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A theoretical–algorithmic framework for the construction of balance stability boundaries
of biped robots with multiple contacts with the environment is proposed and implemented
on a robotic platform. Comprehensive and univocal definitions of the states of balance of
a generic legged system are introduced with respect to the system’s contact configura-
tion. Theoretical models of joint-space and center of mass (COM)-space dynamics under
multiple contacts, distribution of contact wrenches, and robotic system parameters are
established for their integration into a nonlinear programing (NLP) problem. In the pro-
posed approach, the balance stability capabilities of a biped robot are quantified by a
partition of the state space of COM position and velocity. The boundary of such a parti-
tion provides a threshold between balanced and falling states of the biped robot with
respect to a specified contact configuration. For a COM state to be outside of the stability
boundary represents the sufficient condition for falling, from which a change in the sys-
tem’s contact is inevitable. Through the calculated stability boundaries, the effects of dif-
ferent contact configurations (single support (SS) and double support (DS) with different
step lengths) on the robot’s balance stability capabilities can be quantitatively evaluated.
In addition, the balance characteristics of the experimental walking trajectories of the
robot at various speeds are analyzed in relation to their respective stability boundaries.
The proposed framework provides a contact-dependent balance stability criterion for a
given system, which can be used to improve the design and control of walking robots.
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1 Introduction

When biped robots act in constrained environments, physical
interactions are instrumental. The modulation of contact interac-
tions (stepping, grasping for support, etc.) is a vital strategy for
robots that are required to navigate and manipulate in the operat-
ing environment. Current research is focused on the modeling and
control of available contact forces to the advantage of the robot’s
performance [1]. On one hand, the redundancy among motion,
actuator control inputs, and contacts’ distribution in time and
space existing in the dynamic model of a constrained biped sys-
tem could be exploited in order to plan energy-efficient motion
and control through contacts [2,3]. On the other hand, the sys-
tems’ underactuated behavior that can arise in different contact
scenarios plays a critical role in the ability of bipeds to maintain
balance [4].

Given the complexity and redundancy of contact interactions,
determining whether a biped robot is balanced or falling is not a
trivial task. Common ground reference point criteria for dynamic
balance of a biped system, such as zero-moment point (ZMP) and
its extensions [5,6], are neither necessary nor sufficient conditions
for balance [7,8], since they do not take into account all the rele-
vant physical components (torque and joint limits, effects of large
perturbations, complete contact constraints, etc.) and cannot be
easily extended to more general systems and tasks. More general
approaches have been attempted by employing the concepts of
viability theory [9,10]. In the existing definitions, a biped system’s
current state is viable (balanced), if and only if it lies within the
system’s viability kernel, defined as the set of all initial states
from which there exists at least one evolution that never results in
a nonviable or failed (falling) state [11]. For typical biped systems
of interest, the evaluation of the viability kernel is

computationally intractable due to the high dimensionality, nonli-
nearity, and redundancy of the systems’ dynamics and multicon-
tact interactions [11,12].

A tractable approach is to evaluate the capturability of a biped
robot’s state, which relates to the ability of a system to avoid ever
reaching a failed state through consecutive contacts. Specifically,
the N-step capturability was introduced [12] as the ability of a
biped system to come to a stop after taking at most N steps. Cap-
turability analyses of biped motion address the difficulty of high
dimensionality by relying on reduced-order models and the sys-
tem’s centroidal dynamics. The linear inverted pendulum model
(LIPM) has been studied extensively to obtain analytic solutions
for capturability [13]. The necessary conditions on initial center
of mass (COM) positions and velocities for balance have been
derived for the LIPM in planar motion with point feet [14]. For
the LIPM with extended feet, a capture point exists such that
applying a contact force at the point can bring the system to a stat-
ically stable configuration [15]. The capture point is extended to
the three-dimensional LIPM for step recovery as the divergent
component of motion [16]. Additionally, viable capture basins
have been derived using sums-of-squares optimization for centroi-
dal momentum based planar walking models, which explore the
effects of COM height, angular momentum, and impact dynamics
on capturability [17].

The aforementioned capturability analyses and the associated
models are applicable to discrete stepping on level ground, but are
of limited use for general multicontact whole-body balancing. The
presence of multiple noncoplanar contacts in the general case
introduces additional difficulties in enforcing proper no-slip and
no-separation (i.e., unilaterality and no-roll) constraints for each
contact surface at all times. For instance, a study that addressed
multicontact balancing using capturability models for level walk-
ing [18] has evolved to an online model predictive control algo-
rithm subject to static balance constraints and linearized
centroidal dynamics [19]. In particular, its method for balance
preservation consists in calculating joint control at any given state
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such that the COM velocity, acceleration, and angular momentum
can be driven to zero within the model preview while satisfying
contact constraints. The use of centroidal dynamics in multicon-
tact configurations has been successful in the application of model
predictive control to humanoid robots [20,21] and for the whole-
body motion planning and control of robots in a wide range of
tasks, such as climbing and quadruped locomotion [22]. A recent
study [23] uses a motion planning approach that includes the con-
tact constraints in a compact form, expressed as a dynamic bal-
ance matrix, to obtain a feasible condition on the total COM
wrench, from which actuator forces can be solved. Similarly,
another study [24] has shown that contact constraints over uneven
terrain could be maintained as long as, for a given trajectory, the
system’s three-dimensional COM acceleration lies within the
bounds of a conical volume.

These recent studies highlight the crucial role of contacts and
COM dynamics in addressing methods for balance preservation
during motion generation. On the other hand, while these
approaches for multicontact balance stability provide methods for
the online generation of feasible trajectories and control for a
desired task, they do not indicate whether a system is balanced or
falling at any given instant in time. In this regard, their conditions
for balance stability in multicontact situations are subject to simi-
lar limitations intrinsic to the ground reference point criteria (e.g.,
ZMP) used in level walking. Establishing a univocal criterion to
discriminate between a balanced and a falling state, irrespective
of past and future (previewed) trajectories, remains a challenge,
partially due to the lack of general and comprehensive mathemati-
cal definitions related to the states of balance of constrained leg-
ged systems. Such a general balance stability criterion would lead
to the evaluation of a threshold in the state space between bal-
anced and falling that is trajectory- and control-independent.

This study investigates the balance stability capabilities of a
biped robot subject to various contact interactions with the envi-
ronment. A theoretical balance stability framework recently intro-
duced by the authors [25] is extended to the case of multicontact
configurations and demonstrated on a biped robot platform. Given
(a) the biped robot model, (b) its COM state at a given time
instant, and (c) a specified (multi-)contact configuration, the pro-
posed approach identifies a contact-specific partition of the COM
state space (position and velocity) as an indicator of whether the
current state is balanced or falling. An iterative optimization-
based algorithm is established to identify a partition of the COM
state space that includes all possible balanced states of the given
system in the specified contact configuration. This partition is
defined by its boundary, called the balance stability boundary,
which is calculated from the solutions of a sequence of nonlinear
programing (NLP) problems.

