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1. Introduction

In this paper we will work on R? with Lebesgue measure dz. We denote S(R?) as the space of complex-valued
continuous functions on R rapidly decreasing at infinity. Let f be a complex valued measurable function
on R?. The operators T, f (t) = f(t—x) and M, f (t) = e*™™!f (t) are called translation and modulation

operators for z,w € R?, respectively. The compositions
ToMyf (t) = 2D f(t —z)  or MyT,f (t) = ™™t f (t — z)
are called time-frequency shifts (see [9]). We write (Lp (RY), ||||p> as the Lebesgue spaces for 1 < p < co.

A
For f e L! (Rd) the Fourier transform f (or Ff ) is defined as

F) = [ f@)etar,
Rd

d
where xt = Y x;t; is the usual scalar product on RY.
i=1

Fix a function g # 0 (called the window function). The short-time Fourier transform (STFT) of a

function f with respect to g is given by

Vol (ew) = | F(@)gt—ae™

*Correspondence: ayses@omu.edu.tr
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for z,w € R?. It is known that if f,g € L? (Rd) then V,f € L? (Rd X Rd) and Vg f is uniformly continuous
(see [9]) .
Let define V] f as the function

va-rf (x,w) = Vo f (1 1T9L‘,71_w)

for 7 € (0,1) and (z,w) € R??. The generalized spectrogram depending on 2 windows ¢, ¢ is also defined as

Spgw (f,9) (@, w) = Vo f (2,w) Vg (2, w).

The cross-Wigner distribution of f,g € L? (Rd) is defined to be

Wi = [ r(o+5)o (s 5)ermar

If f=g,then W (f,f) =W/ is called the Wigner distribution of f € L? (R?).
For 7 €[0,1] and f,g€ S (]Rd) , the 7-Wigner transform is defined as

W, (f,9) (z,w) = g f(z+7t) me—%ﬂtwdt

If r = %, then the 7-Wigner transform is the cross-Wigner distribution. Moreover, for 7 = 0, Wy is the

Rihaczek transform,

(w),

Q>

Wo (f,9) (z,w) = R(f,g) (z,w) = 7™ f ()

and for 7 =1, Wj is the conjugate Rihaczek transform,

Wi (f,9) (z,w) = R(g, ) (2, w) = ™5 @) f (w).

For 7 € (0,1), the 7-Wigner transform can be rewritten as
1 2mi L xw 1 1
WT (f?g) (x,w) = 7(16 T VATgf ﬁx, ;w s (1.].)

where the operator A, is defined by

with A (t) = h (—t) (see [4, 5]).
Let ae S (RQd) , and then for 7 € [0,1], the 7-Weyl pseudo-differential operators with 7-symbol a

W f o Wof(2) = / DG (1 - 1)z + 7y, w) f () dydw
RQd

are defined as a continuous map from S (R?) to itself (see [5]).
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Fix a nonzero window g € S (Rd) and 1 < p,q < co. Then the modulation space MP-9 (Rd) consists of
all tempered distributions f € &’ (Rd) such that the short-time Fourier transform V,f is in the mixed-norm
space LP7 (R??) . The norm on M?4 (R?) is || fllys0.a = VoSl ppa - If p = ¢, then we write M? (R?) instead
of MPP (Rd). Modulation spaces are Banach spaces whose definitions are independent of the choice of the
window ¢ (see [7, 9]).

L (p,q) spaces are function spaces that are closely related to LP spaces. We consider complex valued
measurable functions f defined on a measure space (X, u). The measure p is assumed to be nonnegative.

We assume that the functions f are finite valued a.e. and some y > 0, pu(E,) < oo, where E, = E, [f] =
{zr € X ||f(z)] >y}. Then, for y >0,

Ar(y) = p(Ey) = p({z e X [[f ()] >y})

is the distribution function of f. The rearrangement of f is given by

fr(@) =inf{y>0[As(y) <t} =sup{y > 0[As(y) >t}

for t > 0. The average function of f is also defined by

Note that Ay, f*, and f** are nonincreasing and right continuous functions on (0,00). If Af(y) is continuous
and strictly decreasing then f* (¢) is the inverse function of Af (y). The most important property of f* is that

it has the same distribution function as f. It follows that

(Ayﬂmwwmm);z(éwu*@vﬁ)P. (12

The Lorentz space denoted by L (p,q) (X, p) (shortly L(p,q)) is defined to be vector space of all

