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S u m m a r y .  - I t  is shown that any contact preserving map germ on a jet bundle J is the lift of 
any map germ J--~ jo satisfying some rank conditions. The different contact preserving 
homeomorphisms are given as welt as the different lifts derived #ore these constructions. 
The relation with the infinitesimal and formal case is given. 

I n t r o d u c t i o n .  

InfinitesimM contact  t ransformations on a jet  bundle of maps of manifolds have 
been considered mainly  in relationship with par t ia l  differential equations and varia- 
tionM problems. The in teres t  of such maps has increased as a consequence of the  
appearance of complete integrable evolution equations, which have an infinite set 
of symmetries .  There is a ra ther  lengthy  list of publications on this subject,  bu t  
some of the  most  impor tan t  recent  results to which the  present  work relates,  are 
found in B . A .  KveEusn:~nI)w [7], [8], A .M.  Vim-oG~I)ov, u  V. LYC~AGI~ [11], 
[13], [14] and also in 1~. L. A~DE~SO~ and ~ .  I t .  IB~AG]:~OV [1]. 

I t  is the  aim of this paper  to  consider the  finite case of germs of contact  preser- 
ving maps under  certain differentiabil i ty conditions. The relat ion with the  infmi- 
tesimM and formal  case is given. The special case of contact  maps preserving a 
par t ia l  differential equat ion is not  t rea ted  in this paper  bu t  will appear  later. 

The  contact  s t ruc ture  is s tudied by  means of the  to ta l  vector  bundle,  in t roduced 
by  J. M. BOAgD~A~ [2], which is the  tangent  bundle to the  integrable sections of 
the  je t  bundle.  Associated to this involutive vector  bundle there  is a de l~ham 
complex defining a differential operator  dn, called the  to ta l  differential. This dff- 
ferentiM operator  enables one to construct  t h e  universal  elements, in t roduced by  
A. 3[. VI~OG~DOV [13] and hence is the  natural  operator  in the  analysis of contact  
preserving maps. 

The mMn theorem then  states tha t  any contact  preserving map germ on the 
infinite jet  bundle i s d e t e r m i n e d  by  its image in the  0-jet space.  The converse 
construct ion gives r ise  to a lifting rule of germs of maps. The results obtMned in 
the  infinitesimal case generalize to contact, preserving homeomorphism germs. The 

t*) Entrata in Rcdazione il 4 febbraio 1982. 
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local contact  homeomorphisms have the  s t ructure  of a pseudo semi group. The 
obtained lifts are then  extended to the  case of formal  vector  fields. 

The project ive je t  bundle [10] is not  considered bu t  the obtained results genera- 
lize in a natural  way to it. 

The main  theorem of this paper  has been announced in [4], where i t  was incor- 
rect ly  formulated.  Also the definitions have been modified as was suggested by  
Prof.  A. M. V~O~I~)~DOV. I like to express m y  gra t i tude  to him for his interest ing 

remarks on this subject.  

1. - The jet  bundle and its integrable s e c t i o n s .  

a. The jet bundle J. 

Let  M and N be smooth real manifolds, C(M, N) the  set of smooth maps of M 
into N and C(M, N) the  set of germs of elements of C(M, N). Let  ~ ( M )  denote  
C(M, R) and ~ ( M )  the  corresponding sheaf of germs. The stalk at x E M of ~ ( M )  

is the  local r ing ~ ( x ) .  
The set of k-jets of elements of C(M, N), J* ~ J~(M, s is a fibre bundle over 

jo  ~ M • N. One has the  source map 7~.~ �9 J~ -~ M and the  ta rge t  map  ~.~ �9 J~-~ 5V. 
The space J~ inherits  a topological and differentiable s t ruc ture  f rom the  topological 
and differentiable s t ructure  of M and N. The set of spaces jk, Vk e N, is a project ive 

7~ j , _ , j ~ ,  k>~l. The final object  of this project ive family, with project ion maps ~,:  
l imiting system is the  topological space J - ~  lira J~, which is equipped wi th  the  .<__._ 

project ive limit topology�9 One has the  projections z~: J--> J~, ~ :  J ~ M and 

z~: J - + N .  
Le t  o~(~)(p), p e J ,  be the  ring of germs of real functions on J ,  of the  form r 

with ~ E ~(~k(P)) .  Elements  of ~r are said to fac tor  th rough  jk.  One has 
~(~)(p) c ~k+~)(p), for  all l > 0, which defines ~ ( p )  = ~ ~-(k)(p) as a, direct  l imit  
space. A real funct ion germ on J is called smooth if it  belongs to ~,~(p), for some 

p e J .  
The space J ,  equipped with this direct l imit  differentiable structur% will be 

given a t angent  bundle and a cotangent  bundle which are defined by:  T J  = lim ~ T J  ~ 
�9 $ * k and T*J  ~ l i m p e t  J .  These bundles are equipped with the  project ive limit 

topology and the  direct  l imit  differentiable s t ructure  which makes t h em  into mani- 

folds~ modelled on lira R ~ [2], [3]. 
A map germ ~: l i m R ~ - ~ l i m R  ~ is smooth if Vl, 7~oq~: l i m R ~ - ~ R  ~ has smooth 

components.  The use of local charts  on lira R~-modelled spaces allows one to define 
smooth maps between li_m R~-modelled spaces. Smooth vector  field (resp. smooth 

1-forms) on J will be smooth sections of T J  (resp. T ' J )  [3]. 
A map germ ~ :  J -> J is a germ of smooth weak homeomorphisms ~t :p e J ff r 

is a continuous open map on a neighbourhood of p. Because J is an infinite dimen- 
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sioual inverse limit manifold, such a map  has not  always a smooth inverse; if it has a 
smooth inverse we will call it  a strong homeomorphism. 