The following contributions are made in order to implement the
proposed general balance stability criterion in multicontact configu-
rations: (1) rigorous and univocal definitions of balanced and falling
states of legged systems; (2) general constrained dynamic models
for biped robots in single- and multicontact configurations, in which
the indeterminacy between the system’s motion, control, and contact
reactions is resolved; (3) a numerically efficient and kinematically
consistent method for evaluating the complete COM workspace for
robots in multicontact configurations; and (4) an algorithm for the
construction of contact-specific balance stability boundaries. The
balance stability boundary results are presented for a biped robot in
various contact configurations, along with several experimental
walking trajectories measured at different walking speeds.

2 Definitions and Problem Statement

The proposed method identifies a partition of a robot’s COM
state space as an indicator of whether the current state is balanced
or falling. In this regard, it is essential to establish clear and univo-
cal definitions of balanced and falling states within the context of
legged systems, based on which, the general optimization-based
framework to construct the balance stability boundary is introduced.

2.1 Contact-Dependent States of Balance. The stability
analysis of legged systems during generic tasks has been
addressed in several studies with respect to the conditions of bal-
ance versus fall. The evaluation of these conditions is commonly
carried out in state space, where several notions of balanced (e.g.,
viable, captured) and falling (e.g., nonviable, failed) states have
been introduced [9,12,25–28], each in its own context and per-
spective of quantification. Therefore, the existing notions are often
nonunivocal. In general, the concepts of balance and falling
should be complementary. In other words, a system that maintains
balance avoids falling, while a system that is falling has lost its
balance. Based on the authors’ previous preliminary notions [25]
and other existing problem-specific concepts [8], in this study,
comprehensive and univocal definitions of the states of balance of
biped robots are introduced with respect to contact configurations
with the environment (Fig. 1).

Definition: Falling or Unbalanced. If all (controlled) trajectories
starting from a given state of a biped robot lead to an inevitable
change in the robot’s contacts, the state is defined as falling or
unbalanced with respect to the specified contact configuration.

Definition: Balanced. If there exists a (controlled) trajectory
starting from a given state of a biped robot such that the robot can
come to a complete stop without ever altering its contacts, the
state is defined as balanced with respect to the specified contact
configuration.

It can be noted that the above definitions are formulated in a
complementary manner, and are valid for any general legged sys-
tem with multiple contacts with the environment. From a balanced
state, the biped robot can reach a static equilibrium while preserv-
ing its contacts as enabled by its balanced initial conditions and
available actuation. On the other hand, the falling or unbalanced
state represents a set of initial conditions for which there does not
exist a control input that can preserve the biped robot’s contact
configuration (Fig. 1). In the unbalanced case, the inevitable
change of contacts could manifest either as the impending appear-
ance of additional contacts (e.g., step recovery, reaching for sup-
port, etc.) or as the unavoidable detachment of one or more
contact points from the original contact configuration (e.g., lifting
of the foot or slipping).

The inevitable change of contacts resulting from an unbalanced
(falling) state can be (i) intentional (i.e., losing balance is part of
the planned task of the biped) or (ii) unintentional (i.e., losing bal-
ance is not part of the original plan for the biped’s task). Case (i)
can be observed, for example, during the late stance phase of nor-
mal human walking, in which the human body is intentionally
falling onto the next step [29] to achieve efficient dynamic walk-
ing [30]. Case (ii) is closest to the intuitive notion of an accidental
fall. For instance, this case of unintended change in contacts can
be observed whenever a biped system standing on two feet unex-
pectedly reaches for support by leaning on a wall, as a result of
receiving a large unanticipated disturbance.

2.2 Contact-Specific Balance Stability Boundary. The

robot’s COM state �r; _�r
� �

2 R6 is used to discriminate between

balanced and unbalanced (or falling) states, where �r ¼

�x �y �z
� �T

and _�r ¼ _�x _�y _�z
� �T

are the system’s COM Cartesian

position and velocity vectors, respectively. Based on an earlier
fundamental study [25], a method is proposed to identify a parti-
tion of the COM state space that includes all possible balanced
states of a given biped robot with multiple contacts. The boundary
of such a partition, called the balance stability boundary S, is con-
structed from an optimization-based algorithm as the set of COM
velocity extrema components (along any given direction) calcu-
lated at every COM position, that allow the robot to reach a final
static equilibrium while preserving its contacts and satisfying all
necessary physical constraints and system requirements. In other
words, S represents a threshold between balanced and unbalanced
COM initial conditions and quantifies, at any given COM position
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�r, the maximum allowable velocity perturbation along a given
direction û such that the robot can come to a static equilibrium,
while avoiding falling. This threshold represents the contact-
specific balance stability boundary S of a given biped robot, irre-
spective of a specific trajectory, task, or motion controller.

For a biped robot, if the components of the velocity perturba-
tions at the COM are within a certain threshold such that balance
can be maintained (e.g., the system can come to a stop) on a single
foot (Fig. 1; top-left), then the robot is said to be balanced with
respect to the single support (SS) contact configuration. Con-
versely, if the components of velocity perturbations at the COM
surpass a certain threshold, then the robot will not be able to stop
unless the SS contact is altered, for example, by placing the non-
stance foot on the ground (i.e., stepping) or a hand on the wall
(Fig. 1; top-right). In this case, the initial COM state is said to be
a falling (or unbalanced) state with respect to the specified SS
contact configuration, and will end up in a change of contacts
from SS. When evaluated for SS, the stability boundary identifies
the region of all possible 0-step capturable states [12,31] for the
robot. The analysis can be extended and generalized to any other
specified contact configuration, including multiple contacts, such
as double support (DS) with both feet in contact with the ground
(Fig. 1).

3 Models

The formulation and analysis of the proposed balance stability
criterion are based on the complete dynamic model of the system
under consideration and its mechanical interaction with the envi-
ronment. A general model for constrained robotic systems with
multiple contacts with the environment is established based on
joint- and COM-space dynamics, including the distribution of
contact forces and moments. The model includes kinematic con-
straints, which are used to construct the COM workspace, and
system-specific joint actuation bounds.

3.1 Joint-Space Dynamics of Biped Robots With Multiple
Contacts. Under rigid-body assumptions, the joint-space dynam-
ics of a generic n-degree-of-freedom (DOF) biped robot under
contact constraints can be formulated as follows:

ATs ¼ M qð Þ€q þ h q; _qð Þ þ c q; �ð Þ (1)

where q ¼ qTr qTb
� �T

2 Rnþ6 is the generalized coordinates

vector (dots indicate time derivatives) that includes the vector of
joint angle variables qr 2 R

n and the position and orientation

qb 2 R
6 of frame {b} attached to the system’s underactuated

floating base expressed with respect to the global (inertial)
frame {X, Y, Z} (Fig. 2). The mass-inertia matrix is M qð Þ

2 R nþ6ð Þ� nþ6ð Þ
, while h q; _qð Þ 2 Rnþ6 is the vector that includes

Coriolis–centrifugal forces and generalized gravitational torques,
A¼ [Inxn 0nx6] is the actuated joint selection matrix, and s 2 Rn is
the vector of joint actuator torques.

