Contact Transformations,
Contact Algebras and Lifts on a Jet Bundle (%).
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Summary. ~ Ii is shown that any contact preserving map germ on a jet bundle J is the lift of
any map germ J — JO, sabisfying some rank conditions. The different contact preserving
homeomorphisms are given as well as the different lifts derived from these comstructions.
The velation with the infinitesimal and formal case is given.

Introduction.

Infinitesimal contact transformations on a jet bundle of maps of manifolds have
been considered mainly in relationship with partial differential equations and varia-
tional problems. The interest of such maps has increased as a consequence of the
appearance of complete integrable evolution equations, which have an infinite set
of symmetries. There is a rather lengthy list of publications on this subject, but
some of the most important recent results to which the present work relates, are
found in B. A. Kupersamipt [7], [8], A. M. VixNosrRaDOV, V.V. LYCHAGIN [11],
[13], [14] and also in R. L. ANDERsoN and N. H. IBrAGIMOV [1].

It is the aim of this paper to consider the finite case of germs of contact preser-
ving maps under certain differentiability conditions. The relation with the infini-
tesimal and formal case is given. The special case of contact maps preserving &
partial differential equation is not treated in this paper but will appear later.

The contact structure is studied by means of the total vector bundle, introduced
by J. M. BoARDMAN [2], which is the tangent bundle to the integrable sections of
the jet bundle. Associated to this invelutive vector bundle there is a de Rham
complex defining a differential operator d,, called the fotal differential. This dif-
ferential ‘operator enables one to construct the universal elements, introduced by
A. M. VinoGeADOV [13] and hence is the natural operator in the analysis of contact
preserving maps. : : :

The main theorem then states that any contact preserving map germ on the
infinite jet bundle is determined by its image in the 0-jet space. The converse
construction gives rise to a lifting rule of germs of maps. The results obtained in
the infinitesimal case generalize to contact preserving homeomorphism germs. The

(*) Entrata in° Redazione il 4 febbraio 1982,
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local contact homeomorphisms have the structure of a pseudo semi group. The
obtained lifts are then extended to the case of formal vector fields.

The projective jet bundle [10] is not considered but the obtained results genera-
lize in a natural way to it.

The main theorem of this paper has been announced in {4], where it wag incor-
rectly formulated. Also the definitions have been modified as was suggested by
Prof. A. M. ViNoaRADOV. I like to express my gratitude to him for his interesting
remarks on this subject.

1. — The jet bundle and its integrable sections. -

a. The jet bundle J.

Let M and N be smooth real manifolds, (M, N) the set of smooth maps of M
into ¥ and C(M, N) the set of germs of elements of C(M, N). Let F(M) denote
C(M, R) and F (M) the corresponding sheaf of germs. The stalk at x € M of F (M)
is the local ring F(x).

The set of k-jets of elements of C(M, N), J*=J*(M, N), is a fibre bundle over
J°= M X N. One has the source map n’: J*— M and the target map a%: J*— N.
The space J* inherits a topological and differentiable structure from the topological
and differentiable structure of M and N. The set of spaces J*, Yk € N, is a projective
family, with projection maps #f: J*—J% k>1. The final object of this projective
limiting system is the topological space J = lim J*, which is equipped with the
projective limit topology. One has the projections wm;:J —J*%, my:J — M and
Ty J > N.

Let #®(p), p € J, be the ring of germs of real functions on J, of the form ¢omn,,
with @ € F(m(p)). Elements of F®(p) are said to factor through J* One has
FW(p) c F*0(p), for all 1> 0, which defines F(p) = lim F¥(p) as a direct limit
space. A real function germ on J is called smooth if it belongs to F(p), for some
ped.

The space J, equipped with this direet limit differentiable structure, will be
given a tangent bundle and a cotangent bundle which are defined by: 7J = lim n: TJ*
and T*J = lim n: T*J*. These bundles are equipped with the projective limit
topology and the direct limit differentiable structure which makes them into mani-
folds, modelled on lim R* [2], [3].

A map germ g@: lim R* — Iim R* is smooth if Vi, m,op: lim R* — R’ has smooth
components. The use of local charts on lim R*-modelled spaces allows one to define
smooth maps between lip_z R:-modelled spaces. Smooth vector fleld (resp. smooth
1-forms) on J will be smooth sections of TJ (resp. T*J) [3].

