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Suppose the boundary value problem
(1.D) ¥y =fy, )
(1.2) ya)=a, yb=3,
where f(t, v, y') is defined on D = [a, b] X R?, has a unique solu-
tion y({; «, ) which belongs to C%a, b], for each (a, 5) in some
set Sc K2, This paper gives sufficient conditions for y(¢; «, j),
y'(t; a, 5), and y'/(¢; «, 5) to be continuous on [a, b} X S,

In § 2 it is shown that if f(¢, v, ¥’) is continuous on D and y(t;
a, B) is continuous on [a, b] x S, then ¥'(t; o, B) and %" (¢; a, B) are
continuous on |a,b] x S. In §3 it is shown that y({; a, B) is con-
tinuous under the assumption that solutions to boundary value pro-
blems for (1.1) exist and are unique in a certain strong sense. In
§ 4 the continuity of y(t; «, B) is established under the assumption
that solutions to (1.1) satisfy a maximum principle.

Bebernes [1], Fountain and Jackson [3], and others have given
sufficient conditions for the problem (1.1), (1.2) to have a unique solu-
tion, but the question of continuous dependence has not been given
extensive attention.

2. Derivatives of convergent sequences. In this section we
establish that if f(¢,y, ¥’) is continuous on D, the continuity of
y(t; ¢, ) is enough to guarantee the continuity of %'(¢; a, 8) and
y'(t; &, 5). The proof makes use of a lemma concerning derivatives
of uniformly convergent sequences of solutions. First we prove a
variation of a well-known result for initial value problems; e.g., see

[4], p. 11.

Lemma 2.1, Let f(t, 4, ¥') be continuous on D, Given T > 0 there
exists a(T) > 0 such that if y(t) is a solution to (1.1) on |[a, b] and
[Y(@) | + 14’ @) = T for some &€ [a, b], then [y@t)| + [y (&) | = 2T for

te d(t, T)) = [a, 0] N [t — «(T), &, + a(T)] .

Proof. Let

K={tyy)eD: |yl +|y|=2T}
and let
C= mKaXIf(t, Y,y + 2T .
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328 ROBERT GAINES

Choose a(T) < T/C.
Suppose for contradiction that y(t) is a solution to (1.1) on [a, b]
with |y(t)| + |¥'(t) | < T and there exists ¢, € 4(¢,, «(T)) such that

ly@) | + 1y @) | > 2T .

For definiteness assume ¢, > t,. There exists t, € 4(t,, a(T')) such that
t() < t2 < tl’

(2.1) [y(t) | + |y ()| = 2T
and
(2.2) ly®) | + |y'(t)| < 2T

for teft, t.].
By the Mean Value Theorem

[y(t) — y(E) | + ¥/ (E) — ¥' () |
= (¥ + 1¥"(&) DE — L)

for some ¢, and ¢, in [{, t,]. By (2.2), |¥' ()| < 2T. Moreover, (2.2)
yields that (¢, ¥(£,), ¥'({,)) € K and we have

[9"(C) | = AL y(), v | = max Lty v)|.

Thus
[y(t) — y(@) | + ¥ (t) — ¥'(t) | = 2T + n}{ax LG v, ) D — to)
< Ca(T)
< T
hence,

lyt) | + 1Y) < T+ ly(t) | + 1y (@) | < 2T .
This contradicts (2.1).
LemMmA 2.2, Let f(t, y, y¥') be continuous on D and let {y,(t)} be
a sequence of solutions to (1.1) on [a, b] such that y,(t) — y,(t) uniform-
ly on [a, b] and y(t) has a continuous derivative on [a,b]. If there
exists a sequence {t,} in [a, b] such that t,—t, and ¥,(t,) — 2, then

there ewists a subsequence {y,.,(t)} such that yi.,(t) — yi() uniformly
on |a, b].

Proof. Let T, = |yyt)]| + | 2| + 1. There exists N > 0 such that

for » = N. By Lemma 2.1, there exists a(T,) > 0 such that forn = N
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l.(8) | + [9.(0) | = 2T,
on A(t,, a(T,)). Since t, — t,, there exists N, = N such that for n=N,

.0 | + [9.(8) | = 2T,

on 4(t, a(T,)/2).
Let

Ky ={, y, y):t e d(b, (T)/2), |y| + |¥'| = 2T} .
For n = N, and t e 4(¢, a(T,)/2) we have

|y (@) | = [ S, y.(0), 9.(0) | = max L@y, ) -

It follows from the Mean Value Theorem that {y.(f)} is equicontinuous
on A(t, a(T,)/2). Since {y.,(t)} is bounded by 2T, on 4(t,, @(T,)/2) for
n = N,, Ascoli’s Theorem implies that {y,(t)} has a subsequence {y} ..}
which converges uniformly on 4(t,, a(T,)/2) to some z(t). But since
Yy (t) = o(t) on A(t,, (T,)2) we must have z,(¢) = y(¢) on 4(t,, a(T,)/2).