One also has the  following operators:  

(a) the germ operator  C(M, 2r -+ C(M, 2V): ] ~-~fl 

(b) the  k-jet operator  j~: C(M, l~) --->J~: (fix) ~-+jJ; 

(c) the  k-section operator  J~: C(M, 2r where F(J~) is the  space of 
sections of ~ ,  by  ] ~-~J~]: x e-~j~]; 

(d) the operator  ~*'~: F ( J  ~) --~_F(J~), k>l, namely  ~ . ~ - J % z o  ~. 

The space C(M, l~) will be identified with /,(j0), and C(M, ~Y) with r(J0),  i t  
will be unders tood t ha t  i~ q~ is a germ, ~ will be a representa.nt of q~. 

DEFI~ITfO~ 1.1. - A section a e / ' ( J~)  is k-integrable a t  x e M, k d l ,  if ~,;(a)(x) 
= (~o~)(x) .  

I f  a ~ F(J) is k-integrable ~t x e M, Vk e N, then  a is called integrable at  x ~ M. 
I t  is a classical result  of E.  Borel  t ha t  any  point  p ~ J is the  infinite jet  of an 

e lement  oi C(M, l~). t !ence  through any  p ~ J there  is a t  least  on integrable section. 

D E ~ - I ~ O N  1.2. - The holonomic lift of a k-integrable section on ~ c  M, 
~ P(~/, jk) to  / ' (~ ,  jk+~), is the unique section on ~,  defined by  

J~+;oz~(z) ~ ~')  [:tO]. 

I~ is a consequence of the  definition tha t  Jk+%zo~(a ) is (k ~ l)-integrable on 

Definition 1.1 carries over to section germs under  the germ operator.  

I. The total vector bundle H(J). 

Two section germs, al, (~2~ r(Jk) ,  are P~_l-equivalent a t  x e~/,  if 

(1) ~ l (x)  = ~ ( x )  = p 

where T~a is the  tangent  space to the  submanifold a at  p e o. 

P~oPosITION 1.3. - I f  one of two P~_~-equivalent section germs, belonging to 
r(J~),  is k-integ~'able then  so is the  other.  

PROOF. - Le t  a, b~ ~ r ,(Jk),  x ~ M, be P~_l-equivalcnt and let  tt be k-integTable. 
Then  ~ and r are 1-jet equivalent  modulo the kernel  of ~r~_~.7'. But  this implies tha t  
~k'k(a) = Zd~'~(#) ~- # ~- ~ with ~ a, n d #  representat ives of a and ~. m 
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This equivalence suggests  the consideration of the vector bundles 

k--1 

From proposit ion (1.3) follows 

P~OPOSlTIO~" t.4. - Let  / ~ C ( M ~ 2 1 ) ;  then  ~z~-l*J~:~*~/x~j : T M --> T~(k)(J),~ p =  
= J~/(x)~ is a canonical monomorphism. 

]DEFI~ITIO~ 1.5. -- The k-th order total  vector bundle is 

H~ 1~ = Uj~f~) z~ ~ jT~§ T M c T(k)(J k) 
k--l* I ~  

The total  vector  bundle is 

H ( j )  = li _m m~)(J~) c ~ J  . 

PROPOSlTIO~ 1.6. - The germ a ~ r ( J  k) is a k-integrable germ at x e M iff 

~ ~,(~,(T M)  = H ":) ( J ~  - , a ( x ) \  i �9 

This vector bundle w~s first introduced in a different w~y by J. M. BOAttms [2]. 

I t s  elements are called total  vectors. One has the canonical isomorphisms 

#~= ~L.J%(x) :  ToM-+Z~'(J~), p = J ~ / ( x ) ,  

for c~eh k and hence also # :  T M - + H ( J ) ,  ~z~z(p) = x. This isomorphisln allows 

one t.o define the total  lift # of any  vector field X ~ ~Y(M) into a vector field X ~ 

on J ,  called the total  lift of X. One sets Xe=~ # ,X;  then X e is a section of the 

bundle t I (J ) .  

PROPOSITION 1.7. 

(I) For any X e ~(91) and / ~ C(M, N)~ 

X o J / *  = J / * o X  ~ , 

where the vector fields are cOnsidered as derivations in the ring of real 

functions. 

(2) The bundle H(J)  is involutive. 

P~ooF. - I t  is sufficient to prove relation (1) us a derivation on elements of 

~(~)(p). But  then (1) is a direct consequence of the chain rule for par t ia l  differen- 

tiation. Pa r t  (2)follows from (1). 
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The set of sections of H(J) obtained by  the  to ta l  lift of s  be denoted 
by  ~ ( J ) . . , q o ~ ( j )  will be the  set of germs of elements of ~#(J) .  

The  lift  # will be extended to  a 1-form on J ,  defined by  

#: T J - + t t ( J ) ,  p s J ,  

Y ~ #~(~. ~) .  