A map germ ¢: J > is a germ of smooth weak homeomorphisms at pe J if ¢
is a continuous open map on a neighbourhood of p. Because J is an infinite dimen-
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sional inverse limit manifold, such a map has not always a smooth inverse; if it has a
smooth inverse we will call it a strong homeomorphism.
One also has the following operators:

(a) the germ operator O(M, N) — C(M, N): f — f.

(b) the k-jet operator j*: C(M, N) —J*: (f,x) —j_f;

(¢) the k-section operator J*: C(M, N) — I'(J*}, where I'(J*) iz the space of
sections of z%, by f i J*f: & jif;

(d) the operator o'*: I'(J*) — I'(J*), k>1, namely o"*= J'onk.

The space O(M, N) will be identified with I'(J%), and C(M, N) with T'(J°). It
will be understood that if ¢ is a germ, ¢ will be a representant of ¢p.

DEFINITION 1.1. — A section o € ['(J?) is k-integrable at x € M, k<, if o&Y{o)(z) =
= (7, 00)(x).

If ¢elI'(J) is k-integrable at w e M, Vk e N, then o is called integrable at € M.

It is a classical result of K. Borel that any point p € J is the infinite jet of an
element of G(M, N). Hence through any p e J there is at least on integrable section.

DrrFinrTioN 1.2. — The holonomic lift of a k-integrable section on % c M,
cel'#,J*) to I'(%, J*), is the unique section on %, defined by

JHogk(g) = o™ [10].

It is a consequence of the definition that J*"os’(s) is (k - I)-integrable on
% c M, because a*¥o) = 0.
Definition 1.1 carries over to seetion germs under the germ operator.

I. The total vector bundle H(J).

Two section germs, oy, o.€ I'(J*), are P*_-equivalent at z €%, if

(1) o) = oy(w) = p
2) @_.T,0,= 7t

k—1*

T o,,
where T o is the tangent space to the submanifold ¢ at p 0.

PROPOSITION 1.3. — If one of two P*_-equivalent section germs, belonging to
I'(J*), is k-integrable then so is the other.

PrOOF. — Let @, p e I' (J*), # € M, be P*_ -equivalent and let u be k-integrable.
Then p and o are 1-jet equivalent modulo the kernel of z}_ .. But this implies that
w*0) = a"*(u) = u = o with ¢ and u representatives of ¢ and w. m



294 P. F. d. DuoocHn: Contact transformations, contact algebras, etc.

This equivalence suggests the consideration of the vector bundles
TWJ*): 7t TTFt — J*
From proposition (1.3) follows

ProrosmrioN 1.4. — Let fe O(M, N); then =} J*fi(x): T, M — T¥(J*), p =
= J*f(z), is a canonical monomorphism.

DeriNiTioN 1.5. — The k-th order total vector bundle ig
HO(J*) = Uy Al I* o T, M ¢ T®(J*) .
The total vector bundle is
H(J) = Um HO(J¥) c T .
ProposiTION 1.6. — The germ o € I'(J*) is a k-integrable germ at v e M iff

70T, M) = HE\(JP).

olx)

This vector bundle was first introduced in a different way by J. M. BOARDMAN [2].
Its elements are called total vectors. One has the canonical isomorphisms

#=at_J'fw): T, M —HPJY, p=Jf@),

for each & and bence also #: T M — H_(J), n,(p) = «. This isomorphism allows
one to define the total lift # of any vector field X € Z(M) into a vector field X*
on J, called the total lift of X. One gets X! = # X; then X* is a section of the
bundle H(J).

ProrosiTION 1.7.

(1) For any X e (M) and fe O(M, N),
XoJf* = Jf*oX¥,

where the vector flelds are considered as derivations in the ring of real
functions.

