(x,h) and By(z,h) again, we know that aﬂ‘g;lmal is bounded for Wiy (h) <

x < Whiet(h). For the rest two regions Wiee(h) < & < Wpeak(h) and Wyeak(h) < @ < Wipas(h), the
proof is similar and omitted. O

D Results with general reference

We consider the alternative endogenous reference point «[p(h)c+ (1 — ¢(h))h], which is a fraction
a of the convex combination of the current consumption and consumption peak. ¢(h) is the
proportion assigned to current consumption (it is a function of h) and we assume that the proportion
function ¢ is non-decreasing and smooth with values in [0, 1]. The non-decreasing property suggests
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that once the maximum is updated, its weight decreases. This assumption aims to capture the
insight that, upon updating the consumption peak, the agent tends to put more emphasis on the
current consumption c¢ instead of the past peak. We further assume that ¢'(h)h + @(h) < 1 for all
h > hg, which implies the non-increasing property of the utility U(c, h) w.r.t h.

Remark 8. ¢(h) = 0 reduces to the case in the main part of the paper. ¢(h) = 1 reduces to a
non-habit model. A non-trivial choice of p(h) sati§fying the mentioned assumptions might be the
fractional function ¢(h) = cﬁﬁhh where constant A > 0 is a benchmark level and ¢ € [0,1] is a

scaling constant.

The optimal dual feedback form c¢*(y, h) is replaced by

Ah, 1V (1 — ap(h))elle=V=0=Nap®)sih <
1—p(h ) —(1—Nar
*(y, h) = _i l—ozlgo(h) In (1 a(p( )) + ahy— OZS( )), 1<y<1lv(l- a(p(h))e[( A)—(1=X) 90(}1)]51h7

1 (-«
_éko}@(h)l (1=aem) + b= fé(i), (1= ap(h))e 1m0 <y < 1,

h, (1 _ Oé)e_(l_a)’82h <y< (1 _ acp(h))e_(l_o‘w?h.

We need the following assumption on the upper bound of ¢(h).
Assumption 1. p(x) < a?‘%_’\/\)

This assumption is reasonable. On the one hand, we give a lower bound of the weight given to h
in the reference point, so that consumption peak is always taken into consideration by the agent. On
the other hand, under Assumption 1, for large h we always have (1—ap(h))el(@=N=(=Naw®)lfih - 1
so that every region in the expression of optimal consumption is not null, indicating that people
with higher standard of living have more complicated behavior. Finally, it is interesting that
Assumption 1 also serves as a convenient sufficient condition for verification theorem. See Remark
9.

The general solution to the dual HJB equation becomes

Cr(h)ym+Co(h)yT—2 Ahyt-L- [1 — elle N =(1=Nag]h]
, 1v(1— CE(P(h))6[(a7)‘)7(17)‘)a90(h)]51h <y,

a 1—p(h
k)4 Calh™ s (1=t et sy nl )=

1—aep(h) —ap(h
V(y, h)= +2L511 aom¥ LSy <1V (1 — ap(h))elloN=(1=Nap(h)]5ih,

( )yq1+C6( )yq2+7@2(1 ka%o(h)) 7%2 1fa190(h) ln(lfozf’(h)) v 1-ap(h)

AT Tagm ¥ (1- ap(h))e” =k <y <1,

| Cr(h)y"+Cs(h)y =2 hyt=; [1—e~ IR (1 — a)em(m0Rh <y < (1 — ap(h))eT-0Rn,

By the same approach, we obtain the expressions of C;(h),1 < i < 8 in the following two cases:
Case 1. For h such that 1 < (1 — ap(h))ell@=N=-(=Nap®)]fih

_ __k 1-aq 1 ~[(a=N)~(1=Nap(h)] (g2~ 1)1
Calh) =0, Calh) = Y2 B1 g2 — q1 (1 — ap(h))4 < | 7
kB—=Bl-—q 1 +lﬂ2—ﬂ1 a1 ap(h)
2 Bife g@—ql—ap(h) v Bife @ —ql—ap(h)
1B-Fl-q 1 In( 1 )
v BB @ —qal—ap(h) 1—aph)’

