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Continuity of projections of natural bundles

by W lodzimierz M. Mikulski (Kraków)

Abstract. This paper is a contribution to the axiomatic approach to geometric
objects. A collection of a manifold M , a topological space N , a group homomorphism
E : Diff(M) → Homeo(N) and a function π : N → M is called a quasi-natural bundle if
(1) π◦E(f) = f◦π for every f ∈ Diff(M) and (2) if f, g ∈ Diff(M) are two diffeomorphisms
such that f |U = g|U for some open subset U of M , then E(f)|π−1(U) = E(g)|π−1(U). We
give conditions which ensure that π : N →M is continuous. In particular, if (M,N,E, π)
is a quasi-natural bundle with N Hausdorff, then π is continuous. Using this result, we
classify (quasi) prolongation functors with compact fibres.

0. Introduction. Throughout this paper manifolds are assumed to be
paracompact, finite-dimensional and without boundary.

The concept of a natural bundle was introduced by A. Nijenhuis [10] as
a modern approach to the classical theory of geometrical objects (see [1]).
A natural bundle (over n-dimensional manifolds) is a covariant functor F
from the category of n-dimensional C∞ manifolds and C∞ embeddings into
the category of C∞ locally trivial fibre bundles and C∞ bundle mappings
such that:

(1) for every n-dimensional C∞ manifold M , FM is a locally trivial fibre
bundle over M ;

(2) for every C∞ embedding ϕ : M → N of n-dimensional manifolds,
Fϕ : FM → FN covers ϕ and for any x ∈ M , Fϕ maps diffeomorphically
the fibre FxM onto the fibre Fϕ(x)N ;

(3) F is regular in the following sense: If ϕ : U × M → N is a C∞

mapping (where U is an open subset of Rk) such that for every t ∈ U ,
ϕt : M → N , ϕt(x) = ϕ(t, x), is an embedding, then the mapping

U × FM 3 (t, y)→ Fϕt(y) ∈ FN
is of class C∞.
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The functor T associating with each n-manifold M the tangent bundle
TM and with each embedding ϕ : M → N the differential dϕ : TM → TN is
an example of a natural bundle. An equivalent formulation of an interesting
result of Palais and Terng [11] is that every natural bundle is isomorphic to
a fibre bundle associated with an r-frame bundle and whose standard fibre
is an Lrn space (cf. [4, p. 13]).

The definition of a locally determined associated space was introduced
by Epstein and Thurston [2] as a generalization of natural bundles. Let
n ≥ 1 be a fixed natural number and let q ≥ 1 be a fixed integer or infinity.
A locally determined associated space is a functor E associating with each
n-dimensional Cq manifold M a topological space EM 6= ∅ and a continuous
mapping πM : EM → M and with each Cq embedding ϕ : M → N of
n-manifolds a homeomorphism between EM and π−1

N (im(ϕ)) such that πN ◦
E(ϕ) = ϕ ◦ πM .

In [2], the authors proved that if E is a locally determined associated
space such that ERn is a locally compact second countable Hausdorff space,
thenE is isomorphic to a topological fibre bundle associated with an r-frame
bundle and whose standard fibre is an Lrn space. (In [8], we extended the
result of Epstein and Thurston to the situation when ERn is not locally
compact.) The result of Epstein and Thurston implies that the regularity
condition in the definition of a natural bundle is a consequence of the other
conditions in the definition.

The purpose of this paper is to give an answer to the following question:
Is the condition “πM is continuous” in the definition of locally determined
associated spaces a consequence of the other conditions of the definition
(see Problem in [2, p. 236])? If EM is a Hausdorff space, the answer is
affirmative. In fact, we obtain a more general result.

Let us begin with the definition of a quasi-natural bundle.

Definition 0.1. Let r ≥ 1 be an integer or infinity or r = ω and let
n ≥ 1 be a natural number. A collection (M,N,E, π, r, n) of r, n and of

— an n-dimensional Cr manifold M ,
— a topological space N 6= ∅,
— a group homomorphism E : Diff(M)→ Homeo(N) of the group of all

global Cr diffeomorphisms of M onto M into the group of all homeomor-
phisms of N onto N ,

— a function π : N →M ,

is called a quasi-natural bundle if the following two conditions are satisfied:

(1) for every ϕ ∈ Diff(M), π ◦ E(ϕ) = ϕ ◦ π,
(2) if f, g ∈ Diff(M) are such that f |U = g|U for some open subset U of

M , then E(f)|π−1(U) = E(g)|π−1(U).
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We have the following obvious example of quasi-natural bundles.

Example 0.1. Let E be a locally determined associated space over
n-dimensional Cr manifolds and let M be an n-dimensional Cr manifold.
It is clear that (M,EM,E|Diff (M), πM , r, n) is a quasi-natural bundle.

In Section 1, conditions are given under which π : N →M is continuous,
where (M,N,E, π, r, n) is a quasi-natural bundle. In particular, we deduce
the following two theorems.

Theorem 0.1. Let (M,N,E, π, r, n) be a quasi-natural bundle. Suppose
that N is a Hausdorff space and r ≥ 1 is an integer or infinity. Then π is
continuous.

Theorem 0.2. Let (M,N,E, π, r, n) be a quasi-natural bundle. If r ≥ 1
is an integer or infinity , then the set {v ∈ N : π is continuous at v} is open
in N .

In Example 2.1, we present a quasi-natural bundle (R, N,E, π, ω, 1) such
that: (i) N is a metric space and (ii) π is not continuous. Therefore, Theo-
rem 0.1 is not true in the analytic situation.

If N is a Cr manifold, we have the following natural question: Is π :
N → M of class Cr? It is a difficult question and I have only been able to
give a partial answer. We introduce the following definition.