(2) The bundle H(J) is involutive.
ProoF. — It is sufficient to prove relation (1) as a derivation on elements of

FW(p), But then (1) is a direct consequence of the chain rule for partial differen-
tiation. Part (2) follows from (1).
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The set of sections of H(J) obtained by the total lift of Z(M) will be denoted
by ZHJ). L*J) will be the set of germs of elements of Z*(J).
The lift # will be extended to a 1-form on J, defined by
#: 1,J —~HJ), ped,
Yiof (0, Y) .
Hence Ker,m,.= Ker,#, peJ, and #g-X) = ¢-#X), for X e X(J), g € F(p).
The bundle H(J) is an involutive distribution, in the sense of the projective
limit, on J. Hence H(J) defines the total complex (d,, 7, A(M)), where:
F(p) - A(J)
o dye: X X 1dp, X'e #(J)
X0, X' ecKer#,

mx A(M) is considered as a module over F(J) and
dy: Ty AH(M) — 7wy A (M), for ke N,

(Small 4 always stands for exterior dlfferentlatlon while capltal D stands for the
derivative.)

ProrositioN 1.8, ~ djod, = 0.

PROOF. — For any g€ #(J) and X, ¥ e Z(M)
(dy(dy @) (X, T = (d(d,p))(XF, T¥)
= 3 {X(dyp(Yh) — TH(dgp(Xh) — dye(IXY, Y¥1)}

0

[

by the involutiveness of H(J). ®

PROPOSITION 1.9. ~ Let g € F9(J), then d ¢ € m,, A(M) factors through J*! and
ig linear in the natural fibre comdlnates of 7z‘+1 ‘

Let ¢ be a map germ J — P, at p €J, with P a smooth manifold.

DrriniTIoN 1.10. — The total k-jet of e, j; (¢), ped, is defined by
J1*jz,,(0) = JiJ* ) Jf(m) =P, fEC(M N).

JEJ, P) will denote the space of total k- Jets of smooth map germs of J into P
and J

J, P) = lim J¥(J, P).
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¢. The universal elements.

For each %k e N, there exists a unique universal element p*, section of Ji(J%, N)
such that:

Yie O(M,N), Jef*pt=dJ*f [13].
The local expression of ¢* is given by
o* = (nk, Dym,% Dint, ..., Dpmy)

where D, denotes the total derivative.
Because m,: J — N, one has with @ = m,(p), ¥ = 7,(p):

Dym,: ped —Hom (T M, T N)

..............................

Dim,: ped —Hom (0*T M, T N).

0* is the k-fold symmetric tensor product.
Let

Fk

(2,7}

= Hom (T M, T,N)® Hom (0*T M, T,N)® ...® Hom (0*T M, T N),
and

F(kx,y): TM'N@ cma:}l) '
The space F(’; ,» Will also be identified with the corresponding subspace of Hom (T _M,
Fioo)-

From this follows that
1) *:ped =y Ff);

(y,2)

2) dyo*: ped —Hom (T, M, Ft );

(3) do*: ped — Hom (Ker, 7}, F(, ).

and gt= (m,, D,o¥), by identification.

PROPOSITION 1.11. — The map dg*: g €J — Hom (Ker, 7%., F¥, ) is constant along

(2,9}
the fibre (n%)*(nk(p)). M

k [}

From this if follows that (a) do* restricted to Kerm;_,.;

do*: Kerwt_, > T, M@ T, N
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is the fundamental identification defined by M. KURANIsHI [9] [12] and () all
bundles J*—dJ?, k> 1> 0 are affine fibre bundles [5].

The forms d,o* and do* will also be considered as elements of T*J @F"* over J*.
This enables one to introduce the operator 4:

00* = do*— d, 0" = @+ [13].

The elements @* will be called the structure elements.

ProposITION 1.12. — Let ¢ & I'J*; then ¢ is k-integrable at x e M, iff
o*Pix) = 0.

The operator J defines an operator D on the space of sections by means of the
pull back of dg*~1. In other words, if ¢ I'(J*), then D¢ = ¢* §o*~'. There is an
exact sequence of sheafs of germs:

0—~>CM,N) STy LT, MR F-1—0

which is the first resolvent of Spencer [5].

d. Integrability of sections J'—> J¥,

Let I')(J*) denote the space of smooth sections J°— J*,

DEFINITION 1.13. — An element v € 4(J?) is integrable at z € J° if p*HW(J1) is
involutive at 2.

Because HV(JY) c al" TJ°, the pull-back bundle y* HW(J1) is a subbundle of 7J°
and hence a distribution on J° XFurthermore

y* HO(J1) = Ker v*@d® |

ProposrrIoN 1.14. — If v eIy(JY) is integrable at z € J° then there exists an
element u € I'(J°), such that u(z) = 2, # = al(2), and u®(x) = »(z).