Cs(h) =Ca(h) +
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k- 1-q 1 o
Cs(h) =Ce(h) + (-0 a-1)f2h
8( ) 6( ) 2/82 @ — (1 - OéQD(h))qQ
(1—a)e ot —0 (a = \)(ga — 1)

~[1-a)(@-a1)B2+(@=N)(@2- 1)1 ] b

C h) = 7 q2—q1 e
(A g YRy y ey
ko g—1 ) (1
+(l—q)ea_~_ e~ (1ma)(1—q)B2h,
1= Y262 g2 — ql
k qz — 1 1 —(1— —
C=(h) =C-(h) — (1-a)(1-q)B2h
s(h) =0r(h) = e, e (L= () ©
k Ba—pB1q—1 1 182—-51 @ ap(h)
Cy(h) =Cs(h) — = 1
3(h) =Cs(h) 2 BB @ —ql—aplh) v Bif2 g —aql—ap(h)
1B —Pge—1 1 In 1 )
v BB @2—ql—aph) 1—aph)”’
Ca(h) =Ci(h) + —— 221 L le-N-(-Nag®)(1-a)bih

Y261 2 — q1 (1 — agp(h)) @

In this case, as ¢(h) € [0,1] and e~ (@~ =(I=NawW]fih < 1 _qp(h) < 1, the estimates of C;(h), 1 <
i < 8 is the same as Section 3 except that the order estimate of C4(h) is replaced by Cy(h) = O(1 )

Case 2. For h such that 1 > (1 — ag(h))ell@=N=-(=Nawhlfih (the second region 1 < y <
1V (1 — agp(h))elle=N=0=Nawh)Bih i5 nyll), we have:

Cy(h) =0,
L—q Ah T ol(@=X)—(1-Nagp(h IL—q 1 1 L
Co(h) = — 2 (1 — ella ap(h)]Brhy _ _ In
() @—q Q2—CI1751( ) @2 —q P21 — ap(h) (1—aw(h))
o 1., 1 )+1—Q1&h1—¢(h)_1—Q1 k 1
g2 — q1 VP2 L—aph)’  q@—-—qg v 1-ap(h) ¢@—qy?621—ap(h)’
ko 1-q 1 1—a)(qa—1)B2h
Cs(h) =Cs(h) + e(1-a) (@Dl
(k) =C(h) Y252 g2 — q1 (1 — awp(h))42
(1— )20t 1o0 (o — \)(gp — 1)

—[(1=a)(g2—q1)Bo+(@=N)(q2—1)B1 | b

C h) = 7 q2—q1 e

7(h) (1—a)(g2—q1)f2+ (o= AN)(g2 — 1)1

f—aea 2=l —aaa-apn
Y2B2 g2 — 1
k‘ q2 — 1 1 (1 7

Cs(h) =Cy (h) — o (-a)(1-q)h,

5(h) =Cr(h) v2B2 g2 — q1 (1 — ap(h))n
Cum) =Cy(hy + 27 LA @ L aen-eNepmiany , 271 11 1

©-—a v @-avbh g2 — q17P2 1 — agp(h) M w(h))
¢ 1 . 1 ) g2—1ah 1—ph)  ¢-1 k 1 .
a2 — q1 752 L—aph)” @-qa v 1l-aph) ¢@-qay?B21-aph)
Under Assumption 1, Case 2 does not happen for sufficiently large h so that the asymptotic esti-
mates are not necessary. In Case 2, we still have

Ci(h) >0, C7(h) >0,
Cs(h) > 0.

