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Abstract. We prove that a given representation of the canonical commutation rela-
tions can be extended uniquely by continuity to larger test function spaces which are
maximal in the sense that no further extension is possible. For irreducible tensor product
representations of the canonical commutation relations we give a necessary and a sufficient
condition for the admissible test functions. We consider the problem of finding topologies
on the test function spaces such that this extension can be obtained by a topological comple-
tion. Various examples are discussed.

1. Introduction

There is a variety of literature on the representations of the canonical
commutation relations (hereafter referred to as CCRs) [1-3, 6-12,
14-227. In the present paper we are concerned with the continuity
properties of representations of the CCRs, and with topologies for the
test function spaces. There is some discussion of this problem in the
literature. Lemma 2.3 of Araki and Woods [2] gives a criterion for the
continuity of the operators U(f, g) and provides a method for extending
by continuity a given representation to a larger class of test functions.
However this lemma was stated somewhat ambiguously. In fact the
present paper is essentially a clarification of this lemma. Streit [22]
considered irreducible tensor product representations of the CCRs and
gave a numerical criterion for a class of admissable test functions.
Chaiken [6] constructed some representations of the CCRs which
exhibit rather pathological continuity properties. After the present work
was completed, the related results of Reid [ 18, 19] came to our attention.
Recently Hegerfeldt and Klauder [12] have discussed the weakest vector
topologies on V,,, V, such that the maps f - U(f), g— V(g) are strongly
continuous. A detailed discussion of the associated topologies on the
test function spaces will be given in a paper with H. Araki [4].

" * Supported in part by the National Research Council of Canada.
** An earlier version of the present work was distributed as a preprint entitled “Topo-

logies for Test Function Spaces for Representations of the Canonical Commutation
Relations”.
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In Section 2 we give the definition of a representation of the CCRs
U(f,g)=e?Ve™, feV, geV, over the test function spaces V,, V,
relative to a bilinear form {f,g> on V,x V.. In Section 3 we prove
some technical lemmas needed later (Lemma 3.5 seems to be a statement
of independent interest). In Section 4 we discuss the extension by con-
tinuity of a given representation of the CCRs to larger test function
spaces. The admissable test functions are given as appropriate equiv-
alence classes of nets from the original test function spaces. In Section 5
we consider irreducible tensor product representations of the CCRs.
We give a necessary condition and a sufficient condition for the ad-
missable test functions. We show that these admissable test function
spaces contain but in general do not coincide with the admissable test
function spaces determined by Streit [22]. In Section 6 we discuss the
problem of finding topologies 14,1, on the test function spaces Vy, V,
such that the spaces V,, V,, of admissable test functions are the com-
pletions of ¥, V, in the topologies 7, 7,,. In Section 7 we consider some
representations of the CCRs (some of which are due to Chatken [6])
which exhibit undesirable continuity properties. Qur results do not
provide a definitive treatment, and are probably best considered as a
reformulation of the problem. In Section 8 we discuss briefly the questions
considered above in the context of representations of topological groups
which are not locally compact.

We use the following notation. If 4 is a set of bounded operators in
a Hilbert space H, then A’ is the set of all bounded operators in H which
commute with every operator in the set 4. The algebra of all bounded
operators in H is denoted by B(H). The sct of all unitary operators in H
is denoted by U(H). If x;, f € B is a set of elements in a linear space V,
their algebraic span is the subspace of all finite linear combinations
2.¢p,xp, Weuse(x, y), x € E, y € F to denote the elements of the Cartesian
product E x F. We use {x, y)> to denote a bilinear form on E x F where
E, F are linear spaces. We call the bilinear form non-degenerate if E
distinguishes points in F and F distinguishes points in E. For such
paired spaces we denote the weak dual topology on E by w(E, F). If
the topology T is finer than the topology S we write T>S. If T, fe B
is a collection of topologies for a space X, the supremum topology

ﬁ\/B T} 1s the topology generated by the open sets for the Tj, fe B.

2. Definition of a Representation of the CCRs

Definition 2.1.Let V, and V, be real vector spaces with a bilinear form
(f,9)—<{f,g> from V, x V_into the field of real numbers. A represen-
tation of the Weyl commutation relations over V, x V_ is the structure
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consisting of a complex Hilbert space H and a map (f, g)— U(/, g) from
Vs x V, into U(H) such that

U(f1,9) Ulf2, 9= U(fi + f2. 91 + g2) €29 (2.1)

If Vy=V,=V we call U(f, g) a representation of the Weyl commutation
relations over V. If the map (s, 1) > U{sf, tg) is continuous from the usual
topology for the real parameters s,t to the strong operator topology
for all f,g we call U(f,g) a continuous representation of the Weyl
commutation relations. If in addition the bilinear form {f, g)> is non-
degenerate we call U(f, g) a representation of the CCRs.

For some purposes the notation U(f, g)= U(f) V(g) where

U()=U(1.0, (2.2)
Vig)=U(0,9) (2.3)

is more convenient. For continuous representations it follows from
Stone’s theorem that we can write U(f)=¢"%Y), V(g) =€ where
&(f), n(g) are self adjoint. Definition 2.1 can be reformulated as a re-
presentation of the group of elements (f, g, o) where fe Vy,geV, and ¢
is a complex number of modulus one, with the multiplication law

(1,91, 002,92, 02) =(f1 + f2, 91 + g5, 0,0, >9)

It should be noted that some of our terminology in definition 2.1
is new. The extension by continuity of a given representation of the CCRs
can lead to degenerate bilinear forms {4], and it is therefor convenient
to introduce a notation which allows for this.

