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CONTINUOUS LATTICE ORDERING BY
SCHAUDER BASIS CONES1

JOHN T. HOFLER

Abstract. Let (E, t) be a barrelled Hausdorff space lattice

ordered by the cone of an unconditional Schauder basis (xn, /„).

It is shown that under such an ordering (E, T) is a locally convex

lattice. Necessary and sufficient conditions are given for the lattice

operations to be continuous with respect to the weak topologies

on E and its topological dual E': the lattice operations are <r(E, E')-

continuous on E if and only if j/.mGuj is a Hamel basis for £'.

1. Preliminaries. Let (P, t) be a locally convex space. Let E'

be the space the all r-continuous linear functionals on P. A bi-

orthogonal system in (P, t) is a sequence jx*} in P and a sequence

{fk} in E' with the property that/„(xm) =ôn,m. A Schauder basis for

(P, t) is a biorthogonal system in (P, r) such that for each x£F we

have x= /.Hi fk(x)xk. The series is understood to converge to x

in the topology (P, t). If (xk, fk) is a Schauder basis for (P, r) and

every rearrangement of Z^t=ifk(x)xk converges to x, then (x*, /*) is

called an unconditional Schauder basis for (P, r).

An ordered vector space is a real vector space E equipped with a

transitive, reflexive, antisymmetric relation ^ satisfying the follow-

ing conditions:

(a) If x, y, zEE and x^y, then x+z^y+z.

(b) If x, y£P and X^O, then x^y implies Xx g Xy

The positive cone K in an ordered vector space E is defined by

K= {xEE\x^6}, where 6 is the zero vector of P. The set K has

the properties that K+KQK, XPÇP for each X^O, and KC\

—K= {d}. A set with the above three properties is called a cone.

If K is a cone in a real vector space E, then a relation ^ is defined on

E by x^y if y—xEK. With this order E is an ordered vector space

with positive cone K, i.e. E is ordered by K. The terminology in this

paper concerning ordered vector spaces is that of [5].
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We assume, unless otherwise stipulated, that (£, t) is a barrelled

space with unconditional Schauder basis {x„,/„}. Furthermore, E

is ordered by the cone

Kun) = \x E E:fn(x) = 0 (n = 1, 2, • • • )}.

2. Strong continuity of the lattice operations. We begin with the

following theorem.

Theorem 1. If TCf^j determines a lattice ordering on E (e.g., if

(E, t) is sequentially complete), then the lattice operations are r-con-

tinuous and hence (E, r) is a locally convex lattice.

Proof. By [3, Lemma 7], there exists a generating family P of

seminorms for t such that xEE, a a finite subset of positive integers,

and pEP imply p(22nSa'fn(x)xn) úp(22n^fn(x)xn) for each

cpT^cr'çZçr. Since K[Xn\ is normal with respect to t [3, Lemma 7], it is

sufficient [5, Proposition 4.5, p. 103] to show the mapping x—>x+ is

r-continuous at 6. Suppose {x„}„es¡ is a net such that £(x„)A0

ipEP). Each xa has a Schauder basis representation of the form

xa= 22n=ifnixa)xn. It then follows from [3, Lemma 8] that x„

= 22Z=i£nfn(xa)xn, where e" = 0 if /„(xa)<0 and e" = 1 if/„(xa) i=0.

It then follows from an inequality in McArthur and Retherford [4]

that for each positive integer m,

Pi    E4W1«     = 4(      SUP      Ie» I    )(       SUP     Pi    22fn(Xa)Xn))
\ B-l / \i»e[l,m] /\ff'ç[l,m]      \ne(T' //

= 4¿ ( 22fn(xa)xnJ ¿ 4^>(xa).

Therefore ^(x„)^4^(xa) (aE^l), and thus the mapping x—>x+ is

r-continuous at 9. Since K\Xn) is normal with respect to the locally

convex topology r, it follows from [5, Proposition 4.7, p. 104] that

(7£, r) is a locally convex lattice. This completes the proof of the

theorem.