The term c q; �ð Þ represents the generalized torques associated
with the contact interactions between the system and the environ-
ment. In general, this term describes the contact wrenches cS, due
to the specified support contacts, and cF, due to falling if a change
in the specified contacts becomes inevitable:

c q; �ð Þ ¼ cS q; �ð Þ þ cF q; �ð Þ (2)

When N specified support contacts are active, the effect of all con-
tact wrenches on the robot is formulated as:

cS q; �ð Þ ¼ �
X

N

p¼1

U
T
p qð Þ

Fp

Mp

� �

(3)

where the index p¼ 1, …, N identifies the specified contacts and

Up qð Þ 2 R
6� nþ6ð Þ

is the Jacobian matrix mapping each contact

Fig. 1 The distinction between the states of balance of a biped robot is relative to a specified contact configura-
tion. While the SS and DS contact configurations are shown as examples, the proposed definitions of balanced
and unbalanced (or falling) states apply to any multi-contact configuration between a generic legged system and
the environment.
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wrench into generalized torques. The contact wrenches include
resultant reaction forces Fp and moments Mp exerted on the robot
by the environment due to the pressure distribution at the contact
interface. These reactions are expressed with respect to the global
reference frame:

Fp ¼
Fp;x

Fp;y

Fp;z

2

4

3

5;Mp ¼
Mp;x

Mp;y

Mp;z

2

4

3

5 (4)

Assuming planar contacts between the robot’s parts and the con-
tact surfaces under no-slip and no-tip-over conditions, the result-
ant reactions Fp and Mp can be applied at a selected point rp(q) of
the system that is in contact with the pth contact surface CSp.

A fixed local reference frame {p} is associated with each con-
tact surface, with its origin Pp belonging to the contact surface

and its axes oriented according to the unit vectors t̂p, n̂p, and ŝp
(Fig. 2). The vectors Pp and Hp define the specified position and

orientation of {p} relative to the global frame {X, Y, Z}, where the

elements of Hp are the Euler angles of t̂p, n̂p, and ŝp with respect

to the global frame. In order to maintain the specified contact con-
figuration (and thus all kinematic contact constraints are active),
the biped robot must be subject to:

C1: up qð Þ ¼
rp qð Þ
hp qð Þ

� �

¼
Pp

Hp

� �

for all p ¼ 1; …;N (5)

where up qð Þ describes the position and orientation of the rigid

link in contact with the environment as a function of the general-
ized coordinates. The vector rp(q)¼ [rp,x rp,y rp,z]

T is the global
position of a point on the link and hp qð Þ is the link’s global orien-
tation. As a result, each matrix Up ¼ @up=@q corresponds to the

Jacobian of the six linearly independent constraints associated
with the planar contact p.

Due to the unilateral nature of contacts and the presence of
Coulomb friction, the reaction force Fp is subject to the following
physical constraints:

C2: Fp•n̂p � 0 (6)

C3: jjFp � Fp•n̂p

� �

n̂pjj � lp Fp•n̂p

� �

(7)

where lp is the coefficient of static friction at the contact surface
p¼ 1, …, N.

For each planar contact where Fp•n̂p > 0, the center of pressure
(COP) position with respect to the local reference frame {p} is:

C4:
Mp•ŝp
Fp•n̂p

0 �
Mp •̂tp
Fp•n̂p

" #T

2 CSp (8)

which must be contained within its corresponding finite contact
surface CSp (usually approximated as a convex polygon). For a

rectangular contact surface defined by dp;̂t and dp;ŝ as the lower

(LB) and upper (UB) bounds along t̂p and ŝp, respectively, relative
to frame {p}, the above constraint becomes:

dLB
p;̂t
�

Mp•ŝp
Fp•n̂p

� dUB
p;t̂

and dLBp;ŝ � �
Mp•t̂p
Fp•n̂p

� dUBp;ŝ (9)

In this method, the COP position constraint is imposed locally,
i.e., within each corresponding contact surface, as opposed to the
commonly used constraint that limits the resultant global COP (or
an equivalent ZMP) position within the overall base of support
(BOS), which is the convex hull formed by all contacting areas in
a plane [15,16]. This approach allows handling of the general case
of noncoplanar contact surfaces (for which a global COP or ZMP
position cannot always be defined) and ensures that all the condi-
tions for physically consistent COP are satisfied at each contact.

In order to prevent rotational slip, i.e., relative rotation of the
contacting surfaces about n̂p, the torsional friction constraint
should be imposed at each contact:

C5: jMp•n̂pj � Mp•n̂p

� �UB
(10)

The normal component Mp•n̂p of the reaction moment is the inte-
gral of incremental moments about n̂p due to the infinitesimal tan-
gential forces acting on the corresponding surface elements and
subject to friction cone constraint. Therefore, the upper bound of
the normal component Mp•n̂p

� �UB
of the reaction moment before

rotational slip occurs should be identified, in general terms, as a
function of the friction coefficient, the dimensions of the contact
surface, and the distribution of the infinitesimal normal and tan-
gential forces.

3.2 Distribution of Biped Contact Wrenches Using Nor-
malized Nonlinear Programing Variables. In addition to joint-
space dynamics, a biped robotic system is subject to COM-space
dynamics, which, under N contact interactions, is:

X

N

p¼1

Fp ¼ m €�r � g
� �

(11)

X

N

p¼1

Mp þ
X

N

p¼1

rp � �rð Þ � Fp ¼
_�H (12)

where g¼ [0, �g, 0]T is the gravitational acceleration, m is the

system’s total mass, €�r ¼ €�x €�y €�z
� �T

is the system’s COM accelera-

tion vector, and _�H is the rate of change of angular momentum
about the COM. The COM kinematic variables are expressed with
respect to the global frame and are functions of joint kinematics.

Each planar contact introduces six unknowns (reaction forces
and moments) into the robot’s dynamic model. If a given robot’s
motion at a time instant has a single contact (N¼ 1), as in SS con-
figuration, the resultant contact force and moment can be uniquely
determined using, for instance, the above COM dynamics. In case
of multiple contact supports (N> 1), the calculation of contact
wrenches under rigid-body assumption constitutes a mechanically

Fig. 2 A robotic system in multicontact configuration with the
environment. Frame {X, Y, Z} represents the global coordinate
system, frame {b} the floating base reference frame, frame {p}
(p5 1, 2, 3 in this figure) the contact reference frames, and CSp
the convex polygon approximating the pth contact surface.