Definition 0.2. Let (M,N,E, π,∞, n) be a quasi-natural bundle. We
say it is regular if the following three conditions are satisfied:

(1) N is a manifold of class C∞;
(2) if ϕ ∈ Diff(M), then E(ϕ) : N → N is of class C∞;
(3) if ϕ : U ×M → M is a C∞ mapping (where U is an open subset

of Rk) such that for every t in U , ϕt : M → M , ϕt(x) = ϕ(t, x), is a
diffeomorphism, then the mapping

U ×N 3 (t, y)→ E(ϕt)(y) ∈ N
is of class C∞.

In Section 3, we prove the following theorem.

Theorem 0.3. Let (M,N,E, π,∞, n) be a regular quasi-enatural bundle.
Assume that M and N are connected. Then the set {v ∈ N : there exists a
neighbourhood V of v such that π|V is of class C∞} is dense in N .

Similarly to the definition of prolongation functors in the sense of [6] we
introduce the following definitions of quasi-prolongation functors.

Definition 0.3. Let r ≥ 1 be an integer or infinity or r = ω. A quasi-
prolongation functor over (positive-dimensional) Cr manifolds is a covari-
ant functor F associating with each positive-dimensional Cr manifold M a
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topological space FM 6= ∅ and a function πM : FM → M and with each
Cr mapping f : M → N a continuous mapping Ff : FM → FN such that:

(1) for every Cr mapping f : M → N , πN ◦ Ff = f ◦ πM ;
(2) if ϕ : M → N is a Cr diffeomorphism onto an open subset of N ,

then Fϕ : FM → π−1
N (im(ϕ)) is a homeomorphism.

Definition 0.4. Let F be a quasi-prolongation functor over C∞ mani-
folds. We say that F is regular if the following conditions are satisfied:

(1) for every C∞ manifold M , FM is a C∞ manifold;
(2) for every C∞ mapping f : M → N the mapping Ff : FM → FN is

of class C∞;
(3) if ϕ : M → N is a C∞ diffeomorphism onto an open subset, then

Fϕ : FM → π−1
N (im(ϕ)) is also a diffeomorphism. (By Theorem 0.1, πN is

continuous, and so π−1
N (im(ϕ)) is open in FN .)

In Section 4, we prove the following theorem.

Theorem 0.4. (I) Let F be a quasi-prolongation functor over Cr mani-
folds. Suppose that :

(1) r is a natural number or infinity ;
(2) for each n, FRn has a countable basis;
(3) for each Cr manifold M , FM is Hausdorff ;
(4) for each n the fibre π−1

Rn (0) is compact.

Then there exists a compact set G such that F is isomorphic to the trivial
quasi-prolongation functor ( ) × G which associates with each Cr manifold
M the space M ×G and the mapping pM : M ×G→M , pM (x, y) = x, and
with each Cr mapping f the mapping f × idG.

(II) Let F be a regular quasi-prolongation functor. Assume that :

(1) for each n, FRn has a countable basis;
(2) for each n, π−1

Rn (0) is compact.

Then there exists a C∞ compact manifold G such that F is C∞ iso-
morphic to the trivial regular quasi-prolongation functor ( ) × G over C∞

manifolds.

R e m a r k. We say that quasi-prolongation functors F 1, F 2 (resp. reg-
ular quasi-prolongation functors F 1, F 2) over Cr (resp. C∞) manifolds are
isomorphic (C∞ isomorphic) if for every Cr (resp. C∞) manifold M there
exists a homeomorphism (resp. a C∞ diffeomorphism) IM : F 1M → F 2M
such that:

(1) for every Cr (resp. C∞) manifold M , π2
M ◦ IM = π1

M , where πiM :
F iM →M (i = 1, 2) are the projections;
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(2) for each Cr (resp. C∞) mapping f : M → N of Cr (resp. C∞)
manifolds, IN ◦ F 1f = F 2f ◦ IM .

1. Continuity of projections of quasi-natural bundles. In this
section we will prove Theorems 0.1 and 0.2.

Let X be a topological space and let Y ⊂ X. We say that Y is Hausdorff
in X iff any two distinct points in Y have disjoint open neighbourhoods in X.
It is clear that if h : X → X is a homeomorphism and Y is Hausdorff in X,
then h(Y ) is also Hausdorff in X.

Let (M,N,E, π, r, n) be a quasi-natural bundle. Throughout this section
we use the following notations:

Orb(v) = {E(f)(v) : f ∈ Diff(M)} , v ∈ N ;

for every x ∈M ,

D−(x) = {f ∈ Diff(M) : f(x) = x and there exists a chart (U, g, x)
such that g(x) = 0 and det(d0(g ◦ f ◦ g−1)) < 0} ;

finally, for every y ∈ M , denote by Comp(M,y) the connected component
of M which contains y.

Theorems 0.1 and 0.2 are simple consequences of the following proposi-
tion.

Proposition 1.1. Let (M,N,E, π, r, n) be a quasi-natural bundle and
let v ∈ N. Suppose that r ≥ 1 is an integer or infinity. Then the following
conditions are equivalent :

(1) π is continuous at v;
(2) if w ∈ Orb(v), then π is continuous at w;
(3) for all u,w ∈ Orb(v), the condition π(u) 6= π(w) implies that {u,w}

is Hausdorff in N ;
(4) there exists w ∈ Orb(v)− π−1(π(v)) such that :

(a) π(w) ∈ Comp(M,π(v)),
(b) {v, w} is Hausdorff in N , and
(c) if D−(π(v)) 6= ∅, then there exists ϕ ∈ D−(π(v)) such that
{E(ϕ)(v), w} is Hausdorff in N ;

(5) there exists an open (in N) neighbourhood V of v such that π|V is
continuous.

In the proof of Proposition 1.1 we shall use the following lemmas:

Lemma 1.1. Let r ≥ 1 be an integer or infinity. Let M be an n-
dimensional manifold of class Cr and let x ∈M . Let (U, g, x) be a chart of
M at x such that g(U) = Rn and g(x) = 0. If y ∈ Comp(M,x), then there
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exists a Cr diffeomorphism f : M → M such that germx(f) = germx(idM )
and f(y) ∈ U .