(equivalence classes) of measurable functions f such that || f ||;q < 00, where

(4=t @) ar) . 0<pag<oc

sup ¢7 f* (1), 0<p<qg=oo.
t>0

1£1lpg =

By (1.2), it follows that ||fH;p = [|f|l, and so L(p,p) = LP. Also, L(p,q)(X, ) is a normed space with the

norm

(2fm e @)7at)", 0<pg<oo

Supt%f**(t), 0<p<g=oc.
>0

1£1lpg =

For any one of the cases p=qg=1; p=g=00 or 1 <p < oo and 1 < g < oo, the Lorentz space L(p, q)(X, n)

is a Banach space with respect to the norm ||.||pq . It is also known that if 1 <p < oo, 1 < g < oo we have
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* p *
[-llpg < Mg < Ell-llpq,
(see [11, 12]).
It is known from [11] that L (co,q) = {0} if ¢ # oo and L (c0,q) = L™ if ¢ = oo. However, in [, 2],
L (00, q) are defined as the class of all measurable functions f for which f* (¢) < oo for all ¢ > 0 and for which
F**(t) — f*(¢) is a bounded function of ¢ such that

[flloeqg = </Ooo @) = f (t)]qit); < oo, 0<g<oo

Moreover, if ¢ =1, L(0co0,1) = L* and the norms coincide.

Let X and Y be 2 measure spaces with o-finite measures p and v, respectively, and let f be a complex-
valued measurable function on (X x Y, uxv), 1 <P = (p1,p2) <oo and 1 < Q = (q1,¢2) < 0o. The Lorentz
mixed norm space L (P,Q) = L(P,Q) (X xY) is defined by

< oo} .
P22

Thus, L(P,Q) occurs by taking an L (p1,q1)-norm with respect to the first variable and an L (pa, g2)-norm

L(P,Q) =L (p2. ) [L (p1. 1)) = {f 171 mg = 17 o) Eonany = |1 psas

with respect to the second variable. The L (P, Q) space is a Banach space under the norm |[|.||p, (see [3, 8]).

Fix a window function g € S(RY)\{0}, 1 < P = (p1,p2) < o0 and 1 < Q = (q1,¢2) < co. We
let M (P,Q) (]Rd) denote the subspace of tempered distributions S’ (Rd) consisting of f € &’ (Rd) such that
the Gabor transform V,f of f is in the Lorentz mixed norm space L (P,Q) (RQd). We endow it with the

norm || f|lyrpo) = [IVofllpg, where [|.[|pg is the norm of the Lorentz mixed norm space. It is known that

M (P,Q) (Rd) is a Banach space and different windows yield equivalent norms. If p; = ¢ = p and py = ¢2 = g,
then the space M (P, Q) (]Rd) is the standard modulation space MP>? (Rd), and if P = p and Q) = ¢, in this
case M (P, Q) (Rd) =M (p,q) (Rd) (see [14]), where the space M (p, q) (Rd) is Lorentz type modulation space
(see [10]) . Furthermore, the space M (p, q) (R?) was generalized to M (p, ¢, w) (R?) by taking weighted Lorentz
space rather than Lorentz space (see [15, 16]).

In this paper, we will denote the Lorentz space by L (p,q), the Lorentz mixed norm space by L (P, Q),
the standard modulation space by MP-?, the Lorentz type modulation space by M (p,q), and the Lorentz
mixed normed modulation space by M (P, Q).

In Section 2, we consider continuity for generalized spectrogram, 7-Wigner transform, and 7-Weyl
pseudo-differential operators acting on Lorentz spaces. We extend the results in [4, 5] to the Lorentz spaces.
In Section 3, we also study continuity properties of 7-Wigner transform on Lorentz mixed normed modulation
spaces. This result extends Proposition 2.5 in [6] and Proposition 15 in [14] since the 7-Wigner transform is the

1

cross-Wigner transform for 7 = 5 and the similar sufficient conditions provide boundedness on both classical

and Lorentz mixed normed modulation spaces.
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2. Continuity of some operators on Lorentz spaces

In this section, we present L (p, ¢)-boundedness of generalized spectrogram, 7-Wigner transform, and 7-Weyl

pseudo-differential operators with 7-symbol a.

We begin with the following 2 Lemmas, will be used later on.