Hence  Ker  %x. = Ker~#, p e J, and #(~.N) = ~.#(X),  for X ~ ~"(J), ~v ~ ( p ) .  
The bundle H(J) is an involut ive distr ibution,  in the  sense of the  project ive 

l imit ,  on J .  Hence H(J) defines the  to ta l  complex (d~, S~;A(M)), where: 

d~: ~ ( p )  -+ AI(J) 

X v ~ 0 ,  XVe Ker  # ,  

z~*,A(M) is considered as a module over ~ ( J )  and 

z%A (M) --~ ~*Ak+I(M) , for k e N .  d / l :  * k 

(Small d always stands for exter ior  differentiation while capitol] D stands for the 
derivative.)  

P ~ O P O S I T I O ~  1 . 8 .  - d~odH= O. 

P~ooF. - For  any  ~ e ~-(J) and X, J (e  s 

(dB(d~q))((X ~, I ~) = (d(d~))(X ~, I "e) 

- 

= 0  

by the involutiveness o~ H(J). [] 

P ~ o ~ o s ~ o s -  1.9. - Le t  ~ ~ ,~(~)(J), t hen  d ~  e 7~*A(M) factors through J~+~ and 
is l inear in the  natura l  fibre coordinates of -~+~ Jb~ * 

Let  %o be a map germ J --> P, at 29 ~ J ,  with 2 a smooth manifold. 

'/z D~I~-IT~O~ 1.10. - The to ta l  k- je t  o f  %o, 3~.~(r 29e J ,  is defined by  

J]*@ ('~ "" J * Jf(x) p, / e C(M, IV) 

J$(J, P) will denote the  space of total  k-jets of smooth map germs of J into 2 ~ 
and J~,(J, .P) z ~ j$( j ,  _p). 
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e. The universal elements. 

For  each k e N, there  exists a unique universa.1 element  @~, section of ~ J~(J ~ N) 
such tha t :  

u e C(M, 2V), J*/*@ ~ = g*] [13]. 

The local expression of Qk is given by  

. . . .  D ~ ) ,  d ~ -  ( ~ ,  ~ ~ D ~ , ~ , / ) ~ ,  , ~ 

where D~ denotes the  to ta l  derivative.  
Because z~: J-+s one has with x ~ ~,(p)~ y = ze~(p): 

D , z , :  p e J -+ Horn ( T M ,  T~N) 
. ~ 1 7 6  . . . .  . * . . . . .  , , , ~ 1 7 6  

D~:~: ~ p ~ J --~ Horn (O~T M, T N) . 

0 h is the  It-fold symmetr ic  tensor  product .  

Le t  

i~ ~~ --  Hom (T M, T ~ ) |  Horn (O~T~M, TvN)G | Horn (O~T M, T ~) 

~nd 

The space P~ (~py) 

(~,y)] '  

F ~ T N |  (x,v) (~,v) ' 

will also be identified with the corresponding subspace of Horn (TM,  

From this follows t ha t  

(1) ~o~: pEJ-->(y, (~,~j, 

(2) dHo~: p e g  ~ ] ~ o m  ( T M ,  _ ~ , ~ ) ) ;  

F~ (3) de k: p e J  - ~ H o m  (Ker~=~,., (~.~)). 

and ~o7~+~----- (~v, DH~ by  identification. 

F ~: ~ is constant  a]ong PI'~OPOSITION 1.11. -- The map d~:: o ~ J -+ I Iom (Ker~ z~. ,  (~,~)j 

the  fibre (z~ �9 

r From this if follows tha t  (a) d@ ~ res t r ic ted to Ke =k-l*; 

d o~: Ker  u~--l* -> OkT*MQ T ~  
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is ~he fundamenta l  identification defined by  M. E : ~ A ~ I S ~  [9] [12] and (b) all 

bundles J~ --> J~  ~ ~ l > 0 are affine fibre bundles [5]. 

The forms da~ ~' and do ~ will also be considered as elements of T * J G F  ~ over J~. 

This enables one to introduce the operator ~: 

(~9~: d ~ - -  d a o ~  ~5~+~ [13]. 

The elements ~b~ will be called the s tructure elements. 

P ~ o P o s ~ O N  1.12. - Let  a ~FJ~; then  ~ is k-integrable at  x ~ M, iff 

a*r = 0 .  

The operator 6 defines an operator  ~ on the space of sections by means of the 

pull back of 6~'-L I n  other  words, if ~ ~ F(J~), then  ~ a - ~  a* ~o ~-1. There is s,n 

exact  sequence of sheafs of germs:  

"" r ( J  ~) _~ r ~ r , M |  -~ 0 0 --> C(M, s --> 

which is the first resolvent of Spencer [5]. 

d. Integrability o/ sections J~-~ J~. 

Let  F~(J k) denote the space of smooth sections j z +  j~,. 

DEFInitiON 1.13. - An element v ~ Fo(J ~) is integrable at  z ~ jo if ~*Ha)(J ~) is 
involutive at  z. 

Because Ha)(J ~) c n ~ ' T J  ~ the pull-back bundle ~*H(~I(J ~) is a subbundle of Y J  ~ 
and hence a distr ibution on jo. Fur thermore  

v*Hr ~) = Ker  ~* r 

PROPOSITION 1.14. - I f  V 5/~.(J*) is integrable at  z ~ j o  then  there exists un 
element # ~ F(J"), such tha t  /~(x) ~-- z, x --~ 7~(z), and #(1)(x) ----- v(z). 