Lemma 1.2. Let (M,N,E, π, r, n) be a quasi-natural bundle such that
r ≥ 1 is an integer or infinity. Let u, u′, w ∈ N be such that :

(1) u′ ∈ Orb(u) ∩ π−1(π(u)),
(2) w ∈ Orb(u)− π−1(π(u)),
(3) {u,w} is Hausdorff in N ,
(4) if D−(π(u)) 6= ∅, then there is a ψ ∈ D−(π(u)) such that {Eψ(u), w}

is Hausdorff in N .

Then {u′, w} is also Hausdorff in N .

P r o o f o f L e m m a 1.1. Let

A = {z ∈ Comp(M,x) : there exists f ∈ Diff(M)
such that f(z) ∈ U and germx(f) = germx(idM )}.

We have to prove that A = Comp(M,x). It is clear that U ⊂ A. Thus it is
sufficient to show that A−{x} and Comp(M,x)−A are open in Comp(M,x).

For each z ∈ A, let fz ∈ Diff(M) be such that fz(z) ∈ U and germx(fz) =
germx(idM ). For each t ∈M−{x}, let (Ut, gt) be a chart of M at t such that
gt(Ut) = Rn, gt(t) = 0 and x ∈ M − Ut. For each z ∈ Ut and t ∈ M − {x},
let ht,z ∈ Diff(M) be such that ht,z(t) = z and germx(ht,z) = germx(idM )
(see [5]).

Let z ∈ A − {x}. We shall show that Uz ⊂ A − {x}. Let t ∈ Uz.
Then fz ◦ (hz,t)−1 ∈ Diff(M), fz ◦ (hz,t)−1(t) = fz(z) ∈ U and germx(fz ◦
(hz,t)−1) = germx(idM ), and thus t ∈ A− {x}.

Let now z ∈ Comp(M,x)−A. We shall show that Uz ∩A = ∅. Assume
the contrary. Let t ∈ Uz∩A. Then ft◦hz,t ∈ Diff(M), ft◦hz,t(z) = ft(t) ∈ U
and germx(ft ◦ hz,t) = germx(idM ), and hence z ∈ A.

P r o o f o f L e m m a 1.2. Fix f ∈ Diff(M) such that f(π(u)) = π(u)
and u′ = E(f)(u), and a chart (U, g) of M at π(u) such that g(U) = Rn,
g(π(u)) = 0 and π(w) ∈M − U . Consider two cases.

(I) det(d0(g ◦ f ◦ g−1)) > 0. Then there exists F ∈ Diff(M) such that
germπ(u)(F ) = germπ(u)(f) and germπ(w)(F ) = germπ(w)(idM ) (see [5]).
Definition 0.1 ensures that E(F )(w) = w and E(F )(u) = E(f)(u) = u′;
since {u,w} is Hausdorff in N and E(F ) is a homeomorphism, {u′, w} is
also Hausdorff in N .

(II) det(d0(g◦f ◦g−1)) < 0. Then f ∈ D−(π(u)), i.e. D−(π(u)) 6= ∅. By
the assumptions {E(ψ)(u), w} is Hausdorff in N for some ψ ∈ D−(π(u)).
Replacing u by E(ψ)(u) and f by f ◦ψ−1 we apply Case (I) to conclude the
proof.
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P r o o f o f P r o p o s i t i o n 1.1. (1)⇒(2) is a simple consequence of
Definition 0.1. (2)⇒(3) and (5)⇒(1) are obvious.

(3)⇒(4). Let (U, g) be a chart of M at π(v) such that g(U) = Rn
and g(π(v)) = 0. Let y ∈ U − {π(v)}. There exist h ∈ Diff(M) and a
compact set K ⊂ U such that h(π(v)) = y and h|M − K = idM |M − K.
Let w := E(h)(v). It is clear that w ∈ Orb(v) − π−1(π(v)) and π(w) =
h(π(v)) ∈ U ⊂ Comp(M,π(v)). Thus {v, w} is Hausdorff in N . Similarly,
if ϕ ∈ D−(π(v)), then π(E(ϕ)(v)) = π(v) 6= π(w), and so {E(ϕ)(v), w} is
Hausdorff in N .

The proof of (4)⇒(1) is more complicated. Assume the contrary. Then
π is not continuous at w. Let (U, g) be a chart of M at π(w) such that
g(U) = Rn, g(π(w)) = 0 and π(W ) 6⊂ U for every W ∈ top(N,w), where
top(N,w) is the set of all open neighbourhoods of w. By Lemma 1.1, there is
an f ∈ Diff(M) such that f(π(v)) ∈ U and germπ(w)(f) = germπ(w)(idM ).
Moreover, there are h ∈ Diff(M) and a compact subset K of U such that
h|M −K = idM |M −K and h(π(w)) = f(π(v)) (see [5]).

First assume that E(f)(v), E(h)(w) and w satisfy the assumptions of
Lemma 1.2 (with E(f)(v) and E(h)(w) playing the roles of u and u′, re-
spectively). Then {E(h)(w), w} is Hausdorff in N , and hence there exist
W1 ∈ top(N,E(h)(w)) and W2 ∈ top(N,w) such that W1 ∩W2 = ∅. Since
E(h) : N → N is a homeomorphism, we can find W ∈ top(N,w) such
that W ⊂ W2 and E(h)(W ) ⊂ W1. Recalling that π(W̃ ) 6⊂ U for every
W̃ ∈ top(N,w), we deduce that W −π−1(U) 6= ∅. On the other hand, since
π−1(M − K) ⊃ N − π−1(U) and E(h)|π−1(M − K) = idN |π−1(M − K),
we get E(h)|N − π−1(U) = idN |N − π−1(U). Hence ∅ = W1 ∩ W2 ⊃
E(h)(W − π−1(U)) ∩ (W − π−1(U)) = W − π−1(U) 6= ∅, a contradiction.