Lemmal If 7€ (0,1), 1<p<oo, 1<qg<oo and f € L(p,q) (Rd,,u), then we have

14Ty = (2 ) 151

Proof Let 7€ (0,1) and f € L(p,q) (Rd,,u) . Then we have

M) = afe R Af @) oh=nde et [F(1T0)

.
d T—1
oremils (o) o)

— w{ Tquert|Ir Wl > v}

2

T—1
d T
_ d _
= || e @1 0 = |1 )
for y > 0. Thus, the rearrangement of A, f is
T
(Arf) (1) = mf{y>0|x,4ﬁc<y>st}inf{y>o|‘7_1 my)gt}

1—71
T

= inf{y>0|)\f(y)<‘

d
t}zf* (‘1;7

Y

for t > 0. Additionally, the average function of A, f is

T

(A" (@) = i](ATf>*(t)dt:;]f* (‘1—7
0 0
-

1 . o 1—17
= @ / [ (u)du = f (‘ -
T 0
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qooﬁ—l *k q a_ goo
(pu/“j (A )™ ()] dx) - (po

0

g/ T
p 1—71
0

-1

tr L[ (8)

T |P goo%A ok q !
- (p/t i @1@)
| 1l-

Lemma 2 For 7 € (0,1) and 1 <p < oo, 1 < g < oo, and then

Vi £, = (=7 17D Ve £l

when Vyf € L(p,q) (R*).

Proof Let v is a measure on RY. Then p = v x v is a measure on R??. Thus, the distribution function of

Vifis

Avpr(y) =

,u{(:z:,w) € R | |Vng(:17,w)| >y}
ng(liTI7j_w>‘ >y}
1 ., 1
ng<1_7x,.>'>y}x{w€R | ng<.,7_w>‘>y}]
1 ., 1
ng<1_Tx,.>'>y}v{w€R | ng<.77_w)‘>y}

(11 =7l I7)% {u € R [ |Vof (u, )| > y}v{ve R [|Vyf (,v)| >y}

(1 =7l 17D { (u,v) € R* | [V f (u,0)] >y}

(L=, 1 ()

p{ () e

p|{oem]

U{xGRd|

for y > 0. Then the rearrangement function of V; f is

(Ve f) @

= inf {y >0 Avrs(y) < t}

inf {y > 0| (11 =7 |7)Av, s (v) < t}

— mf{y>o|xvgf(y)smjl}=(vgf)* <(|1_7—t|7—|)d)
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for ¢ > 0. Also, the average function of V" f is

x

Y T e
- e / b = (2 ).
Thus, we have
Wil = ZO/OO”J”Z_ (Vi)™ @] e %
_ Z/m [W)**<<|1_ﬁ |T|)d)rdx ;
S io/ootg‘l (Vo)™ (1)) %

(L=l [rD* Vol

O

We shall need the following continuity property of the short-time Fourier transform on Lorentz spaces in

order to prove the continuity properties concerning the generalized spectrogram and 7-Wigner transform.

Propositi0n3 Let 1 <p <2, %#—ﬁ: ) L

o p% <1, + p% =L and ¢ > 1 be any number such that

1
p1 p"’

+ Z %. Then the Gabor transform

q1

V:(f,9) € L(pr,q) (RY) x L(p2, q2) (RY) — V,f € L(p,q) (R*)
s bounded. In particular,
VoS ll,g < C U llpigr 1910, -
Proof Let f € L(p1,q1) (Rd) and g € L (p2,q2) (]Rd). Using the equality V,f (z,w) = (f - Tpg)" (w),

Theorem 4.3. in [11], and a generalization of Holder’s inequality for Lorentz spaces (see [12]), we obtain

Wofl,, = 1 Te)l|, <11 - Tugll,,

Cllif g 121l g, = C 1Ny g, 191]p,g, -

IN

This is the desired result.
Now we will state the continuity of Spgy on the Lorentz spaces.
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1,1 1,1 1,1 1 4,1 ;o 1 4 1 1
Theorem 4 Let 1 < p,p3,ps < 2, st =1 ps T o0 =1, o T =1, T =13#(=12)), o tor =
11 _ 1 ) 1,151 1.1 51 1,1 5 1
f2+g—pg,and q,93,q4 > 1 be numbers such that 2 q42q, q1+q;2q3"md q2+q;2q4' Then

(fy,9,%) — Spey (f,9) = VufVyg is continuous from L (p1,q1) (]Rd) x L (py,q}) (]Rd) x L (p2,q2) (Rd) X
L (ph, q5) (Rd) into L (p,q) (R2d) . In particular,