ProOF. — »*H®M(J') is a distribution on J° transversal to the fibre of z%,.
Because v*H®(J?) is involutive at 2, by Frobenius’s theorem there exists an integral
submanifold of v*HW(JY) at 2, transversal to the fibre of a%. Dim y*HW(J)(2) =
= dim T, M and the integral manifold is a local section, namely an element of
I'(J°). Let u be such an element, then w*T,M = y*H(J") and v € u € (J7) is 1-in
tegrable at € M. Hence u™(z) = »(2).

DEFINITION 1.15. ~ An element y € I',(J*+1) is integrable at » € J¥, if y* He+D(J4+1)
is involutive at z.
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The same remarks as before can be made because v HED(J#1) defines a digtri-
bution germ on J* at z.

ProposiTioN 1.16, — If » e I'(J*1) is integrable at zéJ’“, then there exists a
e I(J*% sueh that p(x) = 2, 7%(2) = &, u is k-integrable at z and p®(x) = »(2).

ProoF. — The distribution y* H®(J#1) iy involutive at z and transversal to
the fibres of #*,. Hence the integral manifold is an element of I'(J*) at 2. The
seetion will be k-integrable at n%(z) and v defines the first prolongation of this sec-
tion at 2. M

From this approach it becomes now clear what an integrable element of I'(J?)
should be. Let ue I'y(%, J*) be integrable on % c J*. Then there exists a unique
section pe (%, J¥+1), called the I-th prolongation of x and defined by: Vve
e I'(n(4), J*), integrable sections with image in % and such that »»= poy, one
has pD = uWor. ' :

DeriNiTION 1.17. — An element » e I'(JY), 1 >k + 1, is integrable at z e J¥, if
(1) =t ov is integrable at z€dJ* and (2) » = (m,,09)"".

PrOPOSITION 1.18. — Let v € I'y(J) be integrable on % c J°; then on #
v¥od, = (¥¥d,)orv¥ .

Proor. — For all integrable u e ['(J°) with image in % cJ° and such that =m0

oyou = u'Y on m (%),
u¥or¥od, = dop*oy*
= u¥(*dy)or*) . m

It is a consequence of the definition that if v e I'(J) is integrable then y*d o

ov*d, = 0. In this case Ker»*@*+D is an involutive distribution on J*. TLet H(X)

be the lift of a vector X € T M into this distribution. Then H(X)_1v*d, = H (X)_td,
which proves:

ProposITIoN 1.19. — Any v e I[(%, J*t) is integrable iff »*d,(»*¢*) = 0, where
v*g* is considered as an element of A*J* F** [10].

2. — Contact transformations.

DEFINITION 2.1. ~ Let ¢: (J, p) - (J, q) be a smooth map germ, then
(@) ¢ is a contact map germ if ¢, H = H ;

(b) <@ is & contact weak homeomorphism germ if ¢ satisfies (@) and ¢ is a
weak homeomorphism;
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(¢) ¢ is a regular weak contact germ if ¢ satisfies (b) and if 7,09 has maximal
rank for all k>0;

(d) ¢ is a regular strong contact germ if ¢ satisfies (b) and if for some local
fibre bundle coordinates y®: J — J5R", R"), containing p, the map m,0
opo(yp™®)~1 is a local diffeomorphism at p®(p), for all k>0;

{(¢) ¢ is a contact diffeomorphism germ if ¢ is a regular invertable contact

homeomorphism.

For following examples show that one has strict inclusions
(@) 5 (b) > (¢) > (d).

Let (x,w, p,r,...) be coordinates on J(R, R), then at (0,0,0,...) the map germ
1) 2'= g, u’—;p, p'=r, .. is {a) but not (b);
(2) #'=m, ' = ut-} p?, p' = 3up 4 2pr, ... is (b) but not (¢);
(3) a'= .m, w' = ud-} p, p'==3up +r, ... is (¢) but not (d};
(4) o’=wo, W' =u+p,p'=p-+r .. i (d), but not (e;
(B) #'=a, v =uF 2% .. 18 ().
Furthermore it follows from the definition that for any contact map ¢: 0cJ —J

and any section Jf: Jf-XO) — 0 cJ, fe O(M, N), the map n,cpodf is a diffeomor-
phism of JfFXO) — m,(p(Jf N 0)). '

THEOREM 2.2. — There exists a bijection between the contact map germs ¢: (J,
p) — (J, ¢) and the smooth map germs ¢p: (J, p) — (J% m,(g)), such that d,(m,o0
op)(p): T, M — T, M, v = m,(p), ¥y = m,(q), has maximal rank.