It remains to prove that E(f)(v), E(h)(w) and w satisfy the assump-
tions of Lemma 1.2. It is clear that Orb(E(h)(w)) = Orb(w) = Orb(v) =
Orb(E(f)(v)) as w ∈ Orb(v). On the other hand, since f is a bijection,
h(π(w)) = f(π(v)), π(w) 6= π(v) and germπ(w)(f) = germπ(w)(idM ), we
have π(E(h)(w)) = h(π(w)) = f(π(v)) = π(E(f)(v)), π(w) = f(π(w)) 6=
f(π(v)) = π(E(f)(v)) and {E(f)(v), w} = E(f)({v, w}). Hence E(h)(w) ∈
Orb(E(f)(v))∩π−1(π(E(f)(v))), w ∈ Orb(E(f)(v))−π−1(π(E(f)(v))) and
(since {v, w} is Hausdorff in N) {E(f)(v), w} is Hausdorff in N .

If q ∈ D−(f(π(v))), then f−1 ◦ q ◦ f ∈ D−(π(v)) (i.e. D−(π(v)) 6= ∅),
and therefore (by the assumption on w) there exists ϕ ∈ D−(π(v)) such
that {E(ϕ)(v), w} is Hausdorff in N . It is obvious that f ◦ ϕ ◦ f−1 ∈
D−(f(π(v))) and {E(f ◦ ϕ ◦ f−1)(E(f)(v)), w} = E(f)({E(ϕ)(v), w}), and
thus {E(f ◦ ϕ ◦ f−1)(E(f)(v)), w} is Hausdorff in N .

(1)⇒(5). We can assume (2)–(4) to hold. Fix w ∈ (Orb(v)−π−1(π(v)))
∩ π−1(Comp(M,π(v))). If D−(π(v)) 6= ∅, we fix ψ ∈ D−(π(v)). Let f ∈
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Diff(M) be such that w = E(f)(v). Let W ∈ top(M,π(v)) be such that
π(w) ∈M − cl(W ) and let (U, g) be a chart of M at π(v) such that g(U) =
Rn, g(π(v)) = 0, U ⊂ W and ψ(U) ⊂ W . Since π is continuous at v
and w, there are V1 ∈ top(N, v) and V2 ∈ top(N,w) such that π(V1) ⊂ U
and π(V2) ⊂ M − cl(W ). Let V ∈ top(N, v) be such that V ⊂ V1 and
E(f)(V ) ⊂ V2.

We shall prove that π|V is continuous. Let ṽ ∈ V and w̃ := E(f)(ṽ).
We shall prove that w̃ satisfies (4) (with ṽ and w̃ playing the roles of v and
w, respectively).

We see that π(ṽ) ∈ π(V ) ⊂ π(V1) ⊂ U ⊂ W and π(w̃) ∈ π(E(f)(V )) ⊂
π(V2) ⊂M − cl(W ). Therefore w̃ ∈ Orb(ṽ)− π−1(π(ṽ)).

It is clear that π(ṽ) ∈ U ⊂ Comp(M,π(v)). Then π(w̃) = f(π(ṽ)) ∈
f(Comp(M,π(v))) = Comp(M,f(π(v))) = Comp(M,π(w)), and thus (as
π(w) ∈ Comp(M,π(v))) π(w̃) ∈ Comp(M,π(ṽ)).

Since ṽ ∈ V ⊂ V1 and w̃ ∈ E(f)(V ) ⊂ V2 and π(V1) ∩ π(V2) = ∅, {ṽ, w̃}
is Hausdorff in N .

Let h ∈ Diff(M) be such that h|M − U = idM |M − U and h(π(v)) =
π(ṽ). Assume η ∈ D−(π(ṽ)). Then h−1 ◦ q ◦ h ∈ D−(π(v)), and then
D−(π(v)) 6= ∅. Let ϕ := h ◦ ψ ◦ h−1. Of course, ϕ ∈ D−(π(ṽ)). We
shall prove that {E(ϕ)(ṽ), w̃} is Hausdorff in N . It is sufficient to prove
that E(ϕ)(V ) ∩ E(f)(V ) = ∅. We know that E(h)|π−1(M − cl(W )) =
idN |π−1(M−cl(W )), as M−cl(W ) ⊂M−W ⊂M−U . On the other hand,
E(h−1)(V ) ⊂ π−1(U), for if x ∈ V , then π(x) ∈ π(V ) ⊂ π(V1) ⊂ U , and
thus π(E(h−1)(x)) = h−1(π(x)) ∈ U . Therefore (as ψ(U) ⊂W ) we have

E(f)(V ) ∩ E(ϕ)(V ) ⊂ V2 ∩ E(ϕ)(V )

⊂ π−1(M − cl(W )) ∩ E(h) ◦ E(ψ) ◦ E(h−1)(V )

⊂ E(h)(π−1(M − cl(W ))) ∩ E(h) ◦ E(ψ)(π−1(U))

= E(h)(π−1(M − cl(W )) ∩ E(ψ)(π−1(U)))

⊂ E(h)(π−1(M − cl(W )) ∩ π−1(W )) = ∅.
We have the following interesting application of Theorem 0.1. Let M

be an n-dimensional Cr manifold, where n ≥ 1 and r ≥ 1 is an integer or
infinity. Let top(M) be the topology on M . We say that a topology τ on
M is natural iff any ϕ ∈ Diff(M) is a homeomorphism with respect to τ .
Of course, top(M) is natural.

Corollary 1.1. Let M be as above and let τ be a Hausdorff natural
topology on M . Then top(M) ⊂ τ .