021009-4 / Vol. 10, APRIL 2018 Transactions of the ASME

D
o
w

n
lo

a
d
e
d
 fro

m
 h

ttp
://a

s
m

e
d
ig

ita
lc

o
lle

c
tio

n
.a

s
m

e
.o

rg
/m

e
c
h
a
n
is

m
s
ro

b
o
tic

s
/a

rtic
le

-p
d
f/1

0
/2

/0
2
1
0
0
9
/6

4
0
4
0
0
5
/jm

r_
0
1
0
_
0
2
_
0
2
1
0
0
9
.p

d
f b

y
 g

u
e
s
t o

n
 0

9
 A

u
g
u

s
t 2

0
2
2



indeterminate problem in the COM space (where the system is
underdetermined with more unknowns than equations), in the joint
space (where the co-dependence between actuator torques and
contact wrenches for a given motion may cause kinetic redun-
dancy), and even in their combined spaces. As a result, in general
multicontact configurations, the distribution of contact wrenches
cannot be solved uniquely.

In order to resolve this mechanical indeterminacy, a general
approach consists in formulating a nonlinear optimization prob-
lem, in which contact wrenches [2,32,33] (or their normalized
form [34]), joint kinematics, and actuator torques required for a
given task are solved for as the optimal variables. While these
approaches are general and comprehensive for solving the
contact-related redundancies, the calculations are often affected
by numerical difficulties due to the nonlinearity and nonconvexity
of the problem, broad scales in the NLP variables, and high sensi-
tivity with respect to the initial solution of the NLP. Here, an effi-
cient method for resolving the mechanical indeterminacy of
contact wrenches is proposed for a two-dimensional (2D) biped
robot model in its typical contact configurations in the sagittal
plane (X, Y): SS with one foot in full contact with the ground and
DS with both feet in full contact with the ground. While the
method is illustrated below for the case of coplanar contacts (Fig.
3), it can be generalized to noncoplanar contacts as well. In two
dimensions, each contact introduces three unknown reactions,
while the COM-space dynamics provides a system of three
equations.

For a given motion of the robot in the SS contact configuration
(N¼ 1), the reactions at the stance foot are directly calculated
from the above COM dynamics, as follows:

F1;x ¼ m€�x

F1;y ¼ m €�y þ g
� �

M1;z þ r1;x � �xð ÞF1;y � r1;y � �yð ÞF1;x ¼
_�H z

(13)

while the reactions at the swing foot are null.
When the robot with a given motion is in DS (N¼ 2), the distri-

bution of contact wrenches between the two feet is indeterminate
with six unknowns (Fp,x, Fp,y, Mp,z, for p¼ 1, 2). This indetermi-
nacy is solved in this method through the introduction of three
normalized (2 0; 1½ �) time-dependent variables a tð Þ, b tð Þ, and c tð Þ
whose values at each time step are included in the vector of NLP
variables and are determined through optimization.

In DS, the COM equations for translation yield:

F1;y þ F2;y ¼ m €�y þ g
� �

(14)

F1;x þ F2;x ¼ m€�x (15)

The time-varying variable 0 � a tð Þ � 1, along with Eq. (14),
describes the normal contact forces distribution between both feet
at any given time instant, as follows:

F1;y ¼ am €�y þ g
� �

; F2;y ¼ 1� að Þm €�y þ g
� �

(16)

With this distribution, constraints C2 (for p¼ 1, 2) can be rewrit-
ten more compactly as one constraint equation:

€�y þ g � 0 (17)

For the distribution of tangential reaction forces in the X direction,
subject to Eq. (15), the time-varying variable 0 � b tð Þ � 1 is used
to model the friction force acting at every time instant at one of
the contact points, point 1 for instance, within its allowable range
6l1F1;y:

F1;x ¼ 2b� 1ð Þl1F1;y; F2;x ¼ m€�x � F1;x (18)

Since the range of b implicitly restricts F1,x within its friction
cone, the constraints C3 (for p¼ 1, 2) are reduced to the following
static friction constraint for F2,x:

�l2F2;y � F2;x � l2F2;y (19)

The COM equation for rotational dynamics about the Z direction
is used to model the distribution of tangential reaction moments:

M1;z þM2;z þ r1;x � �xð ÞF1;y � r1;y � �yð ÞF1;x

þ r2;x � �xð ÞF2;y � r2;y � �yð ÞF2;x ¼
_�H z (20)

where (r1,x, r1,y) and (r2,x, r2,y) are the global position coordinates
of the link contact points r1¼P1 and r2¼P2 that are contained in
the corresponding contact surfaces CS1 and CS2, respectively.
According to the above forces distribution, this can be rewritten
as a function of COM kinematics, contact positions, and the varia-
bles a and b, as follows:

M1;z þM2;z þ m €�y þ g
� �

��x þ r1;xaþ r2;x 1� að Þ þ 2b� 1ð Þl1a r2;y � r1;yð Þ
h i

þ m€�x �y � r2;yð Þ ¼ _�H z (21)

In the two-dimensional system, the COP constraint C4 in the tan-

gential direction Z for contact point 1 is dLB
1;̂t
� M1;z=F1;y � dUB

1;t̂

(Fig. 3). Based on this, the ground reaction moment M1,z acting
about P1 at every time instant can be reformulated by means of
the time-varying variable 0 � c tð Þ � 1, as follows:

Fig. 3 The contact surfaces and wrenches in two-dimensional SS and DS contact configurations for a biped robot
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M1;z ¼ c dUB
1;̂t
� dLB

1;̂t

� 	

þ dLB
1;̂t

h i

F1;y (22)

where c ¼ 0 and c ¼ 1 represent the cases of minimum (dLB
1;̂t
) and

maximum (dUB
1;t̂

) admissible COP position, respectively, within the

contact surface CS1 and for F1,y> 0 (for F1,y¼ 0, the COP is not
defined). Then, the tangential ground reaction moment acting on
CS2 about P2 is uniquely determined from Eq. (21). Since the
range of c implicitly bounds the COP of contact 1 within its con-
tact surface CS1, the COP constraints C4 (for p¼ 1, 2) are reduced
to the following inequality forM2,z:

dLB
2;t̂
F2;y � M2;z � dUB

2;̂t
F2;y (23)

The contact wrenches that are distributed in this COM-dynamics-
based approach are incorporated into the above joint-space
dynamics and the associated models and constraints. The pro-
posed strategy for contact wrenches distribution during DS
reduces the number of the contact-related time-varying unknowns
from six to three in a two-dimensional system. As a result, the
reduced number of the NLP variables, their normalized form, and
the reduced number of constraint equations can improve the
numerical performance of the associated NLP problem.