Ceitlin [l] established the above result for sequentially complete

bornological spaces ordered by the cone of an unconditional Schauder

basis. If a locally convex space with unconditional Schauder basis is

sequentially complete, then the basis is a bounded-multiplier basis

and the associated cone thus defines a lattice ordering on E. Saxon

cites in his dissertation [6, pp. 78 and 86] an example of a non-

sequentially complete barrelled space ordered by the cone of an

unconditional Schauder basis. The example is as follows. Let

{bi} = {l/22<}   and   let   E   be   the   subspace   of   h,   spanned   by
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({ej}^ { 2Z<Li bieni'-ni is a subsequence of u}). Then E is a dense and

barrelled subspace of k. The cone associated with {en}, the unit

vector basis, defines a lattice ordering on P. Thus Theorem 1 general-

izes Ceitlin's result.

The following corollary is immediate from Theorem 1 and [5,

Proposition 4.17, p. 108].

Corollary 2. If Pu„l defines a lattice ordering on E, then

(E', ß(E', E)) ordered by K'\Xn) and (E", ß(E", E')) ordered by K"\Xn)

= (K'[Xn))' are locally convex lattices.

Proposition 3. Let (E, t) be a locally convex lattice ordered by a

cone K such that o-(E", E')-bounded subsets of E" are ß(E", E')-

bounded, then (E', ß(E', E")) ordered by K' is a locally convex lattice.

Proof. Since (P", ß(E", E')), ordered by K", is a locally convex

lattice, ß(E", E') has a neighborhood basis of 6 consisting of solid

sets. Thus the class of all solid a(E", P')-bounded subsets is a funda-

mental system for the class of all o(E", P')-bounded subsets of E".

Furthermore, by [5, Proposition 4.17, p. 108], E" is a lattice ideal in

(E')+. Thus the polar of a solid subset of E" is a solid subset of

(E')+. Thus the polar of a solid subset of E" is a solid subset of E'

by [5, Corollary 4.4, p. 102]. Therefore ß(E', E"), the topology of

uniform convergence on the o(E", P')-bounded subsets of E", has

a neighborhood basis of 6 consisting of solid convex sets. Thus

ß(E', E") ordered by K' is a locally convex lattice.

Corollary 4. If K\Xa\ defines a lattice ordering on E, then

(E', ß(E', E")) ordered by K'{x„\ is a locally convex lattice.

Proof. By Theorem 1 and [5, Corollary 1.10, p. 146], E' is com-

plete for ß(E', E). Thus every a(E", P')-bounded subset of E" is

ß(E", P')-bounded. The conclusion then follows from Proposition 3.

3. Weak continuity of the lattice operations. We now show, with

hypotheses similar to the above, that the lattice operations are seldom

continuous with respect to the various weak topologies on E, E', and

E". We first prove the following lemma.

Lemma 5. Let (E, t) be a locally convex space with Schauder basis

(xn, fn) and (s) denote the space of all real sequences metrized in the

usual manner. There exists a linear homeomorphism <p from (E, t)

onto a subspace H of (s) such that <p(xx) =c< (* = 1, 2, • • • ) if and only

tf {fi'-(i = 1t 2, • • • )} is a Hamel basis for E'. Here en is that vector

in (s) all of whose coordinates are zero except the nth one. The nth co-

ordinate is 1.
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Proof. The condition is clearly necessary. To show the condition

is sufficient suppose {/,■: (i = 1, 2, • • • )} is a Hamel basis for E' and

define a mapping <j> of E into (s) by <p(x) = 22î~ ifi(x)e>

(22d-ifi(x)xi=xEE).LetH- { 22?-ifi(x)eiE(s): ZXi/.(x)x,=x££}.
The mapping cb is clearly linear, 1-1, and onto 77. The continuity of

cb follows from the definition of cb, the continuity of each /¿, and the

fact that convergence in (s) with respect to the metric is equivalent

to coordinatewise convergence. We now show cb"1 is continuous. Let

73Ç77 be bounded. Since 77 is bornological, it is sufficient to

show cb~l(B) is bounded. Let fEE', then /= ¿Ji-i Cif* since

{fi'.(i = l, 2, • • ■ )} is a Hamel basis for E'. Since g= XXi £»£»
belongs to 77' and B is bounded, it follows that there exists a constant

AfB = 0 such that
1/       OO \     I I       OO

g( 22fi(xo)ei)\ =    £/<(*o)«r>i)
\ t-1 /I I ¿-1

¿ C/i(*o) I = I/(*o) I        (*o = 22fi(xo)xi E 4>-KB)).
Û-1 I \ i-1 /

Hence cj>_1(B) is bounded, and thus cf>~1 is continuous.