PROOF. - ~ * H ( 1 ) ( J  1) is a distr ibution on J", t ransversal  to the fibre of " 7~. 
Because v*Hci)(J~) is involutive at  z, by  Frobenius"s theorem there exists an integral 
submanifold of v*H(1)(J 1) at z, t ransversal  to the fibre of o ~ .  Dim v*H(~)(J~)(z) 

dim T~M and the integral  manifold is a local section, namely  an element of 

F(j0). Le t  # be such an  element,  then #*T~ M = v*HC~)(J ~) and v 5 # e (J~) is 1-in 
tegrable a t  x e M. Hence #")(x)~--~(z). 

DEPINI~IO~- 1.15. - An element ~ e F~,(jk+l) is integrable at  z ~ J~, if ~*HCk+~)(J ~+I) 
is involutive at  z. 
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The same remarks  as before can be made  because ~*H~k+~)(J k+~) defines a distri-  

bu t ion  germ on J~ a t  z. 

PRorosI~ION 1.16. - I f  ~ ~/'~(J~+t) is in tegrable  at z ~ J~, t hen  there  exists  a 
# ~ F(J  ~) such t h a t / t ( x )  -= z, ~ ( z )  = x, # is k-integrable a t  x and  #(~(x) = ~(z). 

P R o o s . -  The dis t r ibut ion u*H(~+~)(J ~+~) i s  involut ive a t  z and  t r ansver sa l  to 
the  fibres of s~). Hence  the  in tegra l  manifold  is an  e lement  of T ( J  ~) a t  z. The 

section will be k-integrable a t  ~ ( z )  and  v defines the  first prolongat ion of this sec- 

t ion  a t  z. [] 

F r o m  this  approach  i t  becomes now clear wha t  an in tegrable  e lement  of F~(J ~) 
should be. Le t  # ~ / ,  (ay, j~+a) be  integTable on ~ c J~. Then  there  exists  a unique 

section #(~I~F~(~, j~+~+~), called the  1-th prolongat ion of # and  defined by :  Vu 
~ / ' ( ~ ( ~ ) ,  J~), in tegrabl  e sections wi th  image in ~[ and  such t h a t  ~(~)=/~o~, one 

has ~(~+~)-~- /fl~)o~. 

DEPI)IITION 1.17. - An e lement  u ~ F~(J~), 1 > /~  @ 1, is in tegrable  a t  z ~ J~", if 

(1) ~+~o~ is integr~ble a t  z e J~ ~nd (2) ~ = ~(~+~o~ (~-~), . 

PROPOSITION 1.18. - Le t  r e ro(J) be integrable  on ~2[ c j0;  t hen  on ~'  

,*od~= (~*~)o~*. 

P ~ o o r .  - For  all in tegrable  # ~ F ( J  ~ wi th  image in ~ c jo  and  such t h a t  ~ o  

o ~ o #  = ~ on ~ r~ (~ ) ,  

*0 *0 -- #, ~ d~-- do#*o~* 

= . . 

I t  is a consequence of the  definition t h a t  if v ~/'7:(J) is integrable  then  u*dRo 
o~*d~=  0. I n  this  case Kerv*qS~k+I) is an  involut ive  d is t r ibut ion  on J~. L e t  H(X)  
be the  lift  of a vec tor  X e T M into this dis t r ibut ion.  Then H(X) .2  u*d~ = H(X)_I  d, 
which proves  : 

PROPOSITIO~ 1.19. - Any v ~ F k ( ~ ,  J~+~) is in tegrable  iff ~*d~(~*~ ~) = 0, where  

~*~  is considered as an  e lement  of A ~ J ~ @ F  ~'-~ [10]. 

2.  - C o n t a c t  t r a n s f o r m a t i o n s .  

DEPINITION 2.1. -- Let Tp: (J, p) -+ (J, q) be a smooth map germ, then 

(a) %0 is a contac t  m a p  germ if ~ . / /~  = H~; 

(b) ~ is a con tac t  weak  homeom0rph i sm germ ii ~ satisfies (a) and  q) is a 

weak homeomorph i sm;  



P. F. J .  DHOOC~HE: Contact trans]ormations, contact algebras, etc. 299 

(c) r is a regular  weak contact  germ if F satisfies (b) and if zko~ has maximal  
rank  for all k > 0; 

(d) r is a regular strong contact  germ if ~ satisfies (b) and if for some local 
fibre bundle  coordinates ~2(~): J - + J ~ ( R  ~, R"), containing p, the  map  7~o 
o~o(~(~)) -~ is a local diffeomol~phism at  ~v(~)(p), for all ~ > 0 ;  

(e) r is a contact  diffeomorphism germ if q0 is a regular invertable  contact  

homeomorphism. 

For  following examples show tha t  one has s tr ict  inclusions 

(a) ~ (b) 9 (c) ~ (d).  

Le t  (x, u, p, r, ...) be coordinates on J(R,  R), t h en  at  (0, 0, 0, ...) the  map  germ 

(1) $'---- x, u' -~ p, p'  =- r, '.. is (a) b u t  not  (b) ; 

(2) x ' :  x, u ' -~ u ~+p~,  p ' ~  3u2p + 2pr, ... is (b) bu t  not  (c); 

(3) x ' ~  x, u ' -~ u~ + p, p ' ~  3u~p + r, ... is (c) bu t  not  (d); 

(4) x ' =  x, u ' =  u + p, p ' =  p ~- r, ... is (d), bu t  not  (e); 

(5) x ' =  x ,  u ' =  u + x ~, ... is  (e). 