3.3 Biped Robot System Models and Constraints. A biped
robot DARwIn-OP [35] during SS and DS contact configurations
is modeled in the (X, Y) sagittal plane with a 7-DOF kinematic
chain (Fig. 4) where the link lengths and inertia parameters are
adapted from the literature [36]. The lower-body DOFs are repre-
sented by the ankle, knee, and hip joints. The upper body (head,
torso, and arms) is modeled with a rigid link attached between the
hips (connected through a link of 0.001 m [37]) and with an equiv-
alent mass.

The global reference frame {X, Y} is attached at the center of a
stance foot (with length fl¼ 10.4 cm), which maintains full contact
with the ground in both SS and DS contact configurations. A 3-
DOF system of fictitious joints connects the global frame to the
base frame {b}, and represents the biped robot’s in-plane transla-
tion and rotation (Fig. 4). The fictitious joints system has zero link
lengths and masses, and is unactuated. The fictitious joints are con-
nected to the biped system through joint 1, which has zero range of
motion and velocity q1 tð Þ ¼ _q1 tð Þ ¼ 0 at all times with its torque
s1 tð Þ ¼ M1;z tð Þ as the internal reaction of the rigid foot structure. In
this case, the base frame is attached to the system such that
{b}¼ {X, Y}; hence, qb¼ 0 ensures that the position of the center
of the stance foot is fixed at the global origin at all times.

The kinematic contact constraint C1 for the given system in
planar SS and DS contacts on a level ground can be represented as
follows:

u1 qð Þ ¼
r1 qð Þ

h1 qð Þ

" #

¼
P1

0

" #

; r2 qð Þ•n̂1 > 0 for SS

u1 qð Þ ¼
r1 qð Þ

h1 qð Þ

" #

¼
P1

0

" #

; u2 qð Þ ¼
r2 qð Þ

h2 qð Þ

" #

¼
P2

0

" #

for DS

8

>

>

>

>

>

<

>

>

>

>

>

:

(24)

where P1¼ [0 0]T and P2¼ [sl 0]T (step length sl is the distance
between the center of each foot; Fig. 3). In addition, ground pene-
tration avoidance for points of the system other than the specified
contacts is ensured. For SS, the BOS dimension is equal to fl,
while for DS, it is slþ fl. Assuming same biped feet dimensions,

the COP limits are �dLB
p;t̂
¼ dUB

p;̂t
¼ 0:052 m, for p¼ 1, 2, where

dUB
p;̂t
� dLB

p;̂t
¼ fl. Constraint C5 does not apply in the planar model.

3.3.1 Joint Limits and Constrained Center of Mass Workspace.
The ranges of motion for the system joints 2–7 are obtained from

experimental measurements, and are implemented in the biped
robot model as follows:

C6: qLBi � qi tð Þ � qUBi for i ¼ 2–7 (25)

The contact-specific COM workspace is the kinematic set of all
points in space reachable by the robot’s COM subject to joint lim-
its and specified contact configuration. The COM position �r is a
function of joint variables and system parameters, such as link
lengths and mass distributions. In this two-dimensional case, the

set of reachable COM positions �r ¼ �x �y
� �T

forms a region in

the (X, Y) sagittal plane, subject to the joint limits C6, constraint
C1 for p¼ 1, 2 (Eq. (24)), and ground penetration avoidance for
points of the system other than the specified contacts (Fig. 5).

For such a high-DOF system, where analytical solutions are not
readily available, the contact-specific COM workspace can be
numerically evaluated by generating a set of feasible system joint
configurations (i.e., joint angles) and calculating the correspond-
ing COM positions from the constrained forward kinematics,
which results in a dense cloud of workspace points. For the SS
configuration, which forms a single open kinematic chain, the set
of feasible joint configurations is obtained by uniformly sampling
points within the hyper-rectangle in joint space bounded by the
lower and upper bounds of each joint angle (qLBi and qUBi , respec-
tively), for i¼ 2–7. The joint configurations that result in the
ground penetration of the points (such as joints, link COMs, and
swing foot) other than those of the stance foot are excluded.

For the DS configuration, the position and the orientation of the
front foot are fixed with r2(q) ¼P2 and h2 qð Þ ¼ 0. The joint angles

q2, q3, and q4 are uniformly sampled in the joint-space hyper-
rectangle bounded by their respective limits, in order to calculate
the X, Y position of joint 5. The remaining joint angles q5, q6, and
q7 are determined through inverse kinematics such that links 5 and
6 connect joint 5 to joint 7. The solutions that result in the ground
intersection with points (such as joints and link COMs) other than
those of the feet are excluded from the feasible joint configurations.
The resulting feasible joint configurations are used to calculate the
COM workspace points in DS with forward kinematics.

3.3.2 Joint Actuation Limits. The torque limits of joint actua-
tors are a sensitive factor in determining the stability boundary of
a legged system [26]. Compared to the commonly used constant
bounds for joint torques, here a more refined formulation of the
actuation limits of the biped robot is considered. DARwIn-OP is
actuated by Dynamixel MX-28 servomotors, which include a DC
motor and a controller. The DC motor is generally required to
work in motoring mode and braking mode, and its operation in
these modes is limited by the motor characteristics. In order to
properly constrain the multiquadrant operation of the DC motor,
both the motoring and the braking modes are considered.

The motoring mode is constrained according to the torque-
speed characteristic curve, which defines its safe (continuous and
intermittent) operational ranges. The slope K of the linear torque-
speed curve in the servomotor datasheet [38] is 35.71 RPM/Nm
(or 3.74 rad/Nm�s), resulting in:

_q ¼ �Ksþ _qNL (26)

where _q and _qNL ¼ 5:76 rad/s are the motor speed and no-load
speed at 12V, respectively. It should be noted that in this equation
the torque value _qNL=K is smaller than the stall torque (2.5 Nm),
since, in general, the linear relationship fails near stall torque. Con-
sidering the permissible steady-state operation, any (safely) realiz-
able joint torque and speed satisfy the following relationships:

C7� I: If _q � 0 and s � 0 : _q � �Ksþ _qNL (27)

during forward motoring mode (quadrant I, positive mechanical
power). A similar linear relationship exists for reverse motoring
mode (quadrant III, positive mechanical power):
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C7� III: If _q � 0 and s � 0 : _q � �Ks� _qNL (28)

While the motoring mode characteristics are provided by the
experimental motor data sheet, the information required to charac-
terize the braking mode is not readily available. Hence, constant
torque and joint speed limits delimited by the quasi stall torque
and no-load speed, respectively, are assumed, and the braking
mode operation is constrained by:

C7� II: 0 � _q � _qNL and� _qNL=K � s � 0 (29)
C7� IV:� _qNL � _q � 0 and 0 � s � _qNL=K (30)

The resulting joint torque-velocity constraint C7 (Fig. 6) is
imposed to the robot’s joints 2–7.