3. Some Technical Lemmas

Lemma 3.1. Let G be a group, let H, be topological groups, let f,
be a representation of G in H,, and let © be the weakest topology on G
such that the maps f,. G—H, are continuous for all . Then (G, 1) is a
topological group.

Proof. Let 7, be the weakest topology on G such that the map f,
is continuous. Then © = V 1,. Since the supremum of a family of topolo-
gies compatible with the group structure of G is compatible with this
structure ([ 5], Chapter I11, page 102, problem 9), it is sufficient to prove
that (G, t,) is a topological group.

Given x, y e G and a neighbourhood N of xy~! we must find neigh-
bourhoods N,, N, of x, y such that N.(N,)"'CN. Choose a neighbour-
hood M of f,(xy~') such that £, *(M)CN. Since H_ is a topological
group there exist neighbourhoods M., M, of f,(x), f.(») such that

1%
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M. (M)~ cM. It follows that N, =1, '(M,), N,=f '(M,) are the
desired neighbourhoods. Q.E.D.

Lemma 3.2, The strong operator topology gives U(H) the structure
of a topological group (the group operation is operator multiplication).

Proof. The sets N(T, ¢, &)= {S: |(S—T) ¢|| <&} for all ¢ € H and
all e> 0 are a basis for the neighbourhoods of T in the strong operator
topology. For W,, W,, U,, U, e U(H) we have

ILW, W, ~ Uy Uy ] 812 =2{11 11> —Re(U; ' W, Wy, Uy)}
=2{[¢l*—Re([(Uy "W, — )+ 1] W1, [(U, ~ Wo)+ Wy14)}  (3.9)

=2{([U W, — 11 W, ¢, U, ) + (W, ¢, [U;— W, ] ¢)} .
Now
U7 W = Dl = (W, — Uy pll (3.10)

Thus U, e N(W,, W, ¢, 5¢?) and U, e N(W,, ¢, +e?) implies that
U, U, e NOW,W,, ¢, ellol ™). Q.E.D.

Lemma 3.3, Let {U,}, {V,} be nets of unitary operators on a Hilbert
space which converge to U,V in the strong operator topology. Then
U,V,— UV in the strong operator topology.

Proof. This is Lemma 2.2 of [2] which was stated for sequences
but the proof given is valid without change for nets. Q.E.D.

Corollary 3.4. Let U = strong imU,, U, unitary. If U, ' is convergent
then U is unitary.

The following lemma, which seems to be of independent interest,
will be used in Theorem 5.1. It was motivated by the following appli-

cation. Let @(Hn, ) be the complete tensor product space of von
n=1

Neumann [17] and let ® ¢, be weakly equivalent to ® £, (see Eq. (5.2)).
Then there exist real numbers x, such that ® e'**¢, is strongly equivalent
to ® Q,. In an earlier version of this paper we proved that given any
sequence x, of real numbers, there exist g >0, D g < co, integers m,
and a partition of the positive integers into mutually disjoint finite sets
J,. such that

t2nmk— Y x| Ze.
neJy
It follows that @ <® d),,) @ (@(H,,, Q,,)) which is canonically iso-
= neJy k=1 \nelJy

morphic to ®( . Q). H. Araki has provided a simplified proof, and

k=1
an improvement of this result as follows.
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Lemma 3.5. Let x,, n=1,2, ... be a sequence of real numbers. Then
there exist integers my, N,, k=1,2, ... where N, > N,_, for all k (where
Ny =0) such that

O Ny 1
P S
k=1 H=Np-1+1 2
Proof. Let
N
UN: Z xns
n=1
Vy=Uy—[Uy],

where [x] 1s the greatest integer g < x. Let V' be an accumulation point
of the V. Then there exist integers N, k=1, 2, ... such that (i) N, > N, _,
for all k, (ii) Vy, is either monotonically increasing or decreasing to V,
(iif) either Vy <3 or Vy, 24 forallk, and (iv) 5 — Vy,| 23 |5 — V|. Choose
an integer m, so that

N
m; — Z Xn

n=1

=inf(Vy,1—=Vy).

For k=2,3, ... choose an integer m, so that

Nic
mk_ Z xn = IVNk_VNkAll .
n=Npg-;+1
It follows that
> N 1 )1
my, — Xyl &= — — | = — V.
kgl i nANkz»rFl 2 4 ‘2 '

Q.E.D.

4, The Extension of a Given Representation
to Larger Test Function Spaces

In this section we consider the extension by continuity of a given
representation of the CCRs to larger test function spaces. We identify
the admissable test functions as appropriate equivalence classes of nets
from the original test function spaces. Since the extension can lead to
degenerate bilinear forms [4], our definitions etc. are stated for conti-
nuous representations of the Weyl commutation relations (see Defini-
tion 2.1).