Fur the rmore  it  follows from the  definition tha t  for any  contact  map  ~: (9 c J --> J 
and  any  section J]: J]-~((~) --~ 0 c J,  ] ~ C(M, N),  the  map  7%~oc#oJ] is a diffeomor- 

phism of J/-~(r ~ ~ ( ~ ( J /  n r 

THEO~E~ 2.2. -- There  exists a bi jeet ion between the  contact  map germs ~ :  (J, 
p) -~ (J, q) and the smooth map germs ~ :  (J, p ) - ~  (jo, ~0(q)), such tha t  d~(u~o 

o~)(p): T M ~ :r M, x -~ z~(p),  y -~ z~(q), has maximal  rank. 

P~OOF. - The map germ ~ is a contact  map germ if for any  r E r on some 
0 c J,  p ~ @, and for all J], ] ~ C(M, N) in (~, the  image oi qSoJ] is an integrable 
section. This is equivalent  with the  requirements  

(a) zoor162 ~ c M - - ~ J  ~ is a section for some ~ containing 
y E M ;  

(b) r  = j~(ZoOr162 ). 

This last equat ion can be rewr i t t en  by  means  of 

(r CD = ( ~ ~ 1 6 2  ~ ~ 1 6 2  = ~o~ 
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a s  

o r  

r  = 

I t  suffices to put  q = (r Cs), which defines r iff dzr has maximal  rank. .. 

Because any  map germ (~: J - *  j o  such tha t  d s (~o r  has maximal  rank, de- 
fines ~ unique contact map germ on J ,  one has a canonical lift, denoted ~, of such 
map germs into the  set of contact  map germs on J .  

Theorem 2.2 permits to write any  contact map locally as 

= . . . ,  . . . ) ,  

where ~R = (D~r and (r G )  ~ -~ r at  p e J .  
Le t  j//j(jo) be the  sheaf of map germs ~ :  J - ~  j0 such tha t  d~(~or  has maximal  

rank  and r is ~ weak homeomorphism germ on J .  
I t  is a direct consequence of this expression tha.t if ( ~ ,  ~ )  sg/g~(j0) has max- 

imal rank as well as Dzr then  ( ~ ,  r is a regular weak contact  germ. 
Let  ~ z ( j o )  be the subset of j//~(jo) of elements of maximal  rank, then  any  

regular weak contact germ is the ~-li~t of an element o f ~ j ( J ~  The subset of~r~(J  ~ 
of those elements factoring through J~ will be denoted by ~V~(J~ but  will be con- 
sidered as map germs on J, which avoid unnecessary shifts of base points of germs. 
One obviously has 

= 

but  both  factors don ' t  have to factor through the  same J~. 
The following condition is introduced to simplify the  next  theorem. 

CO~DIT][OI~ ( C ) .  - The pair ( ~ ,  r ~ satisfies condition (C) if 

30 e r ( J  1, * * ~ TM Qj ~ TN) 

such that 

T m ~ o R ~  2.3. - Le t  r be a regular weak contact  germ on J .  

(a) I f  d i m N  = 1, then  ~ , ~ z ( j )  _ c ~ ( J )  for some l>~1, iff ~ e (J:jl(J")) ~ and 

7~oo~ satisfies (C). 
If  d i m N = ~ l ,  then  T * ~ ( J ) _ c ~ ( J )  for some l • l ,  iff r  (~J:j.(J))~. 
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(b) q~ preserves gz~, iff ~ e (W~(M),W~(]q)) ~. 

(c) r preserves z~ and ~ * ~ ( J ) _ r  for some 1~1, 
w A ~ ) )  ~. 

iff u, e (WAM),  

This theorem generalizes a result obtained by B. tt:treEnSm~D~ [7] [8], which 
has been reformulated later by R . L .  A~])E~so~ and N .N.  I ] ~ A ~ o v  [1]. 

The following lemmas will simplify the proof of this theorem. 

L~,~tMA 2.4. - L e t  (F~, ~ )~W~, ( jo )  satisfy condition (C), then if dim N >  1, 
( ~ ,  ~ )  eWjo(g~ 

P~oo~'. - I t  is sufficient to prove the lemma on J~(R, R~). Let (x, y~, p~), with 
a -  (1, 2), be coordinates on J~. Then condition (C) becomes: 

(1) 

(2) 

Let 8 o ~  be nonzero on an open subset ~ c  J1. Equation (2) implies that  
~ . #  0 on an open dense subset of ~.  Hence there exists a nonzero function C 
on ~ such that 

(3) (~ ,~-  c ~ , o ) ~  = o 

(~) ( ~ , -  c ~ , ) ~ , =  o. 

The integrability conditions of equations (1) and (2), together with (3) and (4) 
give the conditions 

(5) (e, , -  r  (~,1- c~,,)~..o~+ ( ~ +  po~, ' )~.(~, , -  ce,,)o ~ . 

If (8 ~-p~8~a)~%#0, then from equations (1) and (2) it follows that there 
exist on ~ nonzero functions A such that  with d~ = 8 ~ o - - A ( ~  p~8o) 

(6) A ~  = 0 

(7) A ~  = 0 

and C = A~/A2. 
But this implies that  [A1, A]2](p~ = [A1, zI2](pM---~ 0, with 

[A1, A2] = (A2AI-- A~A~)(~ + p ~ o ) - -  A28~1 + A x e , .  