If 4, a(T,)/2) = [a, b] we are through. If not, at least one end
point of 4(t,, @(T,)/2) is in (a, b). Denote such an end point by ¢,.

Let T = maxXp,s (| () | + |9i(8) ) + 1.

There exists N, such that for n = N,

kal(n)(t1)| -+ Iy;cl(n)(tl) ! g I yo(tl) { + 'y«;(t1) I + 1
=T

By Lemma 2.1 there exists a(7T) such that

[ YO | + [ Yiym() | = 2T

for te A(t,, ®(T)) and » = N,. By the same arguments used for the
interval 4(t,, a(T,)/2), {Yi,.(t)} has a subsequence {y,.,(t)} such that
Yiyny(8) — ¥3(t) uniformly on 4(¢,, a(T)). Thus ¥, (t) — yi(t) uniformly
on A(t, a(T)) U 4(t, a(T,)/2).

If 4(t, a(T)) U 4(t,, @(T,)/2) = [a, b] we are through. If not, there
is an end point ¢, of A(¢,, a(T)) U 4(t, @(T)/2) in (@, b) and the above
procedure may be repeated with 7 unchanged. Since a(T) is also
unchanged, this process will terminate in a finite number of steps
with a subsequence {y, .. (t)} such that ¥, .,(t)— yi(t) uniformly on

ity (T2 U {U 46t T} = [a,8].

LEmMMA 2.3, Let f(t,y,y') be continuous on D. If {y,(t)} is a
sequence of solutions to (1.1) on [a, b] such that y.(t) — y(t) uniform-
ly on [a,b] where y,(t) has a continuous derivative on [a, b], then
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Yo (t) — yi(t) untformly on [a, b].

Proof. By the Mean Value Theorem, for each 5 there exists
t, €la, b] such that

[ 4.(0) — y.(@) | = |y0(&) [ (b —a) .

Since there exists B > 0 such that |y.(t)| = B on [a, b] for all n, we
have

[ Yu(t) | = 2B/(b — a) .

Let {y,,.(t)} denote an arbitrary subsequence of {y,(t)}. Since
{#hym(tryim)} is bounded we may extract a further subsequence {y; ., (¢)}
such that i (.(te,m) — 2 and t,,, —t,€[a, b]. By Lemma 2.2, there
exists a further subsequence {¥,,..,(t)} such that y;,.,(¢) — yi(¢) uniform-
ly on [a, b].

Thus any subsequence of {y.(f)} has a further subsequence which
has its derivatives converging uniformly to () on [a, b]. It follows
that ,(t) — yi(t) uniformly on [a, b].

The conclusion of Lemma 2.3 does not hold if the hypothesis that
4,(t) has a continuous derivative on [a, b] is removed. The function
¥.(t) = VD + 1/n — t is a solution to ¥’ = 2(y’)* on [o, b] for each =.
Moreover, {y,(t)} converges to y,(t) = /b — ¢ uniformly on [o, b]. But
{¥.(t)} does not converge to yi(f) uniformly on [o, b].

THEOREM 2.4. Let f(t, y,y') be continuous on D. Suppose (1.1)
has a unique solution y(t; «, B) on [a, b] satisfying (1.2) for (o, B)e S <
R, If y(t;, a, B) is conttnuous on [a,b] X S, then ¥y'(t;«a,8) and
y'(t; a, B) are continuous on |a, b] x S.

Proof. Since ¥'(t; a, B) and y”(t; @, 8) are continuous for fixed

(@, B),

(Y (& a, B) — y'(t; &, Bo) | = Y (G a, B) — ¥'(E; a,, By) ]
+ Y (& o, Bo) — Y'(te; oy Bo) |
and
[yt a, B) — y'(ty; &, Bo) | = 1¥"(6 a, B) — ¥'(t; @, Bo) |
+ 1Y e, Bo) — Yty &, Bo) |
it is sufficient to show that ¥'(¢; «, 8) and y”(¢; @, B) are continuous
functions of « and B uniformly with respect to ¢.
Let («,, B,) be a sequence in S such that («,, 8.) — (&, B,) € S.

