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Abstract. We investigate continuous dependence of the solution on the coefficients
of the reaction terms for the problem where convection in a saturated porous medium
is primarily due to chemical reactions on the boundary. Such boundary reaction terms
are not obviously controllable by the usual arguments involving integrals of the functions
themselves over the interior domain. Continuous dependence is established for a porous
medium of Brinkman type in a general three-dimensional setting.

1. Introduction. In a recent paper, Postelnicu [24] has investigated the transition
to convective motion of a fluid in a saturated porous material when the saturating fluid
is nonisothermal and contains a chemical which may react. The chemical reactions are
at the boundary of the domain, in the Postelnicu [24] case, at the lower boundary of an
infinite horizontal plane layer. When forcing terms are on the boundary of the region it
is not obvious that continuous dependence on the reaction coefficients is possible and it
is to this goal that we address this work.

The general question of continuous dependence on modelling, or structural stability
as it is alternatively known, is one of great importance in continuum mechanics and in
the field of partial differential equations, as explained in great detail by Hirsch & Smale
[]. Knops & Payne [6] showed the importance of continuous dependence on modelling
in elasticity in a fundamental paper, and sharpened some of their results in Knops &
Payne [7]. This aspect of continuous dependence on modelling was further analysed by
Payne [15] 16, [177], and more recently analyses of structural stability have been shown to
be of major importance in porous media; cf. Aulisa et al. [I], Celebi et al. [2], Franchi &
Straughan [3], Hoang & Ibragimov [5], Lin & Payne [8, 9] [10], Liu [I1], Liu et al. [12} 13],
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Ouyang & Yang [14], Payne et al. [I8], Payne & Straughan [19] 20| 211, 22], Rionero &
Vergori [25], Straughan & Hutter [28], Straughan [27], Ugurlu [29], Wang & Lin [30], and
further references may be found in Chapter 2 of Straughan [26].

In this paper we demonstrate continuous dependence on the reaction coefficients for
a model of convection in a porous medium when the chemical reactions are taking place
at the boundary. Due to the fact that boundary terms are not easy to control and
the system of equations involved is fully nonlinear, the analysis presented herein is of
necessity, nontrivial.

2. The boundary-initial value problem. The porous medium is assumed to oc-
cupy a bounded region  in R? with boundary I' sufficiently smooth to allow application
of the divergence theorem. The basic variables are velocity, v;, temperature, T, concen-
tration, C, and pressure, p. Then, without loss of generality for the class of problem
under investigation here, the equations of motion are

v; — Av; = —p,; + 9T + §:C,
Vi = 0,

Ty +vT,; = AT,

Cyt + viCyi = AC,

(2.1)

on Q x (0,7), for some T < oo, where A is the Laplace operator, g;, §; are gravity
terms with |g| < 1, |g| < 1, and standard indicial notation is employed throughout.
Equations (2.1)3 and (21])4 are transport equations for temperature and concentration,
[2I)2 expresses incompressibility of the saturating fluid, and (2I)); is the Brinkman
equation; cf. Straughan [26], Chapter 1.

The boundary conditions are

aT aC
5. =AC. 5= =-BC, (2.2)

on I'x[0,7), where A, B are positive constants, and where 0/9n denotes the unit normal
derivative pointing out of I'. The initial conditions to be satisfied are

T(x,0) = Tp(x), C(x,0) = Coh(x), (2.3)

vi:O,

where Ty and Cj are prescribed functions. Let the boundary-initial value problem com-
prised of (2I)-(2.3]) be denoted by P.

Before establishing continuous dependence on A and B it is necessary to establish
some auxiliary results and some a priori estimates for 7" and C'.

3. A priori estimates. Let ¢ be a function defined on Q and let f; be a function
defined on I' with
finl- > fo > 0, on F,
where n; is the unit outward normal to I and fy is a constant. For example, if € is

star shaped with respect to an interior origin, then we may select f; = x;. We employ a
Rellich-like identity, cf. Payne & Weinberger [23], to derive a bound for the L?(I') norm

of 9.
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By integration and use of the divergence theorem,
fo ptdA < § fniia
r r
= / (figy?) ada (3.1)
Q
— [ fuvtdo 2 [ fuvide
Q Q

example, if f; = x;, then f;; = 3 and |f;| is bounded by the geometry of Q. Then, using
the arithmetic-geometric mean inequality for a constant o > 0 at our disposal,

Suppose now that f;; < mq in Q, |fi| < mg in Q, mq, mo positive constants; for

P / Fobpde < 22 / W2da + ams / b ida. (3.2)
Q o Jo Q
Upon employing [B2)) in (B we derive the bound
foijdA < (m1 n @) / ¢2dx+am2/ b ida. (3.3)
r & Q Q

To determine a bound for C' consider for p € N,
d
— / C?*dx = 2p/ C*~1C dx
dt Q Q ’
= 2p/ C2p—1(AC — UiC7i)d$
Q

= —2p(2p — 1)/ C*P2VCOPdx — 2pB]§ C?*dA
Q T
<0.