4 Optimization

The balance stability boundary of a biped robot in various con-
tact configurations is constructed through an optimization-based
algorithm. The method consists of iteratively solving a series of
NLP problems, into which the aforementioned dynamic and con-
straint models in joint- and COM-spaces are implemented. For
compactness of notations and without loss of generality, the two-
dimensional version of the algorithm is described here for the SS
and DS configurations in (X, Y) sagittal plane, which can be easily
extended to general multicontact three-dimensional cases.

4.1 Algorithm for Balance Stability Boundary Construc-
tion. For each COM position �r ¼ �x �y

� �T
at a given time t0 and

any given directional vector û, the following constrained

Fig. 4 Planar model of the biped robot DARwIn-OP in SS (left) and DS (right) contact configurations. The base
frame {b} is coincident with the global frame {X, Y}, and its unactuated translation and rotation are represented by
a system of fictitious joints. The joint angle variables q2 and q7 represent the ankle, q3 and q6 the knee, and q4 and
q5 the hip revolute joints. The biped system’s COM positions corresponding to the given configurations are also
shown.

Fig. 5 Examples of contact-specific COM workspace areas. Biped system is shown in home
configurations chosen for SS and DS, respectively.
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optimization problem OP is formulated over the time interval
[t0, tf] to find the corresponding COM velocity extrema components:

OP: Maximize
q tð Þ for SS; fq tð Þ;a tð Þ;b tð Þ;c tð Þg for DS

û• _�r t0ð Þ (31)

subject to constraints C2–C7, which ensure that each solution sat-
isfies physical and system constraints at all time instants, and con-
straints C1 and others (C0, C8, and C9 as described below), which
identify the contact-specific stability threshold.

The COM position at a given time t0 is iteratively assigned to
points of interest within the robot’s contact-specific COM workspace

C0: �r t0ð Þ ¼
xk
yj

� �

(32)

where k and j are the indices for the X and Y coordinates, respec-
tively (Fig. 7). In this algorithm, a rectangular grid with a uniform
spacing Dx and Dy is used to discretize the entire workspace area,
while any general discretization strategy can be used.

According to the above definition of balanced state, the robotic
system at current state (�r t0ð Þ; _�r t0ð Þ) should have the capability of
reaching a final static equilibrium at the terminal time tf:

C8: �r tfð Þ ¼ �rhome; _�r tfð Þ ¼ €�r tfð Þ ¼ 0 (33)

where �rhome ¼ �xhome �yhome

� �T
is a statically stable (i.e., �x 2

BOS [39]) COM position corresponding to a physically feasible
home joint configuration qhome selected for each specified contact
configuration (Fig. 5). For the SS contact configuration, in which
the robot’s kinematic chain is highly redundant, additional termi-
nal constraints P2(tf)¼ 0 and �x tfð Þ ¼ xCOP tfð Þ are imposed in

order to further enhance the final static equilibrium condition. The
terminal time tf is found through numerical experiments to allow
sufficient time for the robot to reach the final static equilibrium
and to ensure that no time restriction for balancing is imposed
[25].

Finally, maintaining the specified contact configuration is
imposed through the kinematic constraint C1 along with the fol-
lowing kinetic constraint:

C9: Fi Mi½ �T ¼ 0 (34)

for all i that are not associated with the specified set of contacts,
resulting in cF¼ 0 in Eq. (2).

The constraints C0, C1, C8, and C9 ensure that every trajectory
starting from the calculated COM velocity extrema at the given
COM position reaches the final static equilibrium without entering
the falling domain (or altering the specified contacts). By itera-
tively solving (Algorithm 1) the constrained optimization problem
OP for all COM positions of interest along the grid and for any
direction of interest û, the complete contact-specific balance sta-
bility boundary is obtained:

S ¼ f �r�; _�r
�� �

j �r�; _�r
�� �

¼ �r t0ð Þ; _�r t0ð Þ
� �

from

solutions to OP; for all selected û

and xk; yjð Þ 2 COMworkspaceg

(35)

where a point �r�; _�r
�� �

of the balance stability boundary S is the
COM’s extreme initial conditions resulting from the solution to
each OP. It should be noted that each constrained OP is solved for
the optimal time profiles in [t0, tf] of joint kinematics (angle varia-
bles, velocities, and accelerations), normalized variables (a tð Þ,
b tð Þ, and c tð Þ, for DS only, resolving the mechanical indetermi-
nacy), and actuator torques (through Eq. (1)). From the optimal
joint angle variables q*(t), the respective COM balanced state at
time t0 is calculated and stored as a point of S (lines 23–26 in
Algorithm 1).

Fig. 6 Joint torque and velocity limits for the actuator model
of the given biped robot

Fig. 7 COM workspace discretization strategy to evaluate the
balance stability boundary (i.e., velocity extrema) at selected
grid points in a given direction of interest û

Fig. 8 Biped robot DARwIn-OP: link parameters (adapted from
Ref. [36]) corresponding to the planar model (Fig. 4) and the
experimental walking parameters
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Algorithm 1 Contact-Dependent construction of S via grid points

Require: Specified contact configuration � Cl, C9

Require: Statically stable joint pose qhome

1: Compute �rhome (qhome)

2: x0; y0ð Þ ffi �xhome; �yhomeð Þ � center of workspace grid

3: S ¼1 �initialize balance stability boundary set

4: repeat

5: û desired direction

6: j¼ 0 �initialize index j

7: repeat

8: k¼ 0 �initialize index k

9: repeat

10: �x t0ð Þ; �y t0ð Þð Þ  xk; yjð Þ � C0

11: if k¼ 0 then � lines 11-22: assign NLP initial solution

12: if j¼ 0 then

13: qis tð Þ  qhome

14: else

15: find statically stable q close to qhome

16: qis tð Þ  q

17: end if

18: ais tð Þ  1� xk=sl; bis tð Þ  0:5; cis tð Þ  0:5

19: else

20: qis tð Þ  q�k�1;j tð Þ

21: ais tð Þ  a�k�1;j tð Þ; bis tð Þ  b�k�1;j tð Þ; cis tð Þ  c�k�1;j tð Þ

22: end if

23: q�k;j tð Þ; a
�
k;j tð Þ; b�k;j tð Þ; c�k;j tð Þ  solution toOP from initialNLP solution