PrOOF. — The map germ ¢ is a contact map germ if for any ¢ P on some
Ocd,pe0, and for all Jf, fe O(M, N) in 0, the image of PoJf is an integrable
section. This is equivalent with the requirements

(@) gpopodfo(myogodf): W c M —J® is a section for some % containing
yeM;

(b) 0,1 = j,(m0podfolmopod) ).

This last equation can be rewritten by means of

(Bury B) = (7509, 7yod) = mpogp
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as

B(jf) = §.(@xodT) J(Exod )

or

B(p) = jT,p(¢N) J;,;(Séju) .

It suffices to put ¢ = (¢,, ¢,), which defines ¢ iff d,¢,(p) has maximal rank. m

Because any map germ ¢:J — J° such that d (n,0¢) has maximal rank, de-
fines a unique contact map germ on J, one has a canonical lift, denoted 4, of such
map germs into the set of contact map germs on J.

Theorem 2.2 permits to write any contact map locally as

B(p) = ($,(p); 65(0); Dydyo(p)y D2dy(p), ..., DEdy(p),...)

where D, = (D,,) D, and (§,,¢,) = ¢, at ped.

Let .#,(J°) be the sheaf of map germs ¢: J — J° such that dy(m,0¢) has maximal
rank and ¢* is a weak homeomorphism germ on J.

It is a direct consequence of this expression that if (d,,, b,) €M (J°) has max-
imal rank as well as D¢, then (¢,, d,)" is a regular weak contact germ.

Let A",(J°) be the subset of M ,(J° of elements of maximal rank, then any
regular weak contact germ is the g-lift of an element of A" ,(J°). The subset of.A",(J°)
of those elements factoring through J* will be denoted by A4 «(J°), but will be con-
sidered as map germs on J, which avoid unnecessary shifts of base points of germus.
One obviously has

M (J) = (M (M), S ,(N))

but both factors don’t have to factor through the same J*.
The following condition is introduced to simplify the next theorem.

ConpITIoN (C). — The pair (e, ¢@,) M ,(J°) satisfies condition (C) if
10 e IJY, 7, TMQ, 7, TN),
such that
APy = APy 18

THEOREM 2.3. — Let ¢ be a regular weak contact germ on J.

(a) If dim N = 1, then @*F(J) C F(J) for some I>1, iff ¢ € (4 :(J%)" and
myop satisfies {C).
If dim N 1, then ¢*FYJ) CFYJ) for some I>1, iff @& (A7, ()"



P. F. J. DuoocHE: Contact transformations, contact algebras, ete. 301

(b) < preserves m,, iff ¢ € (A", (M), N, (N))"

(¢) <« preserves m, and p*FJ) CFJ) for some I>1, iff e (AN (M),
N ().

This theorem generalizes a result obtained by B. KupErsEMIDT [7] [8], which
has been reformulated later by R.L. ANDERSON and N. N. IBrAGIMOV [1].
The following lemmas will simplify the proof of this theorem.

LEMMA 2.4, — Let (p,, ¢y) €4 1(J%) satisfy condition (C), then if dim N >1,
(s Px) EA 5ol JO).

Proor. — It is sufficient to prove the lemma on JY(R, R?). Let (z, 4% p*), with
a = (1, 2), be coordinates on J!. Then condition (C) becomes:

1) (0, + 1°0,0) @y = (3, 1" 0y0) 0"
(2) apa¢gv - apa(pﬂ'eb .

Let 0,.¢, be nonzero on an open subset % cJ'. Equation (2) implies that
0,.¢%7 0 on an open dense subset of %. Hence there exists a nonzero function €
on % such that
(3) (0,:— 00,95 =0
(4) (apl—" Oapz)(pM: 0 .

The integrability conditions of equations (1) and (2), together with (3) and (4)
give the conditions

(5) (0,— 00,0 @ = (00— 00,) @, 0"+ (0, + p°0") gy (8,,— 00,:)6" .