Upon integration one finds

( /Q C2”dx>21p < ( /Q cgpdx>21". (3.4)

We now let p — oo in (B4]) and we find

sup |C] < max|Cy| = Cp,. (3.5)
Qx[0,7] 2
It transpires that we require a further bound, namely for || T' | 4, where || - ||4 is the norm
in L4(Q). We employ the notation || - || and (-,-) to denote the norm and inner product
on L?(Q). To derive this bound we observe that

d1
——/T4dac=/T3ftda:
dt 4 Jq Q

= / TS(AT—UiTJ‘)dJ)
@ (3.6)

or
= —3/ T2zjﬂjid:c+fT3—dA
Q T 371

_ 3 / (T?) (T?) ydzx + A% T?CdA.
4 Q r
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With the aid of Young’s inequality we have

1
f{ T3CdA < 3 74 TdA + - j{ C1dA, (3.7)
r 4 Jr 4 Jr
and then employing inequality (B.3]),
T*dA < (— + —) / Thde + 22 [ |VT?Pda. 3.8
]gz fo foa fo z| | (3:8)

Use of (B1) and B.8) in (30) yields

dl 4 3 212 %4
<__ VvV
P /Td /\T|d+ C*dA

(3.9)
3A / T4 3Aamg 212
+— |+ dx + VT?|*dzx.
( Jo foOé> 4fo  Ja VTl
Now pick a = f/(meA), also use estimate ([BH), and define D and D; by
AC4
D= —"T|, D) =4D,
with |['| being the measure of I'. Set F(t) = [, T*dx, and put
- 3m, A n 3171%2/127
fo /o
and then from (B9) we may show that
F' < Dy +)\F, (3.10)
where F' = dF/dt. Upon integration of (B.10) we find
D
F(t) < F(0)e™ + 7%”, (3.11)
and putting D3 = (F(0) + D1 A1) exp[AT], from (BII) we see that
| T() [|a< Do. (3.12)

4. Continuous dependence on the boundary reaction terms. Now let
(v}, T, CY, pt) and (vZ,T? C?, p?) be solutions to P for the same initial data but for
boundary coefficients (A1, B1) and (As, Bs) in ([22)), respectively. Define the quantities
w;, 7, 0, ¢, a and b by

u; = v} — 7, T=pt—p?, O6=T'—1T2
¢:CI—C2, a:Al—AQ, b:Bl—Bg.

Then, one finds that (u;, 0, ¢, 7) satisfies the boundary-initial value problem

u; — Au; = —m; + g0 + §; 9,
Uq,5 = 07
9715 + v}&)i + ’U%Ti = AQ,
b1+ +uCh = Ag,
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in Q x (0,7), together with

00 96
%—GC1+A2¢7 I

u; =0, —(bC1 + B2¢),

onI' x [0,7], and
0(x,0) =0, ¢(x,0)=0, x €.
First, multiply ([@I)); by u; and integrate over  to derive
[wlf® + 1 Va|* = (g0, uz) (gi¢, ui)
1
<[l ¢ = fal?+ 1ol +5 [ al?
4 4
where the arithmetic-geometric mean inequality has been employed. Thus, we see that
1
glhalP+ Vel <o) +1lel*. (4.2)

Next, we multiply (@I))s3 by ¢, (II)4 by ¢, and integrate by parts using the boundary
conditions to find

dt 2 (4.3)

= (u;T?,0.)— || VO ||? +ajl{ cledAJrAQ]feqsdA

and
d1
e 16 IP= (i 6.)~ V6 | —b7§ CrodA 327{¢2dA. (4.4)
r r
To handle the cubic term on the right of ([@4]) we use (B3] and the Cauchy-Schwarz

and arithmetic-geometric mean inequalities to find, for v > 0 at our disposal,

C 2

(uiC? ¢:) < C [ u [l VO II< =7 [lu [|* + || Vo . (4.5)

Now, insert ([@H) in (£4) and use the arithmetic-geometric mean inequality on the C,¢
boundary term, then use also [@2), to obtain

C 2

S 12 < “ o+ o) - (1-2) 1 vo P

5
B 2 b? 2
—<BQ—§>£¢CJA+%£01 dA,

where 8 > 0 is a constant at our disposal.
To deal with the cubic term in (@3] we use the Cauchy-Schwarz inequality as follows:

dt2

(wT%.6,) < || V6| ( / uiuindx) < V0 ] llall T -
Q

Next, employ the Sobolev inequality || u |4 < é || Vu || and estimates (£2]) and (B.12)
to see that

(T 0:) < [|VO | (16> + 1 & [*)2Ds. (4.7)
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We employ inequality ([@7) in (@3] and further use the arithmetic-geometric mean in-
equality with weights §, € > 0, to find

2 < 2 1 2 4 2
SR IO <D VO (101 + 1613 V0 2+ f ¢i%aa

s (4.8)
+ —(5+A26)f92dA+ —27§¢2dA.
2 r 26 r
Now, add ([@.6) and (@8], and employ inequalities (B.3) and B3, to find
Cpn2 ~
2 2 7 2
CLUBI+ 1617 < ( +aDs; )(II9|| +lelt-(1-2) IVl
D 5 A
- (1— abs _ <-+—26> a2m2> | Vo |2
26 2 2
(4.9)

ﬂ AQ a2 b2
—(&————)f&d +<25 2ﬁ>cm2|r|

+ 2—fo(5+AQ€) <m1 + —> || 0 ||2

We now select v = 2, 8 = B, € = Ay/Bs, so that the coefficients of the second and
fourth terms on the right of (#9) are zero. Then pick £ = & Dy, § = 1, and ay =
ma/(1+ As?/Bs) in order that the coefficient of the third term is likewise zero. Finally,

select
1
= ]_ —_—
Y1 max{ "B, } ,

= ’VlCm2|]-—“,

1 Ay? Ay?
v3 = Cp? 4+ é°D2 + (1+—> (m1+1+—)
fo By By
Now define G(¢) =| 6 ||* + || ¢ ||?> and then from (&3] we observe that

d_(t; < y2(a® + %) +13G.
This inequality integrates to find

Gt) < %e%t(ﬁ +b?). (4.10)
Inequality ([@I0) demonstrates continuous dependence on the coefficients A and B in the
measures || 6 || and || ¢ ||

Thanks to inequality ([@2]) we also have continuous dependence in the measures || u ||
and || Vu ||
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