In considering the representations of infinite-dimensional Lie groups
such as the CCRs, the question of comparing representations of different
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groups also becomes a natural one. Let Uy(f, g) be the Fock represen-
tation of the CCRs over a real Hilbert space V. Then the map f — Ug(f)
is continuous from the norm topology on V to the strong operator
topology [2]. Thus || f, — f | =0 implies that Ug(f)=strong lim Ug(f).
It follows that Ug(f, g) is determined by continuity by its restriction to
any subspace W of ¥ which is dense in the norm topology on V. More
generally, if U(f, g) is a representation of the CCRs over V, x V., one
would expect that it is determined by continuity by its restriction to some
subspaces W, W,. In order to state this situation in an abstract way,
we must be able to reconstruct the spaces V,, V, from W, W,. Actually
one would like to do a little more. Namely given a representation of the
CCRs, one would like to extend the representation by continuity to test
function spaces which are maximal in the sense that no further extension
by continuity is possible. The following definition will serve to charac-
terize the admissable test functions.

Definition 4.1. Let U(f, g) be a continuous representation of the Weyl
commutation relations over V, x V. An admissable test function for
the U(f) is an equivalence class of nets {f,}, f, €V, such that strong
lim U(Af,) exists for all real A and is strongly continuous in 4, the equi-
valence relation being given by {f,} ~ {f,} if and only if strong
limU(4f,) =strong im U(4f,) for all real o. ¥,(U(.)) denotes the space
of all admissable test functions. Similarly one defines the admissable
test functions for the V(g) and V,(V()). If no ambiguity is possible we
will write ¥, V, for V,(U()), V,(V(). o B

Clearly V,, V, can be canonically imbedded in V,,, V.. If {f,} eV,
(strictly speaking we should use the equivalence class of {f}), it follows
immediately from definition 4.1 that {Af,} e V,. If {f,,},{f2.} € v, it
follows from Lemma 3.3 that {f,,+ f,,} € V,. Thus the equations

My =173 (4.1)
i + {2} =i+ 1aad (4.2)

give 17¢ the structure of a real linear space.

Theorem 4.2. Let U(f, g) be a continuous representation of the Weyl
commutation relations over V, x V,, and let 17(,,, V. be the spaces of ad-
missable test functions. Then the bilinear form {f,g) on Vy,x V, can be
extended uniquely by continuity to Vyx V,, and

U({ 1., {9.)) = strong Tim U(f,. g.) (4.3)

is a continuous representation of the Weyl commutation relations over
Vyx V.. This extension is maximal in the sense that V,(U())=7V,,
Vo(VO) =V,
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Proof. We shall use the result that strong im U(f,) = ! implies that
limd{f,,¢g>=0 for all ge V, [4], {12].

We extend first the operators U() to V. Let {f,}eV,, UL{/,})
= strong im U(4f,). Since U(— f,)=U(f,)" " it follows from Definition
4.1 and Lemma 3.3 that U(—{f,})=U({f,}) ! A second application
of Lemma 3.3 gives strong limU(f,— f;)=1 which implies that
im<{ f,— fz, 9> =0 for all ge V,. Thus {f,,g> is Cauchy and we can
define

{90 =lim{f,, 9> (4.4)

If {f,} ~{f,} then strong limU(f,— f,) =1 which implies that
im{ f,, g> =lim{f;, g>. Clearly Eq. (4.4) defines a bilinear form on
Vs x V,. We have

T{fi) V(e) U f2.)
= {strong im U( f; )} V(g) {strong Lim U(f,,)}

= strong lim U(f,) V(9) U(/f>) (4.5)
=strong lim U(f,, + f,,) V(g) &</2=®

- U({jl a} + {f2a}) V(g 4 2ah )

and U({f,}) V(g) is a continuous representation of the Weyl commu-
tation relations (the continuity follows directly from Definition 4.1). By
a similar argument the operators ¥(.) can now be extended to V.

To prove that this extension is maximal, let { f,,}, f € B be elements
of V¢ such that strong hmB (A{ f.4}) exists for all real A and is strongly
continuous in A. It follows from the iterated limits theorem ([ 141, page 69)
that strong lim U(4 £, ) exists (where we take the product order on (, 8))
and is equal to strong limU(A{f,z}). Q.E.D.

Thus Definition 4.1 gives a natural definition of the admissable test
functions, and Theorem 4.2 indicates that a given representation can be
extended uniquely by continuity in a straightforward way to the ad-
missable test functions. This situation occurs frequently in practise. For
example, in quantum field theory one may construct representations of
the CCRs where one takes V,=V, to be some convenient space of
functions f(x), x€ R" (such as the space ¥ of Schwartz). However, it
usually happens that the representation which one obtains can be ex-
tended to a larger class of test functions. In particular the Fock re-
presentation over an inner product space V of test functions f(x) is
continuous in the norm topology and can thus be defined for all square-
integrable test functions [2].

Lemma 4.3. Let U(f,g) be a continuous representation of the Weyl
commutation relations over V, x V,_ on a separable Hilbert space H. If
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Juisasequencein Vysuchthat U(1) = strong im U (A f,) exists for all real 4,
then U(A) is strongly continuous in A and {f,} € V.

Proof. Since the limit of a sequence of measurable functions is
measurable, it follows that U(4) is weakly measurable in 2. On a separable
Hilbert space this implies that U(4) is strongly continuous in A.

Lemma 4.4. Let U(f.g), iel be continuous representations of the
Weyl commutation relations over Vyx V,, and let V,;, V., be the spaces
of admissable test functions for U(f, g). Then

174) = q Vd’l 5
V‘l‘t = m Vni
iel
are the spaces of admissable test functions for the representation (P U, g).
iel

Proof. Follows immediately from the fact that for unitary operators

we have strong im@ U, =P U; if and only if strong lim U, = U, for

iel iel

eachiel. Q.E.D.