2 0  - A n n a l i  di  Maleraatica 
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If  A~A~- -A fAr#  O, then  equation (i) becomes 

(A~ ~ , - -  ~ 0 ) ~  = (A~ ~ , - -  A ~  ) ~ . 0  0 , 

which together with (5) implies (3~,-- C3~)O ~= O. 
If  A~A~-- fl~A~ = 0, then  [A~, d~]cfM= 0 together with yields (5) 

(%,-  c%,)o~ = o .  

Hence in both cases, the map 

((p~, ~ . ,  0): qZcJi-->J i 

is not of maximal  rank. 
If on ( ~ - ~  p ~  o)~%= 0~ then  one also has ( ~ - [ - p ~ o ) ~ - =  0 and equation (5) 

becomes 

(s) ( ~ , -  c~ ~ ) ~ =  ( ~ -  c~,)%~.o ~ . 

A similar argument  as above leads to t h e  equations 3~?~= ~ =  0, with 
($~-- B ~ 4 -  (~r C ~ )  and ~---- B ~ d -  (3r C ~ ) ,  for some functions B on ~/. 
Consideration of [~ ,  3~] then  yields the same conclusion. 

~ow if only ~,%~# o and ~ , W =  0 on ~ then also ~,,V~# 0 and ~ , W =  O, 
which implies from (2) tha t  3~,0 ~ = O. Hence the map (~z, ~%, 0) is not  of maximal  
rank. [] 

The following example shows tha t  if dim iV = 1 there exist regular weak contact  
germs satisfying condition (C). Let  J~ be JX(R, R). The map germ at (0~ 0~ 0) given 
by: x ' =  x ~ p, u ' =  u -b �89 P ' =  P, is a strong contact diffeomolphism satisfying 
condition (C). 

This example has the property tha t  the higher order terms are no longer defined 
when r = -- 1 (r = p~ on j2), because r ' =  r/(! -~ r). Or equivalently dz~% is no lon- 
ger of maximal  rank. All theorems in this paper are formulated on the infinite jet  
bundle; a correct way of dealing with these infinities is given by A. VI~oagA])ov [13] 
in terms of the completed or projective jetbundle. Inside tha t  framework the con- 
dition of maximal  rank of ds~% may  be dropped. 

L ~  2.5. - I f  (~%, ~N) e ~#j(jo) and ( ~ i  ~%, ~ B ~ ) :  J -> j1 factors through 
~k 

J~, l > 1 ; then  ( ~ ,  ~_~, ... ~ D~ ~%) : J --> jk factors through J~+~-l. 

PnooF. - This is a direct consequence of the chaim'ule for part ial  derivatives, 
proposition (1.9) and the maximal  rank condition on D ~ % ,  [] 
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P R O 0 ~  O~ THE TI-I:EOI~E]FL -- :Let (~ @ (~/ ' ] ( j0))~,  t h e n  if ~*~*(J)  _ c ~ ( J )  for  s o m e  

l > l ,  by  lemma (2.5) the map ( ~ ,  ~ . ,  I 5 ~ )  has to factor  through J~. But  f rom 
lemm~ (2.4) it  follows t ha t  if dim ~ =/= 1, r ~V'~o(J ~ and if dim _~ ---- 1, 9 ~W~(J~  
and 9 satisfies condit ion (C). In  bo th  cases if follows from the lifting rule, given by  
theorem (2.2), t ha t  9 0 * ~ * ( J ) c ~ * ( J ) ,  for all l~>l. 

Moreover, ~ s  (WflJ~ ~ preserves ~ ,  iff the  map germs 7%oq~%J] is independent  
of the section germ Jf .  Hence ~ s  has to be independent  of the  fibre coordinates 
of ~,~. This is the  case i~f ~ s (W~(M),W:(25)) .  

To prove (c) i t  is now sufficient to res t r ic t  a t ten t ion  to those 9 ~ belonging to 
(W~(M),W~(25)) ~. Then if dim 25 v~ 1, it  follows from (a) tha t  r ~ (W~(M),Wzo(~)) .  

I f  dim 5; ---- 1, r has to satisfy condition (C). Bu t  then  X__J d~---- O, VX in ker ~o~,. 
The converse is trivial.  [] 

I~E~_t~K. - Because lemma (2.4) does no longer hold for contact  maps, the  
theorem is not  valid [or contact  maps. This is shown by  the following example on 
J(R,  ]~2). Le t  (x, u~, u2, p~, p~, ...) be nat~ral  coordinates on J(R, R~), then  the map 

! 

germ at 0 ~ J ( R , R  ~) defined by  x ' = x ~ - p ~ , u ~ = u ~ p , ~ , i  ~ u2-~p~; p~=p~; p ~ '  
~-1 ,  ..., is contact  preserving and preserves ~* ( J ) ,  l~>1. 

F r o m  now on we will res t r ic t  a t ten t ion  to regular  strong contact  germs. Le t  
~ j ( j 0 )  denote  the subset of ~/- (j0) of those elements defining a regular strong 
contac t  homeomorphism.  

PROPOSITION 2.6. - :Let ~ ~ ( j o ) ,  then  

(a) r = (d~or 

(b) qWod~----- d~or ~* iff dp e ( ~ ( M ) ,  ~j0(25)). 