P r o o f. Putting N = (M, τ), E : Diff(M) → Homeo(N), E(ϕ) = ϕ,
and π : N → M , π = idM , we obtain a quasi-natural bundle. Therefore π
is continuous, and thus top(M) ⊂ τ .
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R e m a r k. Let M,N, π, r, n,Diff(M),Homeo(N) be as in Definition 0.1.
Let D be a subgroup in Diff(M) and let E : D → Homeo(N) be a group ho-
momorphism. The collection (M,N,E, π, r, n,D) is called a D-quasi-natural
bundle if the conditions of Definition 0.1 are satisfied with D playing the
role of Diff(M). We see that Proposition 1.1 (and hence Theorems 0.1 and
0.2) with D playing the role of Diff(M) is true for D-quasi-natural bundles
provided D satisfies the following conditions:

A) for any chart (U, g) of M at x such that g(U) = Rn, g(x) = 0, and
y ∈ U there exist a compact set K ⊂ U and h ∈ D such that h|M −K =
idM |M −K and h(x) = y,

B) for any chart (U, g) of M at x and f ∈ D − D−(x) with f(x) = x
there exist a compact set K ⊂ U and h ∈ D such that h = f near x and
h|M −K = idM |M −K.

For example, if either D ⊂ Diff(M) is the subgroup of all diffeomor-
phisms equal to the identity map outside a compact subset, or M is oriented
and D is the subgroup of all orientation preserving diffeomorphisms, then
D satisfies the above conditions A) and B).

2. Counterexamples. In this section we present some counterexam-
ples.

In connection with Theorem 0.1 we present the following example of
a quasi-natural bundle (M,N,E, π, ω, 1), where M is a connected ana-
lytic manifold, N is a second countable metrizable space, E : Diff(M) →
Homeo(N) is a group homomorphism of the group of all analytic diffeomor-
phisms of M onto M into the group of all homeomorphisms of N onto N
and π : N →M is not continuous.

Example 2.1. Let M = R and let N be the set of all global analytic
mappings of R into R. There is an injection I : N → RN given by I(f) =
(f(1), f( 1

2 ), f( 1
3 ), . . .). We equip N with the topology induced by I, i.e.

U ⊂ N is open iff U = I−1(V ) for some V open in RN, where RN has the
Tikhonov topology. Define E : Diff(M) → Homeo(N) by E(g)(f) = g ◦ f .
Let π : N → M be given by π(f) = f(0). It is clear that (M,N,E, π, ω, 1)
is a quasi-natural bundle. Since fn := (n−n + (idR)2)−n → 1 (in N) and
π(fn) = 1/n 9 π(1) = 1, we see that π is not continuous at 1.

In connection with Theorem 0.2 we give the following example.

Example 2.2. Let M = R. We equip N := R×R with a topology defined
as follows: U ⊂ N is open if and only if either U = N or U = V × {0} for
some V open in R. Let r = ∞. Define E : Diff(M) → Homeo(N) by
E(f)(x, y) = (f(x), y). Let π : N → M be the projection onto the first
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factor. It is obvious that (M,N,E, π,∞, 1) is a quasi-natural bundle, but
the set {v ∈ N : π is continuous at v} is not closed in N .

Example 2.3. Let M = R ∪ S1, where S1 ⊂ R2 is the unit circle. Let
N = R. Define E : Diff(M) → Diff(N) by E(f) = f |R. Let π : N → M
be the inclusion. Then (M,N,E, π,∞, 1) is a regular quasi-natural bundle
such that π is not surjective.

In connection with the implication (4)⇒(1) of Proposition 1.1 we give
the following two examples.

Example 2.4. Let M = R × {0} ∪ R × {1}. We equip N := M with
the topology generated by N , ∅, R× {0} and R× {1}. Let E : Diff(M) →
Homeo(N) be the inclusion and π : N → M the identity. It is clear that
(M,N,E, π,∞, 1) is a quasi-natural bundle. If f : M → M is defined by
f(t, x) = (t, x + 1 (mod 2)), ϕ : M → M is defined by ϕ(t, x) = (−t, x),
v = (0, 0) and w = (0, 1), then w = f(v) ∈ Orb(v) − π−1(π(v)), {v, w} is
Hausdorff in N , ϕ ∈ D−(π(v)) and {E(ϕ)(v), w} is also Hausdorff in N but
π is not continuous at v, and π(w) 6∈ Comp(M,π(v)).

Example 2.5. Let M = R and let N be as in Example 2.4. Define
E : Diff(M) → Homeo(N) by E(f)(x, t) = (f(x), t) if f is orientation
preserving, and = (f(x), t + 1 (mod 2)) if f is orientation reversing. Let
π : N → M be the projection given by π(x, t) = x. It is easy to see that
(M,N,E, π,∞, 1) is a quasi-natural bundle. If v = (1, 0) and w = (−1, 1),
then w = E(− id)(v) ∈ Orb(v) − π−1(π(v)), π(w) ∈ Comp(M,π(v)) and
{v, w} is Hausdorff inN but π is not continuous at v. Of course {E(ϕ)(v), w}
is not Hausdorff in N for every ϕ ∈ D−(π(v)).

With regard to the implication (1)⇒(3) of Proposition 1.1 the following
example is interesting.

Example 2.6. Let M = R. We equip N := R × R with the topology
in which U ⊂ N is open if and only if there exists an open subset V of R
such that U = V × R. Define E : Diff(M) → Homeo(N) by E(f)(x, y) =
(f(x), dfdx (x)y). Let π : N →M be the projection onto the first factor. Then
(M,N,E, π,∞, 1) is a quasi-natural bundle. It is clear that π is continuous
at v = (0, 1) but Orb(v) is not Hausdorff in N .

In Example 2.7 we show that condition (3) of Proposition 1.1 cannot
be replaced by the following one: If u,w ∈ Orb(v) and π(u) 6= π(w), then
{u,w} is Hausdorff with respect to the induced topology.