Since y(t; o, B) -is continuous on [a, b] x S, y(¢, &, B.) — y(t; &, Bs)
uniformly on [a, b]; hence, Lemma 2.3 yields the uniform convergence
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of {¥'(t; a,, B,)} to ¥'(t; a, B,). Since
yY'(t; a,, B,) = f(t, y(t; a,, B.), ¥'(E; ., £,))

and f({; v, ¥') is continuous, it follows that y'(t; @, £.) — ¥'(t; &, 5)
uniformly on [a, b].

3. Strong existence and uniqueness. In this section we show
that y(¢; «, B) is continuous on [a, b] x R? if solutions to (1.1) exist
and are unique in the sense described in the following definitions.

DEFINITION. Solutions to boundary value problems for (1.1) will
said to be wunique in the strong semse on [a, b] if for any solutions
#(t) and (¢) to (1.1) on [¢, d] < [a, b], ¢(c) = ¥(c) and ¢(d) = +(d) imply
that ¢(t) = ¥(¢) on [e, d].

DEFINITION. Solutions to boundary value problems for (1.1) are
be said to exist in the strong semse on [a, b] if for any real numbers
a and A and any [e¢, ] C{a, b] there is a solution y(f) to (1.1) on an
interval I=Je, d] such that y(¢) = «, y(d) = £ and either

(i) I=|a,b], or

(ii) w(¢) is unbounded.

THEOREM 3.1. Suppose solutions to boundary value problems for
(1.1) exist and are unique in the stromg semse on [a, bl. If y(t; «, B)
denotes the unique solution to (1.1) on |a, b] satisfying (1.2), then
y(t; e, B) is continuous on [a, b] x R

Proof. Let € > 0 be given.
Let ¢,e(a, b). Let %,(¢) denote a solution to (1.1) on an interval
I, > [t, b] such that

(3.1) Yt = y(ty; &, Bo) + €, (b)) = y(b; a,, Bo) = By

and either y,(f) is unbounded or I, = [a, b]. Let #,(t) denote a solution
on I, D]a, t,] such that

yl(a)y lf Il = [CL, b]
3.2) v, = . () = Y(to; &, Bo) + 2¢
(3.2) y:(a) W @, B) + &, if I (a, b], Ys(to) = Y(to; 0, Bo)
and either y,(¢) is unbounded or I, = [a, b].
Let yi(t) and #,(¢) denote similar solutions on I,D[%, b] and
I, >la, t,] with

(33) ya(to) = y(to; Ay, /80) — &, yd(b) = y(b, &y, :80) = /6)0
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Ys(a), if I, = [a, b]

4t0 = tO; 0y 0 "‘2 .
y(a; a,, B,) — ¢, if I, (a, b], Yults) = y(ty; &, Bo) — 2¢

(3.4) yua) = {
Assume for definiteness that I, = [a, b], I, C|a, b), I, C (a, b], and
I, = [a, b]. The other cases may be treated with arguments similar

to those below.
Uniqueness in the strong sense and (3.1) imply that

y(a) = yy(a) > a, = yla; &, B,) .
Since y,(t,) > y.(t,) follows from (3.2), uniqueness in the strong sense

also implies that y.(t) = %.(¢t) on I,; hence, ¥,(t) must become unbound-
ed positively to the right of i,.

Uniqueness in the strong sense and (3.3) imply that .,(¢) < y(t; a,, £o)
on I;; hence, ¥.,(t) must become unbounded negatively to the left of
t,. Since y(t,) < y(t,), there exists a < ¢, < t, such that y,(f,) = y(t);
hence, uniqueness in the strong sense implies that »,(f) < %,(¢) on
[¢, b]. In particular, y,(0) < ¥:(b) = B, = w(b; &, By).

Let 0,(t) = min [y,(a) — &, & — y,(a), B — y(b)]. If |a —a,| +
|8 — B,] < d.ty), then y,(a) < @ < y,(a) and B > y(b). By uniqueness
in the strong sense we must have 4,(f) < y(¢; «, 8) on [a, b] and sinece
2,(t) becomes unbounded positively to the right of ¢, we must also

have y(t; @, 8) = y.(t) on L.
There exists d,(¢,) such that for

lt - toi < Bz(to)y tEIZ, Iyz(t) - yz(to)I <e,

and |y4(t) — y4(to)l < &, ThU.S, for IC( — aol + !B — :6)0[ < 51(1‘,0) and
|t — t,| < 0,(t,) we have

ly(t; a, B) — y(t; o, 50) | = 4:(8) — yu(8)
= 148 — %:(8) | + wate) — wu(to)
+ lf‘h(t) - y4(t0)[
e+ 4dete=6e.