5. Admissable Test Function Spaces for Tensor Product
Representations of the CCRs

As an illustration of the extension procedure given by Theorem 4.2
we consider irreducible tensor product representations of the CCRs
[14, 22].

Let V be an inner product space which is the algebraic span of an
orthonormal basis h,,n=1,2, ... for V. For each n let U,s, t) be a re-
presentation of the CCRs for one degree of freedom defined in the
Hilbert space H,. Let Ho=® (H,,Q,), Q,€ H,, Q. =1 denote the
incomplete tensor product space of von Neumann [17]. Wecall Q@ = ® 4,
the reference vector. In the following we assume the reader is familiar
with the results of [14, 22]. Two product vectors ® f,, ® 7, such that
0<ITB,l, Iy, < oo are called strongly equivalent, ® §,~ ®7,, if

Zixll "(ﬂnv ’))n)| <. (51)
They are called weakly equivalent, ® f, %X ®7,, if
anl - | (.Bw yn)” <. (52)

For f,ge V we have f =3 f,h,,g=2 g,h, where f, =g, =0 except for a
finite number of n. The equation

UQ(f; g) = ® Un(fn? gn) (53)
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defines an irreducible tensor product representation of the CCRs over V
in the Hilbert space H,. Two such Uy(f, g), U,(f, g) are unitarily equiv-
alent if and only if the reference vectors ® £, ® v, are weakly equivalent
{147. If no ambiguity is possible we write Uy(f, g)= U(f, g), Ho= H.

A product representation Ug(f, g) can always be extended by con-
tinuity to larger test function spaces which depend on the weak equiv-
alence class of ® Q,. According to Theorem 4.2 the spaces of admissable
test functions are the spaces V,(£2), V,(€2) obtained by considering all
nets f, eV, g, e V such that strong im U(4f,), strong lim V(4g,) exist for
all real 4 and are strongly continuous in A. Since {f,} € V,(Q) implies
that lim<{f,, g> exists for all ge ¥, it follows that there is a canonical
map o from V(@) into the completion V* of V in the topology w(V, V)
(in general the map ¢ is many-to-one [4]). Thus if f={ fa € V4(8),
f.eV, then f =o fe V*and f =lim f,(w(V*, V). V* is also the algebraic
dual of V. We realize it as the linear space of all combinations f =3 f;h;,
f; real.

Theorem 5.1. Let V, Up(f. 9), 2=® Q,, V,(Q), V() be as above.
A necessary condition that f =3 foh, e a(V4(Q), g =3 g,h, € a(V,(Q)) is
that ® U,(Af,) 2,4 ® Q,, ® V.(Ag,) 2,2 ® Q, for all real A. A sufficient
condition is that there exist constants ¢,, m, such that ® U,(1f,) Q
~® et ® V,(Ag,) Q,~ ® €*™Q, for all real J.

Proof. 1t is sufficient to consider V. Let f=3% f,h, € a(V,(2)). Then
thereexistsanet f(x) =3 f,(2) h,, f(2) € Vsuch thatlim f (&)= f(w(V*,V))
and y(4) =lim U(A fla)) ® Q, exists and is not equal to zero for all real A.
One can use Definition 2.3 and Lemma 3.2 of [3] to prove that y(4) is
a product vector ®7v,(4). Let P,(4), 0,(4) be the orthogonal projections
onto U,(Af,)2,, v,(A). By considering y(1) as a state on B(H;) and
noting that lim f,(x) = f, it is clear that we must have Q,(1) = P,(4). Thus
(U2 £) Qs va(D)) =1 and @ U (21,) 2, % @7,()~ @ Q,.

Now let ® U,(4f,) 2,~ ® e**"Q,. By Lemma 3.5 there exist ¢, >0,
> & < o0, integers my,, and a partition of the positive integers into mutually
disjoint finite sets J, such that

‘2nmk— Y ¢,,‘<ak,

nedy

Using the associative law for tensor products we have ®(H,,, )
n=1

canonically isomorphic to ® ( X H,, & Q"> Now

k= nedy neJy

® A = i @ Q,

nedy neldy
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where
S0 <A & <0 (5.4)
and thus

Q& 72~ &) 2

k nedy k nefk

which implies that

®<® (A, Q )~(>k§<®9) (5.5)

k nedy nedy

Let

f(K)= Z (Zf.l ,,)

k=1 \nedy

We now prove that strong lim U(4 f(K)) exists for all real 1. Let y e H,
N
and let £¢>0. By Lemma 3.1 of [3] there exists N < oo and yye X) H,

n=1

v—m@( ® Q)H <s. (56)

n=N+1

such that

Thus it is sufficient to prove that I}im U(Af(K)®Q, exists, and this

follows from Eq. (5.5). It then follows from lemma 4.3 that f'e a(V,(€)).
Q.E.D.

Corollary 5.2. Given f =3 f,h,e V*, ¢ V, then there exists Q =® Q,
such that f¢ o(V(Q)).

Proof. We have f, %0 for infinitely many n. Given f, =40 one can
easily construct @, such that |[(U,(f,) 2, Q)N =1-6 for any 0<dé=< L.
Then ® U,(f,) 2,~ ®8,. Q.E.D.