Example 2.7. Let M = R. Endow N := R × R with the minimal
topology such that for all α, β ∈ R, R×R− ((−∞, α]× {0} ∪ [β,∞)× {0})
is open. Define E : Diff(M) → Homeo(N) by E(f)(x, y) = (f(x), y). Let
π : N →M be the projection onto the first factor. Then (M,N,E, π,∞, 1)
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is a quasi-natural bundle. Moreover, π is not continuous at v = (0, 0)
though for all u,w ∈ Orb(v) the condition π(u) 6= π(w) implies that {u,w}
is Hausdorff with respect to the induced topology.

3. Regularity of projections. In this section we prove Theorem 0.3.
We shall use the following notation. For any smooth manifold M , we

denote by A(M) the Lie algebra of vector fields on M. We also consider
A(M) as a C∞(M) module. For any p ∈M we write Mp for {f ∈ C∞(M) :
f(p) = 0}. For any p ∈ M we put Ap = MpA(M). Let A0 = {X ∈ A(M) :
supp(X) is compact}.

In the proof of Theorem 0.3 we use the following proposition.

Proposition 3.1. Let (M,N,E, π,∞, n) be a regular quasi-natural
bundle. (Then dim(N) > 0.) Define Ẽ : A0(M) → A(N) by Ẽ(X)(y) =
[t → E(ϕt)(y)]t=0, where {ϕt} is the flow of X. Then Ẽ is a Lie algebra
homomorphism.

R e m a r k. For π a C∞ submersion, this proposition is well known
(see [12], [3]).

P r o o f o f P r o p o s i t i o n 3.1. If X ∈ A0(M), X(π(x)) 6= 0 and {ϕt}
is the flow of X, then R 3 t→ E(ϕt)(x) ∈ N is a nontrivial curve, and thus
dim(N) > 0. Therefore Proposition 3.1 is an immediate consequence of the
following four lemmas.

Lemma 3.1. The mapping Ẽ : A0(M)→ A(N) is regular in the following
sense: If X̃ : U ×M → TM is a C∞ mapping (U is a C∞ manifold) such
that for all τ ∈ U the mapping X̃τ : M → TM , X̃τ (x) = X̃(τ, x), is an
element of A0(M), then

U ×N 3 (τ, y)→ Ẽ(X̃τ )(y) ∈ TN
is also of class C∞.

Lemma 3.2. Ẽ : A0(M)→ A(N) is R-linear.

Lemma 3.3. For any X ∈ A0(M) and any ϕ ∈ Diff(M) we have Ẽ(ϕ∗X)
= (E(ϕ))∗Ẽ(X).

Lemma 3.4. If X,Y ∈ A0(M), then [Ẽ(X), Ẽ(Y )] = Ẽ([X,Y ]).

P r o o f o f L e m m a 3.1. It is clear that Ẽ is local. Therefore since
smoothness is also a local property, we may assume that there exists a
compact set K ⊂ U ×M such that X̃(τ, x) = 0 for all (τ, x) ∈ U ×M −K.
Then we can consider X̃ as an element of A0(U ×M). Let {Φt} be the
global flow of X̃. Clearly, {Φt} is of the form Φt(τ, x) = (τ, ϕ(t, τ, x)), where
ϕ : R×U ×M →M is of class C∞. It is easy to verify that for every τ ∈ U ,
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{ϕ(t, τ, ·)} is the flow of X̃τ . From the regularity of (M,N,E, π,∞, n) it
follows that

U ×N 3 (τ, y)→ [t→ E(ϕ(t, τ, ·))(y)]t=0 ∈ TN
is of class C∞.

P r o o f o f L e m m a 3.2. We fix y ∈ N and X,Y ∈ A0(M). Define
Ey : R2 → TyN by Ey(α, β) = Ẽ(αX + βY )(y). If {ϕα,βt } is the flow of
αX+βY , then {ϕα,βτt } is the flow of τ(αX+βY ), and thus since {E(ϕα,βτt )}
is the flow of Ẽ(τ(αX+βY )) and {E(ϕα,βt )} is the flow of Ẽ(αX+βY ), we
find that τẼ(αX + βY ) = Ẽ(τ(αX + βY )), where α, β, τ ∈ R. Therefore
for every α, β, t ∈ R we have Ey(t(α, β)) = tEy(α, β). It follows from
Lemma 3.1 that Ey is of class C∞. Hence Ey is R-linear.

P r o o f o f L e m m a 3.3. Let X ∈ A0(M) and ϕ ∈ Diff(M). If {ϕt}
is the flow of X, then {ϕ ◦ ϕt ◦ ϕ−1} is the flow of ϕ∗X, and so {E(ϕ) ◦
E(ϕt) ◦ (E(ϕ))−1} is the flow of both Ẽ(ϕ∗X) and (E(ϕ))∗Ẽ(X). Thus
Ẽ(ϕ∗X) = (E(ϕ))∗Ẽ(X).

P r o o f o f L e m m a 3.4. Let X,Y ∈ A0(M) and let {ϕt} be the flow
of X. If F : R×M → TM is given by F (t, x) = ((ϕt)∗X)(x)−X(x), then
(since F (0, ·) = 0) there exists F̃ : R ×M → TM of class C∞ such that
F (t, x) = tF̃ (t, x) for every (t, x) ∈ R ×M . Therefore X̃ : R ×M → TM
given by

X̃(t, x) =


− ((ϕt)∗X)(x)−X(x)

t
, t 6= 0,

− lim
t→0

((ϕt)∗X)(x)−X(x)
t

, t = 0,

is of class C∞. It follows from Lemmas 3.1–3.3 that
Ẽ([X,Y ])(y) = Ẽ(lim

t→0
X̃t)(y) = lim

t→0
Ẽ(X̃t)(y)

= lim
t→0

Ẽ

(
− (ϕt)∗X −X

t

)
(y)

= − lim
t→0

((E(ϕt))∗Ẽ(X))(y)− Ẽ(X)(y)
t

= [Ẽ(X), Ẽ(Y )](y).