156w (f,9)l,g = Vo Vipl|

Proof By using Proposition 3, we write that

pq S C Hf”plql H(b”p’lqi Hng2q2 ||¢||p/2qé :

Vof : L(pr,a1) (RY) x L(p},q}) (RY) = L (p3,q3) (R*?),

with
1Vl < C 1Ny 1l
and
Vyg: L (1027 Q2) (Rd) x L (p/27q/2) (Rd) — L (p4, (J4) (RM)
with

V9 llyq0 < Clglpags 191550

being continuous. Hence, we get that Spey (f,g) = Vi fVyg is continuous from L (p1,q1) (RY) x L (p}, ¢1) (R?) x
L (p2,q2) (R?) x L (ph, g5) (R?) into L (p3,qs) (R*?) - L (pa, qa) (R**) with

HV¢f||p3q3 H%H S C ||f||p1q1 ||¢Hp'lqi ||g||p2q2 Hw”péqé : (23)

Paqa

We thus obtain that
Ve rVaoall,, < Voo Vo9l (2.4)

by the generalized Holder inequality for Lorentz spaces. Moreover, (2.4) means that L (ps, g3) (RQd) -L (p4,qa) (RQd)
is continuously embedded into L (p,q) (R*?) . Then by (2.3) and (2.4), we have the desired result. O

Theorem 5 i. Assume that 1 < p < 2, %4— =1 i—|—pi2 <1, L—I—L:i, and q > 1 is any number such

1
p T p1 p1 | D2

11 31
that -+ - > ;. Then for 7 € (0,1),

W.: L(p1,q1) (R?) x L (p2, g2) (RY) — L (p,q) (R*)

18 continuous.

it. Let 1 <p' <2, % + i =1, 1<r<oo, 0<gq,s <oo and let the following 2 inequalities be satisfied:

1) max(g,7)<s

Then for 7 =0,
Wo : L(p,q) (R?) x L(p,r) (RY) = L (p,s) (R*)
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is continuous and holds

||WO (f) g)”ps é C Hf”pq ||g||p’r .

itn. Let 1 <p' <2, % + 1% =1, 1<qg< o0, 0<r,s<oo and let the following 2 inequalities be satisfied:

1) max(q,r) <s

Then for T =1,
Wi L(p',q) (RY) x L(p,r) (R?) = L(p,s) (R*)
18 continuous. In particular,

W3 (f, D lps < CllFllyg gl -

Proof i. Using Lemma 1, Lemma 2, and Proposition 3, we have

q
1 1 1
q _ _ = 2mizzw - q
W (foll}, = ‘ITI‘I” Vi f = VA oI,
rq
1 dg
= (o ¥ W,
-
1 dg q q
< (ol ¥ AL Aol
T
1 dq
B dg p T P2 p
= (=D E Ut || bl

1, 1 1_ 1
= G G oy gl

P1q1 p2q2 °

This completes the proof.
ii. Let f € L(p,q) (Rd) and g € L(p',r) (Rd) . Then 9 € L(p,r) (Rd) and

A
9], < Blall. (2.5)
by Theorem 4.3 in [11]. By using the equality Wy (f, g) (z,w) = e~ 27*v f (z) 9 (w) = R(f,9) (x,w), inequality
(2.5), and Theorem 7.7 in [13], we get
A
Wo (£, 9)lps = 1B (F9)llps < K Fllpg |[9)]
< Clfllpg lglly -

This is the desired result.
A
iii. Let f € L(p',q) (R?) and g € L (p,7) (R?). Then f € L(p,q) (R?) and

H} < BIfl,, (2.6)

Pq
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by Theorem 4.3 in [11]. By using the equality Wi (f,g) (z,w) = 2™ g (z)f (w) = R(g, f) (z,w), inequality
(2.6), and Theorem 7.7 in [13], we have

Wil = R, < x 7

1911,
pq

N

< Clifllg gl -

O
If (0,00) is taken instead of R? in Theorem 5 (ii) and (iii), then the boundedness of Wy (f,g) and
Wi (f, g) is equivalent to conditions (1) and (2) by Theorem 7.7 in [13].
In the next theorem the Lorentz mixed normed space L (P,Q)(R??) is taken, where P = (p1,p2) and
Q@ = (¢1,42) , instead of the Lorentz space L (p, s) (]RM) as the range of Wy and W7.