It is also a direct consequence of Theorem 6.3 that for any Q= ® Q,,
V,(£2), V,(Q)are strictly larger than V (this was also proved by Streit [22]).

We now consider the spaces of admissable test functions given by
Streit [22]. Let H® = ® H, denote the complete tensor product space
of von Neumann [17]. For f, g e V* the equations

W‘”(f) ® =@ U(f)) Vu> (5.7)
X7 (@ Oy= @ V(9w Vu (5.8)

define unitary operators W*(f), X*(g) in H®. In general the restrictions
Waolf), Xalg) of W(f), X*(g) to H, are not unitary. Streit [22] gave
the spaces of admissable test functions for the Uy(f), Volg) to be

Vi @Q)={feV* Wydf) Iis unitary for all real A}, (5.9)
V3(Q)={g e V*:Xo(lg) is unitary for all real 1} . (5.10)

n’
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It follows immediately that

Vi@ ={f=2fih:®U,0L)Q2,~®Q, forallreal i},
Vf(g) - {g - Z gnhn' ® Vn(/lgn) Qn ~ ® Qn for all real )“} .
Theorem 5.1 then gives V3(Q) Ca(V4(Q), VI (Q)Ca(V,(2)). One can
easily show that fe V;(Q) 1f and only if U(Af)=strong lim U(1 /")

where f® is the truncated test function f® = 3 f;h;,. Thus for some
j=1
tensor product representations (e.g. the Fock representation) we have

Vi(Q) = a(Vy(Q) = Vy(Q), V2 (Q) = a(V,(Q) = V(D).
Lemma 5.3. There exists Q = @ Q, such that V3 (Q) + o(V,(Q)).
Proof. Let

Q,(x) = (0,/m)!*e” > e (5.11)
where
e(n) = {ii Zzzied“ (5.12)
and
o,=n*. (5.13)
Then [Q,} =1. Consider F=) F,h, where F,=1 for all n. We have
|U(2) R, — e ™*Q || =L 2/a, +0(1%/c?). (5.14)

It follows from Eq. (5.1) that > {8, — 7./l < oo implies that @ §, ~ ® 7,
Thus Egs. (5.13), (5.14) imply that QU (1), ~Re*™W*Q ~®Q,. Thus
F ¢ V3(Q). But it follows from Theorem 5.1 that F e a(V¢(Q)). Q.E.D.

It might be remarked that the criterion of Streit is not a natural one.
Let F, Q be as in the proof of Lemma 5.3. If one considers Uy(f, g) as

the tensor prOduct @ (UZn(fZM’ an) ® U2n~1(f2nAl7 g2n*1)) then F
n=1

would be an admissable test function according to the criterion of Streit.

6. Topologies on the Test Function Spaces Induced by a
Representation of the CCRs

The extension procedure given by Theorem 4.2 is closely related to
the following well-known result ([5], Chap. III, Sec. 3, Proposition 5).
Let G; be a topological group, G, a complete Hausdorff topological
group, and let H,, H, be everywhere dense subgroups of G,, G,. Then
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every continuous representation of H; into H, can be uniquely extended
to a continuous representation of G, into G,. In this section we consider
the problem of finding, for a given representation of the CCRs, topo-
logies 74, 7, for the test function spaces such that this completion proce-
dure gives the extension to the admissable test functions. Unfortunately
there are some difficulties associated with the requirement that U(sf, tg)
be strongly continuous in the real parameters s, t which have not yet
been resolved, so that we do not provide a definitive solution of this
problem.

We want a topology t4 on V, such that

(i) the map f— U(f) is strongly continuous,

(i1} the completion I7¢(r¢) of Vis a vector space (with V, as a dense

subspace),

(ili) V,(t,) is canonically isomorphic to the space V, of admissable

test functions.

It follows from (ii) that f, is a Cauchy net in V, if and only if 1 f,
is a Cauchy net for all real 2. Since a map is continuous if and only if it
carries convergent nets into convergent unets, it follows that the map
f—Af must be continuous.

It now follows from (i) that the maps f— U(4 f) must be continuous
for all real 4. If we take 7, to be the weakest topology on V,, such that
the maps f— U(/ f) are strongly continuous for all real 4, then V,, can
be canonically imbedded in V(ty). However we have been unable to
prove that U(/f) is strongly continuous in 4 for all fe V,(z,). On the
other hand, let 7, be the weakest vector topology on V,, such that the
map f— U(f)is strongly continuous {4, 12]. Clearly 7,y 2 74, and U(4 f)
is strongly continuous in A for all f'e V,(t,y). However in general 7,
is strictly finer than t, [4], and we have been unable to prove that V,(z,y)
contains all the admissable test functions. Now it is clear from the proof
of Theorem 4.2 that U(f, g), f € V,(1,), g € V, satisy the Weyl commu-
tation relations.

Note added in proof. H. Araki has given an example of the form U(f, g) = ¢" Y U(f, 9)

where T(f) is a linear map into R (the real line) such that U(1f) is not strongly continuous
for some f'e V,(t,).

Definition 6.1. Let U(f,g) be a continuous representation of the
Weyl commutation relations over V, x V. The topologies 7,, 7, induced
on V,, V, by the representation U(f,g) are the weakest topologies on
Vs, V, such that the maps f— U(A f), g~ V(1g) are strongly continuous
for all real 4.