P r o o f o f T h e o r e m 0.3. Let Ẽ : A0(M)→ A(N) be the Lie algebra
homomorphism defined in Proposition 3.1. Define a Lie algebra homomor-
phism ϕ : A(M)→ A(N) by ϕ(X)(y) := Ẽ(X̃)(y), where X ∈ A(M), y ∈ N
and X̃ ∈ A0(M) is such that germπ(y)(X̃) = germπ(y)(X).

First we show that N+ := {q ∈ N : ϕ−1(Aq(N)) 6= A(M)} = N . Let
q ∈ N and let X ∈ A0(M) be such that X(π(q)) 6= 0. Then ϕ(X)(q) 6= 0,
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for if {ϕt} is the flow of X, then there exists ε > 0 such that ϕt(π(q)) 6= π(q)
for all t ∈ (0, ε); hence E(ϕt)(q) 6= q for all t ∈ (0, ε), and thus ϕ(X)(q) 6= 0.
We have proved that N+ = N .

By the results of K. Masuda [7, pp. 509–511] for every q ∈ N+ there
exists a unique non-empty finite subset ψ(q) = {p1, . . . , pl} of M such that
d/n ≥ l and

l⋂
i=1

Mpi
A(M) ⊃ ϕ−1(Aq(N)) ⊃

l⋂
i=1

Mh+1
pi

A(M),

where h = 2((d− nl)2 + d− nl) + 1 , d = dimN and n = dimM . We prove
that ψ(q) = {π(q)} for every q ∈ N .

Let q ∈ N = N+. It is sufficient to show that p 6∈ ψ(q) for every p ∈
M−{π(q)}. Assume the contrary. Let p ∈M−{π(q)} with p ∈ ψ(q). Then
(in particular) ϕ−1(Aq(N)) ⊂MpA(M). On the other hand, if X ∈ A0(M)
is such that X(p) 6= 0 and germπ(q)(X) = germπ(q)(0), then ϕ(X)(q) = 0
(i.e. X ∈ ϕ−1(Aq(N))) and X 6∈MpA(M), a contradiction.

Therefore int{q ∈ N+ : cardψ(q) = 1} = N . Hence by the results of K.
Masuda [7, pp. 509–511], for every q ∈ N there exist an open neighbourhood
U of q, an open dense subset V ⊂ U , an open neighbourhood U1 of π(q)
and a continuous mapping ψ̃ : U → U1 such that ψ̃|V is a C∞ submersion
and for any q ∈ U the equality ψ̃(q) = p implies ψ(q) = {p}.

Problem. Let (M,N,E, π,∞, n) be a regular quasi-natural bundle. Is
π of class C∞?

4. Prolongation functors with compact fibres. In this section we
prove Theorem 0.4. In the proof we use the following proposition which is
similar to Proposition 14 of [13].

Proposition 4.1. (I) Let F be a quasi-prolongation functor over Cr

manifolds such that conditions (1)–(3) of Theorem 0.4(I) are satisfied. Sup-
pose that f : P ×M → N is of class Cr, where M,N,P are Cr manifolds.
Then

P × FM 3 (t, x)→ F (f(t, ·))(x) ∈ FN
is continuous.

(II) Let F be a regular quasi-prolongation functor over C∞ manifolds
such that condition (1) of Theorem 0.4(II) is satisfied. Suppose that f :
P ×M → N is of class C∞, where M,N,P are C∞ manifolds. Then

P × FM 3 (t, x)→ F (f(t, ·))(x) ∈ FN

is of class C∞.
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P r o o f o f P r o p o s i t i o n 4.1. Let (t0, x0) ∈ P ×M . Let (U, g) be a
chart of P at t0 and let (V, h) be a chart of M at x0 such that g(U) = Rp
and h(V ) = Rm, where p = dim(P ) and m = dim(M). It is clear that
f(t, ·)◦h−1(y) = f◦(g−1×h−1)◦τ(g(t),0)◦i(y) for every (t, y) ∈ U×Rm, where
i : Rm → Rp×Rm is given by i(y) = (0, y) and τ(g(t),0) : Rp×Rm → Rp×Rm
is the translation by (g(t), 0). Therefore

F (f(t, ·))(y) = F (f ◦ (g−1 × h−1)) ◦ F (τ(g(t),0)) ◦ F (i) ◦ (F (h−1))−1(y)

for every (t, y) ∈ U × π−1
M (V ). On the other hand, for every Cr manifold

Ñ , (Ñ , F Ñ , F |Diff(Ñ), π
Ñ
, r,dim(Ñ)) is a quasi-natural bundle and FÑ is

a Hausdorff space, and thus (by Theorem 0.1) π
Ñ

: FÑ → Ñ is continu-
ous. Hence for every n the restriction of F to the category of n-dimensional
Cr manifolds and embeddings is a locally determined associated space such
that FRn is a second countable Hausdorff space. Therefore for every n the
mapping

Rn × FRn 3 (x, y)→ F (τx)(y) ∈ FRn ,
where τx : Rn → Rn is the translation by x, is continuous (see Proposi-
tion 1.1 of [8]). It follows that U × π−1

M (V ) 3 (t, y)→ F (f(t, ·))(y) ∈ FN is
continuous. Since continuity is a local property, Proposition 4.1(I) is proved.
The proof of Proposition 4.1(II) is similar. (We need the well-known theo-
rem of Montgomery and Zippin [9] on continuous Lie group actions.)

The main difficulty in proving Theorem 0.4 is to show the following
propositions.