Proposition 6 Let 1 < p; < oo, 1< p) < 2, + 12 =1, P=(p,p2), 1 <Q = (q1,q2) < 00. For 7=0,1,

Wo : L(p1,q1) (RY) x L (py,q2) (R?) — L(P,Q) (R*%)

and
Wit L (ph, go) (Rd) x L(p1,q1) (Rd) — L(P,Q) (de)

are continuous. In particular,
IWo (f, 9l pg < By, q, 119154q

and
IW3 (10l < B lgllpsg, 1710,

Proof If g € L(p),q2) (]Rd)7 then @ € L(p2,q2) (Rd) and H@

< llgllyyq, - By using the equality
P2G2

Wo (£,9) (2,w) = 27 £ (2) § (w) = R (f,g) (x,w) , we have

A

IWo (F:0)lpg = IRU:Dng = || ysg ) 6

P2Q2(RﬁJ

111 g1

A
g
Pp2q2

IN

B ||pr1q1 ||g||p’2q2 )

which proves the continuity of W(. The continuity of W7 is proved in a similar way to the continuity of W,. O

The following Theorem is proven from Proposition 5.1 in [5] and Theorem 5.
Theorem 7 i. Let 7 € (0,1). A necessary and sufficient condition that
aeL(p,q)(R™) = W e B (L(p2a) (RY),L(@).q)) (RY))

L4 L L and ¢>1 be any number such that + + L > 1

s continuous is that 1 < p < 2, ot < 1, ot = a T e

where p',q',p, and q| are the conjugates of p,q,p1, and q.
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ii. Let 7 =0. A necessary and sufficient condition that

acL(p,s) (de) - WgeB (L (') (Rd) JL(p',q") (Rd))

+
‘)—A
I

is continuous is that 1 < p’ < 2, % + % =1,

the following 2 inequalities be satisfied:

wi. Let 7 =1. A necessary and sufficient condition that
aeL(y,s) (R*) —Wg eB(Lpr)(RY),L(p,qd)(RY))

. . . 1 1
is continuous is that 1 < p’ < 2, » + o= 1, - 7

1
q

Q

the following 2 inequalities be satisfied:

3. Boundedness of 7-Wigner transform on Lorentz mixed normed modulation spaces

1 %Jr%:l’ l<r<oo, 0<gq,s <00, and also that

+ L =1, %—i—i:l, 1<qg<oo, 0<r,s <oo and also that

The aim of this section is to study continuity properties of the 7-Wigner transform when acting on the Lorentz

mixed normed modulation spaces.

In Proposition 8-10 below we have listed some properties for 7— Wigner transform. From these results

we then prove the continuity of the 7-Wigner transform.
Proposition 8 For f,g€ S (Rd) , 7 €[0,1] and u,v,n,v € R, we have

W, (TuMnf7 Tvayg) (J?, U}) — e27'riz(n—'y) eQﬂiw(v—u) eZﬂ'i('y—n)(Tv+(l—T)u)
W-(fig)(e—(v+1—-—7)u),w—(n+(1—-17)7)).

In particular,
W (T M, f) (x,w) = Wrf (x —u,w —1).

Proof For 7€ (0,1) and u,v,n,7 € R?%, we have

W (TuMnfa TUM'yg) ('1:3 w)

= /TuMnf (x+71t) TyMyg(x — (1 —7) £)e~2mitw gy

Rd

— /f ((I _ U) + Tt) g ((:E — ’U) — (1 — 7_) t)GZﬂ'in((zfu)wL‘rt)6727ri'y((1;7v)7(17'r)t)6727ritwdt.

R4
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We make the substitution z = x — u + 7¢ and obtain

W (TuM, f, T, My g) (z,w)

1 1— 1-— : ; -7 & 1-r
= — /f(z)g <_ < TZ _ (a: —y— Tu)>)627rmze—2m'y(— T2+ Z—v— 25 u)
| 7] T T T
Rd

o (p—
e 2mi ¥ (z a:Jru)dZ

_ i 72772’7(&7'0717Tu)+27riﬂ(:r7u)/ ~ l—7 _ z _ T o
= ‘T|d€ f(Z)g T Z 1_7_ 1_7_’0 u

Rd
—27rzz(lw—n—1 T’Y)dz
1 -2 i’y(ﬁ—v—lf"u)+2 iﬂ(x—u)/ € T
= RN ﬂ- T T T AT — — —
‘T|de f(z) g\* 1—71 l—TU b
Rd
B—Qﬂiz(%w—n— 1:T'y)dz

1 —2miy (2 —v—1=Tq T (z—u 1 1
= WeQ (% =ru)+2mi( )VATgf(1_7(.’IJ—TU—(l—T)’LL),T(’U}—T’l?—(l—T)’Y)>.