If (0,4 p°0,.)9, 7 0, then from equations (1) and (2) it follows that there
exist on % nonzero functions A, such that with 4, =0,.— A .(9,+ p°0,)

(6) 4,¢,=0
(M Ag, =0
and ¢ = 4,/4,.

But this implies that [4,, 4,)¢% = [4;, 43]gy = 0, with

4y, 4,] = (4, 4,— AxAz)(az + p° ayc) — 4, awl + 4, ay'

20 = dnnali di Matematica
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If A4,4,— A, 4,5 0, then equation (1) becomes
(A2 ay1— Al ayz) (ng = (AZ ayx“"‘ 'Al a” )(pﬂ'ab ’

which together with (5) implies (0,,— €0,,)6" = 0.
It 4,4,— A4, 4,= 0, then [4,, 4;]¢,, = 0 together with yields ()

(8,— 08,)6°=0.

Hence in both cases, the map

((;DM? Dy 9) UYUcJt— Jr

is not of maximal rank.
If on (0,4 p°0,c)p, = 0, then one also has (0, p°d,.) ¢y = 0 and equation (5).
becomes

(8) (apl_ Oa,,e)‘P?v: (apl__ Oap’)tpm'eb .

A similar argument as above leads to the equations d, ¢} = 6,9, = 0, with
0,= B,0,,+ (0,,— 00,:) and d,= B,0,.+ (0,,— (0,), for some functions B, on %.
Consideration of [0, d,] then yields the same conclusion.

Now if only ©.¢,7 0 and 0,.¢, =0 on % then also 0,,¢,% 0 and 0,.p, =0,
which implies from (2) that 0.6 = 0. Hence the map (¢, ¢y, 0) is not of maximal
rank. W

The following example shows that if dim N = 1 there exist regular weak contact
germs satisfying eondition (C). Let J* be JY(R, R). The map germ at (0, 0, 0) given
by: ¢'=uo -+ p, w'= u I }p% p' = p, is a strong contact diffeomorphism satisfying
condition (C).

This example has the property that the higher order terms are no longer defined
when 7 = — 1 (r = p, on J2), because #'= r/(1 + r). Or equivalently d ¢, is no lon-
ger of maximal rank. All theorems in this paper are formulated on the infinite jet
bundle; a correct way of dealing with these infinities is given by A. VINOGRADOV [13]
in terms of the completed or projective jetbundle, Inside that framework the con-
dition of maximal cank of d, @, may be dropped.

LEMMA 2.5. ~ If (@, @y) € #,(J°) and (g, ¢y, Dyey): J —J* factors through
JY, 1>1; then (p,, @y, -, Di@y):  — J* factors through Ji++—1,

ProOF. — This is a direct consequence of the chainrule for partial derivatives,
proposition (1.9) and the maximal rank condition on D,¢,. =
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PROOF OF THE THEOREM. — Let ¢* € (A7,(J%)%, then if ¢*FYJ) C F!(J) for some
1>1, by lemma (2.5) the map (¢,, ¢y, Dyo,) has to factor through J*. But from
lemma (2.4) it follows that if dim N 3£ 1, ¢ €47,,(J°) and if dim ¥ = 1, @ e ,,(J?)
and ¢ satisfles condition (C). In both cases if follows from the lifting rule, given by
theorem (2.2), that ¢*FY(J) C FYJ), for all [>1.

Moreover, ¢*¢c (A,(J°)" preserves z,, iff the map germs m,0¢%J} is independent
of the section germ Jf. Henece ¢, has to be independent of the fibre coordinates
of m,. This is the case iff ¢ & (A (M), A" ,(V)).

To prove (¢) it is now sufficient to restrict attention to those ¢" belonging to
(/V’M(M),,/V'J(N))“. Then if dim N == 1, it follows from (a) that ¢ & (A", (M), N ,(N)).
If dim N = 1, ¢ has to satisfy condition (C). But then X _|dg,= 0, VX in ker zl..
The converge is trivial. m

REMARK. — Because lemma (2.4} does no longer hold for contact maps, the
theorem is not valid for contact maps. This is shown by the following example on
J(R, R?). Let (%, 41, 4a, P1, Pz, ...) be natural coordinates on J(R, R?), then the map
germ at 0 € J(R, R?) defined by o' = + p5, my= -+ § p}, o=, p,=ps, py=
=1, ..., is contact preserving and preserves FYJ), I>1.