Assumption 1 is actually a sufficient condition for Cg(h) > 0.
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Remark 9. Under Assumption 1, the proof of Cs(h) > 0 in Case 2 is as follows:
We write Cg(h) as the sum of three terms given by

kEl-q 1 o )
Cs(h) = (1—a)(g2—1)B2h __ 1— B))422 1
s V?B2q2 — q1 (1 — agp(h))® le (1 —ap(h)="]

1—q h(a—A)—(1—=Nap(h) o 10 lla=N—(1-Nag(h)]Bihy)

g2 —q17Y 1 —ap(h) g2 — q1 b1
l—q 1 1 1 a1, 1

s RS ey g

@2 —q P21 —ap(h)
The first term is positive due to e(l=®(@=18h 5 1 > (1 — ap(h))21.
For the second term, it can be directly verified that

)l

flx) = — — —(1—¢€*
(@) ©2—avl-—aph) q@-—qavh )
is increasing for x > 0. Thus f((a — A) — (1 — N)ag(h)) > f(0) = 0, which implies that the second
term is positive.

For the last term, let

g(x) = —(1—q)zIn(z) + ¢1(1 — ),

then one can directly show that g(z) is decreasing for z € [1, 12-]. Hence 9(%) >g(1)=0
and the last term is non-negative.

Under all the aforementioned assumptions on ¢, we can establish the verification theorem and
apply duality to obtain the optimal strategy given in the following theorem.

Theorem D.1. For (zg, ho) € C, where C is the effective region given by (3.8), let ¢ (,-) and

primal
w* (+,-) be the feedback functions in terms of primal variable given respectively by

primal
AR, 2 <2 < Wiow(h) A Weer(h),
) = —517 H}D(h) 111(1;:%;%)) + ahli_a:%(z%), Wiow () A Wiep(h) < 2 < Wier(h),
~ 1 Toapm 21 2agmy) T himanimy Weet(h) <@ < Woeak(h),
h, Weak(h) < 2 < Wapas (h).
(Lo [fula, )] 4O ) [fa(e, )] 2T}, M <r Wi (AW ier (1),
Ot £ Cs(h)[fala, h>]“1+04<h> [f2<x,h>}q21 b sy Wiow (WA Wit () <a<Wies (h),
o | F 4G [falw W)™ HCe(h) [faw, )] ® T bt tmasys Weet(h)<a<Wieak(h),
£ 8O (B) [falz, )] 40 (B) [fal@, )] BT Woeak (B)<a<Wopas ().

where fi(xz,h), 1 <1 <4 are uniquely determined by
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x=—Ci(h)q [z, h)}ql_l — Co(h)g2 [ f1(x, h)]q2_1 + &7

1 1 hl[ fg(x,h) ]

-1 el
== CsMalfola, W™ = Caaa ol ™ = - [ 00

ok 1 Loh 1- o(h)
Y21l —ap(h) v 1—ap(h)

2 =~ Cs(h)q [f3(w, 1)) " = Co(R)gz[ fa(w, )] 2" =

ok 1 ah 1—y(h)
2B 1 —ap(h) v 1—ap(h)’

== Cr(h)ai [falw, 0)]" " = Cy(M)ga[fala, )] ™" + :

L 1 hl[ f3(x,h) ]
B2 1 —ap(h) "1 — ap(h)

and Wiow (h), Wiet(h), Wpeak (h) and Wypai(h) are given by

Wiew(h) = — C1(R)q1 [(1 _ Ow(h))6[(04—/\)—(1—/\)ae0(h)}61h] -1
- Calh)n[(1 — ap()elle -4 Nao ity 20
o )
Y811 —ap(h) "1 —ap(h)
_k 1 ah 1 —(h)
V2Bl —ap(h) v 1—ap(h)’
Woeak(h) = — Cs(h)q1 [(1 — aup(h))e~ (1= 10— Gy (h) gy [(1 — aup(h))e™ (1me)Pah] 27
+ﬁ l—a & 1 ah 1—¢(h)
y1—ap(h) ~*Pal—ap(h) v 1—ap(h)’