Now, equality (1.1) is applied, we have the desired equality for 7 € (0,1).
Let 7 = 0. For u,v,n,v € R%, by using the equality (TUMVg)/\ = M_UTA,Q, we get

Wo (TuM, . T,Myg) (2,0) = R(TM,f.TyMsg) (,w) = o7 (M, f) (2) (T,Mg)" (w)
_ e—Qwixwe%in(w—u)f (x — u) m

_ 627ri:v(17—'y)627riw(v—u)627riu('y—n)6—27ri(x—u)(w—’y)f ((E _ U) 6 (’LU _ ’7)

— eQwiz(n—’y)e27riw(v—u)627riu('y—n)Wo (f7 g) (l‘ —u,w — ’Y) )
Similarly, if 7 =1, for u,v,n,y € R, we obtain
Wi (TUMTIfa Tvag) (r,w) = R" (TuMnﬁ Tvag) (r,w) = e%ixw(Tvag) () (TuMnf)A (w)

‘ ‘ - A
= €2ﬂ—lmw62ﬂ-l’\/(wiv)g (.I' B 'U) (M_UTnf) (w)

. . . . - A
_ 627729:(7777)627rzw(v7u)627rw(’yf77)eZTrz(zfv)(wfn)g (SC — ’U)f (’LU o ,r])

_ eQ‘n’iz(n—'y)eQﬂ'iw(v—u)GQﬂ'iv('y—n)Wl (f7 g) ({IJ —v,w— ,'7) )

Proposition 9 Let f,ge S (Rd) and 7 € [0,1]. Then we have
Vr., M_(1-7)¢, ArgTre,M_(1-rye, [ (2, w) = e_zﬂi(w(1_7)51+wT£2)VArgf (z,w), (3.8)
fOT’ wia€17£2 € Rd~
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Proof Assume that f,ge S (Rd) and 7 € [0,1]. Then we write

VTr&zM,(l,T)ElA.rgTrgrzM—(l—T)élf(xaw) = <TT§2M—(1—T)§1f7 MszTT§2M—(1—T)€1ATg>

= (f;Mar)e,Tres M To Tre, M_ (116, Arg) -

Since
M(l—T)glT7T§2MwTIT’F§2M—(l—T)ElATg (t) = 2mit(l=n)& MwaT‘r&M—(l—T)fl Arg (t T T§2)
_ e2m’t(177)€1 ezmw(tJrT&)M_(l_-,—)gl A'rg (t - .’E)
= 2mit(1-7)&1 2miw(t+7Er) o —2mi(1-7)& (tiw)A'rg (t—z)
_ eQﬂi(m(l—T)fl+w7—52)627ﬂ:wt147—g (t—x)
_ ezm'(x(lff)ﬁl+WT52)Mng;A79 (t),
we have

VTT62 M7(177)61ATgTTE,‘,M,(l,T)glf (r,w) = <f, 627ri(ac(1fr)§1+wfr§2)MwaATg>
_ e—27ri(r(1—7—)§1+w7—52) <f’ MmeArg>

- 6727r7i(w(1*7')€1+w7—52)VATgf(x’w)'

Proposition 10 i) If f,g € S(R?) and 7 € [0,1], then W, (f,g) € S (R*).
i) Let ¢ € S (RY) and set © =W (¢, ) = W: (¢) € S (R*). For 7 € (0,1), we have

Vo (W (f.9) (2,6) = e 2TV f (21 — 7o, 20+ (1 = 7) &) Vg (21 + 7&2, 22 — (1 — 1) &1),

where z = (21,292) and & = (£1,&2) .
iti) For =0, ® =Wy (¢, ) =Wy (p) = R(p) € S (R*), and Wy (f,9) = R(f,g), we have

Vs (WO (fa g)) (Z7€> = VWO(SP) (WO (f7 g)) (Zag) = VR(<P) (R (fa g)) (276)

— e 2mizde Vof (21,22 + &) m'