Uniqueness in the strong sense implies that for

la — a,| + | B — By < di(a) = d(b) = ¢,
Y, o — &, B, —¢) =yl o, B) = y(t; ap + ¢, By + ¢)

on [a, b]. There exists 0,(¢) such that for |¢ — a| < d.(a)

|y(t;ao+e,,6’0+s)—y(a;a0+e,,80+s)|<E
and
ly(t; a, — ¢, 8, —¢) —yla; 0, — ¢, 8, —¢)| <e.

Thus for |a — a,| + |8 — B, < dfa) and [t — a| < d,(a)
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|y(t; o, B) — y(¢; o, By | £ 6e.

A 5,(b) may be defined in a similar manner,

By the Heine-Borel Theorem there exist ¢, %, ---, ¢, such that
the intervals defined by |t — ¢,| < 0.(¢;) cover [a, b]. Let 6 = min d,(t).
Then for any tefa, d]la — a,] + 18 — B,| < ¢ implies that

fy(E; a, B) — y(i; o, Bo) | = Be.

Since y(¢; ¢, 8) is continuous for fixed « and 8, it follows that y(¢; «, 8)
is continuous on [a, b] x R%

It is of interest to note that in the proof of Theorem 3.1, the fact
that the functions involved were solutions to (1.1) was used only to
assert that the functions were continuous. The arguments may be
applied to any family of continuous functions satisfying the uniqueness
and existence requirements, Theorem 3.1 is a variation of a result of
Beckenbach ([2], p. 365) concerning two-parameter families of con-
tinuous functions.

As an immediate consequence of Theorems 2.4 and 3.1 we have

COROLLARY 3.2. Let f(¢,y,y') be continuous on D and suppose
solutions to boundary value problems for (1.1) exist and are unique
in the strong semse on [a, bl. If y(t; a, B) denotes the unique solution
to (1.1) on [a, b] satisfying (1.2), then y(t; &, B), ¥'(¢; a, B) and y''(t; o, B)
are continuous on [a, b} X RE,

4. The maximum principle. In this section we consider the
function y(¢; ¢, B) in the presence of a maximum prineiple.

DEFINITION. Solutions to (1.1) will be said to satisfy the maximum
principle on [c,d]C[a,b] if for any solutions ¢(t) and +(¢) to (1.1)
on [e, d], | () — +(t) | assumes its maximum on [e, d] at either ¢ or d.

Note that if solutions to (1.1) satisfy the maximum principle on
[a, b], then solutions to (1.1) on [a, b] satisfying (1.2) are unique.

THEOREM 4.1. Suppose solutions to (1.1) satisfy the maximum
principle on [a, b]. If (1.1) has a (unique) solution y(t; a, B) on [a, b]
satisfying (1.2) for (a, B)e SC R?, then y(t; a, B) is continuous on
[a, b] x S.

Proof. By the maximum principle on [a, b], for («, 8) and («,, B,)
in S we have

ly(t; &, B) — y(t; &, By) | E max[la — |, |8 — Bl .
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Since y(t; «, B) is continuous on [a, b] for fixed («, B8), it follows that
y(t; o, B) is continuous on [a, 8] x S.

COROLLARY 4.2. Let f(t, vy, y') be continuous on D. Suppose solu-
tions to (1.1) satisfy the maximum principle on [a, b]. If (1.1) has a
(unique) solution y(t; &, 8) on |a, b] satisfying (1.2) for (a, B)e S < R?,
then y(t; «, B), ¥'(t; @, B) and y'(¢; «, B) are continwous on |a, b] x S.

Various sets of hypotheses on f(¢, ¥, ') imply that solutions to
(1.1) satisfy the maximum principle. As an example we state

THEOREM 4.3. If f(t, y,¥') is continuous on D, f(t, y, y') is non-
decreasing in y on D, and for any compact subset C < D there is «a
positive constant K(C) such that

Jor any (t,y,y)) and (t,y, vy in C, then solutions to (1.1) satisfy the
maximum principle on any |[c, d] C|a, b].

Proof. This is an immediate consequence of Theorem 2.2 in |1i].

As a partial converse to Theorem 4.3, we have

TueoreEM 4.4. If f(¢t, v, ¥') is continuous on D and solutions to
(1.1) satisfy the maximum principle on every [e,d]C|[a,b], then
ft, y, ¥ is nondecreasing in y on D.