Proposition 4.2. Suppose the assumptions of Theorem 0.4(I) are sat-
isfied. Then F is of order 0, i.e. if f, g : M → N are Cr mappings of
Cr manifolds such that f(x) = g(x) for some x ∈ M , then F (f)|π−1

M (x) =
F (g)|π−1

M (x).

Proposition 4.3. Let F be a regular quasi-prolongation functor over
C∞ manifolds. Assume that F is of order 0 and FRn has a countable basis
for every n. Then for every C∞ manifold M , πM : FM → M is a C∞

submersion.

R e m a r k. If F is a regular quasi-prolongation functor over C∞ mani-
folds such that FRn has a countable basis for every n, then from Proposi-
tion 4.1(II) and Theorem 0.3 it follows that if FRn is connected, then for
every C∞ manifold M , πM : FM →M is of class C∞ on some open dense
subset of FM . The answer to the question ”Is πM of class C∞?” is unknown.
Proposition 4.3 ensures that for F of order 0 the answer is affirmative.

P r o o f o f P r o p o s i t i o n 4.2. Let (U, h) be a chart of M at x such
that h(U) = Rm and h(x) = 0. It is sufficient to show that F (f ◦ h−1)(z) =
F (g ◦ h−1)(z) for every z ∈ π−1(0), where π = πRm .
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Let z ∈ π−1(0) and let ϕ : R × Rm → Rm be given by ϕ(t, x) = tx.
Since ϕ(t, ·) : Rm → Rm is a diffeomorphism for every t ∈ R− {0}, we have
F (ϕ(t, ·))(π−1(0)) = π−1(0) for every t ∈ R−{0}. In particular, there exists
a sequence yn ∈ π−1(0) such that F (ϕ(1/n, ·))(yn) = z for every n. Since
π−1(0) is compact and second countable, it is a metrizable compact space,
and thus there exist y ∈ π−1(0) and a subsequence n(k) (k = 1, 2, . . .) of
(1, 2, . . .) such that yn(k) → y as k → ∞. Then F (ϕ(1/n(k), ·))(yn(k)) →
F (0)(y) as k → ∞ because of Proposition 4.1(I). Since π−1(0) is Haus-
dorff, F (0)(y) = z. Therefore F (f ◦ h−1)(z) = F (f ◦ h−1) ◦ F (0)(y) =
F (f ◦ h−1 ◦ 0)(y) = F (g ◦ h−1 ◦ 0)(y) = F (g ◦ h−1)(z).

P r o o f o f P r o p o s i t i o n 4.3. First we prove that πM : FM →M is of
class C∞. It suffices to show that f ◦πM ∈ C∞(FM) for every f ∈ C∞(M).

Let Y ∈ A0(M). Since F satisfies the assumptions of Proposition 4.1(II),
(M,FM,F |Diff(M), πM ,∞,dim(M)) is a regular quasi-natural bundle. Let
F̃ : A0(M) → A(FM) be the Lie algebra homomorphism described in
Proposition 3.1 (with F |Diff (M) playing the role of E). In the proof of
Theorem 0.3 we have shown that F̃ (Y )(y) 6= 0 for all y ∈ π−1

M ({x ∈ M :
Y (x) 6= 0}). On the other hand, if X ∈ A0(M) is such that X(x0) = 0,
then F̃ (X)(z) = 0 for all z ∈ π−1

M (x0), for if {ϕt} is the flow of X and
z ∈ π−1

M (x0), then ϕt(x0) = x0 for all t ∈ R, and thus (since F is of order 0)
F (ϕt)(z) = F (idM )(z) = z for all t ∈ R, hence F̃ (X)(z) = 0. Moreover,
for every y ∈ FM , (f − f(πM (y)))Y |πM (y) = 0. Owing to these facts,
we have 0 = F̃ ((f − f(πM (y)))Y )(y) = F̃ (fY )(y) − f(πM (y))F̃ (Y )(y) for
every y ∈ FM , and hence f ◦ πM |π−1

M ({x ∈M : Y (x) 6= 0}) is of class C∞.
Therefore f ◦ πM is of class C∞.

To show that πM is a submersion, let y ∈ FM and let (U, g) be a
chart of M at πM (y) such that g(U) = Rm and g(πM (y)) = 0. Since
πM |π−1

M (U) = g−1 ◦ π ◦ (F (g−1))−1 where π = πRm , it suffices to show
that rank(dvπ) = m for every v ∈ π−1(0). Indeed, it follows from Propo-
sition 4.1(II) that the mapping σ : Rm → FRm, σ(x) = F (τx)(v), is of
class C∞. We see that π ◦ σ = id and σ(0) = v. Therefore rank(dvπ)
= m.

We are now in a position to prove Theorem 0.4.

P r o o f o f T h e o r e m 0.4. Let G := π−1
R (0). Then G is a compact

second countable space. If F is regular it follows from Proposition 4.3 that
G is a C∞ manifold. For every Cr manifold M we define a mapping IM :
M × G → FM by IM (m, f) = F (m)(f), where m : R → M is given by
m(x) = m. We are going to prove that {IM} gives an isomorphism between
( )×G and F .
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By Proposition 4.2, F is of order 0. Therefore the mapping TM : FM →
M ×G given by TM (v) = (πM (v), F (0)(v)) is equal to I−1

M . From Proposi-
tion 4.1 we know that IM is continuous (and of class C∞ if F is regular).
Similarly, it follows from Theorem 0.1 and Proposition 4.3 that TM is con-
tinuous (and of class C∞ if F is regular). Hence IM is a homeomorphism
(and a C∞ diffeomorphism if F is regular).

We see that pM (m, f) = m = πM ◦ F (m)(f) = πM ◦ IM (m, f) and
IN ◦ (( ) × G)(g)(m, f) = IN (g(m), f) = F (g(m))(f) = F (g ◦ m)(f) =
F (g) ◦ F (m)(f) = F (g) ◦ IM (m, f) for every (m, f) ∈M ×G.
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