Puppy.  - Pa r t  (a) is a direct  consequence of theorem (2.2). P a r t  (b) follows f rom 
the  fac t  t ha t  r commutes with d~ iff qi ~ is contact  preserving and preserves ~ .  
This follows f rom theorem (2.3). [] 

DEFINITION 2.7. -- A contact  germ 9 on J will be called a special contact  germ 
if ~ e (~AM),  Pj(25))~. 

Let  SC(J) be the sheaf of special contact  germs on J .  One has the fi l tration 
given by  SC(k)(J)-~ ( ~ ( M ) ,  ~j~(25))~. I t  has to be remarked  tha t ,  as a conse- 
quence o f  theorem (2.3), on J~ only SC(o)(jk) makes sense. 

PROPOSITION 2.8. - Le t  ~ SC(o)(Jk), t hen  the /-jet of r is defined by  the  
(k -]-/)-jet  of 9 .  

I t  suffices to write ~ in local coordinates to prove the proposition. 

P~oPosITIO~ 2.9. , Le t  /t ~/~0(J) be integrable;  then  for any  r 

~*(~)  = ~*((~*~)~).  
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P~OOF. - If 

Hence  locally 

u ~/~0(J) is integrable,  then/z*od~ = (#*d~)o#*, b y  proposi t ion 1.18. 

# * ( D ~ )  = (#*D)z(#*D~z) 

= ( ~ * P D ( n * ~ D  �9 

B y  i tera t ion and  the  use of the  l if t ing procedure,  the  proposi t ion follows. [] 

3. - Contact  L ie  a lgebras  a n d  ~- l i f ts .  

a. The contact Lie  algebras of vector fields. 

The ~-lift defined for germs of J - p a r a m e t r i c  diffeomorphisms will now be ex- 

t ended  to J - p a r a m e t r i c  vec tor  fields. 

DEFINITION 3.1 .  -- A contac t  vector  field X on J is an e lement  of W(J),  such t h a t  

[X, H(J ) ]  c H(J ) .  
]c /r ,~* 

Let  ~ ( N )  be the  space of germs of e lements  oi F ~ . ( J ,  ~ :TAr); t hen  there  is 

an unique lift  

~: ff~(~V) -+ ~r(J),  

defined by  [~(X), H(J ) ]  o H ( J )  and z0.(~(X)) = X. Le t  ~q~(J~, N) be  the  image 

of ~ ( ~ ( ~ ) ) [ s j .  

P~oo~ o~ ~m~ ~XIST]~CE A~]) ~r?~IqVE~SS O~ i .  - Le t  ( ~  c M,  x ~) and  (r c 3 r, 

x a) be local coordinates;  then  in t e rms  of the  induced na tu ra l  coordinates on 

z~-~(~g • r one has 

a i a ~ i J  x =  x ~ +  x o ~ §  x ~ o +  x .  ~ -]- .... 

The condit ion Zo,(X) e s yields Xi~, : 0 ~nd X~e o~(~(J). Now f rom [X, 
H(J ) ]  c H(J )  i t  follows t h a t  X ~ -  ~ X  ~, X a = ~ X  ~ which defines X uniquely  i - -  i j  j i ~ ' " ~  

in t e rms  of X " ~ :  zo, X.  [] 

T ~ O R E ~  3.2. - X E ~ ( J )  is a contac t  vec tor  field iff 

X = X ~  - ( n ~ . X -  :~..X~) ~ . 

PnooF. - Any  X e W ( J )  m a y  be decomposed as X = X~ ~ X v, with  X~e  
e K e r  ~I*.  Then  X is a contac t  vector  field iff X v is the  q-lift of some Y e ~fj(N). 

F r o m  the  ~ . X  components  i t  follows t h a t  Y - - - - z ~ . X - - z ~ . X  ~ . [] 
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I t  follows f rom this t heo rem t h a t  the  set  of contac t  vec tor  fields can be wr i t t en  

as the sum 

s 2v) + s M) = s  

The sheaf ~f~(J) is filtered b y  

~q~lk)(j) = ~f~(jk, iv) + ~f~(dk, M) . 

For  1 < k < o% the  sheaf ~o~(k)(j) is not  closed for the  Lie b racke t  of vec tor  fields. 
The following proper t ies  are easily proven.  

PROPERTIES 3.3. 

(1) The following sub-sheaves are Lie sub-algebras over  R of ~o~(j): 

~e~(J, M), ~ ( d ,  5"), s ~ ( j o ,  M), ~ ( j o ,  iV). 

(2) The following lifts are i somorphisms of R-Lie algebras:  

: s -~ s M) 

: ~q%0,~(iv) __> ~f;(J0, iv) 

where p e J ,  zvo(p) = y~ z~(p) = x. 

(3) [fie(j, i ) ,  s 37)] c ~ ( J ,  iv) 

[~o~(j), ~o~(j, iv)] = o. 

t~E3IARK ON TILE SPECIAL CASE dim 27 = 1. - I t  is a consequence of theorem 2.3 

t h a t  there  exists a Lie sub-Mgebra of contac t  vec tor  fields of ~ a ) ( j ) .  Using the  
decomposi t ion 

X = X ~ +  (~_,X) ~ -  ( ~ , X ~ )  ~ , 

and  the  local expression 

the  condit ion t h a t  zl ,  X factors  th rough  J1 becomes 

~J(X~y~ - A )  : X ~ 
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and 

(~ § y~ ~ ) ( x % -  A) § ~ = O. 

i With  ? ~ X y~-- A, ~ G ~(:)(J) ,  any  element  of ~q~(:)(J) preserving ~(:)(J)  m ay  
be wr i t ten  as: 

X - - - -  ~ i~ (~  i ~-- y ~  ) -  ~ -- (~ -~  y ~ ) ~ "  ~ . 