Wref(h) = - C3(h)(h - C4<h)q2 -

_ _ h
Wupdt(h) =—C7(h)q [(1 _ a)e—(l—a)ﬁzh]tn 1 Cs(h)ge [(1 . a)e—(l—a)ﬁzh] q2—1 n ;
Then SDE
{ dXXt = rXpdt + 75 (X HE) (0 — 1)t + 705 o0 (X, HY )odWe — e 4o (X, Hy)d, (D.1)
0= 20

primal

with H} = hy V sup c* (Xs, HY) and H§ = hg, has a unique strong solution {X;, t > 0}. The
s<t

optimal consumption and investment policy is

{ (Gt (X5 ), T (X7 7)), 2 0.
Remark 10. It is interesting to notice that the depression region can possibly vanish under the
current model. As has been mentioned, Assumption 1 ensures that this will not happen for large
h. Specific characterizations of scenarios depends crucially on the form of ¢. There are similar
phenomena in Li et al. (2022), though due to completely different reasons.

Remark 11. The proofs of main results in this generalization are similar and thus omitted. The
difference in proofs mainly lies in the proof of Lemma 4.2 and Lemma 4.6. In the proof of Lemma
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4.2 for this generalization, we need to apply a similar decomposition as in Remark 9 to show

that +Cs(h)y2~t + ,YEQ qu qqllﬁw(h) > 0 for (1 — ap(h))e -0 <y < 1 in case 1 > (1 —

oap(h))e[(a A)=(1=Nep(h)lfih While in the proof of Lemma 4.6, we need to apply the boundedness
a—A

of p(h) and ¢'(h) (0 < ¢'(h) < l_i(h) < "h(;‘”) to show that C/(h),1 <14 < 8 are bounded.

E Results for r # v

For r # v, equation (3.9) should be replaced by
(r — p)?
202
e~y )2 _ \/,72
and ¢;,7 = 1, 2 should be defined instead by ¢ = G i VA i K +4k7, q2 = Btr—yt (’;]jr W kY

2k
It still holds that g1 <0 <1 < go.
The general solution to (E.1) is

—yV(y,h) + (v — )yVy(y, h) + y*Vyy(y,h) = =U(y, h), (E.1)

C1(R)y® + Cy(h)y® — 1/\hy + % [1 _ e(a—A)ﬁlh] ela=Npih < o
Py ] GOy I ity sty 1 < y < o,
Cs (h)y®+Cs (I )yq'“rfyln( Mg y—at w%, e (Imalh <y < 1,
C7(R)y1+Cs(h)yt2— hy+7,82 [1—e (1—a)/32h}’ (1—a)e~(F)B2h < < o=(1—a)B2h,
We can obtain Cj(h),1 < i < 8 in the same way as in Section 3.
1 q 1 y—2r+k —(a=M\)(g2—1)B1h
Cy(h) =0, Cyh)= ——7 | = — -+ —F5— (@ —1)|e @V )Bih
o(h) R P i e
P2 — B @ 1 y—=2r+k
Ce(h) =Cy(h) + ———— | = = - = (q1 — 1),
6(k) =Ca(h) (Q2—Q1)ﬁ152[ Yoo r? (@ )}

1 q1 1 ’Y 2T+k (1—a)(g2—1)B2h
Cs(hy=Cg(h)+ ——-+| - =+ - — — (g1 — 1 a)lq2 2
s(h) =Co(h) (g2 — q1)p2 [ yoor r? @ )]

S B Gl Gkt EE @ - D@ M@ D (1w e Ne-na]h

e —a (1= a)(g2 —q1)B2 + (@ — Mgz — DB

_@ 1 y=2rtke
R T @D @-1 o ao-amm
(1—-q1)p2 @ —q
1 @ 1 y=2r+k —(1-a)(1—q1)Ba2h

Cs(h) =Cy(h) + ——— | -2 2 T2 R e a@)Bah

5(h) =Cr(h) (2 — q1)B2 [ Yoo r? (e )]