Lemma 6.2. Let U(f, g) be a representation of the CCRs over Vy,x V,,
and let ©, be the induced topology on V. Then (V,,1,) is a topological
group under addition.
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Proof. Follows immediately from Lemma 3.2, Lemma 3.1, and
Definition 6.1. Q.E.D.

Lemma 6.3. Let U(f, g) be a representation of the CCRs over Vy x V,,
and let V, be the completion of V,, in the induced topology t,. If f =lim f,,
feV,, f,eV, then

Af=limif, 6.1)
gives I7¢ the structure of a vector space.

Proof. Clearly V, is an abelian group under addition. It follows
from definition 6.1 that f, is a Cauchy net if and only if 1/, is a Cauchy
net for all real A. It follows immediately from Eq. (6.1) that the axioms
for scalar multiplication are satisfied. Q.E.D.

Theorem 6.4. Let U(f,g) be a representation of the CCRs over
Vyx V, on a Hilbert space H, and let Wy, W, be subspaces of V,,V,
which are dense in the topologies 14,1, induced by the representation

U(f, g). Let (W, 1,), (W,, 1,) be the complete topological groups obtained
by completing (W, t). (W, 1,). Then the bilinear form {f, g5 on Wy x W,
can be extended uniquely by continuity to a bilinear form on W, x W,
and the representation U(f, g) can be extended uniquely by continuity to

a representation U(f. g) of the Weyl commutation relations over W¢> x W,
such that U(f,g)= U(f.g) feVy, geV, (where we identify V,, V, as
dense subspaces of W¢, W,). The topologies on W,, W, induced by the
representation U(f, g) coincide with the topologies 14, T,

Proof. The proof is virtually identical to the proof of Theorem 4.2
(except that the condition of strong continuity in A is absent here). Q.E.D.

Lemma 6.5. Let U(f,y) be a representation of the CCRs over Vyx V,
which is a discrete divect sum of the representations U(f,g), iel. Let
14, Ty and 1., 1% be the topologies on V, and V, induced by the represen-
tations U(f, g), U}, g), iel. Then

1,=\/1, and t,=\/1..
iel iel
Proof. We have U(f, g)=® U/, g). Clearly the maps f— U(Lf) are

strongly continuous if and only if the maps f— U/(Af) are strongly
continuous for alliel. Q.E.D.

For some representations the continuity of f— U(A f) follows from
the continuity of f— U(f), but this is not true in general. In fact it is
not even sufficient to require that f— U{Af) be continuous for a coun-
table number of A [4].
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7. Some Examples

The following example is a trivial modification of one given by
Chaiken [6]. Let U(f, g) be a representation of the CCRs over V, x V.
Let ), T, be linear maps from V,, V, into R (the real line). Then

Ui(f, g)=eTeD e =0 U (1, g)

is also a representation of the CCRs over V, x V,. That U, (f, g) satisfies
the Weyl commutation relation follows immediately from the linearity
of Ty and T, and the fact that U(f g) satisfies the Weyl commutation
relatlon Smce Td,(sf)—sTd,(f) (tg)=1tT,(g), it follows that U,(sf, tg)
is strongly continuous in the real variables s and ¢ for all feV,,geV,.
Now let W, W, be proper subspaces of V, V, which are dense in the
topologies w(V,, V,), w(V,, V) respectively. The essential point is that
there exist T, T, which are zero on W, W, but do not vanish identically.
In fact, as the following construction shows, there is a vast number of
such T,, T, (provided V,— W, and V,— W,_ are not too small). Let
{h¢, o€ A¢} {h;, e A,} be algebralc bases for W, W, and extend them
to algebraic bases {h?, o e Ags ef,’,ﬁ € By}, {hy, o€ A,[; eg,pe B, forV,, V,
Let {x,, fe By}, {ys, P € B,} be arbitrary sets of real numbers (not all
zero). Define

Tn(ez):yﬁ ﬂEBn‘

Then U,(f,g) is a representation of the CCRs which coincides with
U(f,g) for fe W, ge W, but not for all feV,,geV,.

The following theorem is a straightforward generalization of Pro-
positions 5.1 and 5.2 of [6].

Theorem 7.1. Let U(f, g) be a representation of the CCRs over Vi, x V.
Let Wy, W, be subspaces of V,, V, such that {U(f,q); e W;,ge W.}"
={U(f.9);feVygeV}" Then U(f,g)=X(f,9) U(f.g) is a represen-
tation of the CCRs over Vy x V, suchthat U, (f,9)=U(f,9). fe W,,ge W_
if and only if

(1) X(f, ) is unitary,

(11) X(faq): 19 f€ de ge an

(i) X (sf,tg) is strongly continuous in the real variables s and t for

all feVy, geV,,

(V) X(f.9)e {U(fg): f€ Vyge VY

V) X(fi.90) X(f2.92) = X(f1 + 2.9, +92)
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Furthermore, U, (f, ) is unitarily equivalent to U(f, g) if and only if
X(fig)=1forall feV, geV,.