From now on we will restrict attention to regular strong contact germs. Let
D ,(J° denote the subset of 47 (J°) of those elements defining a regular strong
contact homeomorphism.

PROPOSITION 2.6. — Let ¢ €%, (J°), then
(@) ¢¥ody = (dyo8¥)o(dy@, odpy);
(b) ¢ od,= do¢" iff e (2,(M), D ,.(N)).

PRrooF. — Part (a) is a direct consequence of theorem (2.2). Part (b) follows from
the fact that ¢* commutes with d, iff ¢" is contact preserving and preserves Ty
This follows from theorem (2.3). m

DEFINITION 2.7. — A contact germ ¢ on J will be called a special contact germ
it e (@,(H), D,N)".

Let SC(J) be the sheaf of special contact germs on J. One has the filtration
given by SC®(J) = (Z,(M), D(N))*. It has to be remarked that, as a conse-
quence of theorem (2.3), on J* only SC®(J*) makes sense.

PROPOSITION 2.8. — Let ¢'c SCO(J*), then the l-jet of ¢" is defined by the
(k + 1)-jet of ¢.
Tt suffices to write ¢” in local coordinates to prove the proposition.

PROPOSITION 2.9. — Let ue I(J) be integrable; then for any ¢e SCH(J)

wH@") = w((ue)") .
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Proo¥. — If y e I'(J) is integrable, then u*od, = (u*d,)ou*, by proposition 1.18.
Hence locally

WDy y) = (u* D)y(u* Dygy)

= (u*Dg)(p*y) -

By iteration ahd the use of the lifting procedure, the proposition follows. =

3. — Contact Lie algebras and j-lifts.

. The contact Lie algebras of wector fields.

The B-lift defined for germs of J-parametric diffeomorphisms will now be ex-
tended to J-parametric vector fields.

DEFINITION 3.1. — A contact vector field X on J is an element of Z(J), such that
[X, H(J)] c H(J).

Let Z,:(N) be the space of germs of elements of I':,(J%, ' TN); then there is
an unique lift

B: &L (N) ~Z(J),
defined by [§(X), H(J)]c H(J) and m,(5(X)) = X. Let ZL*(J* N) be the image
of h(ng(N)) [8].

PROOF OF THE EXISTENCE AND UNIQUENESS OF . — Let (% c M, #°) and (¥ C N,
%) be local coordinates; then in terms of the induced natural coordinates on
7 (U X V"), one has

X = X0, + X0, + X0 + X° 8+ ... .

i e

The condition m.(X)e Z(N) yields X?0,= 0 and X°c #¥(J). Now from [X,
H(J)]c H(J) it follows that X¢= 0fX°, X% = 0t0!X", ..., which defines X uniquely
in terms of X0, =#,.X. =

THEOREM 3.2. — X € &(J) is a contact vector field iff
X=X'1 (. X — 7. XN,
PROOF. — Any X e #(J) may be decomposed as X = X! X7, with X‘e

€ Ker m,.. Then X is a contact vector field iff X7 is the f-lift of some Y € Z,(N).
From the 7,.X components it follows that ¥ = 7y X — L. CN |
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It follows from this theorem that the set of contact vector fields can be written
a8 the sum

LI, N) 4 LT, M) = L) .
The sheaf F*(J) is filtered by
L) = L5, N) L LI, M)

For 1 < k << oo, the sheaf L*®(J) is not closed for the Lie bracket of vector fields.
The following properties are easily proven.

PROPERTIES 3.3.
(1) The following sub-sheaves are Lie sub-algebras over R of Z*(J):
LT, M), L4J, N), LHJ), LJ°, M), L*J° N).
{2) The folloywing lifts are isomorphisms of R-Lie algebras:
e Lo (M) — ZL3(J°, M)

9: Ly (N) — L2, W)
4 X (M) - L)

»U

where p €J, m(p) = ¥, wy(p) = 2.
(3) [L(J, M), LJ, N)]c £*(J, N)
[g#(J)’ gh(J’ N)]=0.