Cs(h) =C5(h) + P2 — B [ @ 1 y-2r+k

(@2 —q)BB2l v 7
1 @ 1 ~y—2r+k (1 N
C1(h) =Cs(h +7{777+7 -1 }em )1-q1)Bih
(h) (h) (@—q)bly r r? ( )
v—2§+k+l 7—272“+k+l
It can verified that ¢1 < W < @q9. In fact, an equivalent condition is k:(%)2 —
T2 Ty ez Ty
y—2r+k
(k+r— V)W;TJF v < 0, which is equivalent(by direct computation) to the trivial inequality
r2
2 K . y— 2r+k+7
_—'yr2(7’fT+k+%)2 < 0. Then we obtain from ¢; < % < g2 that
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q 1 —2r+k
-= *—772(Q1—1)>0,
v oo r
1 —2r+k
—@+*—772(Q2—1)<0.
v oo r

The difference of C;(h),1 < i < 8 between r = v and r # + is that certain positive coefficients
k g2—1

P — in case r = ~ are replaced by other positive coefficients such as —— |2 — 1 4

a2—aq |7
%ﬁk((p — 1)] in case r # 7. As a result, the estimates of C;(h),1 < i < 8 is completely the same
as in Section 3 and the main results are similar. The optimal strategy is as follows.

such as

Theorem E.1. For (zg, hg) € C, where C is the effective region given by (3.8), let cpnmal( -) and
Tr;rlmal( -) be the feedback functions in terms of primal variable given respectively by
A, 2 < < Wigw (),
. — 2 In [fo(z, h)] + ah, Wiow(h) < 2 < Wiet(h),
pmmal('r h) = _i
% In [fg,( ,h)] + ah, Wiet(h) <z < Wpeak(h),
h, Wpeak(h) <z < Wupdt(h))
1 (=1)C1(h) [fa(, )] +aa(q2-1) Ca(h) [fi (. )] =7
) /\h < x < Wlow(h>7
0@ 1)Cs() [fo(r, 1)) ™ 1) Ca (1) [Folar 1)] R
nH=r 5 I/Vlow(h)<:L‘<I/Vref( )
prlmal(l‘ h) 2 q1— q2—1 1
o ) qu(q—1)Cs(h) [ fa(x, )] " +aa(a2-1) Co(h) [fs(w, b)) 2 45

) Wref(h) <z S Wpeak(h)7

1(qi-1)Cr(h) [fa(z, 1)) " a2 (ae-1)Cs(h) [ fa(w, h) ] =7
) Wpeak(h) <z < Wupdt(h)a

where fi(xz,h), 1 <1 <4 are uniquely determined by

z=—Ci(h)q[f1(x, h)}ql_l — Cay(h)ga [ f1(x, h)]q2_1 + ¥,

o=~ Caltar [fole, ] = Calbanfaer ] = - Il ot ] - 1 4 28,

o=~ Ca(ar [fale, ] = Colyanaler ] = - Inlfate ] = 10 4 28,
h

== Cr(W)ar [falw, )] = Ca(h)aa [falw, )] + r’

and Wigw (h), Wiet(h), Wpeak (h) and Wypai(h) are given by

Wiow(h) = — Cy(h)qre (@ NUImaBih — ¢y (h)gyel@= (@A %

_ B _a-rtk ah
Wref(h) = 03(h)q1 C4(h)Q2 T261 + r’
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y—r+k h

Woeak (h) = — Cs(h)qrell =0 =a)fh _ c(p)gge~(1me)@2=D)B2h _ —— t -,
r2 1 T
Wapat (h) = — C(h)q1 (1 — a)ql—le(l—a)(l—ql)ﬁzh — Cs(h)ga(1 — a)qz—le—(l—a)(qz—l)ﬁzh + z
Then SDE
prlmal(Xt’ H)(pn—r)dt + ﬂ-prlmal(Xt’ H})odW,; — C;rimal(Xt7 H})dt,

dXt = ’I"Xtdt + 7
Xo = xg

with H = ho V supc X, HY) and Hi = ho, has a unique strong solution {X[, t > 0}. The

prlmal(

optimal consumptzon and investment policy is

{( pnmal(Xt 7Ht) prlmal(Xt*7 H:)), t=> O}

Here we just give the proof of Lemma 4.2 with r # ~. The proofs of other results with r £ ~
are very similar to those with r = ~.