24: calculate �rk;j tð Þ and _�rk;j tð Þfromq�k;j tð Þ

25: �r�k;j; _�r
�
k;j

� 	

 �rk;j t0ð Þ; _�rk;j t0ð Þ
� �

26: S ¼ �r�k;j; _�r
�
k;j

� 	

[ S �store value of boundary point

27: k¼ kþ 1

28: xk ¼ xk�1 þ Dx � move to next grid point with xk> x0

29: until OP results infeasible

30: k¼ 0 � reset index

31: repeat � move to next grid point with xk< x0

32: k¼ k – l

33: xk ¼ xkþ1 � Dx

34: �x t0ð Þ; �y t0ð Þð Þ  xk; yjð Þ � C0

35: qis tð Þ  q�kþ1;j tð Þ

36: ais tð Þ  a�kþ1;j tð Þ; bis tð Þ  b�kþ1;j tð Þ; cis tð Þ  c�kþ1;j tð Þ

37: Lines 23 - 26

38: until OP results infeasible

39: j¼ jþ 1 � increase index j

40: yj ¼ yj�1 � Dy

41: until OP results infeasible or all desired grid rows are evaluated

42: until All desired û are evaluated

43: return S � balance stability boundary set

4.2 Nonlinear Programing. The optimization problem OP
posed at each iteration of the above algorithm is solved as a
finite-dimensional NLP problem using a direct method. The collo-
cation method is used to parameterize each joint variable trajec-
tory with a recursive third degree B-spline curve and v control
vertices [26]. The control vertices constitute the vector x 2 Rn�v

of NLP variables and their calculated values from optimization
can uniquely determine joint kinematics, from which COM kine-
matics is obtained. The time interval [t0, tf] is discretized with h
time nodes, at which the constraints and objective functions are

evaluated. Additional NLP variable vectors a; b; c 2 Rh represent
the time discretization of the normalized variables a tð Þ, b tð Þ, and
c tð Þ used for the distribution of contact wrenches in the DS

configuration. Therefore, for SS configuration, the complete vec-
tor of NLP variables is x 2 Rn�v, while for DS, it is

xT aT bT cT
� �T

2 R n�vþ3hð Þ
. The actuator torques are eval-

uated at each time step as functions of the NLP variables (Eq.
(1)).
The resulting NLP problem is solved numerically using

sequential quadratic programming (SQP) method. The SQP uses
gradients and quasi-Newton approximations to the Hessian of the
augmented Lagrangian for curvature information [40] and, start-
ing from a given initial solution for the NLP variables, obtains
search directions from a sequence of quadratic programming sub-
problems. The analytical forms of the gradients for the objective
and constraint functions with respect to the NLP variables are
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specified for reliable performance of the gradient-based
algorithm.

Due to the nonlinearity and nonconvexity of the problem, each
OP result is highly sensitive to the choice of initial solutions for
joint variables qis(t) (which are then mapped into initial solutions
for control vertices x) and normalized variables ais tð Þ, bis tð Þ, and
cis tð Þ in the DS case (which are then mapped into initial solutions
for a, b, and c, respectively). In order to resolve this issue, a sys-
tematic iterative method for assigning initial solution to each NLP
problem is established (Algorithm 1) to improve its computational
performance.

5 Results and Applications

As a demonstration of the proposed contact-dependent balance
stability approach, the stability boundaries for DARwIn-OP biped
robot in SS and DS contact configurations are evaluated in the
sagittal plane. The contact-dependent boundary results are ana-
lyzed, and their uses as a stability criterion are discussed along
with the experimental walking data of the robot.

5.1 Robotic Walking Experiments. The robot’s COM tra-
jectory data in the (X, Y) plane, as well as in the COM state space,
were obtained from experimental walking trials. Using the con-
troller walk_tuner [41] (ROBOTIS Inc.), DARwIn-OP performed
five walking trials at increasing speeds (Fig. 8). Each walking trial
consists of a minimum of five consecutive periodic steps, from
which the data of one full step cycle—from SS to DS phase—is
extracted for analyses. Transitions between different phases of the
step cycle were detected by embedded force sensing resistors
located at the four corners of each rectangular foot sole. For each
walking trial, the measured joint angle data were mapped into
COM kinematics using a custom forward kinematics model of the
robot. Five step cycles were analyzed, one at each speed, to obtain
the COM (X, Y) paths with step lengths sli, for i¼ 1–5, and the
corresponding walking parameters. At each step, the origin of the
global reference frame is positioned at the center of the stance
foot in the SS phase, which is the rear foot in DS in these
examples.

5.2 Center of Mass Workspace Construction and Discreti-
zation. For six contact configurations (SS and DS with sli,
i¼ 1–5), the corresponding constrained COM workspaces are
evaluated in the (X, Y) sagittal plane (Fig. 9). The workspace area
is largest when the system is in SS, since in this case, the swing
foot is only subject to the inequality constraint r2;y � 0. For the

DS configurations, the swing foot is constrained to the fixed posi-
tion P2¼ [sli 0]

T for i¼ 1–5. As the step length sli increases, the
DS workspace becomes smaller and is shifted forward, which is
due to the reduced ranges of reachable joint configurations. Since
every joint configuration that satisfies the DS kinematic con-
straints also satisfies those of SS, all the DS workspace areas are
entirely included in the SS workspace area.

For the construction of the balance stability boundary S, the
discretized grid points are evaluated for each workspace area
using a uniform spacing Dx ¼ Dy ¼ 1 cm (Fig. 9). The COM
velocity extrema of the robot are evaluated at each grid point,
which serves as an initial COM position for each problem OP.
The resulting initial conditions are stored as the points of S for the
specified contact configuration. Then, the grid points nearest to
the COM paths in the (X, Y) plane for the five walking motions
(Fig. 9) are identified to be approximately at �y ¼ 0:2081 m, and
the corresponding ranges of X within the workspace limits are
[�0.135, 0.130] for SS and [�0.068, 0.085], [�0.056, 0.086],
[�0.035, 0.089], [�0.013, 0.092], and [0.006, 0.097], all in
meters, for each DS step length. The velocity extrema at these
COM positions of interest are retrieved from the entire set S.

5.3 Contact-Specific Balance Stability Boundaries. The
balance stability boundaries for SS and DS contact configurations
are constructed for the directions of interest û¼ ½1 0�T and û ¼
�1 0½ �T to evaluate the stability characteristics of the robot in the
sagittal plane against positive and negative perturbations along
the X-axis. The results corresponding to the selected grid points of
interest are projected onto the X-state space (Figs. 10 and 11). The
coefficients of static friction l1 ¼ l2 ¼ 1:0 and a time duration (tf
– t0) of 3 s are used in the examples. Due to the high kinematic
redundancy in the open loop chain, the SS stability boundary is
evaluated in two stages, in which the solutions from the proposed
algorithm that are close to the workspace limits are reprocessed
for improved initial solutions.

The SS stability boundary extends to the entire workspace
dimension and well beyond the size of the BOS (equal to fl) (Fig.
10). This illustrates that, for the given biped robot, there exists a
significant region of the COM X-state space in which the states
are balanced with respect to SS even when they are not statically
stable. Furthermore, at the rear and front edges of the BOS, the
robot’s COM can sustain negative and positive X-velocity
extrema, respectively, due to the available angular momentum (or
multisegmental) regulation, as opposed to 1-DOF legged systems,
for which _�H ¼ 0 [25,42].