ZI/U) FOTT:la (I):WI (QD,QD)ZWl (QD):R(QO) ES(RQd)7 and Wl (fag):R(fag)7 we have

Vo (W1 (£.9)) () = Vinsio (W1(£:9)) (2:6) = Vi (R(F.9)) (2:©)

e—27riZ2§2 wa (Zl — 52) 2;2) m

Proof i) Since

1 i1 1 1
W‘r (fvg) (x,w) = WG%HT VATgf ( &€, ’(U) )
T

1—-7'71

for 7 € (0,1), we obtain W, (f,g) € S (R**) by using Theorem 11.2.5 in [9].
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If 7=0, let f®g be the tensor product (f ® g) (z,t) = f(z)g(t), and set T, F (z,t) = F (x,z —t).
Then we write

Wo (f,9)(x,w) = R(f,9) (I,w):/f(gj)g(:cit)6727ritwdt
Rd

- / (f©7) (.2 — t) e 2mitvay

Rd

= [T en e
Rd

= RT.(f©79) (z,w),

where Fj is the Fourier transform with respect to the second variable. So, since f,g € S (Rd), then
ferges (RQd) . Also, since S (RQd) is invariant under the transformation and the Fourier transform, then
Wo (f,9) € S (R2).

For 7 =1, if we set TpF (z,t) = F (z + t,z), we get

Wi (f,9) (z,w) = R* (f,9) (z,w) = FaTy (f @) (2, w) .

Then, similarly to the case 7 =0, we have W; (f,g) € S (de) .
ii) If we use the equalities (1.1) and (3.7), then we write

VCP (WT (fa g)) (Zaf)

_ / / W, (f,9) (2, w) Wy (9) (& — 21,0 — z2)e 2T 06 +08) gy

1—71

R2d
1 2mitzw 1 1 —27i(x&1+wé2)
= W e TV of a:,;w W (Ty M., ) (z,w)e dadw
R2d

1 1 1 2mwi(—xz€1 —w 1 1
— 7|7-|2d // Va,of (1 — Tx, Tw) e2mi(—z& gz)VAT(TleZQw) (T., M.,p) (1 — Tm, Tw) drdw
R2d

|1_T|d mi(—x(1—7)&1 —wT
= |T|d VATgf(m,w)e2( (1-7)&1 52)VAT(T21M

) (T, M., ) (x,w)dzdw.

2280
R2d

Additionally, if equality (3.8) and orthogonality relations (see Theorem 3.2.1 in [9]) are applied, then we get

V<I> (WT (fa g)) (Zaé)
-
= |T|d VTng M7(177)§1ATgTT§2M—(1—T)§1f ($, ’LU) VAT(TZI M22</7) (Tzl Mzggo) (1’, w)d;cdw
R2d
1
= W <TT§2M—(1—T)§1 fa TZ1 M22<)0> <TT§2M—(1—T)§1 ATgv AT (T21M2290)>
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The first factor on the right side of the equality is

<T‘F§2 M—(1—7)51 [ 1% M, 90>

= <fa M(lf‘r)ngzl—ngMzz(p>

_ /f 7271'%(1 7)1 727rzzz(w Z1+T£2)md$

— 271'222 z1— T§2)/f Z‘— Zl _7_52)) 27rim((177')§1+22)dx

_ 627Ti22(217762)‘/¢f (Zl —7€9, 29 + (1 - T) 51) :

Also, since

A Tg) (@) = (@) (Y Te) = ) (1)

e—2m‘n(1;f

(1
= T_,M_,g (

the second factor is

<T7—£2 M—(l—T)fl Arg, A; (T21 M., <,0)>

<A‘r (T77—§2M(17'r)§1g) VAL (TleZQ(P>>

~f(1—71 ~(1—7
— /(T—ngM(1—T)519) ( - x) (T, M., ) < = x)da:

Rd

d
- -
= |1| | |d/M(1_T)§1 g(—u+7&) M, 0 (—u — z1)du
— T
Rd

d

T ; —— ;

_ |1 |_|T|d \/62wz(177)§1(7u+7‘§2)g (711, + 7_52) © (7u — 21)6727mz2(7u7z1)du
R4

|T|d 27miz2(214+7E2) —27ix(z2—(1—7)&1)
= 7” |de g(@) o (xz— (21 +7&))e dx

— T

Rd

|T|d 2miza(z14+7€2)

= me 2ATTY g (21 + T2, 20 — (1 —7T) &) .
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Hence, we have

V<I> (WT (fa g)) (276)

1 —Td . _,
= | | d| ezng(m E2)va (Zl _7_&2’2,2_,'_(1_7_)51).
T

||

-7’

= e_4”iZ2Tg2V<pf (21 = 7€, 20+ (1 = 7)&1) Vg (21 + 72, 20 — (1 — 7) &1).