Proof of Lemma 4.2 with r # ~. If (@ VB1h <y then

Viy(y, 1) = Cr(h)qi(ar — 1)y 2 + Ca(h)az(g2 — )y® 2.
As C1(h) > 0 and Cy(h) = 0, we have V,(y,h) > 0 for (> VA < g
If 1 <y < el@NBh then

YWy (v, h) = Ca(h)ar (g1 — Dy ™" + Ca(h)gz(g2 — 1)y™ " + B

Let T/)(y) = y‘?yy(ya h)a then
V' (y) = Cs(h)q1(q1 — 1)y 72 + Cu(h)ga(ge — 1)y =2

Noting that Cy(h) < 0, ¢(y) is elther increasing, decreasing or first increasing then decreasing, we
only need to show (1) > 0 and 9 (e(*~NP1h) > 0. Precisely, using C7(h) > 0 and the fact that

1 —1 1 -2 k —1 1 ~v-2 k
e Ure 1 az2ik p)pele i a 1 a-2ak, ),
r Q2 —q L7 r r q2 —q1 Y r
we have
1
P(1) =C3(h)q1(q1 — 1) + Cua(h)ga(q2 — 1) + B
algp—1) 12 1 ~v—2r+k —(1—a)(1—q1)B2h
= -1)C;(h)+ —— |-+ ———(2—1)| |1 —¢ a)P2
ala = 1) + S [ 2 - s e - 1) | }

pele=r o 1 y=2rsk, 1)} {1 _ 6—(a—x>(q2—1w1h}

(2—q)Bl v 72

>0

and
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D@ —Cy () ay (g1 — 1)e@=DONBA L 0 (1) g (o — 1)e@- D@8 | L

T3
=q1(q1 — 1)Cr(h)eln—N(@=N)Bih
alp -1V e 1 y-2r+k o (—a)(—g)Bah] (@1 (a—N)Bih
(Q2 - Ch)ﬂQ [fy r + ) (g2 1)} [1 e ] .
ala = e 1 y=2rdk [ O
e -a)k [»y St (@ 1)} [1 e ]

>0.

Thus f/yy(y, h)>0forl<y< ela=X)B1h
If e~(1-B2h < 4 < 1, then

yVyy(y, ) =C5(h)qi(qr — 1)y" ' + Cs(h)ga(gz — )y " + ?"162
_ - 1 @ 1 ~v=-2r+k
=y {0+ g 5 - e e
y— aq 1 ~v—-2r+k

For any fixed h > 0, if C5(h) > 0, then Cs(h)y®~—! + —1 [qﬁ — 1+ #(qg - 1)} > 0; If

(@2—q1)B2 | v
Cs(h) < 0, then Cs(h)y®—! + (quql)ﬁQ [%2 — L1y #(QQ — 1)] is increasing in y and
— 1 q2 1 Y — 2r+k
Ce(By@—typ = |22 -4 1 = Ve
s+ s [P e )

L 1 o 1 -2tk
>O-(h)el—0=q)peh o~ 42 - T2 TR
2Cs(h)e * (@2 —q1)P2 {V P 72 (@ )}
:07(h)€(1—a)(1—q1)ﬂ2h
>0.

Similarly, we have
_ 1 q 1 ~v=-2r+k
oyt 4 —— [ B = T=TT 8l >o.
sy 4 = T @) >

It follows that V,(y, h) > 0 for e~ (1m0)fh <y < 1.
Finally, If (1 — a)e”(1m®)82h <y < e=(1=a)B2h then

Vi (4, h) = Co(R)qr (g1 — D)y® % + Cs(h)ga(ga — 1)y®=2.

As C7(h) > 0 and Cg(h) > 0, we have V,,(y,h) > 0 for (1 — a)e~(1=0Fh <y < e=(1=a)B2h  Thys,
the proof is complete. O
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