Proof. If X(f,g) satisfies (i)— (v) then X(f,g)U(f,g) is clearly a
representation of the CCRs which coincides with U(f,g) on W, x W,.
Conversely, assume that U, (f,g)=X(f,¢g) U(f,g) is such a represen-
tation. Clearly X (f, g) must satisfy (i)—(iii). We have

Ui(fo. 90) Ur(f.9) = Ui(f. 9) Uy (fo, go) €900 7100,
If foeW,.g,€ W, this gives
U(fo:90) X (1,9 U(f,9) = X(f, 9) U(, 9) U(fo, go) €/ 007 710

and thus

U(fos90) X(f,9)=X(£, ) U(f, 9) U(fo,90) U(f, g) e o027 i
=X(f,9) U(f0,90)
Thus
X(f,9)elU(f.9): feW,,ge W} ={U(f.9); feV4,9e V)
which proves (iv). The Weyl commutation relation
U(f1,91) Ui(f2, ) = Ui (fy + f2. 9, +gy) e 7290
gives
X(f1,90 U(f1.91) X(f2,92) U(f2,92)= X(fi + f2. 91+ 92)
U(fi+ f2,91 +gp) e "I

(v) now follows from (iv) and the Weyl commutation relation for U(f, g).
If U(f, g) is unitarily equivalent to U(f, g) we have

Uf.g=VUu(f.gVv™!
for some V. It follows that
ULg=VUL. V™', feW,, geW,
and thus
VelU(f.9); fe Wy ge Wi ={U(f.g); feVy,ge VY

which implies that U, (f,g)=U(/f,g) for all feV,,g eV,. Q.E.D.
If in the above theorem we drop the hypothesis that

{U(f.9): feWy,9e W} ={U(f.9); feV,ge V)"
then condition (iv) becomes X(f,g)e {U(f,q). fe W,,ge W,}’, (v) becomes
X(f1. 90 Ulf1,90 X(f2,92) Ulfi,9) ' =X(fi + f2,9:+92) -
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and U, (f, g) unitarily equivalent to U(f, g) need not imply that X(f,g)=1.
It should be noted that this hypothesis is implied by but is not equivalent
to the condition that W, W, are dense in V,, V, in the topologies t,, 7,
induced by the representation U(f, g).

In order to itlustrate more clearly the pathological behaviour of
representations like the U, (f, g) constructed above, let V, =V, = V where
V is a real Hilbert space and let U(f, g) be the Fock representation
Up(f,g). Let W,=W,_ =W be the algebraic span of an orthonormal
basis for V, and consider the irreducible representations of the CCRs
over V given by

U(f,g: Ty, Ty =€ Te DD Up(f, g)

where T, T, are linecar maps from V into R satisfying T, = T, =0 when
restricted to W. Since {Ug(f,9g); f,ge W} =B(H) it follows from
Theorem 6.1 that U(f, g; Sy, S,) is unitarily equivalent to U(f, g; T,. T})
ifand only if S, =T, and S, =T,. If VV is countably infinite dimensional
as a Hilbert space, then the algebraic dimension of V' is ¢, and there are
¢¢ different linear maps T, T, which vanish on W. Thus we have c*
many inequivalent irreducible representations of the CCRs over the real
Hilbert space V' which coincide with the Fock representation when
restricted to the algebraic span W of an orthonormal basis for V (clearly
this statement holds for any subspace W whose algebraic codimension
1s ¢). As a further illustration of the undesirable behaviour of these re-
presentations, we give an alternate proof that U(f,g; T,, T,) unitarily
equivalent to Ug(f, g) implies that T, = T, =0. Since Ug(f, g) is strongly
continuous in f and ¢ in the norm topology, we have for all f,geV,
Up(/f, g) = strong im Ug(f,, g,) where f,, g, € Wand || f,— fil, [g,— g/l 0.
But U(f,g; T,, T,) unitarily equivalent to Uy(f, g) implies that U(f,g;
T, T,) = strong im U(f,, g, Ty, To). Since U(f,, g3 Ty, T) = Ur(/,. 92)
if f,.9,€ W, it follows that U(f,g; T,, T,)= Ug(f, g) for all f,geV, and
thus T, =T, =0. It follows from this argument that if we take the re-
presentation U(f, g; Ty, T,), restrict it to W, and then extend it by con-
tinuity according to Theorem 6.1, we obtain the Fock representation
rather than the original representation U(f, g; T}, T,). Another undesira-
ble property of these representations is the behaviour of the total number
operator which exists for some orthonormal bases but not for others
(see [6] for a detailed discussion of this).
We now construct some more examples.

Lemma 7.2. Let U({, g) be a representation of the CCRs over Vyx V.
Let W, be a subspace of V. Then there exists a representation U,(f, g)
of the CCRs over Vyx V. such that Wy is closed in the topology 1, in-
duced on Vy by U,(f, g).
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Proof. Let H be the Hilbert space on which the representation U(f, g)
is defined. Let

Hl :H®H’
U =UNBL,  feW,,
g =vetl, geV,.

Let {h,, € A} be an algebraic basis for W, and extend it to an alge-
braic basis {h,, xe A;hy, fe B} for V,. We extend the definition of
Ui(f) to V, by

U (shy) = U(shy) @ U(shy), BeB.

If f¢ W, we have = f"+ f” where e W,, f"eV—~W, and " 0.
Then U (f)=U(f"+fMQU(f") ¢ BHH)®1. Thus f¢ W, implies that
U,(f) can not be the strong limit of a net U,(f,), f,€ W,. Butif f is in
the closure of W,, it follows from the definition of the topology 7, that
there exist f,e W, such that U,(f)=strong limU,(f,). Thus W, is
closed. Q.E.D.