Hence the vector  field X is uniquely defined by  the  funct ion X _ j  ~o  on J : .  F ro m  
this fac t  one derives the  Jacobi,  Poisson and Lagrange Brackets  on ~ ( J : )  [11]. 

b. The ~ lilt o/ /ormal vector ]ields on jo. 

Any integrable # G _Fo(J) defines a local foliation of jo by  the  integral  submani- 
folds of (~:o#)*H(:)(J1). Le t  ~ G F ( J  ~ be a local integral  of /~, p--~/~(y), y----u(x), 
x e M; then  one sets for ~ G ~(0)(j) 

nnd one has 

Locally one has 

# J~,~(~) , J~,~(~) = , ~  

= J~(v*cf) . 

"~ ( 
3~,~ ~) = (~(Y), ( ~ * D , ) ( ~ ) ,  . . . ,  ( ~ , D . ) ~ ( ~ ) ) .  

I t  is clear t ha t  "~ 3~,~ depends only on p -----,u(y) and hence one adopts  the  nota t ion 

j~,cf,  where y : z0(P). 
Applying this to germs of vector  fields on j0 one sets: 

J ~ X  (J ~ : {j~, X I X G X  (J~ 

JkX(J~ -~ U~ J~:~" (J~ , p G #(jo), # G Yo(J~) . 

j ~ ( j o )  --_ V ~ j ~ ?  (jo),  p G J~.  

j~  ~ ( j 0 )  is a vector  bundle over jT:. Le t  ~v(jo)  be the  subset of germs ol vector  
fields in Her  ~.~ ," then  j ~ v ( j o )  is a subbundle of j ~ ( j o )  over  Jl t  

Tm~o~E~ 3.6. 

(a) The vector  bundles over jk:  j~r~.v(jo) and Her  z~, are isomorphic. 
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(b) The canonical isomorphism 

j k  c3Cv ( j ~ : ~ ~, .->Ker 2"TM, 

is given by:  Le t  

x e X ~ ( J ~  , , ~, , 

be such tha t  J~,~X = X(~); then  

(e) I f  /z e / ' o ( J  k) is integrable,  t hen  for X ~ :~eT(jo): 

PROOF. - Le t  X ~ ~v( jo) ;  then  i t  is a consequence of theorem 2.3 tha t  zk* ~(X) 
is vec tor  field on J~. Hence ~ :  j ~ ( j o )  _+ K e r ~ .  is a monomorphism. 

j ~ y v  0 An easy calculation shows tha t  dim ~ , ( J  ) = dim l ~ e r  ~ .  ~ , which proves (a) 
and (b). Le t  # ~ ]'0(J k) be integrable,  t hen  in terms of some natural  coordinates 
one has for X e :Yv(0~ 

from proposit ion 1.18. This proves (v). ! 

CO~SEQYE~CES. - Le t  jTo~F(jo) be the  space of k-jets of germs of ver t ical  vector  
fields on jo  and  let  

)jk): j k ~ r ( j o )  •  _> j~3fv(jo) 

be the  natura l  project ion map. Then ~ o~(~) is an epimorphism: 

: jk~f~(jo) • {p} __~ l~er~ ~ ,  

with y -~ zok(p). 

Le t  3V~(J ~ b e  the subset of germs of Vertical Vector fields on jo, factoring 
th rough  M; then :  

1r V 0 [~o~(~:. J . ~ , ~ ( J  ) • { p ~ .  -:> Ker~ ~ ,  ~ 

is an isomorphism. T h e  restr ict ion o f  this m a p : t o  J ~ ( J O ) •  ~vill be denoted 
by  fl(~). 
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At  a n y  p e J~ one has  t he  fol lowing exac t  sequence :  

0 --> Ker  z~_~, -+ Ke r  ~,~ -> Ke r  ~ -> 0 ,  

while a t  ~o~(p) = y, t h e  fol lowing exac t  sequence can  be w r i t t e n  (x = zO(y)) 

, ~ v o J ~ , ~ ( J ) - - > 0 .  O._~O~(T*M)@T~2g__~j X~,~(j)__.. ~-~ ~ o 

F r o m  b o t h  exac t  sequences and  t he  i somorph i sm fl(~) fol lows:  

Tm~onE~ 3.7. 

= ( f l )  (Ker  ~_~.) . de~( N e t  z~-l*) (~) -~ 

L e t  d im M = d im N a nd  let  S(k)c J~ be t he  subset  of k-jets of d i f feomorphism 

germs.  I f  ~ r ( j 0 )  is t he  subse t  of ver t ica l  vec to r  fields germs on jo  f ac to r ing  

t h r o u g h  N~ t h e n  fol lows:  

TEEO~E)~ 3.8. - The  m o r p h i s m  

x {p}  --+ 

is an  i somorph i sm on S ~k). 
k v o S(~); L e t  % be t h e  m o r p h i s m  ~ o ~  ~) r e s t r i c t ed  to  J ~ , ~ ( J  ) on  t h e n  in c o n t r a s t  

to  t he  m o r p h i s m  fl(~), t he  m o r p h i s m  % depends  expl ic i t ly  on p E J~. 
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