Theorem 6. If K{xj defines a lattice ordering then the following are

equivalent.

(i)  The lattice operations are o-(£, E')-continuous.

(ii)   j/,| ii = l, 2, ■ ■ ■ )} is a Hamel basis for E'.

(iii) There exists a linear homeomorphism <b from (£, r) onto a

barrelled subspace of is) such that </>(x.) =e<.

(iv) ixi, fi) is a weakly equicontinuous Schauder basis for E

ii.e., [S„ELiE, E):S„ix) = 22î-ifiix)xi (x£72)} is a weakly equi-

continuous family of projections on E).

Proof. T. Cook [2] showed the equivalence of (ii) and (iv). The

equivalence of (ii) and (iii) follows immediately from the preceding

lemma.

To show (i) implies (ii) suppose the lattice operations are o-(£, E')-

continuous but {/,|(i = l, 2, • • • )} is not a Hamel basis for E'.

Since (/,-, Xi) is a <r(7i', E) unconditional Schauder basis for E' but

not a Hamel basis, there exists 22i=if(xi)fi=fEE' (cr(E', E)) and a

subsequence {«*}£>i of the positive integers such that /(x„t)^0

(k = l, 2, • ■ ■). Since E is barrelled and hence E' is cr(E', E) se-

quentially complete, we may assume each/(x,)=0 (i = l, 2, - - • ).

Let/* =22ZJ(xi)fi. Then
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/* E [0,f] = {g E E> I 0 = g(x) á f(x) (xEK)}        (k = l,2,- ■ ■),

and {fk\k = l, 2, ■ ■ ■ } is a linearly independent set. But [0,/] must

be contained in a finite dimensional subspace of E' by [5, Proposition

2.13, p. 134]. Hence j/<| (x = l, 2, • • • )} must be a Hamel basis for

E'.
To show (ii) implies (i) it is sufficient to show the mapping x—>x+

is a(E, P')-continuous at 6 since K\xj is <r(P, P')-normal. Suppose

{xa}aea is a net in E such that {xa}aea weakly converges to d. As in

theproofof Theorem leach x0= ¿^T- i/.(xa)x,andx^ = ¿Zî°-i «?/«(^<<)x„

where €? = 0 if fi(xa) <0 and e? = l if /<(xa)^0. It then follows from

(ii) in a straightforward manner that/(x^)"^0 for every fEE'.

The sequence spaces F (P^l) and c0 considered as subspaces of

(s) with the relative topology have unconditional Schauder bases

which define a lattice ordering and satisfy the hypotheses of Lemma

5. However, there appears to be a paucity of barrelled subspaces of

(s) which satisfy the hypotheses of Lemma 5 and Theorem 6. In fact,

for sequentially complete barrelled spaces we have the following corol-

lary.

Corollary 7. If (E, r) is sequentially complete and the lattice opera-

tions are a(E, E')-continuous, then E is linearly homeomorphic to the

space (s).

Suppose (P, t) is a locally convex space ordered by a cone K and E'

is the topological dual of E ordered by K' = {fEE :f(x) ^ 0 (xEK)}. If
K{Xn\ is the cone associated with a Schauder basis, then P'dj

= {/GP'|/(x„) ^0 (n = l, 2, ■ ■ ■ )} and its dual taken in E is K\Xn\.

This observation and the methods used in establishing the equiv-

alence of (i) and (ii) in Theorem 6 can be used to prove the following

corollary.

Corollary 8. Let (E, t) be sequentially complete. If K\Xn\ defines

a lattice ordering on E then the lattice operations in E' ordered by K'\xj

are <r(E', E)-continuous if and only if {x,| (i = l, 2, ■ ■ ■ )} is a Hamel

basis for E.

Corollary 8 indicates that under the hypotheses given, the lattice

operations are seldom o(E, P')-continuous. In fact a simple category

argument shows that for no Frechet space can a Schauder basis also

be a Hamel basis. The topological dual Ex of (s) satisfies the given

condition, and any other space satisfying this condition must cer-

tainly be algebraically isomorphic to the vector space P°° of finitely
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nonzero real sequences. If one only requires weak sequential con-

tinuity of the lattice operations then much more is true than has been

stated in the above results. For example, in any nuclear Frechet

lattice the lattice operations are weakly sequentially continuous.2
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