REMARK ON THE SPECIAL CASE dim N = 1. — It is a consequence of theorem 2.3
that there exists a Lie sub-algebra of contact vector fields of #*¥(J). Using the
decomposition

X=X (m,. X)'— (m,. X,
and the local expression
7. X = X'0,F A0, + Y, ¢,
the condition that z,.X factors through J' becomes

V(X'y,— A) = X’
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and

With ¢ = X'y — A, g € FOJ), any clement of L*(J) preserving FN(J) may
be written as:

X = 3197(8@‘{“ yiay) - ‘Pay‘“ (aj + ?/jay)ﬁl"aj '

Hence the vector field X is uniquely defined by the funetion X _|Jg® on J1. From
thig fact one derives the Jacobi, Poisson and Lagrange Brackets on Z(J*) [11].

b. The b, lift of formal vector fields on J°.

Any integrable u e I'(J) defines a local foliation of J° by the integral submani-
folds of (syou)* HM(JY). Let v e I'(J° be a local integral of u, p = u(y), ¥ = »(®),
x € M; then one sets for p e FOJ)

g (@) = urdg (),
and one has

viJD (@) = viurdy (@)
= Jir*g) .

Locally one has

jﬁ,u((p) = ((p(y), (IM*DHN(P)? e (ﬂ*DH>k<¢)) .

It is clear that j’;!yqv depends only on p = u(y) and hence one adopis the notation
Jyy® Where ¥ = my(p).

Applying this to germs of vector fields on J° one sets:
JEE (J°) = {jE XX eZ (I} .
JEE ) = Ui (), pepd), pel(J).
JEE() = U JEZ (I, ped*.
JE X (J°) is a vector bundle over J*. Let Z7(J°) be the subset of germs of vector
fields in Ker zb.; then JEZ7(J°) is a subbundle of JEZ'(J°) over J*.
THEOREM 3.6.

(@) The vector bundles over J*: J*Z"(J°) and Ker . are isomorphic.
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(b) The canonical isomorphism
g JEZV(JY) - Ker, wk.
is given by: Let
XeZTJ), XWedJ:Z(J°)
be such that J X = X%, then
7,(X7) = 7. B(X)(p) € Ker, 7, .
{¢) It wely(J*) is integrable, then for X € Z7(J%:
(70 B Y) = 8,0 i, o X) -
Proor. — Let X € Z7(J°); then it is a consequence of theorem 2.3 that z, §(X)
is vector field on J*. Hence b,: J*Z7(J°) — Ker,a%. is a monomorphism.
An easy caleulation shows that dim J%Z7(J°) = dim Ker, n%., which proves (a)

and (b). Let pe ly(J*) be integrable, then in terms of some natural coordinates
one has for X e 7(0°):

*B(X) = X0, (u*0)(X°) 8 + (1*,)(u*3,)(X) 8 + ...
from proposition 1.18. This proves (c). ®

CONSEQUENCES. — Let J*Z7(J°) be the space of k-jets of germs of vertical vector
fields on J° and let

AE: JEET(I0) XT* — JEET ()
be the natural projection map. Then g,0A® i3 an epimorphism: -
JEE(J°) x{p} — Ker, 7%, ,

with y = #¥(p).
~Let Z(J°) be.the subset of germs of vertical vector fields on J°, factoring
through M; then:

B0 A®: J’fff‘,";{’y(J") x{p} — Ker, 7%,

is an isomorphism.. The restriction of this map to JEZ7(J°) xJ* will be denoted
by o,
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At any p e€J* one has the following exact sequence:

0 — Ker 7}

k v k1
»— Ker 7, — Ker ;' — 0,

while at #%(p) = y, the following exact sequence can be written (z = 3(y))
00T, M)Q T,N —J* X}, (J°) — J X}, (J°) —0.

From both exact sequences and the isomorphism f® follows:

THEOREM 3.7.

do*(Ker n}

k—1*

) = (A% (Kerzt_.) .

E—1*

Let dim M = dim N and let 8®c J* be the subset of k-jets of diffeomorphism
germs. If ZT(J°) is the subset of vertical vector fields germs on J° factoring
through N, then follows:

TEEOREM 3.8. — The morphism
B,0A®: J*EY (I°) X{p} — Ker, 7k,

is an isomorphism on 8%,
Let «, be the morphism i 0A® restricted to J* &} (J°) on §*; then in contrast
to the morphism £%, the morphism o, depends explicitly on p € J*.
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