627ri22(21+7'52)v<pg (Zl + 752, Z2 — (]- - T) 51)

_ A
ili) For 7 = 0, by using the equality V,f (z,w) = 672ﬂlme§f (w, —x), we get

VW()LP (WO (f, g)) (ng)
= (Wo(f.9), McT:Wop)

= / WO (fa g) (1'7 U}) MszWOQQ (1'7 U))dSUdU)
R2d

>

- //f () g (w)e ™ Wop (z — 21, w — 29)e 2™ #ET0E) gy dy
RQd

N // £ (@) G (w)p (@ — 21)  (w — zg)e 2 @wtaitute—(@=21)(w=22)) gy,
R2d

_ e27riz1z2 / / f (ZL‘) mefzmm(gﬁ@)dm @ (w)(g (’LU . 22) 672”7"(§2+Z1)dw
Rd d

= RV (6 + ) [0) (= )t du
Rd

_ eZﬂizleVw‘f (21,61 + 22) VQQ (22, —21 — &2)
_ 672771'2252‘/90}0 (21751 + ZQ)W

iv) It is proven by using the same proof technique as in iii. O

We can now prove the continuity of the 7-Wigner transform for Lorentz mixed normed modulation
spaces.

Proposition 11 Let P = (1,p2), Q = (q1,q2), 1 < Q < 00 and 1 < py < oo. If o1 € M! (Rd), and
2 € M (p2,q2) (RY) ; then W (p2,¢1) € M (P, Q) (R*) and satisfies

W= (02, 00l arpg) < lletllan 1021 ar(py .00

for 7 €10,1].
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Proof Let ¢1,02,9 € S(RY), 7 €[0,1], and ® = W,g € S(R*"). Then W, (¢2,¢1) € S (R*) and so
Vo (Wr (¢2,01)) € S (R*) by Proposition 10 (i) and Theorem 11.2.5 in [J], respectively. On the other hand,
if op1 €8 (Rd) , then it is known that ¢ is in the standard modulation space M* (]Rd), and if 5 € S (]Rd) ,
then ¢o € M (p2, q2) (Rd) by Proposition 2.1 in [10].

For 7 € (0,1), Proposition 10 (ii) says that

[VaWr (02, 1) (2,8) = Vg1 (21 + 782, 22 = (1 = 7) E)| Vo2 (21 = T2, 22 + (1 = 7) &)
Write £ = (&, — (1 — 7) &) and
VoWV (g2, 1) ()| = |Vigon (= +€) | [Vawa (2 =€)
Thus, by using the inequality |.[|;,, < ||.[l;; = [|l.|; when 1 < ¢ and changing variables z — z — €, we have

VaWr (02, 01)ll14, (€) < [VaWr (02, 01)]l (€)

[ Waer @1 [viga (= - 2) |-

(Vysprl Va5 (2€)

Again using the fact that the Lorentz space L (po,q2) (de) is an essential Banach convolution module over

L' (R??), we obtain

IWr (@2 eDllareq) = [[IVaWr (@200l

D24q2

< NVeerl* Vopalll,q, < IVoerlly IVoe2ll

p2q2 DP2qg2

= leallan @2,

for 7 € (0,1).

If 7 =0, then we write
[VaWo (02, 1) (2,€)| = [Va R (92, 1) (2,€)| = Vg1 (21 + &2, 22)| [Vyip2 (21, 22 + &1)]

from Proposition 10 (iii), where ® = Wyg = R(g) € S (R2d) . Changing variable z; — 21 — & and writing

£ = (&2, —&1), we get

Ve Wo (02,0114, (£)

IN

[VaWo (w2, 1)1 (§)

/ Voo (21 + €2, 22)| Viz (21, 22 + 61)] dendza
2d

R
= [ 1o @ |Vaz (2~ )

= Vol = [Vaws ) ()

dz
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IWo (p2, el as(p.) = 1B (02, el sy < Nlnllan 1921l ar o ) -

If we apply the same proof technique above for 7 =1, by using Proposition 10 (iv), we have

W (@2, 00 larpg) = 1B (P2, 00) Py < 1101 llan 1921101 (py o) -
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