Fig. 9 Contact-specific COM workspaces with the correspond-
ing discretized grid points for balance stability boundary con-
struction. The COM paths corresponding to one step of the
robot’s five walking motions are also shown, where the markers
indicate the beginning and the end of each SS (black) and DS
(gray) path.

Fig. 10 Balance stability boundary in the COM X-state space
for the biped robot in SS contact configuration, for which BOS
dimension corresponds to the foot length fl. The upper and
lower curves of the stability boundary correspond to the direc-
tions of interest û5 ½1 0�T and û5 ½21 0�T, respectively. The ver-
tical lines indicate the COM workspace limits for SS, estimated
for the selected �y 5 0:208 m.
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The DS stability boundaries cover the entire ranges of their
respective workspace limits (Fig. 11) and are highly dependent on
the step lengths, while their shapes are consistent across various
step lengths and are comparable with that for SS of the biped
robot (Fig. 10) and simple lower-DOF legged systems [25]. In
particular, for larger BOS, the extension of S along the X-axis
decreases as a result of the reduced workspace size. Only for a
very small step length (sl1), the boundary S includes both

statically (�x 2 BOS) and dynamically (�x 62 BOS) balanced COM
states (�x; _�x). On the other hand, for sl � sl2, all the balanced states
are statically balanced. Depending on their velocity perturbations,
statically stable COM positions may also result in falling states.
These results indicate that, even for DS configurations, static sta-
bility (i.e., �x 2 BOS) of a COM state (�x; _�x) is neither a necessary
nor a sufficient condition for it to be balanced.

Fig. 11 Balance stability boundary in the COM X-state space for the biped robot in various DS contact configurations, with
step length sli and BOS dimensions equal to sli1fl. The upper and lower curves of the stability boundaries correspond to the
directions of interest û5 ½1 0�T and û5 ½21 0�T, respectively. The vertical lines indicate the COM workspace limits for DS, esti-
mated for the selected �y 5 0:208 m and the specified sli. All the SS and DS stability boundaries are compared on the COM X-
state space (bottom-right).

Fig. 12 Balance stability characteristics of the biped robot’s various walking trajectories. The forward walking progression is
in the positive X direction. The BOS dimension is equal to fl for SS (markers indicate the rear and front ends of the stance foot)
and sli1fl for DS for i5 1–5 (markers indicate the rear end of the rear foot and the front end of the front foot).
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Analyses of the relationships among the stability boundaries for
different contact configurations provide meaningful insights (Fig.
11; bottom-right). The region of the SS stability boundary is in
general larger than those for DS, which is consistent with the
respective workspace dimensions. This is because the robot in SS
is less constrained than in DS, and thus can more freely employ
the angular momentum of the nonstance leg in balancing. In DS,
the allowable velocity extrema in the positive X direction increase
as the BOS dimension increases, while they are not significantly
affected by the BOS in the negative X direction. This asymmetry
in the DS balancing capabilities in the anterior–posterior direc-
tions may be due to the kinematic and kinetic asymmetry in the
biped robot’s sagittal-plane model.

The biped robot in SS can recover from larger COM velocity
perturbations in the negative X direction than that in DS, while
simultaneously ensuring unaltered contact with the environment.
For instance, when the robot is in DS and its COM velocity is per-
turbed in the negative direction such that its COM state is outside
of the DS stability boundary but inside of that for SS, the system
can still maintain balance using only foot/feet contacts by lifting
the front stance foot. Conversely, during DS, the maximum allow-
able COM velocity perturbation along the positive X direction that
the system can sustain without altering its contacts is smaller than
in SS for relatively small BOS dimensions (sl1 and sl2), while it
increases and surpasses the SS threshold as the BOS dimension
increases (sl � sl3). In other words, the maximum allowable posi-
tive velocity perturbation of the DS configuration can be either
within or beyond that of the SS configuration depending on the
step size. This implies that, for small step lengths (sl � sl3), it is
always possible for the robot to instantaneously transition from
DS to SS (on the rear stance foot in this example) without ever
resulting into an unbalanced (or falling) state. On the other hand,
this is not always possible for larger step lengths, for which the
transition from a balanced state in DS to a balanced state in SS
might not be instantaneously achievable if the current DS balance
state is outside of the SS stability boundary.

5.4 Balance Stability Analysis of Robotic Walking
Motions. The balance stability of the biped robot during various
walking motions can be characterized using their respective stabil-
ity boundaries (Fig. 12). As the step size (and thus the walking
speed) increases, the range of the robot’s walking trajectory in the
COM state space increases, but never reaches the stability boun-
daries or the respective SS and DS BOS limits. In all five walking
motions, the transitions from the SS to DS, and then to the next
SS phase occur well within the region inside the DS stability
boundary, and the COM X-positions are maintained within their
respective BOS during SS and DS phases. This illustrates that the
DARwIn-OP robot’s default gait generator results in walking
motions that are not only balanced with respect to the SS (i.e., 0-
step-captured) and DS contacts at all times, but are also statically
stable [37] during the entire gait cycle with its foot/feet in full
contact (i.e., no relative motion such as tip-over) with the ground,
which is common for many (but not all) current biped robots. In
contrast, normal human walking motions are highly dynamic
[30,37] and mostly consist of states that are not 0-step capturable
[26,43], with a foot contact surface that typically rocks from heel
to toe such that advancing forward from an SS to the next DS con-
figuration is inevitable [29].

6 Concluding Remarks: Broader Implications in
Balance Control

The proposed approach to contact-dependent balance stability
analysis of a biped robot has been demonstrated for two types of
contact configurations (SS and DS) in the sagittal plane, which are
most relevant for bipedal walking. However, the framework could
be extended to any multicontact configuration for stability analy-
sis of three-dimensional generic tasks, as long as reasonably

accurate reaction distributions are provided (either from predic-
tion, as in this study, or from direct measurements). All possible
contact-specific stability boundaries can be precomputed offline to
become a property of a robot, and can be implemented as a control
module in real-time applications (with low computational cost) as
a readily available criterion for online fall prediction. In this
regard, the proposed state-space partition serves as a “map” of
balanced states for control of biped robots. In practice, the robot’s
actual capability of balancing depends not only on the calculated
stability boundaries but also on the specific controller that is
implemented in the system, which usually further limits its bal-
ancing capability. This map could be a useful reference for the
design of balance controllers, whose performance region can be
analyzed in the state space with respect to the stability boundaries
evaluated beforehand. For instance, in robotic gait applications,
this method could provide guidelines for generating less conserva-
tive walking phases. By exploiting the effects of limbs’ passive
dynamics, the robotic gait motion could be controlled such that it
extends into the region of statically unstable states or even into
the falling states, hence mimicking human locomotion.
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