Lemma 7.3. Let U(f, g) be a representation of the CCRs over V,x V,,
and let W be a proper subspace of V,. Then there exists a representation
Uy(f. g) of the CCRs over Vy x V. such that

{Ui1(/,9). S eWy,ge V)" +{Ui([.9). eV ge V)"

Proof. Repeat the construction in the proof of Lemma 7.2.
Then U;(f)e B(H)® 1 if and only if fe W,. Q.E.D.

The undesirable behaviour of the above examples seems to be
essentially the fact that, given V,, V, and proper subspaces W,,, W, which
are “sufficiently large” in the sense that some representations of the CCRs
over V, x V, are determined by continuity by their restriction to W, x W,
{(see Theorem 4.2), there exist representations which are not determined
by their restriction to W, x W,. Now one might be inclined to consider
a representation of the CCRs pathological if it differed from the Fock
representation but coincided with the Fock representation on some sub-
space W which is dense in V in the norm topology on V. However consider
the following example. Let V = I2(R*)n LM(R?). Let Uy(f, g) be the Fock
representation of the CCRs over V on the Hilbert space Hy. Let

SO =ff(x)dx.
Then the irreducible representation of the CCRs defined by

U, 5(f, 9) = Up(, g) &=/ O +i3(0) (7.1)

2 Commun. math Phys, Vol. 17
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describes the ground state of an infinite nonrelativistic free Bose gas at
a finite density [2]. Now, as was pointed out to us by H. Araki, this
representation coincides with the Fock representation when restricted
to the subspace

W={feV:f(0)=0}

which is obviously dense in V in the norm topology. (Incidentally,
Theorem 7.1 now provides an alternate proof that the parameters «, 8
label unitarily inequivalent representations U, 4(f, g).)

We now propose a somewhat milder restriction which seems reason-
able from the viewpoint of physical applications. In quantum field theory
one typically constructs a representation of the CCRs over some suitably
restricted space of test functions (e.g. the Schwartz space & of C* func-
tions on R" with compact support). One can then extend the represen-
tation by continuity to a larger space V of test functions according to
Theorem 6.4. For example, the representation U, 4(f, g) given by Eq. (7.1)
can obviously be extended by continuity from @ to I'(R*)~I*(R%) [2].
We propose

Definition 7.4. Let C,, C, be classes of subspaces of V,, V,. We
say that a representation U(f,g) of the CCRs over V, x V_ is smooth
relative to the classes C,, C, if WyeC,, W, eC, implies that W,, W,
are dense in the topologies t,, 7, induced by the representation U(f, g).

For physical applications, consider the situation where 2 C V C I*(R")
where 2 is the Schwartz space of C® functions on R" with compact
support. We would then take C, = C,, to be the set of all subspaces W CV
such that W& is dense in & in the Schwartz topology 15 on 2. Since
f,— (). f. f, € D implies that f,(0)— f(0) and || f,— £ ,—0 it follows
that the representations U,,(f, g) are smooth in this sense.

The following two lemmas are completely trivial, but they illustrate
to what extent the above condition eliminates the pathologies discussed
above.

Lemma 7.5. Let Ui(f,g), U,(f,g) be representations of the CCRs
over V which are smooth relative to the class C. Then U, (f, g)= U,(, 9).
feW,, ge W, where W,, W, e C implies that U,(f, g)=U,(f,g) for all
feVygeV,.

Proof. Follows immediately from Theorem 6.4. Q.E.D.

Lemma 7.6. Let U(f,g) be a representation of the CCRs over V
which is smooth relative to the class C. Then W, W, e C implies that

{U(f,9), feWyge W} ={U(f.9). feVsg9e V)"
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Proof. By assumption W,, W, are dense in V,, V, in the topologies
T4, T, induced by the representation U(f,g). It then follows from the
definition of 74,7, that we have U(f,g)=strong limU(f,,g,) where
foe Wy, g, e Woiorall feVy,geV,. QED.

It is not clear to us whether or not the concept of a smooth represen-
tation will turn out to be useful.

Note added in proof. H. Araki has provided an example of representations U,{f, g),

i=1,2 and a subspace W which is dense relative to the induced topologies t,;, but which is
not dense relative to the topology t, induced by U, (f, 9)® U,(f, 9).

8. Representations of Topological Groups

It secems likely that the above discussion of the continuity properties
of the representations of the CCRs is relevant to the representations of
topological groups which are not locally compact. By a continuous
representation of a topological group (G, 1) we mean a representation
of G by operators T(g) in a Hilbert space H such that the map g— T(g)
is strongly continuous. However in general a given representation 7'(g)
will also be continuous in strictly coarser topologies for G. One could
define the topology t4 induced on G by the representation T(g) to be
the weakest topology such that the map g-» T{g) is continuous. Whether
or not (G, 1) is the desired topological group depends on the situation
{this definition is not suitable for the CCRs). In Section 7 we constructed
some representations of the CCRs which exhibited “undesirable” con-
tinuity properties. Similarly if G is a topological group which is not locally
compact (e.g. an infinite dimensional Lie group) then in general there
will exist representations of G which are not determined by continuity
by their restriction to a subgroup G, which is “sufficiently large” in the
sense that some representations of G are determined by their restriction
to G,. By analogy with Definition 7.4 one could define a representation
of G to be smooth relative to the class C of subgroups of G if the represen-
tation is determined by its restriction to every G, e C.
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