Proof. Suppose for contradiction there exist (¢, vy, y)) and
(toy Y2y Y0) in D such that y, > v, and J(to, ¥i, ¥2) < f(to, Y2y ¥2). By con-
tinuity we may assume i, € (a, b).

Sinece f(t,y,y’) is continuous on D, there exists an interval
[eo, do] < a, b] with ¢, € (¢, d;) such that (1.1) has solutions y,(¢) and
yot) on [c, do] with y.(t) = ¥, ¥i(ts) = wi, Yolbe) = ¥, and yi(t) = .
Since

Y (to) — yi'(t) = f(to, ¥1, Yo) — J(tos Y5y i) < 0,

yi(t) — yi(t) = 0, and y,(¢) — y.(t,) > 0, there exists [c, d]  [c,, do] such
that ¢ e(e, d) and %,{t) — ¥:(t) > ¥.(f) — y(t) = 0 for any t ¢, in
[¢, d]. In particular,

Yi(ts) — Yooy > max [ y.(c) — y.(c) L Ty(d) — v(d) []
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which contradicts the maximum principle being satisfied on [e, d].

5. Continuous dependence without uniqueness in the strong
sense, Though the hypotheses of Theorem 4.1 only required that
solutions satisfy the maximum principle on [a, b], 2 more “natural”
assumption is that solutions satisfy the maximum principle on every
subinterval [¢, d]. If this stronger assumption is made, solutions to
(1.1) are unique in the strong sense as was assumed in the hypothesis
of Theorem 3.1.

A simple example shows that uniqueness in the strong sense is

not a necessary condition for continuous dependence. Consider the
equation

(6.1) v'=-y.
The unique solution to (5.1) on [a, b] = [0, 37/2] satisfying
(5.2) y(0) = a, yBr/2) = 8
is
y(t; o, B) = weost — Bsint

which is clearly a continuous function of a, £ and ¢t. However, ¥,(¢) = 0
and y.(t) = sint are both solutions to (5.1) on [0, 7] with #%,(0) =
%(0) = 0 and y,(7) = y.(7) = 0.

When strong uniqueness is not present and in other situations,
the following theorem suggested to the author by A. M. Fink is
sometimes useful.

THEOREM b5.1. Let f(i,y, ') be continuous on D. Suppose (1.1)
has o unique solution ¥y(t; «, B) on [a, b} satisfying (1.2) for (a, B)
in o subset SC R. If there exists B > 0 such that |y(t; ¢, 8)| £ B
and |y (t; a0, B)| < B for (¢, «, B) in [a, b] X S, then y(t, a, B), y'(¢; &, B),
and y"'(t; &, B) are continuous on [a, b] x S.

Proof. Since f(¢, v, ¥') is continuous and
(5.3) y'(t; «, B) = f(t, y(t; &, B), ¥'(¢; «, 5))

there exists M > 0 such that [¥"(¢; «, B)| < M for (, «, 8) €la, b} X S.

Let {{«,, B,)} be a sequence in S such that («,, 8,) — (&, B,) € S.
Let {y(t; %0y, Buwy)} denote an arbitrary subsequence of {y(¢; «,, 8.,)}.
Since |¥'(t; Qpinyy Brw) | = B and | y'(; Qpinyy Beew) | = M, the Mean
Value Theorem implies that {y(¢; @pinyy Bew)} and {¥'(¢; @iy, Biri)} are
equicontinuous. Since both sequence are also uniformly bounded, using
Ascoli’s Thorem we may choose a further subsequence {y(¢; &y, )y Biyom)}
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such that y(t; @, ), Biyw) — Yo(t) and y'(t; @ iy, Biyny) — Yot) uniform-
ly on [a, b] for some y,(t). Since f(¢{,y,y’) is continuous, it follows
from (5.3) that {y"(f; @k ), Biyay)} converges to yi'(f) and y,(¢) is a
solution to (1.1) on [a, b]. Since y.a) = @ and y,(b) = B, uniqueness
implies that y,(t) = y(t; a,, B.).

It follows that the original sequences must converge to the same
limits; i.e.,

y(t; @, B,) — y(t; &, B) , Yty B,) — Y (E; A, Bo)

and ¥"(t; «,, B.) — ¥’ (t; a,, B,) uniformly on [a, b]; hence, ¥(¢; «, 8),
y'(t; «, B) and y''(t; «, B) are continuous on [a, b] x S.

If a Nagumo growth condition of the type introduced in [5] and
employed to obtain existence in [1] and [3] is imposed, then bounds
on derivatives may be obtained whenever the solutions themselves are
bounded.
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